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1 Introduccién

Fl andlisis de Fourier proporciona una manera de representar funciones de cuadrado
integrable en términos de sus componentes sinusoidales. La descomposicién de
Fourier es una herramienta bésica para una gran variedad de aplicaciones en mu-
chos campos de la ciencia. Sin embargo, tiene alglin inconveniente, aqui destacare-
mos su caricter global. En Fourier, una singularidad aislada domina la conducta
de todos los coeficientes de la descomposicion y nos impide conseguir informacién
precisa sobre la funcién lejos de la singularidad.

Descomposiciones ”local-scale” proporcionan una mejor representacion a este
respecto. Tipicamente, uno comienza con una sucesién finita, que es, de algin
modo, asociada, a la informacién discreta de una sefial dada al nivel més fino de la
resolucién considerada. Procesando la sefial en diferentes niveles de resolucién, se
puede escribir esta informacién discreta de una nueva manera. La nueva sucesion
tiene el mismo cardinal que la primera (si se usa un esquema no redundante) y sus
coeficientes representan por un lado los detalles a cada nivel de la resolucién y por
otro una aproximacién ”grosera” final a la sefial original.

Uno de los aspectos fundamentales de este trabajo es profundizar en la Mul-
tirresolucién introducida por A.Harten. Harten fue un reconocido matematico
experto en teoria multigrid, soluciones de Ecuaciones en Derivadas Parciales y
ondiculas (wavelets).

En Multirresolucién las funciones de L?(R) pueden ser computadas descom-
poniéndolas en una, base ortonormal de wavelet. En teorfa de wavelets, todas las
operaciones se basan en una sucesién de transformaciones de base (ortogonal), por
consiguiente la transformacion inversa, €s decir la recuperacién de la sefial discreta,

de partida, viene dada por las matrices adjuntas.
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La base ortogonal wavelet estd compuesta de dilataciones y translaciones de una
sola funcién, el wavelet. El wavelet est4 {ntimamente unido a la funcién scaling.
Fsta funcién satisface una relacién de dilatacién, la cual es de hecho, responsable
de las propiedades de la descomposicion.

En los métodos multigrid, la discretizacién por valores puntuales y la recon-
struccién por interpolacién son las dos herramientas esenciales que permiten la
comunicacién entre los diferentes niveles de resolucién. Dada una sucesién de
discretizaciones {Dy} y reconstrucciones {R4}, la manera més natural de trans-
ferir informacién de la celda k-ésima a la celda k — l-ésima més grosera €s con
el operador decimacion Dt = Dy1Ri. Similarmente, €l operador prediccién
Pf | = DyRiy es el candidato natural pars transferir informacion de la celda
k — 1-ésima a la celda k-ésima, la préxima més fina. Harten vio que los operadores
Df'y PF_, pueden servir, respectivamente, como los utilizados en un esquema
piramidal del tipo que se usan en procesamiento de imdgenes.

Esta multirresolucién puede verse como una generalizacién de la teoria wavelet,
permitiéndonos trabajar en muy diversas situaciones y poder abordar gran canti-
dad de problemas. Ademds, esta multirresolucién permite utilizar representaciones
no lineales (datos-dependiente), lo que nos permitird dar algoritmos més adapta-
dos a los problemas a tratar. En este respecto, el operador de prediccion utilizado
en la teorfa de Harten puede no ser lineal.

Por otra parte, las soluciones de leyes de conservacién hiperbdlicas desarrollan
discontinuidades esponténeamente. Harten fue uno de los creadores de esquemas
tipo ENO (esencialmente no oscilatorios), una clase de interpolacién polinémica
no lineal para obtener aproximaciones numéricas a los flujos de las leyes de con-

servacién hiperbdlicas sin generar oscilaciones.
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A lo largo de esta tesis se profundizar, en diversos aspectos de la multirresolu-
cién 4 la Harten y en algunas de sus aplicaciones. Asf mismo, en la segunda parte,
nos introduciremos en el mundo de las leyes de conservacién desde un punto de
vista numérico.

Comenzaremos con una breve exposicion de la multirresolucién introducida
por Harten. La primera aplicacién que estudiaremos serd la deteccién, medida y
clasificacién de discontinuidades. Construiremos un algoritmo no lineal adaptado
a sefiales perturbadas por ruido. El ruido introduce discontinuidades ”ficticias” en
la sefial, lo que complica la deteccion de las verdaderas. El algoritmo se basars en
el estudio de las diferencias divididas y como éstas se ven afectadas por la presencia
de ruido.

Fn la seccién cinco tratamos el concepto de estabilidad en la multirresolucion.
Nuestra nocién de estabilidad proviene de la teoria de diferencias finitas y su pa-
pel es prevenir el crecimiento {limitado del error provocado por perturbaciones
iniciales. En el caso lineal, el problema esté resuelto (ver [9], [31]); pero en el caso
no lineal se deben modificar los algoritmos. En [10] los autores obtienen estabili-
dad para los algoritmos modificados en 1-D. Con estos algoritmos se demuestran
resultados de estabilidad para cualquier reconstruccién, teniendo su importancia
principal en el caso no lineal, ya que, las técnicas que hasta entonces existian sélo
permiten demostrar la estabilidad en el caso lineal. Aqui, estudiaremos la esta-
bilidad de los algoritmos no lineales en 2-D (ver [25], [26], [29] y [40] para el caso
lineal).

La forma més natural de extender las ideas de 1-D es hacer producto tensorial.
En [4] desarrollamos la estabilidad en 2-D para este caso, no obstante existe una

gran cantidad de posibilidades diferentes.
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En este trabajo introducimos un algoritmo modificado para cualquier tipo de re-
construccién, como un caso particular recuperamos el producto tensorial. Ademds
las cotas serdn obtenidas para diferentes tipos de normas. )

En la seccién diez presentamos nuestro actual trabajo. Se trata de un algoritmo
no lineal para compresién de imdgenes. La idea es conseguir una reconstruccion
que utilice informacién de las zonas suaves de la imagen y que el esténcil no cruce
las discontinuidades. La multirresolucién tipo ENO es muy sensitiva al ruido y sus
resultados no son éptimos como vimos en [5].

En la seccién seis se presenta un esquema de ”multirresolution-packets” no
lineal. Los wavelets-packets fueron introducidos por R.R. Coifman [19], [20] y
son una generalizacion de los wavelets que utilizan una descomposicién basada
en la eleccién de la base que minimice diversos criterios de entropia. Se estudian
la estabilidad y las mejoras del nuevo algoritmo. La idea de este algoritmo es
escoger una representacién, en la que se localice espacio, frecuencia y suavidad
adecuadamente. .

Finalmente, estudiaremos leyes de conservacién. Construiremos métodos lo-
cales adaptados a la presencia de "shocks” para leyes de consevacién hiperbdlicas.
Nuestros métodos se han hecho con las mismas ideas introducidas por Marquina en
[48], pero con una reconstruccién més simple (polindémica). Analizaremos €l pro-
blema de los extremos locales. Introduciremos una extensién a quinto orden que
compararemos con los métodos clésicos de alto orden. Por 1ltimo, relacionaremos

los conceptos de multirresolucién y de leyes de conservacién que hemos tratado en

esta tesis.
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2 Multirresolucién a la Harten

Harten introduce su nocién de andlisis de multirresolucién en [31] y posterior-
mente la completa en [32, 33] donde presenta los fundamentos tedricos para la
representacién multirresolutiva de datos.

Esta seccién es una breve exposicién de la construccién de un esquema de
multirresolucién d la Harten.

Comenzaremos introduciendo varias definiciones tiles.

Definicién 1 Un andlisis de multirresolucién es una sucesion de espactos lineales,
{V*}, que tienen bases numerables, que denotamos {n}’}, junto con una sucesion

de operadores lineales { D'} de V¥ o VF™1, es decir
DFLvE S VR VR = DE (V).
El operador DF~! se llama operador decimacion.

Definicién 2 Decimos que Pf_; es un operador prediccion para el esquema de
multirresolucién ({V*},{DF1}) si es un operador inverso de D™ en VF=1, es
decir

Plic—l : kal - Vk) D]}z—lp;f_l = Ivk—l.

Notar que para Pf_; no se exige la linealidad.
Los espacios V* representan los diferentes niveles de resolucién. El operador
Pk DF1: V% — V* produce aproximaciones para cada vector v* en V* de su

informacién contenida al nivel k¥ — 1, es decir, Df~'v*. El error de la prediccién

b i=* — PF_oF 7t = (Iyx — PE DE 0" = Qo (1)
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es un vector en V* tal que DF~leF = 0, es decir, pertenece al nicleo asociado al
operador decimacion.

Consideramos una base en el nicleo N (Df™1)
N (D) = span{u;};.

Sea. Gy : N(DEY) — GF el operador que asigna a cualquier e¥ € M(Di™) la
sucesiéon d* de sus coordenadas en la base {u;”} y sea I la inyeccién candnica
N(DEY) — VE,

Si consideramos d* := GLQxv*, es fcil demostrar que existe una corresponden-
cia biunivoca entre v* y {dF,vF=1}.

Repitiendo este proceso para cada nivel deresolucién, obtendremos un esquema
de multirresolucién formado por ({V*}£ o, {DF1}£_,) v una sucesién de qpera-
dores de prediccién {PF_,}£_, (lineales 0 no). Los algoritmos que computan esta.
transformacion invertible, as{ como su inverso, son:

vb —  Mvl (Encoding)

Do k=1L,...,1
,Uk—-l — DI}:-—].,Uk (2)

d* = Gy(v* — PF_ vk 1)
Mol = {°,d%, ..., d"}

Myt — M 'Mvt  (Decoding)
Do k=1,...,L
. { v* = PEy R o+ Byd ®)
Nos referiremos a Mv% como la representacién multirresolutiva de v*, y a
los algoritmos (2) y (3) como las transformaciones de multirresolucién dir(;cta e

inversa, respectivamente.
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Veamos como una, sucesion de operadores decimacién puede construirse a partir

de una sucesion anidada de operadores discretizacion.

Definicién 3 Sea D un operador lineal en un espacio lineal F, con rango V. Si
V tiene una base numerable, {n;}, decimos que D es un operador discretizacion
de F vy, para cada f € F, consideramos a v = Df como la discretizacion de f al

niwvel de la resolucion especificado por V.
D:F -V, donde V =D(F) = span{n;}.
Definicién 4 Sea {Dy} una sucesion de operadores de discretizacion en F
Dy : F — V¥, Di(F) = V* = span{rj;’}.
Decimos que la sucesion {Di} es anidada si para todo k y toda f € F
Dpf =0= D1 f =0. (4)

La propiedad de sucesiéon anidada implica que la informacién discreta en cada
uno de los niveles de resolucién es idéntica.

Una sucesién anidada de discretizaciones define una sucesién de operadores
decimacién, y asi, un esquema de multirresolucién. FEste resultado se sigue del

siguiente lema:

Lema 1 Si{D;} es una sucesion anidada de discretizacion, entonces la aplicacion

de V¥ a VE=1 definida como sigue:

Para cada v € V* tomar un f € F tal que v = D, f y asignar u := Dy_1f, estd
bien definida.
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Cada operador decimacién se define entonces como sigue: Para cualquier v* €
Vk, sea f € F tal que Dyf = v*; entonces Df~'vf = Dy_;f. El lema 1 implica

que la definicién es independiente de f. Asi tenemos
Dy Dy = Diy (5)

(Df~! es un operador lineal). Ademés, para una sucesién anidada de discretiza-
cién, (5) define un operador que aplica V* a V*~1. Para ver esto, sea u € V*~1
y témese f € F tal que u = Dy_1f, y sea v = Dyf. Claramente v € V* y (5)
implica,
Df v = DEH(Dif) = Dirf = u.

Dado v € V¥, una f € F verificando v = D[ se llama una reconstruccién de
ven F.

Los operadores de prediccion se construyen usando una sucesiéon de operadores

de reconstruccién apropiados.
Definicion 5 Decimos que R
R:V —F, V =D(F)

es un operador de reconstruccién para D en V si es un operador inverso por la

derecha de D, es decir DR = Iy. Notemos que para R no se exige la linealidad.

Dada una sucesién de operadores de discretizacién {Dy} y una de correspon-
dientes operadores de reconstruccién {Ry}, un operador inverso por la derecha de

D! puede definirse ahora facilmente como sigue
Plf—l = DkRk:—] . Vk_]' — Vk (6)

El operador de prediccién definido es un inverso por la derecha de Dy .
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Fig. 1: Definicién de operadores

Ahora, presentaremos tres casos particulares donde la multirresolucién ests,
basada: en discretizacién por valores puntuales, por promedios en celdas y por

promedios basados en la funcién hat respectivamente.

2.1 Multirresolucién puntual

Consideramos un conjunto de mallas anidadas:
XE= {2k}, b =jhk, he=27%do, Jp =280,

donde Jy es un ndmero entero.

Definimos

Dy :C([0,1]) — V* fi=@f);=f(=5), 0<j<Jp  (7)

J

donde C([0,1]) es el espacio de las funciones continuas en [0,1] y V* el espacio de
sucesiones de dimensién Jj + 1.

Como ff”l =f (a;f"l) = f(«%;) = f%;, obtenemos los elementos de un espacio
V*=1 de los elementos del V* més fino tomando sélo los elementos con indice par.

Por lo tanto (D,’:_l)i]‘ = 621*,_7' y ast (Gk)” = (521'_1’3' y (Ek:)lj = 61;’2_7'__1.
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. Fh-1 i k~1, Fk—1y _ fk—1
Sea Zp-1(z; f7') una funcién interpoladora tal que Zy_; (x5~ f*-1) = [t
Con esta funcién, podemos obtener una aproximacién a partir de los valores de la,

malla k — 1-ésima a f¥, es decir,
FF=Ta(ah, F*7). _(8)

¢ pk Fk-1y | _ k. Fk—1
Y ast (P, f*7); = Te-a(a5; f57).
— ~ . . J— e
Por otra parte como f§; = f&, los coeficientes ”scaling” {d;};55" serdn los
errores interpolatorios que obtenemos al predecir los valores de indice impar de un

nivel V¥ de los elementos de V*-1:
dj = f_2kj—1 - .f2kj—1 = f_2kj—1 - Ik~1($l2cj—1, FFh 1 <7< Jk-a.

Notar que los conjuntos f*y {d, f*~'} tienen el mismo nimero de elementos.

La descomposicién multiescala de los datos originales f es
MFE={°,d,...,d")

y puede obtenerse usando el algoritmo:
Do k=1L,...,1
_ _ fk—1 __ Fk :
Fr > MfE i =1 0< < Jka (9)

d? = -f2kj—1 - Z(@"lzcj—ﬁ FFY 1<i< gy

Para recuperar los datos originales utilizaremos el algoritmo:

Do k=1,...,L
fécj_l :I(acéj_l; 1) 4 d;-“ 1<e< Jiy

fh = fF1 0<7< Jpoy

MfF — MM fE (10)
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2.2 Multirresolucién por promedios en celda

Consideramos el mismo conjunto de mallas anidadas que en la seccién 2.1. La

discretizacién por promedios en celda se define como sigue:
Dy L0, 1] — V5, JF = (Duf); / S, 155 g (1)

donde L[0,1] es el espacio de las funciones absolutamente integrables en [0,1] y
V* ser4 el espacio de sucesiones con Ji componentes.

Dada la relacién

1 okt 1 :c§

Fk—1 __ i o b

[ = /xk : f(x)dx = o /m,2c7 2f(ac)dac_ (f23 TR,

se deduce que {fF}7%,, k=L —1,...,1, puede evaluarse directamente de { FEYE,

sin un conocimiento explicito de la funcién original f(z). Ademads, los errores de

prediccién verificardn
k k
(e5;_1 +e3;)
2

y los operadores Gy y Ex pueden ser definidos como sigue

0=

di=eb,  1<j<Jen (12)
ety = df  1<ji< Ui ' (13)
ek, = —df  1<ji<Jea (14)

Definimos, ahora, la sucesién {FJ!“} en la celda k-ésima como

ﬁ:miﬁ:fﬂmmzm@ L op=fitha gy
i=1

Si F(z) es la primitiva de f(z) entonces la sucesién {F}} corresponde a una dis-
cretizacién puntual de F(z) en la celda k-ésima. Conociendo { fj’”}jil podemos

evaluar {Ff}jﬁl (y vice-versa) usando (15).
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Ahora, denotamos por Zy_1(z; F¥~!) una reconstruccién tal que

Tpoy (571 F*71) = B2

Asf, podemos obtener una aproximacién, f¥, a fF usando (15):

[l = (FF = FF )/l = (Teer(ah, F*1) = Teea(@f_g, F570) e (16)

L)

De Fy; = F(zk;) = F(z}™") = F}™', se obtiene

fécj-—l = (F2kj—1 - F}(“:f)/hk y fé} = (Ff_l - Fé}—])/hk-

Consideramos d* = { df}ji]_ los errores de la prediccidn obtenidos cuando apro-
ximamos {f%_,} a partir de f*=1. Como fE_, — f5_, = ~(f& — f%), deducimos
: S1Jgj-15 &P . 2j-1— Joj—1 = 25 7 J25) u
que d* contiene toda la informacién de los errores de la prediccion.

La descomposicién multiescala de fX es M fX = {f° d%,...,d*}. Los algorit-

mos directo e inverso son ahora:

Do k=1L,...,1
( . 1<j < Jis (17)

df = f—éﬂj—l - (I(x§j~13 1) — Fg!c:ll)/hk 1< < Jk

Do k=1,...,L
fh = Tk s F*) = F) e+ df 1 <5 < Jpa

1<) < Jea
(18)

.

MfL — M—].Mf_L - A 1
f2A] = fo_l - ffj—l

REMARK 2.1 Es posible obtener algoritmos directos sin pasar por la funcion pri-

mitiva (ver los trabajos de Harten).
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2.3 Multirresolucion Hat-average

Nuevamente, consideramos el mismo conjunto de mallas anidadas que en la seccién
2.1.

La discretizacion estard basada en la funcién hat:
142 -1<2<0

w(r)={ 1—z 0<z<1
0 en otro caso
Definimos
1
= (Dif)i /f z)dz, donde wh(z) = h—kw(h% —7) 1<j < Jp. (19)

La descomposicién multiescala de los datos originales f es
:{f(]?dl?""dL}
y puede obtenerse usando el algoritmo:
Do k=1L,.

fr— Mf- fk ' (fQJ 1+2f21+f2y+1) 1<j<Jpa—1 . (20)
d? = f2j—-1 — (PE1 " )2 1< < Jpq

Para, recuperar los datos originales utilizaremos el algoritmo:
Do k=1,...,L
Mfr - MM fE f23 1= (Pk 1flC Doj1 +d 1<5 < Jpq (21)
3 = 2 = (o fE) 15§ < T —1

donde (Py e D2j-1 = = Bl (QJ (x§j~2) - 25];? (372g ) + qg (37’57)) y (];'6_1 €8 una

k

funcién interpoladora en [z7_;, xj] de la segunda primitiva de f.

REMARK 2.2 Todos los detalles de este tipo de reconstruccion asi como algoritmos

directos sin necesidad de pasar por la sequnda primitiva se pueden encontrar en [9]

y [10].



22

3 Reconstruccién no lineal: ENO

Las reconstrucciones més usadas corresponden a interpolaciones polinémicas a
trozos [31, 32, 33] v [9]. Si se usa una interpolacién (lineal) de alto orden su estencil
cruzaré en méas ocasiones las singularidades existentes, disminuyendo en esos casos
su eficacia. En [39], Harten et al. introducen una interpolacion polinémica a
trozos dependiente de los datos, y por lo tanto no lineal, la interpolacién-ENO
(esencialmente no oscilatoria). La idea bésica de esta interpolacion es agrandar la
regién de alta resolucién construyendo interpoladores polinémicos que usen solo
informacién de regiones suaves de la funcion.

Acontinuacién recordaremos brevemente esta interpolacion.

3.1 Interpolacion ENO

Con el objetivo de hacer la presentacién més simple consideraremos una malla
uniforme X = {z;} en [0,1] y sea h = z;41 — x; (en [1, 34] se generaliza a varias
dimensiones y a mallas no uniformes).

Sea H(z) € C[0,1] y DH = (H;);, donde H; = H(z;). Sea Z(z;DH) un
interpolador polinémico de H(z) en la malla X.

Si consideramos una interpolacién de orden r, tendremos
I(z; DH) = g;(z; DH) para T € [%j-1,%;],

donde g;(x; DH) es un polinomio de grado r — 1 tal que g;(x;—1; DH) = Hj—1 y
g;(z;; DH) = H;. El conjunto de r nodos asociados al polinomio g;(x; DH) forma,
el estencil, S;, asociado al intervalo [z;-1,2;]. Los nodos x;_1 y =; deben estar en

S;.
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La idea de la interpolacién ENO es construir un estencil S; utilizando infor-
macién sélo de regiones suaves de H(x).
Para cada intervalo [z;_1,%;], consideramos todos los posibles estencils de car-

dinal » > 2 y que incluyan a los nodos z;—1 y Z;,

{xj—-'r-’rl’ s )xj}a B {xj—la oo 7wj+1'—2}

Se trata de seleccionar de entre todos los candidatos aquel que cumpla nuestros
requerimientos. Sea i(j), €l indice correspondiente al segundo punto del estencil
seleccionado. Notar que si r = 2, §; = {z;-1,2;} y no es necesaria ninguna
seleccidn, supongamos entonces que r > 2.

En [39], los autores describen dos procedimientos de seleccién de los estencils:

Algoritmo 1. Eleccién Jerarquica:

Tomar ig(j) = j
for 1=0,...,7r—3
if H@aG)-2, - Tay)l < [H @)1, BaGyeen)]
(7)) = u(f) — 1
else
ir1(J) = u(f)
end
end

Algoritmo II. Eleccién no Jerdrquica:

Tomar 7(j) tal que
|H($'i(j)‘17 M ’x’i(j)+1‘—2)| = minﬂH(a:l—-la cee axl+r—2)|7 .7 —r+2< ! < .7}
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Notar que si j — r+2 < #(j) < 4, entonces z;_1, Z; € S;, en ambos casos.
Mediante H(*,...,*) se han denotado las diferencias divididas de la funcién H.

En general usaremos el Algoritmo I (menos costoso) salvo cuando estemos
interesados en singularidades débiles, ya que, en este caso pueden haber problemas

con este esquema. (ver [27]).
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4 Detection, measurement and classification of
discontinuities

The problem of detection, classification and measurement of discontinuities a-
ppears in many applications in science and technology. Some of these processes
produce piecewise smooth data, that is functions with a small number of disconti-
nuities compared to the number of sampled data. Assume that the input function
is corrupted by an additive random noise f = f+n, we would like to find the
discontinuities of the signal f. The noise disturbs the data thus the problem is
complex. It is difficult to distinguish the true discontinuities {rom the function
and the false discontinuities from the noise. The noise added to the signal appears
as small oscillatory deviations from the curve. A non-linear detector algorithm
is presented. The main advantage of our algorithm is that we can consider noise
larger than the classic methods.

A function has a discontinuity of degree k at a point, if the & th-order left and
right derivatives at that point are different. Discontinuities are classified by their
degrees and measured by their sizes, that is, the difference of the derivatives.

In [10], divided differences were studied to obtain the possible discontinuities.
Our detection algorithm is based on this study and on the subcell resolution tech-
nique introduced by Harten. However, when we consider signals corrupted by
noise, we have to modify the detecting mechanisms, since the algorithm should be
adapted to the introduced noise. Our new algorithm will detect true singularities
only and not singularities introduced by the noise. In the examples we will see
that it is possible to consider noise of very large size.

Now we will recall the subcell resolution technique.
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4.1 'The Subcell Resolution Technique.

Let us assume that H(z) is a continuous function with a corner at zq € (x;_1,%;).

Then, the ENO interpolants satisfy
H(z) = gj_1(z) + O(h"), @ € [xj_2,Tj1] (22)
H(z) = gj1(2) + O(W), @ € [z, 2j41] (23)
The location of the corner, x4, can be recovered using the following function:
Gj(z) = gj+1(x) — g-1(2) (24)
Using Taylor expansion in regions of smoothness, it is not hard to prove that
Gj(zj-1) x G;(z;) = ala — )[H ]2 h* + O(h®)

where x4 = z; — ah, 0 < a < 1 and [H 's, denotes the jump of the derivative at
Xd-.
Therefore, if h is sufficiently small, there is a root of G; in (z;-1,%;) be such

that G;(6;) = 0. In general, it can be proven [27] that
10; - 2] = O(")

REMARK 4.1 If the function is a piecewise polynomial with a corner in x4 then

:cdrﬂj.

Working with cell-average and hat-average, via first and second primitive (see
[9] and [10]), we can detect jumps and delta singularities. With these multiresolu-
tions we can detect ” weaker” singularities also, that is to say, with the cell-average

we can detect corners and with the hat-average we can detect corners and jumps.
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In these cases it becomes very important to isolate cells that are suspect.ed of
harboring a singularity.

On the other hand, we know that when H(x) has a discontinuity in its m -+ 1st
derivative at z4 € (x;_1,%;), it can be approximated (for sufficiently small h) by
the unique root of G§~m)(z) = qgﬁ’:z(z) - qyf;(z) = 0. Thus, if (-1, z;) is suspected

of containing a singularity (stencil selection, see [10]), we check whether
G (@) - G5 (=;) < 0 25
J x]—l) i P : ( )

If this is the case, we conclude that there is a root of G§”z)(z) in (zj-1,2;).

A careful analysis of the functions Gg-m) (z) for m = 0, 1,2 can help to determine
whether or not a singularity lies at a suspicious grid point.

Since we are interesting in jumps and corners we will consider the cell-average

framework.

4.2 Full detection mechanism

As we said before, we will work with signals perturbed with noise for which we
will assume some conditions. For our algorithm we will need to know some bound
¢ of the introduced noise. The knowing of noise bounds is not a big restriction.
In the classic detectors, it is supposed that the noise is modeled by a gaussian of
which we know the mean p and the variance o. With this information we can find
bounds since Pr(f € [u — 20, u + 20]) = 0.95.

When we don’t have any information of the noise (for example picture from an
airplane with a lot of fog), we can generate a decreasing succession of parameters ¢
in order to obtain the possible discontinuities. We keep the discontinuities obtained

in a such e, if the next parameter €x,+1 knowledge the detection mechanism getting
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a number limitless of discontinuities.

x4 € (T-1,7;) Zd = Tj
z G;(2) Gi(z) | Gi(z)  Gj(2)
zi1 | (a—Dh[H e, [Hoy | —hlH sy [H'z,
; ah[Ho, — [H', | OWPF?) [H's,
zip1 | (a+ Dh[H gy [Hoy | AlH')zy  [H,

Table 1: Jump in f(z) ((H']s, #0) .

Zq € (xj-1,2;) g = X;
z G(2) G5 (2) G(z) G (2)
z;_1 | (a— DAH"sy, [H'ay | —h[H"zy [H"]z,
z; ah[H"]s,  [H'ley || O(WF)  [H"]s,
i || (@ + DAH" s, [H'ay || WH sy, [H',

Table 2: Corner in f(z) ([H"]z, # 0).

Tables 1 and 2 (which are constructed via Taylor expansions) reflect the be-
havior of the functions G™ near the different types of singularities (see [10] for
more details). When we are considering signals perturbed with noise, the problem
is more difficult. The idea. is to study how this noise affects the divided differences.
Notice you for example that if ||f; — fill < e then for the divided differences of
order 4 we have ||Hli; 4] — H[i; 4]|| < &5.

Our strategy to detect singularities is based on tables 1, 2 and on the presence

of noise. It is summarized in Table (3).

REMARK 4.2 We only need a vector of data not the complete function.
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ave = (|G (wj-1)| + |G (z5)| +1G (z4+1))/3
nn =0
if (A smgularzty can exist at z;, adapted stencil selection)
if (Gj(a:j 1)G’ (z‘ﬁ_l) < 64( )* and ]G (mJ)|+86< hmm(IG (z5-1)], |G"j(xj+1)|)
and ((8112 <m1n(GJ (z;-1), G' (mj)) ormaX(G (zi41), G () < —87%))
and |G (“"J+1)| +85 48z < |G ($J+1)|
and [G (@) 1)|+8 + 855 < ]G ‘(j-1)|) then
Lhere 1s a corner at T
nn =1
elseif (Gj(2;41)G;(zj-1) < —16€>
and |G (z,)|(ave -+ 4% + 46) < hmin(|C, (@5 1)} 16, (@51))
and (4 < min(G)(aj-1),C)(z;), G (@) ox — 4 2 maa(G)(w5-1), G (@), G(ws12)))
and |G;(z;11)| + 4e+ 45 < IG (%+1)l
and |G, (z;-1)| +4e+ 45 < |G; (zj—1)]) then
there is a jump at z;
nn=1
endif
endif
if (nn # 1and A singularity can exist at (z;-1, ;) adapted stencil selection)
then
if  (G)(2;)G](wj-1) < 16(%,,)2 and min(|Gj(w;-1)),1G;(z5)]) > h* + 85
and ((85 Smm(GJ (#3-1),G ,( 2;), G} (541)) or — 8% > max(Gy (- 1) Gj (24), G5 (25+1))))
and |G (z;)| + 85 + 85 < |G (mj)l
and lG’ (x5 1)|+8 ‘l‘sp < |G ‘(2;-1)|) then
Lhere is a corner in (z;— 1,&:3)
elseif (G,;(z;)G; (mg 1) < —4e? and min(|G,(z;-1)],|Gj(mj41)]) = h’ave + 4e + 4eh
and ((4¢ < min(G}(zj-1), Gg(mj) C)(zj41)) or — 4e > max(G;(25-1), G;(25), G(w+1))))
and |G (z;)] -+ 4€ + 4eh < IG (73])|
and |G (zj-1)| + 4€ + deh < IG (xj—1)|) then
there is a jump in (z;-1, 9:3)
endif
endif

Table 3: Algorithm to detect singularities. Cell-average framework.

4.3 Numerical experiments and Conclusions

In this section we will introduce some plots of modified signals and pictures by

random noise. Our algorithm detects the real singularities with a great noise.
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Our scheme detects only true discontinuities. When the noise used is too big (for
which the true discontinuities and those taken place by the noise have the.same
characteristics) our algorithm doesn’t detect anything. Nevertheless, we can see
in our examples that we can consider very large noises, more than the classical
detectors.

In our experiments we use the idea of decreasing sequence to detect the dis-
continuities. After we check the measure of discontinuity and we decide the true
singularities if the size is big enough with respect the noise. As we said before, we
will consider the cell-average framework.

We start in 1-D with a jump and a corner. In figure 2, we plot the signals and
in figure 3, the perturbation. We use 64 points, and the noise is lees than 0.4 and

0.01 respectively. In table 4 we can see the good resolution of the detector.

i . T r 045 . T T T . .
g
o8t 1 o04F ?J -
08 sk
07
03t
06
025f
05 1
02r
04 4
015+
03} g
(Al
02 b
0.t R 005| %
0 R R SO RS DT . . '
0 20 40 60 4] 100 120 140 y [ 20 40 60 0 100 120 1“0

Fig. 2: left jump, right corner

Next, we apply our detector to images in 2-D. We start with a geometric figure
captured with noise and finally we analyze a real image.

In figure 4, we consider a geometric picture without noise, and in figure 5 a

.
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Fig. 3: left jump with noise, right corner with noise

fig.2 left | fig.2 right | fig.3 left | fig.3 right
cell (35,36) | (35,36) | (35,36) | (35,36)
location | 0.547 0.547 0.499 0.510
size 1. 1. 1. 1.1
type jump corner jump corner

Table 4: n = 64, cell-average

L
120

140

perturbation of 4 with a noise lees than 10 is considered. We detect all the jumps,

in table 5 we display their sizes (the real sizes are 50 in all the cases).

first jump | second jump | third jump
65 60 50

fourth jump | fifth jump | sixth jump
55 65 65

Table 5: n = 256, cell-average, noise=10

-

Finally, we work with a real image. In figures 6-9 we plot our experiments.
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Fig. 4: noise=0

Fig. 5: section with noise

In figure 7 we can see the complicate structure of the real images. Our detector

seems to work very well.



Fig. 6: real image
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Fig. 7: left section-column=300, right detection, noise=0, cell-average’
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50 100 150 200 260 300 350 400 ) 450 500

Fig. 8: noise=10

250 T T T T T T T T T T
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o

Fig. 9: left section-column=300, right detection,noise=10, cell-average
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5 Multiresolution Analysis with Error Control
in 2-D

A discrete sequence f¥ is encoded to produce a multi-scale representation of its
information contents, (f°,e!,e?,...,ek); this representation is then processed and
the end result of this step is a modified multi-scale representation (f°,é!,é2,. .., &%)

which is close to the original one, i.e. such that (in some norm)
1P~ fll<e lléF—efl<a 1<k<I,

where the truncation parameters e, €1, . . - , €1, are chosen according to some criteria
specified by the user. After decoding the processed representation, we obtain a
discrete set fL which is expected to be close to the original discrete set fL. In

order for this to be true, some form of stability is needed, i.e. we must require that

HfL - fLH < 0(60’€1a o ’7EL)
where o(-,...,-) satisfies

lim  o(e,€q1,...,¢1) = 0.
€10, 0<I<L (Oa 1 ) L)

The stability analysis for linear prediction processes can be carried out using
tools coming from wavelet theory, subdivision schemes and functional analysis
(see [33], [9]), however none of these techniques is applicable in general when the
prediction process is nonlinear. ’

In the nonlinear case, stability can be ensured by modifying the encoding al-
gorithm. The idea of a modified-encoding to deal with nonlinear multiresolution
schemes is due to Harten; one dimensional algorithms in several settings can be
found in [31], [10], [8]. The goal of a modified-encoding procedure is to keep track

of the accumulation error in processing the values in the multi-scale representation.
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The aim of this section is to present two-dimensional multiresolution algorithms
that ensure stability in the case of nonlinear prediction processes. In [4] we develop
the stability in 2-D [or the case of tensor product. Nevertheless, this is only one of
the possible cases (the most natural way to extend the 1-D case). Different possi-
bilities exist, for instance in [55] it is presented a method for image interpolation
which adapts to the local characteristics of the image in order to facilitate perfectly
smooth edges is outlined. A this feature in a visually optimized manner is nonlin-
ear image enhancement is employed that extracts perceptually important details
from the original image and uses these in order to improve the visual impression.
Many different approaches have been used to derive these prediction operators, see
[12], [16], [17], [41]. In section ten we present another approach.

In this work we will introduce a modified encoding for any reconstruction type.
5.1 Interpolatory MR analysis in 2-D

Let X* = {:CL,y] in=0s Jr = 2k Jo, Jo some integer, zf = xF! ygj = yj” 1 and

mgz 1_(k1_i$k 1)/2 y2j1 (yj +y_7 1)/2

We consider
C((0,1]x[0,1)) — V* = (Def)ig = F(af,05,), 0<4,j < Ji. (26)
In this case, dimV* = (J; + 1) x (Ji + 1) and the decimation operators are

JFLAII = (Dllg_lf_k)i,j = f?lci,Zﬁ 5,7 =0,1,..., Jre_1.

Since f' = [£,;, we obtain N(D{™") = {v* € V*[v§;,. = 0}. Thus, if we

denote by e” the prediction errors, we will need to keep €5; 1 o;_1,€3;_1 2/ €0i2j-1

only.




37

A reconstruction procedure for this discretization is given by any operator Ry
such that
Ri: VE—C([0,1]x [0,1]);  DpRyf* = J¥, (27)
which means R
(Ref*)(at95) = iy = Faf,9)). (28)
Therefore, Ry, should be a continuous function that interpolates the dats f* on at
the grid points of X*. Finally
PF = DyRi-1. (29)

The encoding and decoding algorithms take the following form:
Algorithm 5.1 u(fL) = ML (Encoding)

fork=1L,...,1
fori,j=0,...,Jp1
‘k—l__fk, .
43 T 24,25
end

forizl,...,Jk_l
for j =0,...,Jk-1
f21,—1 27 — (Pk lf )22“1 25
6’2cz—1,23 f2z 1,2 — f2z——1 24
end
end
fori=0,...,Jp-1
forj=1,...,Jk-1
f2z2_7 1—(Pk 1f )212] 1
32zzg 1= f2123 1~ f2123 1
end
end
for 1, j =1,...,Jk_1
13- 1,25~ 1—(Pk 1f’” Doi 12] -1
e’zcz 1,2j—-1 = fécz—l,zg 1 f21, 1,2j—1
end
end



MMFE={f%¢l,... e"}

Algorithm 5.2 fL = M~1u(fr) (Decoding)

fork=1,...,L
fOI' Ib’j - Jk: 11 )O
f21,2] —f
end
fOI'Z‘ZJk__l,...,l
for j = Jx-1,...,0
f21-l 27 T (Pk 1fk 1)2‘—1 2j
o 1,25 = 6’22—12]+f21—-1 2j
end
end
for i = Jg-1,...,0
fOI‘J = Jg—1y.-+,1
f212g 1~(Pk 1f )2123 1
féz?j 1= 6’5121 1+f27.2] 1
end
end
for 1, j = Jp-1y.-+,1
f21 1,25— lﬂ(Pk: 1fk )2z 12] 1

f5_ 1,2j—1 = €%—1,2j~1 + [ 1,2j—1
end

end

5.2 Cell Average MR analysis in 2-D

In this case we have

Dy : L'([0,1] x [0,1]) — V¥,

. 1 :I:f'Lc y’? o
fz}:g = (Dkf)i,j = Eg/k /;k] f(ma ‘y)dyd.’l?, 1< 1,7 < Jka
e YT 1YY

38
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where L1(]0, 1] x [0, 1]) is the space of absolutely integrable functions in [0, 1] x [0, 1]
and the set of nested grids X* is as in section 5.1. This analysis turns out to be
appropriate for data compression of discontinuous, piecewise smooth signals.

It is sufficient to consider weighted averages —fj for 1 < 14,7 < Ji since these
contain information on f over [0,1] x [0,1]. Thus, V* is the space of sequences
with Ji x J, components.

Moreover
_— 1= 1, - T . .
ffj P (Dlg 1fk)i,j = Z(kai—lzj—l + fgi—l,Zj + f2ki,2j—-1 + f2k7,2j)

3,7 =1,2,..., Jeo1.

On the other hand, since

Dkl (K k k k
0= (Dy e )i; = (e2i—-1,2j—1 + €12 T €051+ 621,23‘)/4
: k k k
we will keep €9;-1,2j—17 €2i—1,24» €2i,2j—1 only.
A reconstruction operator for this discretization is any operator Ry satisfying

Ry : Vi — L}([0,1] x [0, 1]),

_ 1=t (v - -
kY d k Tk
(Dkka )zJ = B_,%/a:gl /:';_;'c——l(ka )(:c,y)dzcdy = Jij-

That is, Rif*(x,y) has to be a function in L*([0, 1] x [0, 1]) whose mean value on
the (4, j)-th cell coincides with _i’fj, Vi, , and PE | = DyRy_;.

The multiresolution transform and its inverse are now

Algorithm 5.3 u(fY) = MfF (Encoding)

fork=1L,...,1
fori,j-——l,...,Jk_l



f,, = (/5. 1,2j-1+ fHi- 12_7+f21,2_7 1+f2z2j)

end

for 4, j—l y Jem1
f2L 1,2j—1 —(Pk 1FF D2io1,2i-1
321 1,2j—1 = f27, 1,21 f£—1,2j-—1
Fhsas = (Peal D1y
3’51—1 25 = f2@—1 2 le 1,2
f2z2_7 1—(Plc 1f )2121 1
6]2223 1= fmzy 17 fZ?,ZJ 1

end

end

MMFL={f%¢,...,e"}

Algorithm 5.4 fL' = M~1u(fL) (Decoding)

fork=1,...,L
forz'jka Toveesl
[o—1,0i— 1-(Pk 1 )2 121
f:5°1~123 1\ =Fh 2%~ 1 +eb 1,2j—-1
f27, 1,25 — (Pk lfk )21-—-123
f2z—12] fi 21‘|‘e2z 1,2
f?z?] 1—(Pk 1f )2L2J 1
szzg 1= f2z2j 1+621,23 1 B
fzz2g“4f f21, 1,251 f§—1,2j—f§,2j—1
end
end

40

5.3 Multiresolution-based compression schemes with error-

control

Multiresolution representations lead naturally to data-compression algorithms.

The simplest data compression procedure is obtained by setting to zero all scale
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coefficients which fall below a prescribed tolerance. Let us denote

0 bl <e

(€% = tr(efjien) = { .

e®. otherwise
(2%

(32)

and refer to this operation as truncation. This type of data compression is used
primarily to reduce the “dimensionality” of the data. A different strategy, which
is used to reduce the digital representation of the data is ”quantization”, which
can be modeled by
ek
()i = qu(e;; ex) = 2¢x - Tound [;ﬁi—] , (33)
where round [-] denotes the integer obtained by rounding. For example, if |ef ;| <
256 and €, = 4 then we can represent ei’fj by an integer which is not larger than
32 and commit a maximal error of 4. Observe that if |ef;| < ex = qu(ef;;¢;) =0
and that in both cases
lei-fj - éf’jl < €. (34)
By applying the inverse multiresolution transform to the compressed repre-
sentation, we obtain f& = M~1{f°,é,..., &%}, an approximation to the original
signal fL. We expect the information contents of F¥ to be very close to those of
the original signal f*, and in order for this to be true, the stability of the multire-
solution scheme with respect to perturbations is essential. Studying the eff;ect of
using éﬁj instead of ef’j in the input of M~! is equivalent to studying the effect of a
perturbation in the scale coefficients in the outcome of the inverse multiresolution
transform.
Given a discrete sequence fL and a tolerance level e for accuracy, our task is

to come up with a compressed representation

{r,é¢,....e"% (35)
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such that if &= M~1{f0,&,...,é"}, we have
| 75~ FFlI< Ce (36)

for an appropriate norm.

As observed by Harten [31], one possible way to accomplish this goal is to
modify the encoding procedure in such a way that the modification allows us to
keep track of the cumulative error and truncate accordingly.

In what follows we present a two-dimensional extension of the one dimensional
algorithms in [31], [8] and the two dimensional tensor product in [4]. Given a
tolerance level €, the outcome of the modified encoding procedure is a compressed
representation (35) satisfying (36). This enables us to specify the desired level of
accuracy in the decompressed signal. A modified encoding procedure is designed
keeping in mind the particular decoding procedure to be used.

We need the following definitions:
|41 = st 17, = (S0 |G = S uasr

where fF = {fE}.
We will consider truncation, but the algorithms are identical for another com-

pression process.

5.4 Error-control algorithms

Algorithm 5.5 Encoding for point values

fork=1L,...,1
fori,j=0,...,Jk-1
fig ' = Fhia
end
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end
Set f0 = f0
fork=1,...,L
fori=1,...,J 51 .

forj =0,...,Jk1
éf2ci—-1,2j = tr(féci—},zj — (P& Ngie1,25, €k)
P15 = (PELf*  D2ic1,05, +85 195
end
end
fori=0,...,Jk1
forj=1,...,Jp1
éﬁl2ci,2j—-1 = tr(fé“mj__l — (PE_y " D2i0j-1, €k)
f2’3,2j-1 = (PE_ 1 f* Naigj1 + égi,zj—l
end
end
for i = 1,...,Jk._1
forj=1,...,J k1
éf2ci~1,2j—1 = tr(fégi—},2j~1 - (Plf—lfk_l)%-lzj—la ck)
féci—l,zjq = (P fF Ngim1,2j-1 + égz’-l,2j-1
end
end
fori=0,...,Jr-1
for=0,...,J51
Fhioi =I5
end
end
end

We denote ¥, := |fF, — (PF_, f*1); 4|

Algorithm 5.6 Encoding for cell-average

fork=1L,...,1
fOI‘?:,j = 1,...,Jk_1
fi’f;l = %(féci—mj—l + féci—l,2j -+ féci,Zj—l + f§z2j)
end
end
Set fO = f°
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fork=1,...,L
fori=1,...,Jp-1
forj—l oy e 1

€5 1,0j1 = tr([f2i—1,2j——1 — 31051 — [Jikj—l - fz!ffl], €k)
féci~1,2j—1 = fhi 1251 €5 1.2j-1
f£_1,2j = (Plig—lfk~1)2i—1,21'
égi—l,Zj = tr([ffi—mj - f211?—1,2j] - [—z}fg—l - filfj_l],ek)
féci—l,Zj = lez—l,zj + é’ﬁz’—l,zj
f21;,2j—1 = (Plf—1fk_1)2i,2j——1
ek i1 = tr([f3 051 — f3i25-1] — [;kfl - Al,kj_l]’ €k)
féciﬂj——l = f2€,2j—1 + éIZCi,2j-1
ffmj =4 I,kg_l - fécz'-—l,zj—l - féci—]ﬂj - f§,2j—1

end

end
end

We denote

62L2j 1 l[f2z23 1 f21,2] 1] [ k L k_l]l

i,J

Fk—1 _ fk—1
eliz~1,2g—1 = |[f2'z—1,2_7—-1 f21—1,2g—1] - % I Il
<k ik p k-1
elﬁi—l,zj = ”féi—-l,Zj - -f2i——1,2j] — i Ji Il

REMARK 5.1 We will denote €f (1) = ek _10, 1, eFi(2) = ek 14, ef;(3) =

k
€9;,2j-1-

Proposition 5.1 Given a discrete sequence f*, with the modified encoding algo-

rithm for the point value framework in 2-d (Algorithm 5.5) we obtain a multire-

solution representation M f& = {f° &,... &"} such that if we apply the decoding

algorithm we obtain fE satisfying:

15 = Folleo = max([[F* ~ Flloo, [18° — €*//]c0) (37)




72— FEll
72— A3
where
" — &*1lloo
11" — &l
1" — é*lll3
Proof

1.7 A T
Lllf°-—f°l|1+z I—k 1|Hek_ *Illx
4 AL—k+

k=1

1 = s L1 L
I =PI+ X gl — €11
k=1

maux(||8*(1) — € (1)lloo, [18°(2) — &" (D],

From the encoding algorithm we obtain:

f_igci—l,Qj - féci——l,zj = égi—1,2j - élzci—mj
-f2ki,2j—1 - fgiﬂj—l = é2~i,2j——1 - élzci,zj—1
f21€i—1,2j—1 - .f.‘gci—l,Zj—l = égi—l,Zj—l - égi—l,Zj—l
.f2kz',2j - f;i,Zj = ﬁkg_l - fzkg_l
Then
175 = Moo = supIf5 = f2

Fh—1 _ pk=1| |k k
S}IJPUfi,j - ff] ll) |@]5i—1,2j - 615i~1,2j )

45
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~ ~k ak
|62z—1 2j-1 6§i-1 2j—1!a |&5; 25—1 — € 2j——1D

= max(|| /7 = oo, llIE* — &°llleo)

and we obtain (37).
Since Ji = 2Jk-1, taking p =1 (or 2),

J
1P =M = =S -
p J}g - J (2%

1 Jr-1 _ A
T 4z Z (!fzkj t— |p + |5, 25 elzci—mj‘p -+
k-1 i,J

!e2z 1,21 egz—-l 2j—1|p + |é§¢,2j—1 - égi,2j—1!p)

_— A 1. R
= I = e - el

which proves (38) and (39).
]

It is absolutely trivial then to prove the following corollary.

Corollary 5.1 Consider the error control multiresolution scheme described in propo-

sition 5.1, and a processing strategy for the scale coefficients such that
Hék(l)_ ()HP<6/€ l:17273a p:OO’la or 2 (40)

Then we have

175 = e < ax(ek,||f°—f°||°o)
IF2 = fHh < 4L||f0 lh +3Z4L )
2
-~ " - " €y
(Vi ;lfoO—fOHng?’;@_’"—Hf
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In particular, if we assume that ||f° — f°|| = 0 and we consider

€

€ — qu-—-k—}—l (] Z 1 (41)
we obtain
FL L < £
1f" =l < ot
- A 3e
L _ fL <
=Pl < =

- . 3e?
L __ L2 <
T [

These bounds become

5=l <e p=1,2,00 (42)
forq=1 and
e o< W= Flh<se or IPP-flhs——  (43)
5 7 7z
for q=2.

Proposition 5.2 Given a discrete sequence f*, with the modified encoding algo-
rithm for the cell-average framework in 2-d (Algorithm 5.6) we obtain a multire-
solution representation M fL = {f°,&',...,e*} such that if we apply the decoding

algorithm we obtain f© satisfying:

. _ . L
1P~ Pl < 11 = Plloo+ 33l ~ ¥l (44)

k=1

. _ . L
7= FHl < P = Pl 2 (45)

=1

I o L& % L& =0
2= 7o = llfo—f°l|§+ZZIH@’”—@’”IH%ZZHE’”—E’”H% (46)
k=1 k=1



where
11" — &%l
I11e* — el
111e* — é*|113
and
Ef”a _Ef,j -
Proof

From the encoding algorithm we obtain:

rk rk
foie1,05 — foi-1,2;
Ik rk
foioi-1— [oiei—1
7k rk
foi105-1 — faic1,2j-1

7k rk
f2i,2j - f2i,2j

Then

17° = F¥lloo

max(]|€"(1) —

Fk—1 _ fk—1
f 63 Jid
Tk—1 _ fk—1
/ 4i T Jig
Fk—1 _ fk-1
f 43 i

£k—1 rk rk rk
(4 N f2'i-—1,2j—-1 - f2i-—1,2j - f21l,2j—1)

Fk~1 fk 7k Pk
—(4 I f?i—1,2j——1 - f2i—1,2j - f2i,2j—1)

Fl=1_ Fk—1

43 1,3

~k o ke wk
“('32i,2j—1 - egz‘,2j—1) - (elii—l,2j—1 - 615i~1,2j—1)-

A

€

(D)oo, 11E°(2) = €°(2) oo,

k sk

+ (elﬁi—1,2j - eZi—l,zj)
& Ak

+ (&5 251 ~ €9:.2j-1)

+ (égi—1,2j—1 - égi—1,2j—l)

- (égi—1,2j - 651—1,23')

7k Pk Tk 7k
ma'X(fzi,Zj - f2i,2j, f2i——1,2j - f2z‘—~1,2ja

48

((égi—l,Qj - él2cz'—1,2j) + (égi—1,2j—1 - égi—l,Zj——l) + (éIZCz',2j—1 - él2ci,2j—1))'
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f§i—1,2j—l - f2ki—1,2j—-17 f—2ki,2j—1 - f2kz',2j~1)
< 1P = oo + 3 max([[E(1) — &5 (1) oo,
118%(2) — €¥(2) ]oos 11%(3) — €°(3)|]oo)

and we obtain (44).
Since Jj = 2J_1, taking p =1,

7 Pk 7k ; F ok 7k 2
lfzkz',zj — fZl\i,2jl + | foim12; — f§i—1,2j| + |f2ki—1,2j—1 — foimr,05-1] + | 20521 — f2kz',2j—1|

<4 | 7:;1 ' + 2(|@2z 1,24 égi—1,2jl + léIZCi—l,2j—1 - é}2ci—1,2j—1[

+lé§i,2j—1 - égiﬂj—ll)

From the previous one and from the definition of || - ||;-norm we obtain

1= FHl < 1P = 2+ (IIe (1) = & W1h
llé'“(2)—é'°(2)||1+ 165(3) — €*(3)Il1)

which proves (45).
Finally, from

(fhios— Fho) + (Fhoigs — Toio10)* + (Fo1gjor — fho19i0)?
+ (ECL 2j—1 f2kz 23‘-—1)2
= {(F =D 2057 - 57
(2
((B5ii105 — €5i_1.95) + (&5i10j-1 — é§i~1,2j~1) + (&5 2i-1 — Cigi- )}
{(f5 T2 = @i — i)

(égi—l,zj - é2i—1,2j)2}

2i-1,2j —é5;_ 1,25) T (i 1,2j-1 62¢-1,2j—1)+ (éIZCi2j—1 — &, 2i-1))
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+ {(f5 - Lk_’]_l)z +2(fE = P (i 0io1 — 5im105-1)

+ (égz‘—-lﬂj——l - égi—1,2j—1)2}

+ {( _zkj_l - “zL]_1)2 +2( _z],cj_l - 'Az'lfj_l)(élzcz',zj—l - égi,2j—1)

+ (éfzcz',2j—l - él2ci,2j—1)2}

= /1(le|g~1 - Az"f}_l)z + (élgi—lﬂj - é§i~1,2j)2

+ (égi—l,Zj-—l - é,2c'i-1,2j—~1)2 + (égiﬂj—l - égz‘ﬂj—l)2

-+ ((égi—l,Zj - égi—lﬂj) + (égi—l,zj—l - égi—l,?j—l) + (égi,2j-—1 - élzci,2j—1))2
we obtain

|

1P = 3+ 216 ) - )3
+II@) — QIR + 1843~ EB)IB
B - D).

1% = A3

And the proposition has been proved.
[

It is absolutely trivial then to prove the following corollary.

Corollary 5.2 Consider the error control multiresolution scheme described in propo-

sition 5.2, and a processing strategy for the scale coefficients such that
1) — & Dy <ex 1=1,2,3, p=o0,1, or2 (47)

Then we have

R 3 . L
e = Fllo < 12— fllo+3> e
k=1




ol

_ A _ . 3 L
W= FH < NP =+ 52 e
253

. L
17 = FHI5 < 11f°—f°||§+3k26i

In particular, if we assume that ||f° — f°|| = 0 and we consider

€

Ckzm (]>1 (48)
we obtain

= . 3€

L __ rL <

17~ Pl < =25,
. A 3 ¢
L fL < =

e
= . 3e?
L__ rL12 <
178 <

These bounds become
_ . _ R 3 _ .
7Y = o <3¢ [IF" = FHlh < 26 or P = frlla<e (49)
forq=2.

Proof

Notice you,
1B~ BHl < 115D — (1)l + 175(2) = @) lla + 11€(3) — &3

Then from (46) we obtain,

o . 1 & 1 &
e = o3 < ||f°—f°||§+gz3ﬁi+gz9ei
k=1 k=1

L
= [P =k +3> <
k=1
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6 Nearly-Optimal Nonlinear Multiresolution Al-
gorithms '

A nonlinear multiresolution-packets is presented. The stability and the improve-
ments of the new algorithm are studied. Our goal is to describe tools for adapting
methods of analysis to various tasks occuring in harmonic analysis and signal pro-
cessing. The main point of this presentation is that by choosing a representation,
in which time, frequency and smoothness are suitably localized.

We would like to describe a method permitting efficient compression of a variety
of signals such as sound and images. The method can use any linear or nonlinear
multiresolution. In the first case, we can recover the biorthogonal wavelet-packets
and the interpolating wavelet-packets, but in the second case a new algorithm is
obtained.

The development of the theory of wavelets has closely followed its practical a-
pplications. The wavelet bases have poor frequency localization when the number
of scales "L” is large. For some applications especially for signal processing, it
is more convenient to have bases with better frequency localization. This will be
provided by the wavelet-packets, which are obtained from wavelets associated with
multiresolution analysis.

This idea can be made precise as well as generalized to all multiresolution with a
tree structure. There are a denumerable number of ways to choose a decomposition
of the signal. This flexibility of choosing the decomposition of the signal is well
adapted for applications, where we can choose to decompose the details according
to the available data. The multiresolution-packets framework allows to define the
notion of a minimal decomposition that has proven to be an efficient procedure

for data compression. The purpose here is to take benefit of this compression to
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represent accurately and economically a signal.

On the other hand, Harten’s experience in numerical methods for hyperbolic
systems of conservation laws, lead him to the conclusion that one has to ”go non-
linear” when approximating functions with singularities. The idea of the section is
to use this advantages in order to construct an efficient nonlinear multiresolution-
packets. Our construction will be directed toward numerical applications. We will
describe several discrete algorithms. We will show the correspondence between
multiresolution-packets and coefficients computed from sampled signal. We will
examine several compression methods, both linear and nonlinear.

There are several applications of these representations as: image analysis [57],
compression data [19], adaptive methods for approximation of nonstationary par-
tial differential equations [43],...

The concept of wavelet-packets has been introduced by R.R.Coifman et al.
[19],[20] as a generalization of wavelet bases. It relies on the definition of a library
of bases, the best bases is choosen so as to minimize some given entropy attached
to the coefficients in each bases of the library.

Even in the linear case, it’s obviously a nonlinear transformation (decompo-
sition and reconstruction algorithms) to represent a signal in its own best mul-
tiresolution. In this case since the transformation is biorthogonal once the basis
is choosen, compression via the best multiresolution is not drastically affected by
the noise. Furthermore, for the nonlinear case we have to modify the direct algo-
rithms in order to ensure stability. In this section we introduce some error-control
algorithms for different multiresolutions.

The section is organized as follows: we will introduce the general multireso-

lution-packets. Special attention is paid to error-control in next subsection. And
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finally several numerical experiments and some conclusions are presented.

6.1 Multiresolution packets

In this section we shall introduce the general ”Multiresolution packet”. The same
as the library of wavelet packet bases it is naturally organized as subsets of binary
tree. This segmentation of signals into those dyadic intervals is better adapted to
the frequency content.

The idea is to obtain the best decomposition of all the possible ones. We
now define a cost function on sequence and search for its minimum over all re-
presehtations in a library. For a given vector, their minima are the most efficient

representation.

Definition 6.1 A map £ from sequences {z;} to R is called an additive informa-

tion cost function if L(0) =0 and L({z;}) = 2; L(x;).

Some useful examples of information cost include: a)Number above a thresh-
old: set an arbitrary threshold e and count the elements in the sequence z whose
absolute value exceeds €. b) Concentration in I” norm (p < 2), L(z) = ||z|lp. c)
Entropy, L(z) = — %_; p;logp; where p; = I’—lza;]—rg and we set p logp = 0 if p = 0. d)
Logarithm of energy, £(z) = ¥_; log|z;|*>. Here we will use the first possibility.

As the library is a tree, then we can find the best representation by induction
on the number of scales. Denote by g;? the representation of vectors corresponding
to the scale k, 7 = 1,2,...,2F7% and by B;-“ the best representation for z. For

k= L, BF = g-. We construct B} ™" as follows:

B =

7

k-1 k k—1y k—1
{ 9; ‘C(Bj) > L(gg; ") 5(923+1) (50)

B, + B, otherwise
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In practice, we start with a vector of data f*, corresponding to any discretiza-
tion of a certain function. We compute a step of the multiresolution algorithm,
that is, f*~! and the details d*. If the addition of the cost of these two new vec-
tors is higher than it comes from f* we do not consider the decomposition. On
the other hand, if the cost is less then we carry out the decomposition. If it has
been produced the latest case then we would repeat the process for these two new
vectors (f*~! and d*) independently. Anyhow, the decomposition is finished when
one has arrived to the coarsest resolution level prescribed by the user.

Now, we will introduce the general algorithm for the case of point values. Let be
JE = (f(zF)); the Jp+1 sequence corresponding to the point-values discretization
at the finest resolution level L and P¥ ; some prediction operators (interpolation

process usually). Then we obtain the following encoding algorithm

Algorithm 6.1

fork=1L,...,1
for 7=0,...,J k1
o1z
i =15
end

for 7=1,...,Jk
fzI;—l = (Pléc—lf_k—l)%—-l
675 = kaj——l - ffg;—-l
end
e = MP(dF)
end

MMFE— (o g eh)

In the cell average framework, if f* is a J;, sequence corresponding to the cell-
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FOE

average discretization at the finest resolution level L, ff = 77115 f: f(x)dx we will

&

j—1

=

have

Algorithm 6.2
for k=1L,...,1
for j=1,...,Jk
Fi7t =g+ Fm1)
end
for j=1,..., k=1
fE = (PEL g0
Jf = f}j-1 - f2l;—1
end
ef = MP(d)
end

MMFL = {f0el ... e}

REMARK 6.1 MP indicates the multiresolution process, applied to all the details,

with the selection of the best representation.

6.2 Error-control algorithms

In this section we are going to study the stability concept in the multiresolution-
packets framework. We have to consider modified algorithms. Next, we shall
introduce some results of stability associated to the modified algorithms. We can
consider different multiresolutions (linear and non linear) for the scales and the
details. The modified algorithms will have a similar structure than the original
algorithms introduced by Harten for the multiresolution framework [31].

Modified encoding procedure for the interpolatory framework:
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Algorithm 6.3

for k=1L,...,1
for j=0,...,Jk1
i =1y
end
end
Set fO= fo
for k=1,...,L
=7

for 7=1,...,Jk
o= (P )00
CZ? = f—égj——l - f:z};—1

end
& = tr(MP(d*, e))
d* = (MP)~1é*

for 1=1,...,Jk=1
f2kj—1 = [ +¢Zf
=10

end

end

MMFE— (Fo g1, . eb)

REMARK 6.2 Whenever a parent node is of lower information cost than the chil-
dren, we mark the parent. In the representation {é!,...,éL} we have all the infor-
mation, that is, the value of the details and the marks. With (M P)™ we recover

some approzimation of the value d*.



Modified encoding procedure for the cell average framework is:

Algorithm 6.4
for k=1L,...,1
for j: 1,...,Jk_1

_}C—"l = %(fzkg + f—2kj—1)

end
end
Set f0= f°
for k=1,...,L

for 7=1,...,Jk-1
for = (PEL a0
J;? = [kaj—l - f21;—1] - [;{C_l - Af-l]
end
&k = tr(MP(d*, e))
d* = (MP)~1¢k
for j=1,...,Jk=1
o = oy +
f5=2f" M
end

end

MM fE={f0,¢,...,e"
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Proposition 6.1 Given a discrete sequence f& and a tolerance level ¢, if the trun-

cation parameters € in the modified encoding algorithm (6.8) are chosen so that

€p 1= €
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then the sequence f& = M=1{f°,é',...,&"} satisfies

15 = ol < e (51)
for p=o00,1 and 2.

Thus, the modified algorithm for the interpolatory case is stable.

Proof
We apply complete induction over the number of multiresolution’s steps at the
details. For n = 1 we recover the usual error-control (see [31]). Then we suppose

the property true for n = 1,2,...,m— 1, and we will prove it for n = m.

Observe that
f§j~1 - fécj—l = d—f - d;‘c
fi—Tu=F -

Then

175 = FPlloo < maz{[|d* — d¥lloo, 17571 = /¥ leo}

Since f0 = f°, we have (induction hypothesis)

||f’” — f’“Hoo < max{ex, €1, .. €1} S €

Also

1= il = ji Fr- g
1 e . _ .
= J—Zl lfég—l_féjl—1‘+|f§]_f;71)
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1 *y Fk—1 rk—1 Ik Tk
= SO - A I - )
k =1

= §(||fk_1 S e [P TAR d*|l)

thus

kam—z%Hm#dmsm—;x
Similarly B

17 - FHIB = 3 g = M < 20 - ) < @
O

Proposition 6.2 Given a discrete sequence fL and a tolerance level ¢, if the trun-

cation parameters €y in the modified encoding algorithm (6.4) are chosen so that

1 L-k
€ ‘= € (‘2‘)

then the sequence f£ = M~1{f°&',..., "} satisfies
I~ = FHlp < Ce (52)

forp=o00,1 and 2. C=2 forp=o00,1 andC:—\%forp:Q.

Thus, the modified algorithm for the cell average case is stable.

Proof

We apply complete induction over the number of multiresolution’s steps at the
details. For n = 1 we recover the usual error-control (see [31]). Then we suppose
the property true for n = 1,2,...,m— 1, and we will prove it for n = m.

Observe that

~

[ = T = (B = ) + (@~ d)



=i = -1~ (& —d)

Then

~ —— ~ L — ~
17 = Frlleo < I1F° = f0”°°+kz 1d* — d*leo
=1

Since f° f°, we have (induction hypothesis)

L
1= Ml < 3 e(3)
k=1

We obtain the same conclusion for the L' norm, since
7L FL 0 0 Lo
1P = 2 S 1P = £+ 20 1ld = d¥ll
k=1

Finally, from (directly computation)

Je_1 Je—1

R T R ;
j,;;lf - filF= TZ_:U;” P+ =— 3 | -

k—ljl

we obtain

— ~ — A L — ~
e = frE = 170 = Fl+ Z 14" — d®|3

L

IA
o
{ )
Mh
FM*—A
}—l
=
—~
AN i

d

J

12
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REMARK 6.3 Those propositions give us explicit bounds of the error.

REMARK 6.4 As we said before, other measure of a sequence is the [*logl® norm:

L(z) ==Y |z;]%In|z;? (53)

J

and the threshold in the details is /¢ ea:p(ilﬁl%z). The term ea:p(ﬁl%l) is directly
related to average energy of significant coefficients. With the same ideas we can

obtain propositions in this context.

6.3 Numerical Experiments and Conclusions

In this section we present some numerical tests. We will use the notation

[.W.=interpolatory wavelets.

N.L.M.=nonlinear interpolatory multiresolution (ENO non-hierarchical).

I.W.P.=interpolatory wavelets packets.

N.I.M.P.= nonlinear interpolatory multiresolution-packets (ENO non-hierarchical).
We will replace ”I” by ”C” if we are using cell-averages.

E-C = with error-control.

We will consider two different definitions of compression rate:

Let De = {(j, k) : |d¥] > €4}, then we define

2 (JL — JO) - lDe| (55)

re =
¢ (Jr = o)
with the second definition we will have full compression when r2 = 1.
We will use a fourth order reconstruction and a third order reconstruction in

the point-values and in the cell-average frameworks respectively.




63

1 8 08 07 b6 -05 04 -D3 02 03 O

Fig. 10: function f;

We know the wavelets framework is a good strategy to compress a signal.
Nevertheless, in some cases it is necessary to have a better location of the frecuency.
The behavior of the following signal can model this problem. We consider fl.(x) =
cos(30 - z) in [~1,0]. ‘

We present in table 6 the improvements of the wavelets packets. When wavelets

have frequency problems, the compression using wavelets-packets is improven.

L LW LW.P

1 d' = 65 d! =65

2 d? 4 d' = 65 -+ 62 d?+d' =34 +62

3| B+ +d=65+62+32|d>+d?+dt =34+ 35+ 32

Table 6: Number of details non zeros after truncation, ¢ = 5 - 107°, J, = 256

The error-control described allow us a control of the error. In table 7 the errors
from the error-control algorithms satisfy the theoretical error bounds. Moreover
even the linear schemes (without error-control) seem to have stability cons"cants,
([|FE = fF|] € Ce), C > 1 in the infinity norm.

On the other hand, non linear techniques are better adapted to the presence of

discontinuities [5]. Moreover, ENO reconstruction obtain better resolution in the



LW.P. e | 7 -1l -1l |- o
1. | 1. [6.33¢— 01| 7.05¢ — 01 | 1.00e + 00
0.1 |0.879 | 9.14e — 03 | 1.50e — 02 | 7.46¢ — 02
0.01 | 0.798 | 1.57¢ — 03 | 2.77e — 03 | 1.09¢ — 02
0.001 | 0.712 | 2.38¢ — 04 | 3.48¢ — 04 | 1.39¢ — 03
LWPEC) | ¢ | 7 -1l - ]2 [ lleo
1. | 1. |6.33¢—01[7.05¢— 01 [ 1.00e- 00
0.1 | 0.879 | 9.14¢ — 03 | 1.50e — 02 | 7.46¢ — 02
0.01 | 0.794 | 1.46e — 03 | 2.55¢ — 03 | 9.64¢ — 03
0.001 | 0.708 | 2.18¢ — 04 | 3.16e — 04 | 9.93¢ — 04

Table 7: Jp, = 256, L = 3, function f;

N
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Fig. 11: function f,, left o =3, B =2, right « =5, B =4
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local extremes than the central reconstruction. In order to see this, we consider

the following signal:

~1

3

N —Zy -+ sin(a . %15 . Q’,‘j) Z; c [-—-1,
f9) { |sin(B - 7 - z;)] z; € (—3,0]
where a, 8 are constants, z; = —1+j - L and n = J;, = 256.

We summarize the conclusions at the tables 8 and 9.

The nonlinear schemes obtain better compression. When L is large we can see

the advantage of use the packet framework. In this case the error is smaller than
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Ll ¢ [IW|[LW.P][NLW|NLM.P
111073 3 3 1 1
2171031 6 6 2 2
3110°%] 9 9 3 3
41107%] 14 14 8 8
1110°°] 3 3 1 1
2110°%] 6 6 4 4
3110°] 36 36 34 34
4110°%] 51 42 49 40

Table 8 Number of details non zeros after truncation, fo, @ = 3, =2, J;, = 256

LW | LW.P | NIW | NIM.P
0.976 | 0.976 | 0.984 | 0.984
0.969 | 0.969 | 0.979 | 0.979
0.839 | 0.839 | 0.848 | 0.848
0.787 | 0.825 | 0.796 | 0.833

OO N

Table 9: Ratio of compression (55) 72, function fa, ¢ = 3, 8 = 2, Jp = 256,
¢=107°
the theoretical bounds always, i.e. smaller than e.

Similar conclusions are obtained in the cell-average case table 10. Notice you
in the cell average framework the order and the tolerance parameters are smaller
than in the point values case (third order and ¢; = ¢(3)"~*), then the compression
can be smaller too.

Of course, if the function doesn’t have frequency problems as

fule) = { Ssin(rz) =z €0, %]

—5sin(rz) € (1]

the wavelets tools are sufficient. In this case W.P. obtains similar results with



Num.ofdetails | |- ||s IR |1 Tloo
TW.D 15 1.43c — 04 | 2.27¢ — 04 | 7.36¢ — 04
ILW.P.(E-C) 15 1.44c = 04 | 2.27¢ — 04 | 7.34e — 04
NIMP. 9 2.21e — 04 | 3.45¢ — 04 | 1.06¢ — 03
N.IM.P.(E-C) 11 2.13¢— 04 | .32 — 04 | 9.93¢ — 04
C.W.P 31 1.27¢ — 05 | 7.47¢ — 05 | 2.90e — 04
C.W.P (E-C) 31 4.27¢ — 05 | 7.47¢ — 05 | 2.90e — 04
N.CMP 25 2.00e — 05 | 5.26¢ — 05 | 3.79¢ — 04
N.C.M.P (E-C) 75 2.00e — 05 | 5.26¢ — 05 | 3.79 — 04

Table 10: fo, o =5, 8 =4, J3 = 256, ¢ = 1073
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Fig. 12: left function fs, right function f

and without error-control (see table 11).

Now we consider the following signal (Harten’s function):

)
)

)

I

polS IS

|m - 5] + cos(z;) je(
2 x;—1—4- 22 e

)

—Z - 5 + sin(z;) je(
fa(4) :{

oS s O

3

?

where z; = —1+j - = and n = Jp, = 256.

In figure 13 we can see the advantage to use the nonlinear scheme.
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With

an error less than the tolerance parameter, the nonlinear scheme obtains better

compression than the linear one.
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re -1l |- 12 - Moo
LW.P 0.844 | 3.30e — 07 | 4.50e — 07 | 1.07e — (06
TW.P(E-C) | 0.844 | 3.31e — 07 | 4.42¢ — 07 | 1.07¢ — 06
N.ILM.P. 0.868 | 1.58e — 06 | 5.84e — 06 | 5.76e — 05
N.ILM.P.(E-C) | 0.868 | 1.58¢ — 06 | 5.84¢ — 06 | 5.77¢ — 05
C.W.P 0.844 | 9.40e — 07 | 1.43e — 06 | 4.64e — 06
C.W.P (E-C) | 0.844 | 9.40e — 07 | 1.43e¢ — 06 | 4.64e — 06
N.C.M.P 0.867 | 1.86e — 06 | 2.79¢ — 06 | 8.65¢ — 06
N.CM.P (E-C) | 0.867 | 1.86e — 06 | 2.79¢ — 06 | 8.65¢ — 06
Table 11: fg, J3 == 256, c= 10_4
2'°u&ass3556§;;;°°u »

S8 S -2 - .8 -4 -4 -2 [ B I R T ') -$ 4 -2 [

Fig. 13: ‘left log(normsg)/log(tol) versus log(tol) +=linear and o=nonlinear, right
Number of non zeros versus log(tol) o=linear and +=nonlinear, tol = tolerance
parameter, point-values, J;, = 256, L =4, f,

Finally, in order to put out the profit of the error-control strategy, we consider
the function f5(z) = 30 cos(100z) in [—1,0]. In figure 15 we see as the compression
of the E-C is similar than the general case (without error-control). Nevertheless
the error is increasing in the general case with the tolerance. The E-C is adapted
to obtain an error less than the theoretical bounds, but maintaining a good com-
pression.

Some efficient schemes for representing signals and images are proposed. The
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Fig. 14: function fs
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Fig. 15: ‘left —tm versus tolerance=¢ (nnz=number of nonzeros), right

versus tolerance=e, point-values, Jy = 256 L =4
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advantage of using a multiresolution packets is that it can be adapted to the
time-frequency-smoothness characteristic of the underling signal. The wavelet
packets transform is very adapted to the time-frequency and this procedure leads
to remarkable compression algorithms. Using non-linear reconstruction one can
adapted to the presence of discontinuities. So, putting together the wavelet pa-
cket’s ideas and non-linear reconstructions, like our algorithms, we can have all

the mentioned properties and to obtain optimal schemes in this sense.
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7 Leyes de Conservacién: Una Vision global ra-
pida

Una introduccién general a las propiedades de los sistemas de leyes de conservacion
y sus métodos numéricos asociados puede encontrarse en el libro de LeVeque [46].
Nuestro objetivo en esta seccidn es destacar los aspectos fundamentales para poder
entender las secciones posteriores.

Un sistema fisico continuo puede describirse por las leyes de conservacién de
masa, momento y energia. Es decir, para cada cantidad conservada, la proporcién
de cambio de la cantidad total en alguna regién viene dada por su flujo (convectivo
o difusivo) a través de la frontera, més cualquier fuente existente.

Como ya hemos dicho, una cantidad conservada, como la masa, puede ser trans-
portada por flujos convectivos o difusivos. La distincién es que los flujos difusivos
estan conducidos por gradientes en densidad, mientras los flujos convectivos incluso
persisten en ausencia de estos. Nos concentraremos en el caso de transporte con-
vectivo, ignorando difusién (difusién de masa, viscosidad y conductividad térmica)
y también términos fuente (como reacciones quimicas, excitaciones atémicas, io-
nizaciones). Hacemos esta simplificacién ya que el transporte convectivo requiere
tratamiento numérico especializado. Los difusivos y los efectos reactivos pueden
ser tratados por métodos numéricos "normales” independientes de aquellos para,
los términos convectivos. Las leyes de conservacién con sélo flujos convectivos son
conocidas como ”hiperbdlicas”. Una inmensa, serie de fendmenos fisicos se mode-

lizan con ayuda de tales sistemas: combustién en motores, astrofisica, plasma,...
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7.1 Fenémeno Convectivo, Modelos e Implicaciones Nu-
méricas

Los fenémenos fisicos més importantes exhibidos por las leyes de conservacién hi-

perbdlicas son "bulk convection”, "waves”, discontinuidades de contacto, shocks, y

rarefracciones. Describiremos brevemente los rasgos fisicos y modelo matemadtico

para cada efecto.

Los dos primeros fenémenos son simplemente el movimiento de materia de
un sitio a otro. La ecuacién modelo méds simple que describe estos fenémenos
es la ecuacién lineal convectiva, también es un modelo importante para entender
transporte suave en las leyes de conservacion. Estos fendmenos se propagan en
direcciones bien definidas en contraste con fenémenos como la difusién que se
propaga en todas las direcciones. .

Los métodos numeéricos convenientes para los sistemas hiperbdlicos son los up-
wind que contemplan las diversas direcciones, ademés de una relacién definida
entre el espacio y el paso de tiempo. La velocidad de la propagacién discreta. %f_—
debe ser igual que la velocidad de propagacion fisica. La forma general de esta
relacién se llama restriccién de Courant-Friedrichs-Lewy (CFL), y dice que la ve-
locidad discreta debe ser por lo menos igual de grande que cualquier velocidad
caracteristica en el problema.

Una discontinuidad de contacto es un salto persistente, discontinuo en la den-
sidad de masa que se mueve por la transmisién de volumen a través del sistema.
Como la difusién de masa es despreciable, el salto persiste. Estos saltos normal-
mente aparecen en los puntos de contacto de materiales diferentes, por ejemplo,
una discontinuidad de contacto puede separar el aceite del agua. Se mueven a ve-

locidad caracterfstica y retienen cualquier perturbacién que reciben. Asf cualquier
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alteracién producida por el método numérico tiende a persistir y aumentar.
Shock: Un shock es un salto espacial en material (presién, temperatura) de-
sarrollado espontdneamente (aunque no necesariamente) de distribucioncs suaves
y que persiste. Al contrario que la discontinuidad de contacto que debe ponerse
en el sistema inicialmente. Los shocks se desarrollan a través de un mecanismo
de la regeneracién en que los impulsos fﬁertes se mueven mas rapidamente que los

débiles. Se pueden modelizar con la ecuacién de Burgues:
2

W+ (s =0 (56)
El movimiento de los shocks no es tan trivial como el de las discontinuidades de
contacto y sus velocidades no son evidentes a partir de sus flujos. Es sabido que
los métodos numéricos deben estar en forma conservativa para poder ”capturar”
los shocks.

La aparicién exponténea de los shocks tiene dos implicaciones fundamentales
para los métodos numéricos. Primero, incluso cuando el dato inicial sea suave
los métodos tienen que estar adaptados a gradientes grandes y saltos. Segundo,
hay un efecto beneficioso y es que los errores pequefios cerca del shock tienden a,
disminuirse y desaparecer en el transcurso del tiempo.

Rarefraccién: Una rarefraccién es un salto o gradiente demasiado grande que
se disipa como una expansién suave. Puede modelizarse con la ecuaciéon Burgues
més una condicién inicial del estilo de tanh(%). Disminuye los errores numeéricos
y hace més facil la representacion de la solucién por polinomios que sern la base
de nuestros métodos.

Las consideraciones numéricas a tener en cuenta son:

La condicién CFL es necesaria para que el modelo tenga una propagacion de

informacién correcta.
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Los métodos numéricos deben adaptarse a las direcciones de propagacion, ast
deben de ser “upwind”.

En regiones de suavidad es posible obtener alta resolucién con interpolacién.

Cualquier método para ecuaciones diferenciales puede ser aplicado para la in-
tegracién temporal, sélo se ha de tener en cuenta la estabilidad. .

La forma conservativa es crucial para la captura del shock.

La. descomposicién caracteristica del sistema se hard de forma local.

7.2 Leyes de Conservacién

Los sistemas de leyes de conservacién son sistemas de ecuaciones en derivadas

parciales (EDP’s) tiempo-dependientes. En 1-D se pueden escribir como

%u(w, B + % Flu(z, 1)) = 0. (57)
donde u : R x R — R™ es un vector m-dimensional de las cantidades conservadas.

Asumiremos que el sistema (57) es hiperbdlico. Esto significa que la matriz
Jacobiana f'(u) tiene la siguiente propiedad: Para todo valor de u los valores
propios de f (u) son reales y la matriz es diagonalizable.

Normalmente el flujo es una funcién no lineal de u, dando lugar a sisterr;as no
lineales de EDP’s. En general, no seréd posible la obtencién de la solucién, de ahi
la, necesidad del estudio de métodos numéricos.

Uno de los sistemas de leyes de conservacién con mayor importancia es el de
las ecuaciones de Euler de la dindmica de gases. En realidad, las ecuaciones funda-
mentales de la dindmica de fluidos son las de Navier-Stokes, pero estas ecuaciones

incluyen los efectos de la viscosidad, y asi los flujos no sélo dependen de las va-

riables de estado sino también de los gradientes de éstas. En consecuencia estas
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ecuaciones dejan de ser hiperbdlicas. Por otro lado, si las sustancias estan lo sufi-
cientemente diluidas, como puede ser el caso de un gas, los efectos de la viscosidad
pueden ser despreciados, apareciendo en este caso las ecuaciones de Euler. En una

dimensidn estas ecuaciones se escriben:

s, ( 0 ) 9 ov
A v | T oo v2 =0
0t \'g Ox (&EI}I’)))

donde p = p(z,t) denota la densidad, v la velocidad, pv el momento, E la energfa,
y P la presién. La presiéon P vendra dada por la ecuacion de estado.

Consideremos ahora la ecuacién escalar no lineal
us+ f(u)y =0 (58)

donde f(u) es una funcién no lineal de .

Una forma natural de obtener una definicién de solucién que no use la dife-
renciabilidad es regresar a la forma integral de la ecuacién. Sea ¢ € C3(R x R)
una funcién test. Si multiplicamos u: + f. = 0 por ¢(x,t) e integramos respecto

al tiempo y al espacio obtendremos:
/ i Z dus + b (u)odadt = 0. (59)
Integrando por partes,
/0 ” /_ ‘: e+ o f (u)dadt = — /_ Z (z, 0)u(x, 0)dz (60)

Definicién 6 Una funcion u(z,t) es una solucién débil de la ley de conservacion

(58) si se satisface (60) para toda funcién ¢ € C3(R X R).

Existen situaciones en las que la solucién débil no es Unica y son necesarias

otras condiciones para escoger la solucion fisicamente relevante.
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Definicién 7 Se dice que u(z,t) es la solucion de entropia si existe una constante

E > 0 tal que para todoa >0,t >0y x € R,

u(@ + a,t) — u(z,?)
a

E

< - (61)
t

Oleinik [46]

Nota: Existen versiones més simples de esta condicién para distintos casos parti-

culares.
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8 Local piecewise polynomial reconstruction of
numerical fluxes for nonlinear scalar conserva-
tion laws

In this section a local (at least third order accurate) shock capturing method for
hypefbolic conservation laws is presented. An extension to fifth order accurate
is presented also. To complete the scheme, we use a special family of R.unge-
Kutta time integration schemes introduced by Shu and Osher that have a “Total
Variation Diminishing” (TVD) property.

Essential Non-Oscillatory (ENO) methods, constructed by Harten, Osher, En-
gquist, and Chakravarthy [37], [38], [39], are a class of high accuracy shock cap-
turing numerical methods for hyperbolic systems of conservation laws, based on
upwind biased differencing in local characteristic fields. With these methods have
achieved excellent results in a great variety of compressible flow problems. The
most efficient implementation of ENO methods has been investigated by Shu and
Osher [51]-[52], where they reconstructed numerical fluxes from point values. Ori-
ginally, ENO schemes were based on the reconstruction of the solution from cell
average. Marquina [48] introduced a new local third order accurate shock captur-
ing method (PHM piecewise hyperbolic method). To design this method a new
concept of local smoothing is introduced to prevent the increasing of total variation
of the solution near discontinuities and to achieve third order accuracy. The main
advantage of this method lies on the property that it is localer than ENO and TVD
upwind schemes of the same order, (and, thus, giving better resolution of corners),
because numerical fluxes depend only on four variables. This method becomes
efficient since it is low cost and it is not sensitive to the Courant-Friedrichs-Lewy

(CFL) number. Our (third order) method is quiet similar to PHM method, but it
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is based on a simpler reconstruction and, thus it has lower cost and can be eas-
ily tractable. It becomes third order accurate in smooth regions of the solution,
except at local extrema where it may degenerate, but giving (at least) the same
accuracy than PHM methods and better than TVD methods. We will introduce
an extension to fifth order accuracy. In order to achieve fifth order accuracy, we
will have to modify the original local smoothing introduced in the PHM method.

The primary goal of all these schemes is to develop a general purpose numerical
method for systems of conservation laws that has high accuracy (at least third
order) in smooth regions and captures the motion of unresolved steep gradients
spurious oscillations.

To complete the schemes, Shu and Osher developed a special family of Runge-
Kutta time integration schemes that are easy to implement, have good stability
properties and have a TVD property see [51]. The TVD property prevents the time
stepping scheme from introducing spurious spatial oscillations into upwind-biased
spatial discretization.

In this section, we consider numerical approximations to weak solutions of

systems of hyperbolic conservation laws of the type:

d
ug + ; filu)z, =0 (62)
u(,0) = uo(2), (63)

the initial data ug(z) are supposed to be piecewise smooth functions that either
periodic or of compact support.

We begin with the 1-D scalar nonlinear problem: .
up + fu)e =0 (64)

’LL(.CC, 0) = Uo(x)a (65)



7

Let be u} = un(®;, t,) denotes a numerical approximation to the exact solution
u(x;, tn) of (64)-(65) defined on a computational grid @; = jh, ¢, = nAt in con-
servation form: )
uttt =y — M f7 d fjn__) (66)
where A = % and the numerical flux is a function of 2k variables

AJ +1 = f( Uj kt1s - oo Utk (67)

which is consistent with (64), i.e

.. u) = f(u) (68)

The importance of the following lemma (see [51]) is because it implies that
approximating the numerical flux fj +1toa high order accuracy it is enough to

reconstruct g(z; +%) (see equation (69)) up to the same order.

Lemma 8.1 (Shu and Osher) If a function g(x) satisfies

then

flu(e), = =—2—

We will present a local third order accurate method by using a piecewise re-
construction of the function g. The obtained method is localer in the sense that
the numerical flux depends on less points than the corresponding ENO and TVD
schemes.

The one time step procedure described in this paper is assumed to be total

variation stable for scalar 1-D nonlinear problems under suitable CFL restriction

=—<
A . Ao
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and ) is inversely proportional to maz|f (u)| as usual.

We will check our methods are "Local Total Variation Bounded” (LTVB), as
ENO and PHM methods. A maximum principle appears to be necessary to prove
the TVB property of the schemes.

The section is organized as follows: section 8.1 contains the reconstruction step,
in next section the complete algorithm is presented, in section 8.4 we generalized
the method to fifth order, in section 8.5 we extend the implementation to nonlinear
systems and to multi-dimensions space, and finally, in section 8.6 some numerical

experiments are studied.

8.1 Piecewise reconstruction

The most important step in our method, as well as in the above methods, is the
reconstruction step. We need to have a reconstruction of the function g, at least,
up to third order.

Let g(z) be a piecewise smooth function that is either periodic or of compact
support. We have defined a computational grid z; = jh, j integer, h > 0, where
the cells are

Ci={z:z;,_ 1 <z <w;,1} (70)

-1
2
e . e k
where z;,1 = x; + 5h.
Our grid data are:

(i) For every j the mean value of g(z) in Cj, v; is given, i.e.:

_Yit1 T Y (72)
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Let 7;(z) a reconstruction of g(z) in C; up to third order accuracy, i.e., that

every time g(z) is smooth enough at « in Cj;, then
g(x) —rj(@) = O(F°).

To get consistent third order accurate reconstruction procedures, we required

the following conditions for every j:

1 Tird
o3 [, (73)
i3
Ay =15(@544): (74)

Taylor series expansions show that conditions (73) and (74) imply third or-
der accuracy. To get local total variation bounded methods of reconstruction, in
general, it would be necessary to correct the values of d; L.

Next, we look at local piecewise polynomic reconstructions. For our purpose

we need the following lemma.
Lemma 8.2 We consider the generic cell
h
Co={z:]x—m| < 5} (75)

Let 0; and 0 be real numbers between —1 and 1, 6; # 0,. We set z(61) =
2o + 61 and z(02) = wo + 022. Let vo be the mean value of g(x) in Co. Let du,ds

be real numbers. Then the following polynomial:
Po(z) = ao + 1% + a2z, . (76)

where:
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m= L
27 2% (0) — 2(6,)”
B dy — d
=) =y
P
ag = U 1202,
18 such that:
1 [ooty
Vg = E s po(&)dfa (77)
po(61) = da, (78)
Po(02) = da. (79)

Moreover, the derivative of po(x) at the midpoint m(21%) 4s

v, 040 di+d
rola(2a2) = A2, (50)

Proof

The proof is straightforward.

O

Since our reconstruction is local, we restrict our discussion to the cell Cy and
the grid data of the cell: v, d____gl_ , and d 1. To fit the reconstruction, we establish
formulas to obtain the coefficients with §; = 0. If d_% -d 1> 0, the value assigned
to dy is the average (80). If d_; -dy <0 (transition cell), we change the derivative
with largest absolute value by other one multiplied by A2, thus, the reconstruction
on this cell may degenerate to second order. In spite of the smoothing made on

transition cells, the method of reconstruction is not LTVB. For nonlinear fluxes,
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the method becomes “unstable”. As PHM scheme, we will assign a different value

to the central derivative dy. If Cp is a nontransition cell, then we define d; by
2d_1-d

dy = d_.%——+—d

2O

; (81)

i ol

which is the harmonic mean of d_; and dy (smaller in absolute value than (80)).
Then the algorithm defines the polynomial such that its derivative interpolates
dy at zo and the lateral grid derivative with smallest absolute value. Taylor series
expansion arguments show that the preprocessing defined in this way is consistent,
since the harmonic mean provides an O(h?) approximation of the derivative at xo.
Transition cells are treated analogously to the first algorithm, but use the harmonic

mean instead of (80).

Theorem 8.1 The above method of reconstruction of the function g(x) is a local

preprocessed polynomic reconstruction procedure that is LTVB.

Proof

Let us choose a number h > 0, such that there are at least two cells between
two jumps of g(z). Since g(z) is a piecewise smooth function, it is easy éo see
that there exists a constant M > 0 depending only on derivatives of ¢ in smooth
regions, such that for all j, except for a finite number of “isolate” j’s (for which
dj+% = O(h™)), 1dj+_%| < M.

If C; is a nontransition cell and |d;_ 1 | < ld,, 1 |, then the preprocessed deriva-

tives at the endpoint of the cells are the following:

dl; =d,

1
J—3?

h dl;
jdrs] = lay +2- ap5| <12 dl| + |57 h < 3-dl; < 3- M (83)
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(for PHM method we obtain |dr;| < 4- M)
Thus

TV (p;) < h%—% ~2. Mh. (84)

The argument is similar for transition cells.

|

REMARK 8.1 With the same notation, PHM method is based in the hyperbola,

2—C¥(1—‘01))_ h
2+C¥(1+01) (x———xo)_%.(gl_}_%)

)

1
lzo:vo+d1-lz-a—2—-(log(

where o = 525 - (1 — \/%E).
Special treatment when the derivatives are smaller than O(h?) is considered.
On the other hand, the following algorithm determines the lateral numerical
deriwatives in the ENO third order method on the cell C;,
if Id-«%l < ldj+%\ then
dlj =d;_1
if |d; 1 - dj_%l < ldg-yyet — d(j_l)_%| then
drj = d; 1
else
drj = dlj + (dj-1y+1 — di-1)-1)
else
drj =d;1
if |djp1 — dj_1l S ldgnyet — dginy-4| then
dly=d;_1
else

dlj = drj = (diny+: — dgan-1)
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8.2 Piecewise Methods

In this section, we introduce the final algorithm. It is based on the first order
Roe scheme, with the entropy-fix correction due to Shu and Osher [52], for lo-
cal piecewise reconstruction. We restrict our description of the algorithm to the
computation of numerical fluxes fj 41

The numerical fluxes are reconstructed from the upwind side, except that if the
wind changes direction at the cell, then a local Lax-Friedrichs flux decomposition
is performed. The upwind side is determined according to the local sign of f'(u)

ab ;1. In this case we have the Roe speed

f(u?Jrl) - f(u?)

aj_l_% = u]’?_l_l — u? (85)
to determine the sign of f (4 1 )-
ALGORITHM
STEP 1: Computation of grid data.

From u} we compute the grid data by means of:

v; = [f(u5) (86)
Vjp1 — Uj

djp1 = 7_“_}7__3_ (87)

for all j.
STEP 2: Computation of the reconstruction for every j.

STEP 3: For every j do
If f'(u) does not changes of sign between u} and v, then

Upwindness Phase



BRI

(Roe-speed)

If ‘—"j—l-% > 0 then
-j—}—% = p(Uja dj 1, dg+la 7")
else
i+3 = PV, diany -1 GGanyeds )
else

Flux decomposition phase

M; 41 = MNATur <u<u?, If ().

v = §(os + Myaup) k=j—1,5,j + 1.
Computation of fT, as (89).

vp = (s — My 2uk) k=57 +1,5+2
Computation of 7, as (90).
far=fr+1"
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(90)

REMARK 8.2 p(vj,ds,ds, 1 — 1) is the reconstruction of the fluz (polynomial of

degree two) evaluate at the left or at the right of the cell C; respectively.

We will refer this method as PPHM (piecewise polynomic harmonic method).

8.3 A compararison of the methods

In smooth regions both methods (PHM and PPHM) are third order accurate, thus

their difference is of size O(h®). Now, we analyze what happens in presence of
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singularities.

Let us choose a number h > 0, such that there are at least two cells between
two jumps of g(z). We assume dj,% = O(1) and dH% = O(3) (the other case is
similar).

Let p; and h; the polynomic and hyperbolic reconstruction respectively.

It is easy to check,

pj(:chr%) :’l)o+1.16'dj_lh, (91)

2

Thus, the difference is of O(h) in regions with a singularity.

REMARK 8.3 If we consider the mean of the hyperbola instead the harmonic mean,

we obtain

pj(a:jJr%) = +25-d;_th. (93)

REMARK 8.4 In a transition cell we can use first a translation, then the recons-
truction and finally the inverse translation. In some numerical experiments we will

analize this technique (we will refer this reconstruction by PPHM¥*).

8.4 Fifth order reconstruction

The main advantage of PPHM method from PHM method is the use of a poly-
nomic reconstruction. In this section, we present a local fifth order accurate shock
capturing method, as a generalization of the above third order method.

Now, our grid data are:

(i) For every j the mean value of g(z) in Cj, v; is given, i.e.:

v=1 [ oo, (94)
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(ii) For every j, d;, 1 and c; +1 are given:

Vj41 — Uy 1

diyy = == = (V-1 = 30; + 30511 = Vj+2), (95)
S0 B0 — Vi
¢yt = Vj—1 — 3v; ‘;‘3 Vji1 ")1427 (96)

(djy1 = g{(xj‘k%) +O(h") and ¢; 1 = g"'(xj,%) + O(h?)).

J J

To get consistent fifth order accurate reconstruction procedures, we required

the following conditions for every j:

1 /%544
vj = H/z, " ry(€)dg, (97)
divr =13(511); (98)
=7 o

Taylor series expansions show that conditions (97)-(98) imply fifth order accuracy.

We have a similar lemma:

Lemma 8.3 We consider the generic cell
h

Let 0; and 0y be real numbers between —1 and 1 (61 # 63). We set x(0;) =
Zo + 012 and 2(02) = mo + 025 Let vy be the mean value of g(z) in Co. Let

dy,ds, c1,cy be real numbers. Then the following polynomial:
po(Z) = ag + ;T + ap7® + aa7° + agz (101)

where
1 Cy —C1

B —22(:1:(02) — a:(@l))

a4
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Co— C1

1
6(02 - 33(02) 56(02) _ 56(91)

az =

1 A —As
@2 = §(x(92) - 93(01))

A — Ag
a; = A1 - x(ﬁg)—————————m(%) — $(01)

LB
aomvo—ﬁag 80@4
Al = dg — 3(13%(02)2 — 4@4%(92)3 and Ag - dl - 3@3.’3(01)2 — 4&458(0]_)3

18 such that:

w7 [ e (102)
p (65) = dy. (103)
p(61) = dy. (104)
D (65) = cy. (105)
p (6)=c. (106)
Moreover, ,
ity dtd Fate (107
(w2 = 212 (108)

To obtain stability we have to modified the original polynomial. We use a simi-

lar idea than third order methods. The most important drawback is to maintain
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the order, because the harmonic mean provides an O(h?) approximation of the
derivative at the midpoint only.

Let po(z) = A+ Bz +C % + E% the first derivative of the polynomic recons-
(ruction. We will obtain the coefficients using controled values only and thus we
will have the LTVB property (p is a polynomial).

Notice that

A-_2~dj+%dj,_%__d %—Fd -1 (B%)2 o1
d:= d d = 2 T d 144, 1 (7' ) (109)
i+ T 01 Tty i
Applymg the interpolatory conditions we obtain
h, h,2 h3
dip1 +O(h") = A+ B3 +02 +E2’6 (110)
h L? K3
d;_1 + oY) =A- B + O 2 E%, (111)

The coefficients C, E can be evaluate using the harmonic mean. Now, we will
obtain A and B. Moreover, B2 = djp1— A-C %)—2 —-F -(—%i (therefore we need to
know A only).

Assume that |d, 1 | < ldj 1| (the other case is symmetric).

Let S such that A = py(0) = _dw + 8- (5)2+ O(n*).

+} Id -1
On the other hand,
doy+O() = 24—dy, ) + (J(g)2 (112)
h h
BZ(E)2 hoo b
= diy =2y 255+ (3)°C
i B?
= dj L+2h2(5+—— 4 )
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Besides, )
dﬁ% —d h.C  h,oFE
B = % - 2Sh - (5)5 _ (5) E (113)
R d. i1—d R R
Let T =25 — € and dy := 54—, then B? = (dp)? — 2Thdo + O(h?).
2
From (113) we obtain,
C B .
S+ g - (E:ﬁa—v_——l—) - O(h ) (114)
Thus,
T ((do)? ~2Thdp)
e O(h?)
2 i+ te-3
2
d | do, _ (do)? 2
2T(—4+h4)— 1 + O(h®)
Therefore
7\2
r = B o
2(d + hdp)
7 \2
= —,\(—d—oz“-x— -+ 0(1712)
2(d+ hdp)
(CZO)2 JO 2
= —(1 —h—=)+O(h
(L= h2) + O(h?)
Moreover,
. d. s
p%e) =
d d
d; 1
= 91 - 12
( ¥ )
d; 1
< 2(1- 2
2dj+%
= 1

Thus, we have controled T and therefore A.
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Theorem 8.2 The above fifth order method of reconstruction of the function g(x)

is a local preprocessed polynomic reconstruction procedure that is LTVB.

REMARK 8.5 With the same ideas, we can obtain controled expressions for the

grid data.

REMARK 8.6 Other fifth order accurate scheme is WENO-§ (see [47]). It is based

in an special nonlinear combination of the three polynomials of ENO-8 scheme.

REMARK 8.7 There are no convenient fourth order or higher TVD Runge-Kutta
methods; they do exist, but they only maintain the TVD property when used with
special, more complicated spatial discretizations. The standard fourth order ac-
curate Runge-Kutta method can be used, but it is not TVD. This means it could
cause spurious spatial oscillations, though in practice this has not been a problem.
The third order TVD method is generally recommended, since it has the greatest
accuracy and largest time step stability region of time TVD schemes. Due to its
large stability region (which includes a segment of purely imaginary linear growth
rates), for a sufficiently small time step it is guaranteed to be linearly stable for

the entire class of problems considered here.

8.5 Implementations in Multi-Dimensions and Systems

A special advantage of this type of methods [51], is their relative simplicity in multi-
dimensions. The scalar algorithm is applied to each of the terms f;(u)s, in (62),
keeping all other variables fixed. A typical CFL restriction £tmaz,| fw < Xo
will be replaced by Atmaz, i (&)l fi ()] < Ao

For nonlinear systems, we simply apply the scalar algorithms in each (local)

characteristic field. For instance in 1-D, let A; +1 be some ”average” Jacobian at
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;11 (see remark 8.8). We denote the eigenvalues and left and right eigenvectors

of A; +1 by )\(+1, l(+1, (I-J:l’ p=1,...,m, normalized so that
2
@ . E
la+2 ity 09

For any vector a,

P l;-’l)% ‘a (115)
is the component of a in the pth (local) characteristic field, because

a= Z a(p>r(”) (116)

The algorithm now becomes: same step 1 changing vectors to bold face letters.

Computation of the numerical flux f;’?l using

(»)
.7+% - AJ—{— 5

and

Mj(p) = TMATueD(u; e AP ()]

where L(u;,u;4+1) is some curve in phase space connecting u; and u;;1. Use (116)
to get fj +1

In the Buler equations of gas dynamics,
M, = maz(|XP (uy), AP (uj12)).

REMARK 8.8 The Jacobian matriz of the convective fluz vector is quite important
to any characteristic based scheme, since it defines the local linearization of the
nonlinear problem. It determines the transformation to the local characteristic
fields, and thus what the upwind directions are as well as what quantities are to be

upwind differenced.



92

»

To evaluate these linearization we can use linear average, or, in the case of
Euler equations of gas dynamics the Roe average. But, when the states differ greatly
across the cell wall, using such an intermediate state in the transformation adds
subtle spurious features to the solution. As an alternative, Donat and Marquina
(28] recommend obtaining the wall flux from a splitting procedure based on fluzes
computed separately from the left and right sides, but this topic is beyond the scope
of this thesis.

8.6 Numerical Results and Concluding remarks

We have run most examples for different CFLs and time levels, but here we only
include what we consider as representatives. In all the experiments h=(b-a)/n and
m:nilmber of time step. If we are considering the Euler’s equation we will plot
density only. )

In figures 16-17 we consider Burgues equation (f(u) = ”—22) in1-Din (—1.25,1.25),

with initial data:
1 |2/ £05
u(z,0) = { 0 else
We can see that both methods (PHM and PPHM) retain accuracy in spite
of the presence of jumps in the derivative of the solution, which shows the good

resolution of corners in both methods.

£

e

Fig. 16: *=PHM,0=PPHM,left n=256,m=100,right n=256,m=200,CFL==0.2
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A

Fig. 17: *=PHM,0=PPHM,left n=256,m=600,right n=40,m==80,CFL=0.2

In figure 18 there is an example of non-convex flux. We observe the considerable

improvements in shock transition.

Fig. 18: non-convex flux,PPHIM

In figures 19-20 we examine Burgues equation with data 2 + sin(4 - 7 z) in

(-1, 1) In this case both algorithms are identical.

A

|

&

Fig. 19;: *=PHM, o=PPHM, n=256, m=100, CFL=0.2

In figure 21 we consider in (—10,10) the initial data (Euler’s equations):

Mmm__(qum —05<z<0
%) 71 (0.125,0,0.25) 0 < <0.5
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/

Fig. 20: *=PHM,0=PPHM,left n=256,m=400,right n=40,m=40,CFL=0.2

In this experiments we see as the WENO schemes produce artificial oscillations

when the parameter h is not small enough.

Fig. 21: n=180,m=30,CFL=0.4,left PPHMS5,right WENO5

In figures 22-30 we consider Burgues equation with initial data ((—5,5)):

0 <03
u(z,0) = { (2=03) =l <

sin(m - E55>) else

In figure 22 we can see the good resolution of WENO scheme. In figures 23-30 we
consider differents CFL numbers to test the limitations of the schemes. The third
order modified polynomic scheme is the less sensitive to the CFL condition. We
are investigating a fifth order modified scheme.

In figures 33-34 we analyze Euler equations in 1-D, with periodic initial data

2 +sin(4- 7 z) in (—0.5,0.5).

'wt+f(w)m:0
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Fig. 22: n=180,m=40,CFL=0.8, WENO5,ENO3,PPHM*,PHM

nnnnnnnnnnn my Ww ke W mw w W e s

Fig. 23: n=180,m=40,CFL=0.9,left ENO3,right PPHM*

nnnnnnnnnnnn 3 W e W W W W

Fig. 24: n=180,m=40,CFL=0.9,left PHMright WENO5

uuuuuuuuuuu

Fig. 25: n=180,m=40,CFL=0.9,0=PPHM* =WENO5

where w = (p,m, E)t, p = density, m = momentum and E = energy; f(w) =

u - w + (0, P, Pu)t, where u = m/p = velocity and P = pressure. Moreover, it is
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uuuuuuuuuuu

Fig. 26: n=180,m=40,CFL=1.2,PHM

mmmmmmmmmmm

Fig. 27: n=180,m=40,CFL=1.2,left PPHM?* right WENOS5

mmmmmmmmmm

uuuuuuuuuu 3

Fig. 28: n=180,m=>50,CFL=1.2,left PPHM*,right WENO5

- 3 ™

Caman D)

Fig. 29: n=100,m=20,CFL=1.2,left PPHM* right WENOS5

considered the relation
1
P=(y—-1)(E~ gmf) (117)
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g Cl

Fig. 30: n=180,m=40,CFL=1.2,0=WENO5,-=PPHM*

uuuuuuuuuuuu y R N

Fig. 31: n=180,m=40,PPHMS5,left CFL=0.9,right CFL=1.2

g s 3 8

uuuuuuuuuuuu 0y TR NN e m W W WK

Fig. 32: n=180,m=40,CFL=1,left PPHM5 right WENO5

in our experiments 7y = 1.4.

Notice that in the case of smooth regions all the three algorithms (PHM, PPHM
and third order ENO method) are identical, but near of local extremes with the
ENO schemes we obtain a better resolution. This pathology of PHM and PPHM
can be solve using Yang artificial compression method in the version of Shu and
Osher (see [56]-[48]).

In figures 35-38, with the same system of equations, we consider the initial
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Fig. 33: 0=PHM, left +=PPHM, right +=ENO-3, n=180, m=180, CFL=0.4

"
" /\ /\
¢
. I
" » [l . .
¢ : ; s
| ! t
: ' : s

7 \J \
Fig. 34: o=PHM, left +=PPHM, right +=ENO-3, n—180, m=40, CFL=0.4

data:
[ (1,0,2.5) —05<z<0
u(,0) = { (0.125,0,0.25) 0 <z < 0.5

We observe apparent improvements of all algorithms, but with a worse resolution

in the ENO scheme, above all when h is large enough.

Y I T N S TR T R Y

Fig. 35: PHM, n=180, m==80, CFL=0.4

In figures 39-43 we study the initial condition (Euler’s equations):

(4.4,2.3,5) 05 <z <—0.3
u(z,0) =

(p(z), p(x),p(z)) —03 <z <0
(0.5,0,2.5) 0<z<0.5
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Fig. 36: left PPHM, right ENO-3, n=180, m=80, CFL=0.4

ol

A\

TR TR ]

Fig. 37: PHM, n=40, m=20, CFL=0.4

Fig. 38: left PPHM, right ENO-3, n=40, m=20, CFL=0.4

where p(z) = sin(40 - 7 - z).
Our method is neither sensitive to the CFL number nor to the size of h, on the
other hand the ENO schemes are very sensitive.

In figures 44-49 we consider the initial data (Euler’s equations):

(p,0,p) = (3.857143,2.629369, 10.33333) = < —8
PP 0,0,0) z2 -8

where p = 1 + 0.2 -sin(3 - ) in (—10,10). We observe that the fine structure in

the density profile makes the higher order schemes perform much better than the
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Fig. 39: n=180, m=80, CFL=0.4, o=PHM, left +=PPHM, right +=ENO-3
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Fig. 40: n=360, m=320, CFL=0.4, left ENO-3, right PHM
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Fig. 41: n=360, m=320, CFL=0.4, PPHM
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Fig. 42: n=180, m=225, CFL=0.4, ENO-3

lower order methods.

In figures 50-51 we regard linear equation in 2-D in a grid 50 x 50, with initial
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Fig. 43: n=180, m=225, CFL=0.4, left PHM, right PPHM

mmmmmmmmmmm

Fig. 44: fine grid,n=1600,m=800,CFL=0.2

‘W\l\/\/\/\/\

Fig. 45: PHM, left n=200,m=100,CFL=0.2, right n=400,m=200,CFL=0.2

mmmmmmmmmmm

)
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Fig. 46: left PHM,n=800,m=400, right PPHM5,1n=200,m=100,CFL=0.2

data (1,0,0.5,0.8).
We have obtained the same conclusion than 1-D test, PHM and PPHM schemes



Fig. 47: PPHM5n=400,m=200,CFL=0.2
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Fig, 48: left PPHMS5,n=800,m=400, right WENO5,n=200,m=100,CFL=0.2

--------

gl

W e B s we

Fig. 49: left WENO5,n=400,m=200, right WENO5,n=800,m=400,CFL=0.2

are very similar.

a

Fig. 50: m=10, CFL=0.2, left PPHM, right PHM

In figures 52-53 we study the linear equation in 2-D with the initial data
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Fig. 51: m=10, CFL=0.2, left PPHM, right PHM

1 22+9y* <025

u(x7ya O) = 0 else

Fig. 53: left m=10, CFL=0.8, right m=30, CFL=0.8, PHM

In the figures 54-55 we analyze Euler equations in 2-D, with same initial data
than the shock tube in y-direction and x-direction respectively, we use a grid 60 x40

and CFL = 0.1.
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We observe convergence of PPHM method to the correct entropy solution, with

good resolution, for all cases.

Fig. 55: Shock x-direction, density, PPHM, m=20

In figures 56-59 we consider the initial condition:

(2,0,0,1) z4y<-—1
u(z,y,0) =< (a,b,c,d) z <1yl <0.75
(0.05,0,0,0.05) else

where a = 1, b= —sin(%) cos(2 - 7 & cos(§) +2- 7y sin(F)),

¢ = cos(Z) cos(2-m & cos(%)+2-wy sin(f)), d =gz +0.5-u? u= \/(—172——%_02—)
We observe that the fine structure in the profiles makes the fifth order scheme
perform much better than the third order scheme.

Finally, in the figures 60-61 we consider Euler equations in 1-D, with the initial

datas:
u(,0) = | (386,-081,1033) 0.<a<01
) (1,-344,1) 0l<z<l1
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Fig. 59: left Density,right Pressure, PPHM5,m=40

The oscillations of the numeric solution are related with the support of the scheme.

If the scheme has a bigger support then it has bigger oscillations.
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Fig. 61: density,n=100,m=4000,CFL=0.1,ENO-3

Our upwind schemes based on fluxes and the Shu-Osher third order TVD
Runge-Kutta method designed for conservation laws seemed to work very well
in our preliminary numerical results. As PHM schemes, our methods have two
main advantages with respect to the same order ENO (WENO) schemes: they are
not very sensitive neither to the CFL number nor to the parameter h and they are
localer than ENO-3 in the sense that numerical flux depend on less variables (four
and six respectively in order three). Moreover, in presence of discontinuities it is
stable and with lower viscosity. The main advantage respect to PHM scheme is the

simplicity of our reconstruction, thus, it is less expensive and easily generalizable.
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9 Algoritmos de Multirresolucién para la Solu-
cién Numérica de Leyes de Conservacion Hi-
perbdlicas

Dado un esquema en forma conservativa y una apropiada malla uniforme para
la solucién numérica de un problema de valores iniciales basado en una ley de
conservacién unidimensional, Harten [34] describe un algoritmo de multirresolucion
que aproxima a la solucién numérica hasta una tolerancia dada de una forma maés
eficiente. Su representacién multi-escala consiste en las medias en celda del nivel
més grosero y el conjunto de los errores de prediccion.

En una discontinuidad de salto los errores de interpolacién permanecen con el
mismo tamafio, independientemente del nivel de refinamiento, y esta observacién
permite identificar la localizacién de las discontinuidades en la solucién numérica.
Los flujos numéricos sofisticados y costosos sélo son necesarios en las regiones donde
la solucién deja o va a dejar de ser suave. La multirresolucién permite identificar
esas zonas, y asi en las zonas no sefialadas usar flujos sencillos o interpolacién.

La eficacia computacional de estos algoritmos es proporcional al radio de com-
presién que puede ser analizado para la solucién numérica dada por el esquema.
Asf, en principio, la. multirresolucién no lineal puede ser una, buena, herramienta.

La formulacién de Harten tiene el inconveniente de trabajar con medias en
celdas lo que complica la transferencia entre distintas escalas, sobre todo en di-
mensiones mayores a uno. Para eliminar estas complicaciones, Shu y Osher [51]-
[52] desarrollaron una nueva versién conservativa de los métodos ENO, que usa
solamente valores puntuales de las cantidades conservadas.

Los algoritmos siguen los siguientes pasos: se comienza con v™ solucién numéri-

ca en el paso temporal t,, calculamos su representacion multirresolutiva, evaluamos
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D ver la nota 1, con esta informacién decidimos donde interpolamos y donde

evaluamos los flujos, finalmente obtenemos L

Nota 1 Teniendo en cuenta la compresibilidad y que la propagacion tiene veloci-
dad finita Harten propone el siguiente algoritmo que combina el cdleulo de D™t

con el truncamiento.

(i) Sea

(G, k) =0, 1<j<Jy, 0Sk<S L (118)

(it)
fork=1L,...,1
forj=1,...,Jk

if (1d5@™)| < e)

dE(W™) =0 *(119)

else

WG—-Lk) =1, ~-K<k<K (120)

if (Jdf(om)| <2y k<L 1)

325 — 1,k) = 1,4(24, k) = 1. (121)

(i) Se define D! mediante

D™ = {(5,k) : 4(j, k) = 1}. (122)
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FEl rango del pardmetro K es
I1<K<K (123)
donde K es el soporte del flujo numérico.

También se pueden hacer esquemas hibridos donde la informacién de la, multi-
rresolucién es usada para decidir si se usa un esquema no costoso (tipo central) o
uno sofisticado.

La idea es usar la compresién de datos de la solucién numérica con el objetivo
de reducir el coste producido por las evaluaciones del flujo numérico.

Este tipo de algoritmos de multirresolucién pueden verse como una alternativa
a los métodos malla adaptativos, en los cuales la malla se va adaptando segin la
solucién va evolucionando. La mayor ventaja de la multirresolucion respecto a la
adaptacion es su simplicidad, siendo facilmente programable e insertable a cédigos
ya. confeccionados.

En esta seccién trabajaremos con algoritmos multirresolutivos no lineales. Ha-
remos un pequefio estudio de los mismos comparandolos con los lineales. En prin-
cipio, con las diferentes multirresoluciones no lineales es posible adaptarse mejor a
la estructura de las soluciones, ya que, éstas presentan discontinuidades aisladas,
para las que los esquemas no lineales dan mejores resultados. En nuestros e;cperi-
mentos, vemos que esto no siempre se dard. El problema es la difusién introducida
por los métodos numéricos. Ademas, como ya vimos, en 2-D la estructura de la
solucién puede ser demasiado compleja. Hemos trabajado con multirresolucién por

promedios en celda.
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10 Our present work: A nonlinear scheme for
image compression

We already know that an application of multiresolution decompositions is their
compression capabilities. A multiresolution representation of an image can be
compressed with some loss-control of information.

In the case study [5], we examine the compression properties of ENO schemes.
When we consider geometric images, we observe that the compression rate attained
by the ENO algorithm is superior to that of the corresponding BOW (Biorthogonal
wavelets) scheme. In the case of the ENO-SR scheme, the reduction is even more
impressing. On the other hand, the behavior of the three schemes for real (noise)
image is absolutely comparable (we refer to [5] for more details), but the nonlinear
(ENO, ENO-SR) case is a slight loss in efficiency.

In this section a nonlinear multiresolution algorithm in 2-D is presented. The
main idea of this algorithm is a stencil selection procedure that attempts to choose
the stencil within a region of ”smoothness” of the image. We will introduce a
nonlinear interpolation that adapts better to the complex geometries of the real
images.

The idea is the following: Given a picture (set of pixels), we apply an edges
detector. Once we have these edges, we apply a multiresolution algorithm keeping
a representation that it uses less information. Next, we will apply an error control
multiresolution algorithm in two dimensions. In this algorithm we will use the

information of the detector algorithm to obtain the new nonlinear reconstruction.
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10.1 Description of the algorithm

We start with a matrix A (photo). We apply some edges detector algorithm to the
matrix. Assume we have in B these edges, we obtain a multiresolution represen-
tation (M B) of B, considering B as a set of curves, i.e., using 1-D multiresolution

in each direction of the matrix parametrization.
B:[0,1] = R® t— (x(t),y(t), Al=(t), y(t))) (124)

In fact, we only need the edges points. It is not necessary to know the complete
parametrization.

Then we have the set of the edges points (;, yi, A(%;, ;) such that (z;,y:) € B,
then we ordered the points, finally we apply 1-d multiresolution in each component
and we obtain M B. We truncate M B and after the decoding algorithm one obtains
B (B ~ B).

REMARK 10.1 There are several algorithmn in order to obtain an arrangement of

the edges points (Anxn)-
REMARK 10.2 We can use whichever edge detector algorithm.

Next, we are going to consider a 2-D (non tensor-product and nonlinear) mul-
tiresolution. We use a reconstruction that uses information from regions between
edges only. Stencils aren’t crossing the edges, if it’s possible. In order to assure
this we have to consider a reconstruction with less order sometimes. We will use

the interpolation of the following elementary lemma.

Lemma 10.1 Let 40,1, - --»Ym; (v = Y; if and only if i = j) and for each k =

0,1,...,m the values z&, x%, ...,k (xF = 2% if and only if i = j) and support
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ordinates fix; ¢ = 0,1,...,n5 k =0,...,m. Suppose without loose of generality

that the y, are numerate in such a fashion that
Mg 2 N1 2 M-

It can prove by induction over m that exactly one polynomial:
m M
p@,y) =D > s y” (125)
p=0v=0
exists with
p(zk, y) = fik

1=0,1,...,n6; k=0,1,...,m

In order to avoid problems with the stability we are going to use an error
control encoding in the multiresolution algorithms. In this algorithm, we have to
specify what is the reconstruction P¥ ;. In our case, P , is based on the nonlinear
reconstruction defined as follows: If we have to approximate some point (z,y) € A,
we distinguish two cases:

1) (z,y) € B then ”anything to do”, because we are going to keep B.

1) (z,y) € A\B then we build a polynomial of degree 1 (1 < 4) using an
stencil within a region of smoothness of the image (if it is possible).

At the end, we only need the following information:
{fo,e; st. (zF,yF) € A\Edges, B}

10.2 Compression of edges

We consider the edges of three figures 64-65. In table 12 and figures 66-68 we

analyze our scheme. The results are impressive.



114

T —
/ -

25

2

1.5

1
0.5

0

-061
1 BN
. 08 ...
"‘\\‘ \\

T~ |
-1 08 ~06 ~0.4 -02 0 02 04 06 08 1 -1 -08 -06 0.4 -02 0 02 04 06 08

Fig. 64: left edges 1, right edges 2

0.5

045+

04l

0.35

0.3]

025

02

015

01

005

o . . . . . . ; .
% Tei 02 03 04 05 05 07 08 0% t

Fig. 65: edges 3

10.3 Some examples in 2-D

We start with the geometric figure 69

0 ’éf.’EEQl

Alz,y) = { (126)
256 if x €Oy
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Fig. 67: o=aprox., +=exact edges 1, left x-, right y-direction,n=>513

where 1 = [0.25,0.75] x [0.25,0.75] and Qy = [0,1] x [0,1] \ 1. We use a
reconstruction of degree 4 in 1-D and of degree 2 in 2-D. In table 13 we can
see the good properties of our scheme. It obtains better results than linear and
ENO-SR schemes see [5].

Finally, we will analyze our scheme in a real image. We will consider a Varda’s

vertical cut, see fig. 70. If we use information from “smooth” regions, the compre-
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Fig. 68: o==aproximation, left +=exac edges 2 and n=129, right +=exact edges 3,

n=65

edges 1 | edges 2 | edges 3
Loo-error 0. 1.7-107% | 3-1074
Ratio-Compression 7.22 5.16 7.77
Number of non zeros 0 8 1
Size of grid 65 129 513

Table 12: t0l=0.002,4 scales

ssion will be bigger. We use the simplest pointvalues reconstruction with 4 points.

In table 14 we display the error. The adapted method gives better results near the

singularities.

At present we are working in the full implementation of this non-linear scheme.



117

25|

50 100 180 200 250

Fig. 69: Geometric figure, 257 x 257

Scales | Details non zeros | Error
2 8 0
3 12 0
4 16 0

Table 13: 257 x 257 points, nonlinear scheme
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Fig. 70: cut, column=284
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Adapted | Centered
near singularity, i=136 3.5 16
“smmoth regions ”, i=304 4.12 4.12

Table 14: Error,(in real image noise ~ 5)
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11 Conclusiones, perspectivas y algunas elucubra-
ciones

A lo largo de este trabajo se han estudiado algunos aspectos de la Multirresolu-
cién 4 la Harten. Se han considerado diversas aplicaciones, profundizando en la
parte numérica de las mismas. No obstante, quedan cuestiones interesantes que
intentaremos ir completando en sucesivos trabajos. .

En la cuarta seccién hemos introducido un detector de discontinuidades, basado
en diferencias divididas. Hemos adaptado nuestro algoritmo a la, presencia de ruido.
Los resultados numéricos fueron satisfactorios, encontrandose las discontinuidades
reales de la sefial y despreciando las ficticias producidas por el ruido. Ademds
las adaptaciones introducidas, pueden servir para obtener una multirresolucién no
lineal aplicable a sefiales con ruido, como pueden ser las imégenes reales.

En la siguiente seccién estudiamos el concepto de estabilidad para el caso no
lineal. Hemos introducido algoritmos de error control en 2-D a partir de los cuales
podemos obtener cotas explicitas (a priori y a posteriori) del error. Aunque di-
chos algoritmos nacen para poder estabilizar las multirresoluciones no lineales,
son aplicables al caso lineal, para los que se tendrfa también cotas explicitas del
error sin constantes no ”calculables” como aparecen en los teoremas clasicos de
la teoria de Wavelets. Los algoritmos introducidos sirven para cualquier tipo de
multirresolucién, recuperdndose como caso particular el producto tensorial que
desarrollamos en [4]. Hemos introducido diferentes normas y algoritmos estables
respecto a las mismas.

En principio, en los algoritmos de error-control no se tiene informacién del radio
de compresién. No obstante, cabe destacar, que en la practica, el error-control si

est4 confirmado como una buena herramienta de compresién (ver [4]). Por otro
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lado, es posible obtener, en algunos casos, cotas del niimero de no ceros de estos
algoritmos y por lo tanto tener control de la compresién.
Caso Interpolatorio

Denotamos el error acumulado de compresion al nivel k mediante €;*.

eff = ff ~ I}
En [33], se prueba que |&;*] < ex-1. (€k-1 2 €h—2 2 €k-3 = o).

En este caso, tenemos:

9 N 1
Pl — (P i 4

Fk—1 fl—1y __
itz 16 TR 32) =

9 1 B
;+l—’—(fk 4+ g+1) (f 1+ g+2)+ (&5 . 1+5a H—— (g 1+6j+2k 1
16 16

Ast

- 10
5] < 1d;°| + Tg (2ee-1)

Si d’c > e, entonces ¢ < |df| + Ber—_1 por lo tanto

Ek—fgﬁk 1<|d|

Tomando €1, := € Y €—1 = %8%7 c>1

Si |d%| > ex, tendremos |df| > (1-Yex, y asi cardinal{|d¥| > &} < cardinal{|d}| >

(1- et
Ahora bien, si f es suave de la teoria de los wavelets, se tiene cardinal{|d¥| >
(1—ce)} <M .

Por lo tanto tendremos control del mimero de coeficientes significativos y ast

de la compresion.
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Caso de medias en celda

En este caso, con las mismas ideas, se puede obtener:

A _ 22 . - 3 _ - -
8] = g+ b = ekt ek - (el ek
Ast
" 25
k k .
B8] < 1d5¥+ en + e(260) =
178
.k: ——
;7] + g

Y obtemos también control.

Para finalizar los comentarios sobre la estabilidad no lineal, daremos una posible
alternativa al error control. Nos centraremos en el caso extremo de "subcell reso-
lution”. La idea es aplicar un detector de singularidades (adaptado al ruido, como
el introducido en la tercera seccién). Una vez determinadas las discontinuidades
(con una cierta precisién) en el nivel mds grosero, extrapolar los polinomios in-
terpoladores hasta dicha singularidad (i.e. aplicar ”subcell resolution”), mantener
esta extrapolacién hasta llegar a un nivel con una discretizacion hy tal que el
lugar de la discontinuidad encontrada no sea preciso. Llegado a este momento
se aplicarfa de nuevo el detector para precisar el lugar de la discontinuidad y se
volveria a aplicar los pasos anteriores. El algoritmo es quasi-lineal.

En la novena seccién estamos estudiando un algoritmo no lineal para la com-
presién de datos. La idea es usar interpolacién adaptada la cual sélo utilice infor-
macién de regiones de "suavidad” de la funcién. Como regién de suavidad, enten-
demos las que no contienen ejes de la imagen. Estos puntos una vez obtenidos se
almacenan de forma comprimida, lo cual hace aumentar la compresion final en gran

medida, haciendo altamente competitivo nuestro método. Ademds la adaptacion
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resulta correcta, ya que, esta sélo se produce cerca de los €jes y no como con los
esquemas tipo ENO en los que la adaptacion se produce por todas partes al detec-
tar las discontinuidades ficticias producidas por el ruido propio que contienen las
imégenes (ver [5]).

Otro esquema no lineal, pero mejor adaptado que el ENO, seria hacer inter-
polacién central en todos los sitios salvo que el detector adaptado encontrara una
singularidad. Este esquema serfa una modificacion del ENO, con la diferencia de
usar un detector que si estd adaptado al ruido y asf sélo variar la central en los
lugares correctos.

En la seccién seis extendemos al caso no lineal los esquemas de ”wavelets-
packets”. Hemos introducido algoritmos de error control y hemos comprobado
Jas mejoras que, en ciertos casos, proporcionan dichos esquemas. La propiedad
fundamental de la ” multiresolution-packets-nolineal” es una adaptacién total, i.e.,
proporciona representaciones que se adaptan bien a ”tiempo-frecuencia” (como los
» wavelets-packets”) y a las discontinuidades (como la multirresolucion no lineal).

En la seccién octava estudiamos leyes de conservacién. Hemos desarrollado
esquemas de alto orden aplicando las ideas introducidas por Marquina en [48]. Se
han estudiado tedrica y numéricamente, comparando su eficacia con los métodos
de alto orden PHM, ENO y WENO. Los resultados fueron altamente satisfactorios.

Por tltimo hemos relacionado las leyes de conservacién con la multirresolucion.
Hemos presentado los esquemas lineales de Harten, hemos introducido esquemas
no lineales y los hemos comparado. No estd clara la mejora de los esquemas
no lineales (que son mas costosos), ya que, a pesar de la aparicién expontdnea de
discontinuidades en la solucién de las leyes de conservacién, los métodos numéricos

llevan asociada difusién y asf las discontinuidades no aparecen ”limpias” reducién-
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dose la eficacia de la adaptacién no lineal.
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Como futuras lineas de trabajo destacamos:

-Implementacién de un buen compresor para imagenes reales.

-Aplicacién de los algoritmos WP desarrollados, a distintas éreas de conocimiento:
compresién de imégenes, procesamiento de sefiales, aceleracién de métodos para
ecuaciones...

-Aplicacién de los métodos PPHM a, las ecuaciones de Hamilton-Jacobi.

-Aplicacién a sistemas de leyes de conservacién en 2-D del método PPHM-5 (se

realizard en una estancia postdoctoral en Marsella).
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