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Chapter 1
I ntroduccio6

Des de fa ja quasi mig segle i gracies en gran part a I'aparicio dels ordinadors que han
augmentat enormement la nostra capacitat de calcul, la comunitat cientifica ha comencat
a afrontar problemes que no havien sigut considerats previament, o sols de manera par-
cial, degut a la seva gran complexitat. Avui en dia, sistemes dinamics no lineals amb
comportament caotic que no admeten un tractament analitic senzill poden ser explorats
i compresos amb l'ajuda de simulacions numeriques. De la mateixa manera, sistemes
complexos amb propietats emergents que no admeten un tractament estadistic conven-
cional, poden ser modelitzats i simulats en un ordinador. Aixi mateix, els ordinadors
ens permeten també recollir i analitzar enormes quantitats de dades experimentals a la
recerca de patrons, correlacions i en definitiva, una millor comprensio de sistemes tan
complexos com, per exemple, el cervell.

En aquesta tesi ens acostem a I'estudi de la dinamica d’aquests sistemes complexos a
través de tres camps d’estudi distints i que explicarem a continuacio. La tesi s’organitza
per tant en tres parts. Cada part consta d’'una introducci6 (en valencia) i una serie de
capitols (en anglés) on s’exposen la metodologia i els resultats del treball d’investigacio.
En les introduccions s’expliquen alguns conceptes generals sobre el tema de la part cor-
responent, es fa un breu resum dels resultats i es situen en un marc més ampli les noves
aportacions.

La primera part de la tefdynamics of piecewise defined magscta sobre el treball
realitzat junt amb el Prof. Jogéngel Oteo i el Prof. Josep Ros en el camp dels sistemes
dinamics discrets definits per funcions definides a trossos. L'estudi d’aquests sistemes
m’ha permes aprendre els conceptes i ferraments fonamentals de la dinamica no lineal i
el caos. A més a més, hem fet una contribucié nova al camp en descriure i explicar un
tipus concret de bifurcacié que havia romas desates en la literatura. Aquest treball ha
estat publicat en tres articles en diferents revistes cientifiques [1, 2, 3].

La segona part de la tegdidaptive networks and Polysynchroig el fruit de la
col-laboracié amb el Prof. Paul Glendinning dééntre for Interdisciplinary Compu-
tational and Dynamical Analysi€CICADA-School of Mathematics) de la Universitat
de Manchester (Regne Unit) en el camp de les xarxes complexes adaptatives. Durant els
meus estudis doctorals he realitzat dues estades d’'investigacio de llarga durada en aquest
centre (Febrer-Juny 2011 i Febrer-Abril 2012). En aquestdabaolracid he aprofundit
en I'estudi dels fendmens de sincronitzacio, caracteristics dels sistemes complexos, i en
els models de xarxes complexes. El principal resultat d’aquest treball és la introduccio
d’'un model de xarxa complexa adaptativa en el qual la xarxa evoluciona cap a estructures
jerarquiques i la dinamica és polisincrona per a certs valors del parametre. La descripcio
d’aquest model i de les seves caracteristiques més rellevants s’ha publicat a la revista
Europhysics Letters [4].
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En la tercera part de la teBnalysing real-world complex dynamics: The sleep slow
wavess’exposa el treball realitzat en daboracio amb el grup del Prof. Michel Le
Van Quyen alCentre de Recherche de l'Institut du Cerveau et de la Mdefimiere
(CRICM) a Paris (Franca) estudiant la dinamica de les ones lentes cerebrals a partir de
'analisi de dades electroencefalografiques intracranials. Aqueskabarhcié comenca
amb la realitzacio d’una estada d’investigacio al CRICM entre Juny i Desembre de 2009.
Els resultats que es descriuen en aquesta part han estat publicats a la revista PLoS ONE
[5].

En aquesta tesi, per tant, es resumeixen els diferents treballs d’investigacio realitzats
en els GUltims quatre anys (2008-2012) en el camp de la dinamica no lineal i els sistemes
complexos des d’aproximacions tant teoriques com experimentals.

Vicent Botella i Soler
Manchester, mar¢ de 2012
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Chapter 2
I ntroduccio: dinamica cabdtica i sistemes dimmics discrets

2.1 Origens de 'estudi de la didimica cadtica

Les matematiques han demostrat ser una eina molt Util per a I'estudi del mén natural.
Al segle XVII, la publicacid per part d’lsaac Newton (1642-1727) dels $thiksop-

hiae Naturalis Principia Mathematicél687) ens va dur a un esclat d’entusiasme i de
confianca en la nostra capacitat de formular, d’'una manera comprensible i Gtil, lleis ma-
tematiques per descriure el mon que ens envolta. Entre altres coses,Rrinéisia,

Newton enuncia els seus famosos tres principis i la llei de la gravitacio universal. Aco

li va permetre, per exemple, calcular I'0rbita d’'un planeta al voltant del Sol i deduir
per tant, de forma rigorosa, les lleis fenomenologiques enunciades per Johannes Kepler
(1571-1630) un segle abamsstronomia Noval609). La diferencia entre saber que un
planeta transcorre en oOrbitesliglitiques al voltant del Sol - com sabia Kepler - i sa-

ber quina equacio regeix el moviment d’aquest planeta - com va deduir Newton - és
fonamental: la capacitat de fer prediccions. En el cas del problema de dos cossos en in-
teraccio gravitatoria - per exemple, el Sol i un planeta - les matematiques de la gravetat
classica ens permeten, donades les condicions del problema en un instant donat - posicio
del planeta, velocitat, massa, etc. -, predir I'evolucio futura del sistema.

Al segle XVIII la confianga en la capacitat predictiva de les lleis naturals formulades
matematicament era tal que el matematic frances Pierre-Simon Laplace (1749-1827)
escriuria al setessai philosophique sur les probabi#(1814)

Une intelligence qui, a un instant donné, connaitrait toutes les forces dont la nature est animée et la

situation respective des étres qui la compose embrasserait dans la méme formule les mouvements
des plus grands corps de l'univers et ceux du plus lIéger atome; rien ne serait incertain pour elle, et

I'avenir, comme le passeé, serait présent a ses yeux.

Es a dir, aquesta intdiéncia, el famos dimoni o geni de Laplace, podria predir hi-
poteticament I'evolucio de qualsevol sistema fisic - inclos I'univers com un tot - donades
les condicions del sistema en un instant de temps determinat.

La confianca en aquest poder predictiu es va veure reforcada pel descobriment del
planeta Neptl per part del també frances Urban Jean Joseph Le Verrier (1811-1877).
L'orbita d’'Ura - que havia sigut descobert observacionalment per William Herschel
(1738-1822) I'any 1781- no s’ajustava a les prediccions newtonianes i aquest era un
problema que preocupava molt els astronoms de I'epoca. Le Verrier va calcular I'orbita
gue hauria de seguir un hipotetic planeta situat més enlla d’Ura per tal de causar les

1 Una intelligéncia que, en un instant donat, coneguera totes les forces que donen moviment a la natura
i la posici6 de tots els cossos que la composen, resumiria en una sola formula els moviments dels cossos
més grans de l'univers i els del més petit atom; res seria incert per a aqueshigémieh, i el futur, aixi

com el passat, es presentarien davant dels seus ulls.
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anomalies observades. En 1846 Le Verrier envia una carta a I'astronom Johann Gottfri-
ed Galle (1812-1910) a I'observatori de Berlin indicant-li la posicié on havia de buscar
aguest hipotetic planeta. La nit del 23 de Setembre, el mateix dia que reberen la carta,
Galle i Heinrich Louis d’Arrest (1822-1875) observaren Neptl per primera vegada a tan
sols P de la posicio predita per Le Verrier. A I'astronom frances - de parla catalana -
Francesc Arago (1786-1853), que dirigia en aquell moment I'Observatori de Paris, se
li atribueix una frase que resumeix tota la potencia del paradigma determinista, en dir
gue Le Verrier havia descobert una planeta “amb la punta del seu llapis”. No obstant,
la nostra confianca sense mesura en el poder de prediccio de les lleis naturals en forma
matematica no havia de romandréeisa molts més anys.

Paradoxalment, fou el propi sistema solar, que havia sigut el sistema on el determi-
nisme havia recollit els seus millors fruits, el primer sistema en presentar resistencia a la
capacitat predictiva de les lleis de Newton. Si bé el problema de dos cossos en interac-
cio gravitatoria és de facil resolucio (avui dia és matéeria dels primers cursos de fisica
general), el problema de tres 0 més cossos no té una solucié gens senzilla. De fet, com
veurem, no té una solucib general i analitica [6].

Podem dir que la primera i més exitosa aproximacio al problema fou la del matematic
frances Henri Poincaré (1854-1912). Amb motiu del seu 60 aniversari, lser 11
de Suécia (1829-1907) convoca un concurs matematic que tenia com a un dels possi-
bles temes I'estabilitat del sistema solar o problema dels N cossos. Poincaré guanya el
concurs amb el trebaBur le probéme des trois corps et I&guations de la dynamique
(1889). Poincaré demostrava en aquest treball que el problema dels tres cossos no té so-
lucié general - diem que €s un sistema no integrable - i que la dinamica d’aquest sistema
pot ser increiblement complicada segons quines siguen les condicions inicials: s’havia
descobert el caos.

Tanmateix, la dinamica caotica hauria d’esperar encara quasi un segle per ser redesco-
berta i convertir-se en un camp d’investigacio fructifer gracies, en gran part, al desenvo-
lupament de les tecniques grafiques i computacionals necessaries per simular o resoldre
aquest tipus de sistemes.

El redescobriment del caos en la segona meitat del segle XX Ii'l devem al meteoroleg
i matematic estatunidenc Edward N. Lorenz (1917-2008). Lorenz estudia un model de
conveccid atmosferica de sols tres variables [7]

Yy = —XZ+rx—y, (2.2)
z=xy—bz (2.3)

En intentar trobar la solucié numerica d’aquest sistema no lineal, Lorenz detecta que
la dinamica podia ser fortament irregular i que I'evolucié del sistema depenia d’'una
manera dramatica de les condiciones inicials del problema. A la figura 2.1 s’observa
I'evolucio temporal d’una de les variables del model de Lorenz per a dues condicions
inicials lleugerament diferents. L'evolucio del sistema no segueix cap patrd regular i a
més, les dues orbites divergeixen rapidament (exponencialment) amb el temps.

Aquestes son dues de les caracteristiques fonamentals de la dinamica caotica. De fet,
Steven Strogatz (1959- ) defineix caos comcomportament apebdic a llarg termini
en un sistema determinista que presenta sensibilitat extrema a les condicions inicials
[8]. Aquest conceptes seran definits d’'una manera més formal en les seccions segients.
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Figura 2.1 Esquerra exemple de solucions del sistema de Lorenz per a la variablab diferents
condicions inicialsXp = 1.4 en blauxy = 1.4003 en roig)Dreta: atractor de Lorenz.

2.2 Sistemes diamics discrets

Un dels camps en els quals més s’ha estudiat la dinamica caotica ha sigut el dels sistemes
dinamics discrets. De fet, el terme ‘caos’ s'empra per primera vegada en la literatura
cientifica en un article sobre sistemes dinamics discrets unidimensionals publicat el 1975
[9]. Un sistema dinamic discret, en el sentit en que ho emprarem en aquesta tesi, és el
resultat del procés d’iteracio d’'una aplicadi@’un cert espai en ell mateik: E — E,
E c RN,

Xnt1 = f(Xn), X€E. (2.4)

......

jectoria, definida com el conjunt de valo®, = {Xo,X1,X2,X3,...}. L'estudi de la
dinamica dels sistemes dinamics discrets és basicament I'estudi de I'evolucio d’aquestes
orbites quam tendeix a infinit. En aquest sentit, definmractor de f un conjunt en
I'espaiE cap al qual evolucionen un conjunt de condicions inicialsrca d’atracod -
guann — oo, Una aplicacio pot tenir simultaniament més d’un atractor i aquests poden
ser estables o inestables segons si condicions inicials proximes a ells evolucionen cap a
I'atractor o s’allunyen d’ell.

Els tipus més senzills d’atractors en sistemes dinamics discrets son el punt fix i el cicle
[imit. Direm que un punk* &s un punt fix de I'aplicacid si

X" = f(x%). (2.5)

En el cas més general, I'estabilitat dels punts fixos s’estudia fent I'aproximacio lineal al
voltant del punt i estudiant els autovaldisi = 1...n, de la matriu jacobiana en el punt

ofy  of
OX1 "' OXn

wo={: | (2.6)
ot 0f
X1 """ 0Xn

La taula 2.1 conté una breu classificacio dels diferents tipus de punt fix que podem
trobar en funcio6 dels autovalors de la matriu jacobiana.
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Punt fix Autovalors Estabilitat
Engolidor Ail <1, Vi Estable
Font Al > 1, Vi Inestable
Punt de sell K\' <1 '.il"'m Inestable
il>1Lj=m..n

Taula 2.1 Classificaci6 dels punts fixos segons els autovalors de la matriu jacobiana.

Un altre tipus d’atractor molt comu en la dinamica dels sistemes dinamics discrets és
I'atractor periodic o cicle limit. Per tal de definir orbita periodica cal introduir primer el
concepte d’iterada enesima. La iterada enesima de I'aplidaegl’aplicacio resultant
de composan vegaded i es representa com

(x) = F(F(F...0... F(x))). (2.7)

Amb aco ja podem definir una orbita periodica de periodem el conjunt d& punts
S = {xq,..., %} tals que

fRxi) = xi, F1 (X)) £ x, 1<l <k—1,Vx e (2.8)

Evidentment, els elements d’una orbita de perikbde I'aplicacio f sbn punts fixos
de la iterad&-esima d’aquesta.

L'estabilitat de les orbites periodiques es pot estudiar de dues maneres. Podem estudiar
I'estabilitat dels punts fixos de la iterallasima fent Us d’aquesta per calcular la matriu
jacobiana com hem explicat abans. Tanmateix, aquesta opcib pot ser forca labdciosa si
es un nombre granfino és senzilla. La segona opcio és fer Us de la regla de la cadena per
calcular la matriu jacobiana de la iterakl@sima com a producte de matrius jacobianes
de l'aplicaciof avaluades en els punts de I'0rbita periodica

Ik =I(X1)I(X2) ... I(Xk). (2.9)

De la mateixa manera que per als punts fixos, els cicles limit poden ser estgbles (
1) o inestableg|4;| > 1).

Fins aci els atractors regulars. En la seccio seguent introduim el tercer tipus d’atrac-
tors: els atractors caotics.

2.3 Caos en sistemes damics discrets: I'aplicacb logistica

L'origen de I'estudi del caos en aplicacions discretes esta lligat a I'estudi de la dinamica
de poblacions. Al segle XVIII, Thomas R. Malthus (1766-1834) proposava en @lrseu
Essay on the Principle of Populati¢h798) que en abséncia de limitacions de recursos,
les poblacions creixen de manera exponencial. Matematicament, el creixement proposat
per Malthus es pot escriure com
dx
dt
onx representa densitat de poblacio.
Uns anys més tard, un matematic belga anomenat Pierre-Francois Verhulst (1804-
1849), preocupat pel problema de la poblaci6 maxima que podria assolir la seva recent-
ment estrenada naci6, es dedica a estudiar I'evolucié de poblacions quan els recursos no
son illimitats. En un treball presentat a ’Academia de Ciéencies belga i publicat I'any

ox, (2.10)
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1845 sota el titoRecherches ma#matiques sur la loi d’accroissement de la population
Verhulst introdui I'anomenada equacio6 logistica [10]

dx X
G = (). (2.11)
gue té com a solucib

B k c_ k—x(0)
 1+Cexp(—gt)” ~  x(0)

X(t) (2.12)

El terme(1— ) en (2.11) s’introdueix per limitar el creixement exponencial de la
densitat de poblacig, on el parametrk representa el valor maxim de la poblacio que el
sistema pot suportar. A partir de la solucio podem veure facilment que, independentment
de la condicio inicial, la poblaci6 s’estabilitza sempre en el seu valor maxim

lim x(t) = k. (2.13)
t—o0

Discretitzant I'equacio diferencial trobem una aplicacio discreta amb una dinamica

molt interessant. L'anomenada aplicacio logistica ve donada per

Xe1 = F (%) = PXn(1—Xn), (2.14)

onx és un nombre real entre 0 i 1 que representa densitat de poblacio respecte d’un valor
maxim K en I'equacio diferencial). Dins I'interval € [0,4], I'aplicaci6 logistica &s una
aplicacio continua de l'intervdl = [0,1] en ell mateix,f : | — |. En funci6 del valor

del parametre, I'evolucio de les successivag pot tendir a un valor constant - punt fix

-, oscillar entre un nombre fix de valors - orbita periddica - o ser caotica. El caracter
caotic de I'aplicacio logistica fou estudiat per Robert May (1938-) en un article publicat
el 1976 [11].

A la figura 2.2 podem veure un diagrama de bifurcacid de I'aplicacio logistica. En
aguest tipus de diagrama es representen els valersl’atractor en funcio del parametre
r.

Per ar < 1 I'Gnic punt fix estable é&x= 0. Enr = 1 el puntx = 0 passa a ser in-
estable i quam augmenta apareix com a punt fix estakle 1 — % AcO es deu a un
fenomen anomenat bifurcaci6 transcritica que explicarem amb més detall en la secci6
seglent. Aquest punt fix és estable fins 3.0, on perd el seu caracter estable i apareix
una orbita periodica de periode 2. A partir d’aci trobem el que s’anomena en la literatura
unacascada de duplicatide pefode L'0Orbita de periode 2 esdevé inestable donant lloc
a una orbita de periode 4. Aquesta perd I'estabilitat en apareixer una orbita de periode 8
i aixi successivament. Els valors deer als quals existeix una bifurcacio de duplicacio
de periode els denotarem pgr Podem construir aixi la taula 2.2. S’observa tant en el
diagrama de bifurcacio com en la taula que els intervals entre bifurcacions de duplicacio
de periode sbn cada vegada més menuts a mesura que augnaritant a un valor
limit r. Per ar > r, trobem ja orbites caotiques. Convé remarcar aci que aquesta cas-
cada de duplicacio de periode va donar lloc al descobriment de dues noves constants
matematiques. Ambdues foren descobertes per Mitchell J. Feigenbaum (1944-) [12, 13]
i es defineixen aixi [8]
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Figura 2.2 Diagrama de bifurcacio i exponent de Lyapunov de l'aplicacio logistica en funcié del
parametre.

n Periode
rh=3 2
r, = 3.449... 4
r3 = 3.544009... 8
rqs =3.5644... 16

rs=3.568759.. 32

fo — 3.569946 .. o

Taula 2.2 Valors del parametnede I'aplicacio logistica per als quals hi ha una duplicacio de periode. El
valorr,, representa el punt d’acumulacio6 o frontera del caos.

5= lim =1 _ 4669 .. (2.15)
n—=eolpni—rn
. d
a = lim —/— = —2.5029. .. (2.16)
N—o Ont1

on d, és la distancia més curta d’una branca del diagrama de bifurcacié al maxim de
I'aplicacio (en el cas de la logistica, el maxim es troba sempre 8.5). El més interes-

sant d’aquestes constants és el seu caracter universal donat que es pot demostrar que no
depenen de la forma concreta de I'aplica€igind que son valides per a, basicament,
qualsevol aplicacié continua unimodal (amb un sol maxim) de l'intei@dl] en ell

mateix. A més a més, les constants de Feigenbaum s’han determinat també experimen-
talment en sistemes fisics que presenten cascades de duplicacio de periode en alguna
variable sota la variacié d’un parametre [8].

En [14], Robert Devaney (1948- ) introdui una definicié formal d’aplicacio caotica.
Aquesta definicid requereix pero de dues definicions previes.

Definicio. SigaV un cert espai. Diem que l'aplicaci: V — V éstransitivasi per a
qualsevol parella de conjurits W C V, existeix unk > 0 tal quef¥(U)NW # 0.

Definicio. Diem que I'aplicaciof : V — V presentaensibilitat extrema a condicions
inicials si existeix und > 0 tal que, per a qualsevale V i qualsevol entorrN de x,
existeixy € Nin> 0 tals qug f"(x) — f"(y)| > o.

Amb aco ja podem definir aplicacio caotica.
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Definicio. Diem que I'aplicaciof : V — V és cadtica eN si

1. f és transitiva.
2. el conjunt dels punts periodics des dens ek .
3. f presenta sensibilitat extrema a condicions inicials.

Més enlla der, enmig de les regions de dinamica caotica, apareixen finestres (in-
tervals der) per a les quals la dinamica torna a ser regular. La més clara és sens dubte
la finestra de periode 3 que comencareal+ /8 = 3.828427.... Es pot demostrar
gue la seqgiiencia en la que apareixen les finestres regulars de diferents periodes és també
una propietat universal de totes les aplicacions de la fogma= rg(x,) on g(x) és,
basicament, una funcié continua, univaluada, positiva i amb un Unica nuggx 1
en [0, 1] tal queg'(gmax) = O i ambg(0) = g(1) = O (per a la resta de condicions con-
sultar [15]).Es a dir, dins la regio caotica, els periodes dels atractors periodics apareixen
sempre en el mateix ordre. Aquest ordre s’Tanomena sequéencia U i fins a periode 6 té
aquesta forma

1,2,2x2,6,5,3,2%x3,5,6,4,6,5,6. (2.17)

Un altre resultat interessant per al cas de les aplicacions discretes definides per fun-
cions continues dels reals en els re&lsR — R, és 'anomenat teorema de Sarkovskii
(en honor del matematic ucrainés Oleksandr Mikolaiovich Sarkovskii (1936-)). Definim
el seguent ordenament

3 <5<7<9<...
<2-3<2:5<2-7<2-9...
<2%.3<22.5<22.7<2%.9...
=22’ <222t 1
Suposem ara que dos nhombgesq satisfanp < g en aquest ordenament. Aleshores
el teorema de Sarkovskii ens assegura que si I'aplicadi® una orbita periodica de
periodep aleshores també en té una de perigde
Cal adonar-se’'n que si una aplicadi@ée una orbita de periode 3, aleshores també té
orbites de qualsevol periode enter, incloses orbites de periode infinit o caotiques. Aquest
resultat fou publicat de manera independent per Li i Yorke en 1975, en el seu famos
article titulatPeriod three implies chad$].
Es convenient destacar que el teorema de Sarkovskii no diu res pero sobre I'estabilitat
de les orbites. Per exemple, en la finestra de periode 3 de I'aplicacio logistica, el teorema

de Sarkovskii ens indica que hi ha orbites de qualsevol periode, perd sols I'orbita de
periode 3 és estable.

Exponent de Lyapunov

Com hem vist abans, una de les caracteristiques que distingeix un sistema caotic és la
sensibilitat extrema a canvis en les condicions inicials. Una manera de mesurar aquesta
sensibilitat i per tant el grau de caos d’un sistema, &€s mitjancant 'anomenat exponent de
Lyapunov (en honor del matematic rus Aleksandr Mikhailovich Lyapunov (1857-1918)).
Suposem dues condicions inicials molt proximgs xo separades per una distancia
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O = X0 — Xo.

La distancia en la iteracia entre les trajectories seguides a partir de cada condicion
inicial vindra donada per

On=Xn—Xn =

(%)~ 1"00)

"(x0+ &) — '(x0)

= "00) + &5 |+ (@)~ 1700)
X0

Finalment, aplicant la regla de la cadena trobem

nfldf
h~d|[]| =
kEL dx

Aprofitant aquest resultat, podem escriure

(2.18)

Xk

’%’:exp(ln’%’)

n-1
~ exp( Z In|f'(x)])
k=0
=~ exr.(n)\n),
on
' ' 1n71 ,
A =lim Ap= lim ﬁkzolnhc (X)| (2.19)

n—-oo n—-oo
és I'exponent de Lyapunov.

Sil’'exponent Lyapunov és positiu les trajectories s’allunyen augmentat la seua distancia
de manera exponencial i provant aixi la sensibilitat extrema a condicions inicials. Un ex-
ponent de Lyapunov positiu €s un bon indicador de dinamica caotica. Per contra, un
exponent de Lyapunov negatiu ens indica que la dinamica &s regular, s a dir, les tra-
jectories de dues condicions inicials proximes no divergeixen de manera exponencial.
A la figura 2.2 podem observar I'exponent de Lyapunov per a I'aplicacio logistica en
funcio del parametre. Aquest &s negatiu en la cascada de duplicacio de periode i en les
finestres de regularitat, i positiu en les regions caotiques. Convé destacar que cada orbita
- cada condicio inicial - d'una aplicacio té associat un determinat exponent de Lyapunov.
Si I'aplicacio sols té un atractor, com en el cas de I'aplicacio logistica, el que se sol re-
presentar €s el promedi dels exponents de Lyapunov calculats sobre un gran nombre de
condicions inicials. En I'apendix E d’aquesta part de la tesi descrivim en detall el calcul
d’exponents de Lyapunov en el cas general d’aplicacions discret@sensionals.

Diagrama cobwebo de Verhulst

Una ferramenta grafica molt Gtil a I'hora dliistrar i estudiar la dinamica de sistemes
dinamics discrets unidimensionals és I'anomenat diagremibavebo de Verhulst. Es
tracta d’'un algorisme bastant senzill [16] que permet desenvolupar una certa intuicié
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sobre la dinamica d’aquest tipus de sistemes a partir del grafic de la funcio que defineix
I'aplicacio.

En primer lloc dibuixem en uns eixos de coordenades la fufti® que defineix
el sistema discret,,1 = f(xn). Dibuixem també la recta bisectriu de pendent unitat
Xni1 = Xn. Ara, donada una condicio iniciah, podem construir graficament la seva
orbita de la segiient manera:

e Des de I'abcissag tracem una linia vertical fins tocar la corbg).
e Des d’aquest punt dibuixem una linia horitzontal fins intersecar la bisegtriu= X,.
L'abcissa d’aquest nou punt &s la primera iteragié- f(Xg).

Repetint aquest procés trobarem tots els punts de l'orbitaggdé la figura 2.3
il-lustrem aquest metode amb tres exemples de I'aplicaci6 logistica amb diferent com-
portament dinamic.

1.0 1.0 1.0 —
r=2.8 r=3.3 r=3.9 A

0.8] == 0.8]
0.6 oA 0.6

E E B

x x b SN Y[ I N | (1) "/ —"
0.4/ 0.4/
0.2 0.2 i —————

|
0'00.0 0.2 04 0.6 0.8 1.0 0'GO.O 02 04 0.6 0.8 1.0
Xn Xn

Figura 2.3 Tres exemples de diagrarnabwebper a I'aplicacio logistic&,1 = rxn(1— X,). En els tres
casos es representen les primeres 300 iteracions de |'0rbita de la condicioxpicill. Per ar = 2.8
I'Orbita evoluciona cap a un punt fix. Quas= 3.3, I'0rbita tendeix a un cicle limit de periode 2. En el cas
r = 3.9 la dinamica és clarament caotica.

2.4 Bifurcacions en aplicacions conhues

So6n molts els treballs i llibres de text que tracten sobre els fenomens de bifurcacié en
aplicacions definides per funcions continues unidimensionals. Tanmateix, la nomencla-
tura i el tractament teoric varia fortament segons el tegtper aco que ens ha semblat
convenient fer un breu resum d’aquests fenomens tant per unificar nomenclatura com
per establir un contrast amb les bifurcacions en aplicacions definides per funcions dis-
continues que tractarem en aquesta part de la tesi. Aquesta introduccio a la teoria de
bifurcacions esta basada en gran part en el text de referéncia sobre aguest tema de Wig-
gins [17] aixi com en el text de Romera [16].

Comencem considerant el cas general d’'una aplicacid n-dimen#ibralR" ambp
parametres

y=g(y,A), YER", AcRP, (2.20)

on g és una funcié¢" (r > 5 sol bastar) en un conjunt obert suficientment gran en
R"x RPi A &s un conjunt de parametres. Suposem ara que aquesta aplicacio té un punt
fix (Yo, Ao) tal que

9(Yo, Ao) = Yo, (2.21)
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I ens preguntem el seguient sobre aquest punEﬁ;xestabIe 0 inestable? Com canvia
I'estabilitat (o inestabilitat) del punt fix quan variem els parameires
Per respondre aquestes preguntes linealitzarem I'aplicaci6 al voltant del punt fix

¢~ Dyg(Yo. A0)é, & €R, (2.22)

onDyg(Yo,Ao) €s la matriu jacobiana de I'aplicacipavaluada en el punt fix. Si el punt
fix s hiperbolic (cap autovalor d&yg(yo,Ao) te modul unitat) I'estabilitat (inestabili-
tat) en I'aproximacio6 lineal implica estabilitat (inestabilitat) del punt fix de I'aplicacid
original no lineal. A partir del Teorema de la Funcid Implicita es pot demostrar que, en
un entorn suficientment menut ¢, Ao), per a cada existeix un tnic punt fix amb la
mateixa estabilitat quéyo, Ap). Els punts hiperbolics no tenen per tant interés dinamic
donat que no poden ‘bifurcar-se’, &€s a dir, canviar la seva estabilitat i originar I'aparicio
de nous atractors. Tanmateix, si el punt fix no és hiperbalic, I'aproximacio lineal no pot
emprar-se per determinar I'estabilitat del punt fix i un canvidepot traduir-se en la
creacio de noves orbites.

A continuacié resumim en una llista els exemples basics de punts no hiperbolics i les
bifurcacions associades a aquests en funcio dels autovalors de la matriu jacobiana.

1. Dyg(Yo,Ao) té un autovalor igual &1 (amb els(n— 1) restants amb modul diferent
de la unitat):

e Bifurcacioé Tangent (també anomen&giaddle-node Fold)
e Bifurcaci6 Transcritica
e Bifurcaci6 Forca

2. Dyg(Yo,Ao) t€ un autovalor igual a-1 (amb els(n — 1) restants amb modul diferent
de la unitat):

e BifurcacioFlip (també anomenada Subharmonica o de duplicaci6é de periode)

3. Dyg(yo,Ap) té dos autovalors complex conjugats amb modul igualla(diferents a
les primeres 4 arrels d’'1) amb €ls— 2) autovalors restants amb modul diferent de la
unitat:

e Bifurcacio Neimarck-Sacker

En la Taula 2.3 i la figura 2.4 es resumeixen les principals caracteristiques de les
bifurcacions dels casos 1 i 2 donat que sbn els Unics que es presenten en aplicacions
unidimensionals.



sanunuod suoloeoljde ua suooeINg #'2

[Autovalof  Nom [ Condicions] Observacions | Exemple | Fenomenologia
Tangent ;“((%’%))7;% fX,U) =X+ u£x 0+ 1p.f.Est+1p.f.lnest
XX\ My
fu(0,00=0
Transcriticaf,x(0,0) # 0 f(x,u) =x+ux+x? | 1pf.Est+1pf.inest« 1pf.nest+1pf.Est
+1 fx(0,0) # 0
fu(0,00=0
fxx(0,0) =0| fxxx(0,0) < O Supercritica _ 1pf.Est «» 1pf.Inest+2pf.Est (Super)
Forca fux(0,0) #0 fxxx(0,0) > O Subcritica f(x H) = aux+bx’ 1pf.lnest «» 2pf.lnest+ 1p.f.Est (Sub)
00 0,0) # 0
f7(0,0) = 0 c = —2fux(0,0) — 3(fxx(0,0))? Supercritica:
1 Flip f2(0,00=0 ¢ < 0 Supercritica F(X 1) = —X— Ux+x3 .
fﬁx(o, 0)#0 ¢ > 0 Subcritica 2pf.nest+ 1p.f.Est «+» 3p.f.lnest+ 1lcicleT=2
£2,(0,0) £ 0
XXXA )

Taula 2.3 Classificacio de les bifurcacions en aplicacions continues unidimensionals. Suposem en tots els casos una aplicacio unidimensional amb un 80, pgrametre

que presenta un punt fix no hiperbolic eau) = (0,0). La primera columna indica el signe de I'autovalor (de modul unitat) de la matriu jacobiana. En la tercera i quarta
columna es detallen les condicions sobre les derivades de I’apllo‘acho%;, fux = ';—X;, etc.) per tal d’observar una bifurcacio d’'un determinat tipuéen) = (0,0). En

la quinta columna s’indiquen alguns exemples d’aplicacions que presenten la bifurcacio corresponent. L'Gltima columna resumeix la fenomenologia de la bifurcacio: en una
bifurcacio tangent, per exemple, passem de ningln punt fix per & a observar 1 punt fix estable i 1 punt fix inestable pgra0.

qT
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Figura 2.4 Corbes de punt fix de la bifurcacio les diferents bifurcacions descrites a la Taula 2.3. Les
linies continues representen punts fixos estables i les discontinues punts fixos inestaifescacio

tangentEsquerra: f(x, ) = X+ u —x% — x% = p. Dreta: f(x, ) = X+ 4 +x% — x? = — . B. Bifurcacio
transcriticaEsquerra: f(x, ) = x4 ux—x2. Dreta: f(x, ) = x4 ux+x2. C. Bifurcaci6 forcaEsquerra:
f(x, 1) = x+ ux—x3. Dreta: f(x,u) = x+ ux+x3. D. Bifurcacioflip supercritica.
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2.5 Crisis

Les bifurcacions estudiades en la seccid anterior descriuen canvis en els atractors regu-
lars (punts fixos, cicles limit) de les aplicacions discretes. Els atractors caotics també
poden sofrir canvis abruptes sota la variacio d’'un parametre. En aquest cas es parla de
crisi [18, 19] i no de bifurcacio. A continuacio es descriuen els fenomens de crisi més
habituals [20, 21, 22].

Crisi de fronteraBoundary crisi¥

Aquest tipus de crisi es produeix quan un atractor caotic toca o creua les fronteres de la
seua conca d’atraccio que la separen de la conca d’un altre atractor. A¢o es tradueix en
la desaparicio (o aparicid sobtada) de I'atractor caotic. L'aplicacio logistica sofreix una
crisi d’'aquest tipus en= 4, quan l'atractor caotic toca els limits de l'interval unitat. Per

ar > 4 I'atractor caotic desapareix i totes les condicions inicials tenen com atrastor
(veure figura 2.5).

1okl
1'(—)1.0 -05 00 05 1.0

Xn

Xo = 0.45 té com atractor-«. Enr = 4 es produeix una crisi de frontera i I'atractor caotic existent per a
r < 4 desapareix. Perra> 4, totes les condicions inicials tenen com atragter —oo.

Crisi interior

En aquest cas un punt fix - o cicle limit - inestable existent dins la conca d’atraccio d’'un
atractor caotic colideix amb aquest per a un cert valor del parametre. Ao produeix
un augment sobtat del tamany de I'atractor. A la dreta de la finestra de periode-3 de la
aplicacio logistica ens trobem aquest fenomen com es pot veure a la figura 2.6.

Crisi de fusio de I'atractorAttractor merging crisiy

Com indica el seu nhom, en aquesta crisi dos atractors caotics amb conques d’atraccio
distintes es fonen en un sol atractor. L'aplicaci6 logistica no ofereix cap exemple d’a-
quest tipus de crisi pero si ho fa una lleugera variacib anomenada aplicacio logistica
antisimetrica

f(x,r) =rx(1—|x|). (2.23)
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Figura 2.6 Ampliaci6 de la finestra de periode 3 en el diagrama de bifurcaci6 de I'aplicacio logistica. S'-
han representat els punts fixos inestables amb linies discontinues. La finestra comenca amb una bifurcacio

tangent def3(x) i acaba quan els punts fixos inestables creats en la bifurcadidleien amb I'atractor
caotic, en un clar exemple de crisi interior.

Aquesta presenta una crisi de fusio de I'atractor en4 com s’observa a la figura 2.7.
Cal no confondre aquesta crisi amb la coalesceéncia de les dos peces de I'atractor caotic
de la logistica en una sola pecaren 3.67.

1,0

-1,0-

1,0 1,5 20 25 30 35 40 45
r

Figura 2.7 Diagrama de bifurcacit de I'aplicacio logistica antisimetrica (2.23). S’aprecia la fusio del dos
atractors caotics en= 4.

2.6 Feromens d’intermiténcia

Un altre fenomen interessant relacionat amb les bifurcacions i les crisis &s 'anomenada
intermitencia. Es tracta de I'aparicidtermitenten orbites caotiques d’intervals durant

els quals la dinamica sembla regular (anomenat de vegadeslaginar). Aquest fe-

nomen es presenta generalment per a valors dels parametres propers a una bifurcacio o
crisi. Aco és facil d'entendre i ho vorem més avall amb un exemple en el cas de I'apli-
cacio logistica.



2.7 Aplicacions definides a trossoBarder-collision Bifurcations 19

Imaginem una aplicacid que per a un valor del paramitre A; sofreix una crisi
o bifurcacio de manera que pena< A; la dinamica és regular mentre queAsi> A¢
la dinamica és caotica. Si definimcom la durada promedi dels intervals laminars, se
satisfa [22]

lim 17 =oco. (2.24)
A=A
Es a dir, els intervals laminars son cada vegada més llargs a mesura que ens apropem al
valor critic del parametre.

La intermitencia fou descrita per primera vegada per Yves Pomeau i Paul Manneville
[23]. En I'article original es distingeixen tres tipus d’intermiténcia associats a diferents
tipus de bifurcaci6. A més a mésgscala prop d&. de manera distinta segons el tipus
d’intermitencia. La classificaci6 és la seguent

e Tipus I: associada a bifurcacions tangents

T~ (A —Ag) 2. (2.25)
e Tipus ll: associada a bifurcacions Hopf (Neimark-Sacker)

T~ (A=A L (2.26)
e Tipus lll: associada a bifurcacions de duplicacio de periode inverses

T~(A=A) L (2.27)

Per tal d’illustrar millor aquests conceptes estudiarem un cas d’intermitencia de Tipus
| que trobem en I'aplicacio logistica abans de la finestra de periode 3. Com ja hem vist,
aquesta finestra comenca amb una bifurcaci6é tangent de la iterada tercera de 'aplicacio
enrc = 1+/8. Quanr < r¢ la dinamica és caotica. No obstant, com es pot observar en
la figura 2.8, les trajectories presenten segments semblants a una dinamica de periode 3
gue sbn més llargs quan més a prop ens trobeny.del diagramacobwebde la figura
2.9 ens permet entendre a que es deu aquest fenomen. Com ja hem vist, I'Orbita de
periode 3 es crea a través de tres bifurcacions tangents de la iterada tenceraen
Prop d’aquest valor del parametre el mapa ja esta molt prop de la bisegtyie= X,
i I'Orbita pot romandre en aquestes regions durant successives iteracions produint les
regions laminars d’aparent regularitat.

2.7 Aplicacions definides a trossosBorder-collision Bifurcations

Fins el moment hem discutit els principals fenomens que es presenten en la dinamica
de sistemes discrets definits per aplicacions continues i diferenciables com I'aplicacio
logistica. No obstant, existeixen altres exemples paradigmatics de sistemes dinamics
discrets definits per funcions discontinues o no diferenciables en algun punt de I'interval
de definici6. De fet, aquest tipus de sistemes s’empren en un gran nombre de problemes
com ara la modelitzacid de sistemes mecanics amb friccio-bsamhs, o també en la
dinamica de certs circuits electronics [24, 25, 26].

Aquests sistemes presenten nous fenomens dinamics que s’engloben dins el nom
generic de bifurcacions induides per la discontinuitat o en argigésontinuity-induced
bifurcations[24]. Potser el fenomen més estudiat és el deBlesler-Collision bifur-
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Figura 2.8 Fenomen d’intermitencia en l'aplicacio logistica. Es mostren tres Orbites per a tres valors
distints del parametre de bifurcacio prop del valge= 1+ /8 on comenca la finestra de periode 3.
Saprecien clarament els intervals laminars quan la dinamica sembla de periode 3. Aquests intervals son
cada vegada més llargs a mesura que ens aproxinmem a
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Figura 2.9 Diagramacobwehil -lustrant el fenomen d’intermiténcia en I'aplicaci6 logistica. S’ha repre-
sentat la iterada tercefd(x) per ar = rc —0.001.

cations un conjunt de bifurcacions que es produeixen quan un punt fix de I'aplicacio

col-lideix amb una discontinuitat de I'aplicaci6 o de la seua derivada [27, 28, 29, 30].
Un exemple d’aquest tipus de sistema és I'anomskeiv tent map1 = S(X,) on

S(x) ve donada per

1

sX+p, x<O0

=12 )
S {—)\x+p,x>0 (2.28)

A la figura 2.10 podem observar un diagrama de bifurcacié d’aquest sistema. Igual
gue en el cas de I'aplicaci6 logistica, aquest sistema presenta tant dinamiques regulars
(atractors periodics) com caotiques. No obstant, en aquest cas el diagrama és qualitativa-
ment distint donat que no trobem una cascada de duplicacio de periode i les transicions
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ordre-caos son abruptes. Com hem vist abans, en el cas de I'aplicacio logistica les orbites
periodiques dupliquen el seu periode a mesura que augmenta el valor del parametre en
procés limit fins arribar a la frontera del caos r«). En elskew tent mappel contra-

ri, podem passar directament (sense cap procés limit) d'una orbita periodica de periode
finit a una orbita caodtica (observar els valdrs- 2,4,8,... en la figura 2.10). Aquesta

nova fenomenologia esta causada per la no diferenciabilitat de I'aplicagié-¢hi en
concret, per I'aparicio de bifurcacions de tifsrder-Collision

0,21 .
-0,44
X ]
-0,64
-0,8
-1 ’O v T v T v T T
0 2 4 6 8 10

Figura2.10 Diagrama de bifurcacio dekew tent mappx.1 = S(x») en funcio del parametre (o = 0.1).

En aquesta primera part de la tesi estudiarem un nou fenomen de bifurcacid que apa-
reix en aplicacions definides a trossos i que ha romas desates en la literatura. Es tracta
d’'unes transicions abruptes, en les quals es passa d’'un atractor periodic a un altre de
periode diferent o a un atractor caotic, amb una particularitat: en el punt de la bifurca-
cio existeix un tercer atractor format per infinits cicles limit que, en el cas més general,
poden ser de diferent periode. En concret, estudiarem una aplicacié unidimensional pro-
posada originariament com un model de dinamica de poblacions i I'aplicacid de Lozi,
gue defineix un sistema dinamic discret bidimensional molt conegut i amb propietats
interessants. En ambdos casos descriurem la dinamica i estudiarem aquest nou fenomen
de bifurcacidé que hem anomeriisecting bifurcationEntre altres coses, donarem una
explicaci6 geometrica del fenomen i veurem com aquest tipus de bifurcacions son un
cas particular de bifurcaciorder-collisionque no es contempla dins les classificacions
actuals d’aquest tipus de bifurcacio.






Chapter 3

A one-dimensional case study: The Varley-Gradwell-Hassell
map

3.1 Introduction

As we have seen in the introduction to this first part of the thesis, work on population
ecology carried out in the 1970’s helped chaos to move center stage as a new interdis-
ciplinary subject [11]. One-dimensional discrete-time population models are technically
among the simplest ones to consider and interpret. They provide an appropriate descrip-
tion of species with non-overlapping generations. The basic example for the evolution
of a population densit¥, € R at generatiom is the linear lawX, .1 = rX,. Herer rep-
resents the growth rate or fecundity, assumed constant. This is, however, too schematic
allowing only extinction { < 1), equilibrium ¢ = 1) or infinite growth ¢ > 1). It was

soon recognized that more realistic models should be nonlinear:

X1 = XaF (Xn). (3.1)

Written in this form,F is the dimensionless non-constant fitness function of the popula-
tion or per-capita growth rate. A sage choice for it should capture the essential features of
the system. The crucial point is that once nonlinearity is let in, a huge variety of new phe-
nomena may appear as is now universally recognized. The particular choice [31, 32, 33]

F(Xn) =r(Xn/K)™®, b>0, (3.2)

renders easy the numerical determination of the parameter values from experimental
population data by a linear fit to 10§, 1 versus log&,, which constitutes certainly a
salient advantage. In (3.2) the presence of pararketitre conventional carrying capac-

ity, ensures the dimensionless charactdf oA slight variant of it reads [33, 32]

r, X <C
F%) = {r<xn/K>—b,xn>c

whereC is a threshold population density and the fithess paranbeted is dimension-
less.

This particular model was introduced by Varley, Gradwell and Hassell [32, 33] to
study density-dependent population growth in a limited environment. Experimental ev-
idence [32] suggested the existence of a critical population density beyond which intra-
specific competition mechanisms increased mortality and limited growth. We will refer
to this model as the Varley-Gradwell-Hassell map. We want to emphasize that these and
similar models can also be used as mathematical instances of dynamical systems to il-
lustrate different features when the ranges of parameters and time variable are enlarged

(3.3)

23
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beyond those realistic in population dynamics. In this spirit, we analyze here the one-
dimensional discrete model associated with equation (3.3) which will be referred to as
the Varley-Gradwell-Hassell map (or simply VGH map) [34]. In [35] it is briefly ex-
plained that the system is chaotic for> 2 and regular fob < 2, pointing out that in

the order-to-chaos transition no cascade of period doubling emerges. In this chapter we
analyze numerically and analytically how such a transition takes place what, to the best
of our knowledge, has not been studied in detail in the mathematics or ecology literature.

3.2 Description of the map and its dynamics
3.2.1 Alternative formulations

We write the VGH map, equation (3.3), in the form

Xn+1 = (X b, 1), (3.4)
with
_ _frx, x<c,
f(xb.cr) = { s s e 3.5)

In going from (3.1) and (3.3) to (3.4) and (3.5) we have used the carrying capacity
as our natural unit to measure population densities and correspondingly introduced the
dimensionless variabbe, = X, /K, and parameter = C/K.

The functionf in (3.5) is defined inR* but we takex € [0,) because, although
dimensionless, stands for a population density. In the three dimensional parameter space
(b,c,r) we consider only the regidm> 1 to ensure decrease bfwith increasingk and
c,r > 0 for compatibility with the range of definition of

According to this map the population density in a given generation is a linear function
of that in the previous one as far as it does not exceed a critical afioe greater values
the population follows a nonlinear power-law. Fig. 3.1 shows the map for different values
of c. We expect differences in the response of the system according to whether the value
of c is below or above unity. For some purposes, we have found it useful to express the

Fig. 3.1 Shape of the map (3.5) fdr= 2.5, r = 2 and three different values= 0.7,1,1.3. The curves
have been vertically shifted for the sake of clarity.

VGH map in terms of the new variabfand the new parametér
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z=2log(x)/log(r), & =2log(c)/log(r), (3.6)

with x #£ 0 andr > 1. The numeric factor two in (3.6) has been introduced for conve-
nience. The inverse transformation reads

x=r%2 c=r¢"2 (3.7)
This leads from (3.5) to
fz+2 zn <¢&,
h”_{ﬂ—MA+ZA>E, (38)

now with phase spacec (—o, ). This representation of the map has only two param-
eters. From a mathematical point of view this transformed version is piecewise linear,
whereas (3.5) defines a piecewise continuous nonlinear system. Linearization is a stan-
dard procedure in the study of dynamical systems. It usually follows from first order
approximations. Here, however, the linearization is exact. It is worth mentioning that
dynamical systems of the same type can be found in applications in electronics, robotics
and mechanical systems with impacts [26, 36].

3.2.2 Lyapunov exponent

The Lyapunov exponent is a measure of the rate at which two initially close trajectories
move away. For the one-dimensional discrete map = f(x,) the computation of the
Lyapunov exponem admits an analytical formula (see for instance [8, 21, 22, 37])

A=l 1n71I f/ (X« 3.9
=lim<=% In : :
. ”{nkgo [ )\} (3.9)

which, in the case (3.5), leads to

. 1n—1
A :Inr+r!mo{ﬁkzo[ln|l—b|—bIn|xk|]9(xk—c)}, (3.10)
whereas (3.8) yields
o fandt
A :In\l—bu@00 ﬁk;B(zk—E) : (3.11)

Both formulas are given in terms of Heavisi@lefunction which selects the iterations
that visitx, > c or z; > & respectively. Therefore, the interpretation of the Lyapunov
exponent in this system is particularly straightforwakdis ruled by the proportion of
exterior points in the trajectories, namely those with> corz, > &.

The mathematical equivalence of the two expressions far(3.10) and (3.11) yields
the following result for the statistics of pointg > c in the attractor

n—o | N

o [qnzt
lim [— kZOIn(xk)G(xk—c)] =5 (3.12)
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meaning that the geometric mean of all the poxats cin the trajectory equals the value
r1/o. A simpler version of (3.10) reads now

)\:In\l—b|Aig1m{%nZl)9(xk—c)}. (3.13)
K=

Equation (3.9) makes use of the derivatiVavhich in the present case is not defined
atx =c or z= ¢. However, as it is an isolated point, it does not cause any numerical
difficulty.

In practice, one has to take care of discarding transients in order to allow the orbit
to enter the attractor. In particular, transients are very long for chaotic trajectories when
b~ 2. Besides, it is convenient to averayy®ver a large number of initial seeds.

Since the summation in (3.10) and (3.11) is over a large enough number of points on
the trajectory, numerical accuracy is a relevant issue. To this end, and following the anal-
ysis in [38], we have used the multi-precision Fortran package MPFUN [39, 40] which
allows us to efficiently compute with a very high number of digits. We concluded that
double precision gives here enough computational guaranties as regards the calculation
of (3.10) and (3.11). By contrast, it is not the case for the computation of trajectories of
(3.8) for some integer values bf> 2, an issue that we deal with in Section 3.5.5.

3.2.3 Fixed points of the VGH map

Forr < 1,x= 0 is always a stable fixed point. Wher: r1/? there is a second fixed point
atx = r/P which is stable if 1< b < 2 and attracts any initial condition in the interval
(c,x*) with x* = (¢/r)%(1-9) Forb = 2, that interval consists of period-2 points, with
the exception of the fixed poirgr. Valuesx < c andx > x* go tox = 0. Observe that
herer < 1 does not necessarily imply extinction, as would be the case in the logistic
map. This is due to the interplay between the different parameters.

Forr = 1 any initial condition in[0, c|] remains fixed. Ifc < 1, thenx = 1 is also
fixed. It is stable for k b < 2 attracting any initial condition in the intervét, x*) with
x* = c/(-D) |f b = 2, the interior points of that interval, except= 1, are paired in
2-cycles. Points to the right of are eventually fixed, reaching its limiting fixed value
in two steps.

Forr > 1,x= 0 is an unstable fixed point, independentlyolf ¢ < r/, alsox = r1/b
is fixed, although it is stable only ford b < 2.

In the rest of the paper we consider omly- 1 which, as we shall see, generates a
much richer behavior.

3.3 Dependence ob: order-to-chaos transition

As already stated in [35], the chaotic regime correspontist@®, independently of the
values ofc andr, without stable regularity windows embedded. This is clear from the
positive character ot in (3.13) whenb > 2. The behaviour of the system with respect

to bis illustrated by the bifurcation diagrams in Fig. 3.2. The three panels correspond to
c=0.8,1,1.2, from top to bottom, respectively, with the fixed value- 2. In Fig. 3.3

we plot the bifurcation diagram far= 2.5 andr = 2, as well as the Lyapunov exponent
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Fig. 3.2 Bifurcation diagrams as a function bffor r = 2 and three different values of The color scale
is logarithmic and it stands for the frequency the point is visited with. This holds for the rest of color
figures, unless otherwise stated.

A (upper panel). Notice the irregularities in the curve around the vale2.2 where
the bifurcation diagram exhibits a number of band merging crises [19, 22]. The afore-

Fig. 3.3 Bifurcation diagram as a function bf forr =2, c=2.5. The corresponding Lyapunov exponent
is in the upper panel.

mentioned sudden transition from a regular to a chaotic system, with no period doubling,
is apparent. As the negative sign of the computed Lyapunov exponent witnesses,
means regular behavior: every initial seed ends up in a periodic orbit. Forlfixed,

the attractor consists of coexisting limit cycles. Its cardinal, i.e. the number of attracting
points in the diagram - with no regard to the limit cycles they belong to -, is a piecewise
constant function ot. In other words, there exist some values: ¢, (n > 1 integer)
where this cardinal number changes abruptly. The cardinal is given by the heuristic for-
mula2n+1)/[3— (=1)", (n> 1), whose first few terms read

1,3,2,5,3,7,4,9,5,11,6,13,7,15,8,17,9, ... (3.14)

These can be interpreted as forming two intermingled sequences whose terms increase
by one and two units respectively. As can be seen in Fig. 3.8 fo11.9 andr = 2, for
small c only a fixed point exist but as increases limit cycles of periods24,...,n
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progressively appear. Every two consecutive limit cycles coexist for a certain interval of
C, giving rise to sequence (3.14). A detailed description of the attractors and basins of
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Fig. 3.4 Regular orbits. Bifurcation diagram as a functiongfwith b = 1.9 andr = 2. The period of
cycles is coded by the color scale (gray tone).

attraction ab = 2 is presented in Section 3.4.

Forb= 2 and fixed > 1 the orbit of an arbitrary initial conditioxy € [0, ), is simple
enough to be rigorously described. As detailed below, the general characteristic in this
case is that all the initial conditions are fixed, periodic or eventually periodic. There exist
an infinity of coexisting limit cycles. Their periods are allowed to take only a restricted
set of values, which depend on the initial condition and parameters value through very
strict laws. We defer their detailed description to Section 3.4. The reader can find there
precise information about the transients length and exact account of the cycles. Here we
report only the most salient features in terms of the variglaled threshold parameter

If ¢ <1, then the closed intervét,r/c] is invariant under the action of the map. Any
interior pointxy # +/r belongs to the 2cycle {Xo,r /xo}. Xo = /T is a fixed point. The
extremesy = c andxg = r/c as well as all the exterior points are eventually periodic,
entering the invariant interval after a transient.

If ¢ > 1, then the closed interval/c,rc] is invariant under the action of the map.
Every exterior point is eventually periodic. Interior points are periodic. For foiede
period of the cycles depends ag but can take on only a restricted set of values. For
instance, withc = 2 one finds a 3cycle: {1/,/r,/r,r\/T}; a 4-cycle: {1/r,1,r,r?};
and the rest of the points in the interval accommodates in an infinity-af/éles. All
these cycles are the limit cycles for the eventually periodic points. Notice that in this
system the existence of period three does not imply chaos. This is not in conflict with the
celebrated Li and Yorke theorem because the VGH map is defined by a discontinuous
function.

The basins of attraction of such limit cycles are infinite intermingled sets of zero
measure made of equidistant points in theariable (a detailed study is provided in
Section 3.4). The vertical segments located at2 in Fig. 3.2 and 3.3 comprise all the
coexisting limit cycles. In numerical simulations such a vertical segment gets filled only
if enough initial conditions are used in the construction of the bifurcation diagram.

We have called this type of bifurcations mediated by infinite sets of neutrally stable
limit cycle bisecting bifurcationsWe justify this choice in the following section.
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3.3.1 An explanation of the origin of the observed bifurcation

Next we develop a geometric explanation for the emergence of a bisecting bifurcation
based on the cobweb diagram of a general one-dimensional piecewise defined map
f(x; p) with parametemp. Notice that an infinite set of regular trajectories of penod

will be observed for a critical valup; of the parameter when theh iterate of the map

f" has a piece which is co-linear with the bisectrix. Hence, the name we are using for
these bifurcations. More explicitly, at the bifurcatid®,will be of the form

f7(x; pc) = x, 7 xe (X, %), (3.15)

cey e

An explicit instance of this phenomenon in the VGH map is given by its second iterate
which reads

r2x, x <€,
r2bxl=b Cox<e,
r2-by(1-b)? ¢« x < (%)bfll,

a0 x>cex> (%)ﬁ.

f2(x) = (3.16)

Whenb = 2 the third piece becomesand we find a bisecting bifurcation mediated by

25 b=1.6
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Fig. 3.5 A sequence of three cobweb plots f#x) illustrating the bisecting bifurcation from order to
chaosab=2 (c=1,r = 2).Whenb= 1.6 the map present a stable fixed point. When2 the third piece

of the map becomes producing an infinite set of fixed points &f(x) (period-2 orbits off (x)). When

b = 2.4 the map presents two unstable fixed points and the dynamics is chaotic. Looking the three cases
shown in decreasing order bfwe can see how these two unstable fixed points collide with the borders of
the map ab = 2.

an infinite set of neutrally stable period-2 limit cycles provided/r. This is illustrated

in Fig. 3.5 where three cobweb plots #4(x) for valuesb = 1.6,2.0,2.4 andc = 1 are

shown. In the three cases the same three initial conditions have been evaluated. When
b = 1.6, all trajectories converge to the stable fixed point. In the critical case, when

b = 2, each initial condition evolves to a different neutrally stable fixed poirfox).

Forb = 2.4 the trajectories are chaotic.

In principle, several iterates df can have pieces co-linear with the bisectrix simul-
taneously for the same value pf. In such cases, infinite sets of cycles of different
periods will coexist wherp = p¢. This is the case for the VGH map. Whbni= 2 and
¢ > 1 the neutrally stable limit cycles can show different periods. This is illustrated in
Fig. 3.6 where the evolution in the cobweb diagram and the trajectories of two different
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initial conditions are shown fds = 2, r = 4 andc = v/2. One of the trajectories enters a
period-2 limit cycle while the other evolves to a period-4 limit cycle. The distribution of
the limit cycles of different periods in phase space is detailed in the next section.

Xp+1

N W A~ 01O

Xn

Fig. 3.6 Cobweb diagram (left panel) and trajectories (right panely 6f) forb=2,c=+/2,r =4
and two different initial conditions}y = 0.3,0.6). We illustrate here how two different initial conditions
enter neutrally stable limit cycles of different periods wibers 2. The initial conditiorxy = 0.3 enters a
period-4 orbit while the initial conditiorg = 0.6 leads to a period-2 orbit.

3.3.2 Algebraic identification of bisecting bifurcations

In this section we prove that for the VGH map the bisecting bifurcation takes place only
atb = 2. The linearized version (3.8) allows the following algebraic approach. In this
linear form, the element&z, 2, ..., zr } of a cycle of periodl’ satisfy

2 — Zh1+2, Zh-1<¢,
1 (1-b)zp14+22-1>¢&, n=2,...,T,
_J 7 +2, 7T <¢&,
2= {(1—b)zT+2,zT 3 (3.17)

These expressions can be written in the form

z+orzr =2,

Zn+0n-1Zn-1 = 27 n= 27 37"'7T7 (318)
with coefficients ;
o _17 Zk S ’

a={orn, 2 (349

The linear system of equations (3.18) can be expressed in matrix form

T

S Ajzi =2, i=12..T, (3.20)
=1

where the matriXA is
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ap 1 0... ... O
Oa 1 0 ... O
A 0 Oaz1 ... O
0O O...... ar_1 1
1 0...... 0 ot

In order to find an attractor consisting of infinitely many limit cycles of pefiode
need the system of equations (3.18) to be compatible and indeterminate. A necessary
condition is therefore def) = 0. The determinant of the matrixis

defA) = |I| ax + (—1)T+, (3.21)
k=1

If the cycle hagl of its elements satisfying > £ this gives
detA) = (-1)" U (b—1)*+ (-1)TH, (3.22)

which vanishes fob = 0 and, ifd is even, also fob = 2. Since we are only interested

in b > 1, the only possible solution is thén= 2. This is precisely the value found
numerically from the bifurcation diagrams. It is important to notice that this value of
and equation (3.8) imply neutral stability for any possible cycle. Of course, the argument
in this section does not complete the analysis of the vertical segment in those diagrams.
It only excludes any other value bfas candidate.

3.3.3 Harter’'s boundariesp =c) atb=2

It is well known that, for a continuous unimodal uniparametric map with its maximum
at x = x*, the plot of the successive iterates of the initial sgge- xX* versus the map
parameter generates the so-called Harter boundaries [41, 42]. In the logistic map [11,
12, 13, 37] these correspond to the sharp cusps observed in the invariant density. Harter
lines cross at unstable equilibrium points and, in the case of the logistic map, the set of
crossing points follows itself a reversed bifurcation cascade.

The VGH map is not differentiable &t= c, although it is still unimodal in the sense of
being monotonically increasing far< c and decreasing foc> c. A similar study to the
one described for the logistic map leads to interesting results. To be precise, Harter lines
correspond to the color boundaries visible in Figures 3.2 and 3.3. They can be directly
established from the form (3.5) of the map. Bct 2, the seedg = cends up in a cycle
whose period®(r,c) depends om andc. The expression foP and the cycle elements
may be explicitly written down.

Forc < 1 the 2-cycle{rc,1/c} is reached just after one iteration. Kor 1, X = c is
always a periodic point. Obviousty= 1 belongs to the 2-cyclgl, r}. Whenc > 1 there
is a unique integel € N such that

ce [r'\"/z, r(M“)/z) . (3.23)
with

M = {2")&1 = €] (3.24)

logr
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in terms of the integer part or floor function. Then, tor 1 we get two cases

P(r,c) = M+2, if c=rM/2 (3.25)
P(r,c) =2(M+2), if cc (rM/z,r(M“)/z> (3.26)
The 2M + 2)-points of the cycle for the case (3.26) read
C cC c 1r r2 M+l
— = — ==, — 3.27
{rM7er7 7r7C7rC7C7C7C7 C } ( )

which in turn, forc = rM/2 (i.e,, case (3.25)) contract to tf# + 2)-points cycle
{r—M/Z p~M/241 (M/2-1 (M/2 rM/2+1} (3.28)
It is interesting to observe that (3.27) can be obtained recurrently fromi/c} by a
simple procedure. In going froM to M + 1 two new elements are added to the cycle: the
one in the leftmost position is obtained by dividingbthe first element in the previous

cycle. The other, which goes at the rightmost position, is obtained by multiplying by
the last element of the previous cycle.

3.4 Attractors and basins of attraction whenb =2

In this Section we study in depth the structure of the attracting segment of the VGH
system at the critical poirii = 2. To facilitate the analysis we express the VGH map for
b= 2 in terms of the new variable=z—1 as

w+2w<é&-—1,
W(W):{—W, w> & —1.

One advantage of this form is that the segment of limit cycléss [—|&| — 1, || + 1,
is symmetric in phase space with respeatte 0.

3.4.1 Structure of the attractor

We start our study by distinguishing the cases of positive and nedative

3411 <0

This case presents the simplest dynamics. The segméntomposed of infinite period-
2 limit cycles aroundv = 0, which is a fixed point.

3.41.2&£ >0

The dynamics is more complicated for posit§eAll integer initial conditionswg € 7Z
lead to limit cycles with integer elements. In particular, if the initial condition is even
(resp. odd), the final limit cycle will have as its elements all even (resp. odd) integers
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inside the segment/. The periods of these cycles, which dependoare detailed in
Table 3.1. Ifwg ¢ Z we need to study the casés N andé ¢ N separately:

e £¢N
For positive non-integeé we have two infinite sets of limit cycles of periods=
2(n+1) andT = 2(n+ 2) with n= || (where|-| stands for the floor function).
These cycles spread ovef in a rather peculiar way. To make it clear we find useful
to consider the finite set of points

B = (W= (-1)"E +(-1)P(k+1), k=0...n, a,=01} (3.29)

whose elements, when written in increasing order, we denoté,biy= 1, 2, .. .. Then,

2 punctuates a partition of the intervad in subintervals. Points in the same subin-
terval belong to cycles with the same period. Points in contiguous subintervals belong
to cycles with different period.

For instance, if 6< ¢ < 1 thenn= 0 and the frontiers of the subintervals are given by

B={W W W W ={-E-1E-1,-&+1E+1}. (3.30)

Thus, in this case three subintervals exist inside the attractor. In Table 3.1 we have
detailed the period of the limit cycle for initial conditions inside the attracting segment
o .
e (€N
When¢ is a natural number every limit cycles has perioe- 2(& + 1).
All this information is contained in Fig. 3.7 where we have plotted the structure of the
attracting segment &= 2 as a function o€ with £ € [—1,3]. The different tones of
gray stand for different periods. As an example, a particfifax: 1 has been chosen to
illustrate the position of the frontiers given in (3.30). The discontinuous horizontal lines
stand for cycles with initial conditionsg € Z.

Table 3.1 Period of the trajectories according to the initial paigte [—|&| — 1,|& |+ 1], with b= 2 and
& > 0 (£ ¢ N). The description of the cas®) € Z is also valid foré € N.

Initial point Period Condition
i w 2(n+1 eveni
Wo € (W, W) andwp ¢ Z ZEn—i- 2; oddi
wo =W andwp ¢ Z 2(n+2) Vi
Wo € Z N=[(E+1)/2] 2N+1 evenwp
i M=1¢/2] 2(M+1) oddwg

3.4.2 Basins of attraction

Given the limit cycle to which a pointip tends, its basin of attraction can be written as
Bw, = {weRw= |wp|+2k+td,keZ}, d=wy—|[Wp]. (3.31)

This structure of the basins of attraction is reflected in Fig. 3.8 for two different values
of &. In this figure for each initial conditiomg € [—3,3] we plot the cycle ineZ which
traps it. The figure suggests a periodic structure in the horizontal direction. It reflects the
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Fig. 3.7 Structure of the attracting segmeitt-£ 2) in phase space for different values&fThe dif-

ferent tones of gray code cycles with different periods (periods are written inside the gray coded areas).
The discontinuous horizontal lines stand for individual cycles with integer elements of periods 1, 2, 3
and 4 (dashed, dotted, dash-dotted and dashed respectively) embedded in the continuum of cycles of the
attracting segment. The frontiers given #/have been explicitly identified for a particular valéé of

the discontinuity parameter fulfilling @ é* < 1.

partition of phase space into equivalence classes established by (3.31). More specifically,
all even, odd and odd half-integer initial conditions constitute three equivalence classes
by themselves. Any other initial condition generates its equivalence class by repeatedly
adding alternatively @ and 21 — d). The combination of Table 1 and (3.31) allows to

&=1.5
2
2 0
-2
-4 L L L L L
-3 -2 -1 0 1 2 3
WO
4
£=2
2
20
-2
_4 L
-3 -2 -1 0 1 2 3

Fig. 3.8 Structure of the basins of attraction for= 2 and two different values of the discontinuity
location parametef. The graphs show the final attractor for eagh For é = 1.5 (upper panel) infinite
limit cycles of periods 4 and 6 exist as well as the period-2 cyelel} and the period-3 cycl¢-2,0,2

can be seen. Fdr= 2.0 (lower panel) infinite limit cycles of period-6 are present filling the space between
the points of the period-3 cycle2,0,2} and the period-4 cyclé-3,-1,1,3.

determine the period of the cycle to which an arbitrary paigtends. For the sake of
illustration, consider the casg= 1.5 and the initial conditiomwg = 2.7. In this case
n= || =1 and the frontiers inside the segme#itare given by
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B = {whw? w3 WA wP WPl = {—25 -1.5-05,0.5,1.5,2.5}. (3.32)

Since the chosen initial condition falls outside the attracting segment we will make use
of (3.31) to determine another initial conditiay € By, leading to the same final limit
cycle. Choosindc = 0 we can readily find

Wo = [Wo] +2k—d=1.3¢ (W"w). (3.33)

If we now take into account the classification detailed in Table 3.1 we can conclude that
bothwgy andw;, will enter a limit cycle of period 4. It can be checked that this is in fact
the case in the upper panel of Fig. 3.8.

3.5 Dependence ow: Discontinuity location

The dependence of the system with respect to the parametith r fixed, or equiva-
lently ¢ fixed, exhibits a large variety of features. We describe the system in the chaotic
regime. First near the bifurcation poimt= 2, and next for highel.

3.5.1 Neah =2

In Fig. 3.9 we plot the bifurcation diagram as a functiorco€omputed withb = 2.01

andr = 4. Forc < 1 the trajectories, wander in two relatively large chaotic bands in
contrast with the extremely narrow ones tor 1. The upper panel in the figure gives
the Lyapunov exponent. It is everywhere positive, as it must be for a chaotic regime. As
a function ofc, its value changes suddenly at every band merging crisis observed in the
bifurcation diagram. To study the diagram with further detail we present in Fig. 3.10 —
3.12 magnifications of small areas in Fig. 3.9. The region with1, nearb = 2, has

<
0,004 -

Fig. 3.9 Bifurcation diagram (bottom panel) and Lyapunov exponent (upper panel) obtainedousing
2.01 andr = 4.

further interesting features. Thus, what in Fig. 3.9 appears as two dense chaotic bands
does have structure when minutely examined. Fig. 3.10 shows this feature for the up-
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per band. The grid structure in the bifurcation diagrams as a functior{af¢) fades
asc decreases. The Lyapunov exponent in the upper panels exhibits jumps associated
with chaotic bands merging crises. For 1, the bifurcation diagram in Fig. 3.10 ex-

1 1 1 1
0,96 1,00 1,04 1,08 1,12
C

Fig. 3.10 Bifurcation diagram (bottom panel) and Lyapunov exponent (upper panel) obtainedusing
2.01 andr = 4. This plot presents a zoom of Fig. 3.9. The inset in the upper panel allows to appreciate the
plateau in.

0,00554 | ’ ' ! '
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Fig. 3.11 Bifurcation diagram (bottom panel) and Lyapunov exponent (upper panel) obtainedusing
2.01 andr = 4. This plot presents a zoom of Figure 3.10 in the region located by the arrow. It exhibits
interior crises.

hibits further details after magnification. A zoom of the area indicated by the arrow is
given in Fig. 3.11 where a sudden variation of the size of the attractor is apparent. This
thin window is composed by twenty two chaotic narrow bands (only five in the zoom).
Furthermore, the crossing of Harter lines in Fig. 3.13 punctuate the start and end of the
shrunk chaotic bands. An unstable orbit exists inside the window, which is represented
by the dashed lines in the Fig. 3.13. Consequently, what we observe in Fig. 3.11 as a
shrinking and widening of the attractor corresponds, actually, to a pair of interior crisis
[19, 22, 43]. Moreover, further interior crises of various smaller sizes appear inside the
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window itself in a, possibly, self-similar way. For instance, in the leftmost part of this
bifurcation diagram (114 < ¢ < 1.1405) one can hint a crisis of the very same kind.

00092 -

- e
0.0090 - g 9630 0,9635 0,9640

Kiae

—
e e
B i, -

0,964 c 0,966 0,968

Fig. 3.12 Bifurcation diagram (bottom panel) and Lyapunov exponent (upper panel) obtainedusing
2.01 andr = 4. This plot presents a zoom of Fig. 3.10. The inset in the upper panel allows to appreciate
the plateau in\.
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Cc

1,144 1,145

Fig. 3.13 Detail of the first 350 Harter curves obtained uslmg 2.01 andr = 4. Dashed (red) lines
between crossings of harter curves correspond to unstable fixed points.

Fig. 3.12 corresponds to a zoom of the left and uppermost part of the bifurcation
diagram in Fig. 3.10. The Lyapunov exponent in the upper panel shows oscillations at
band merging crises and, once again, a plateau (only visible in the inset) at the crisis
located at M63< ¢ < 0.964. An explanation for the occurrenceoplateaus is deferred
to Section 3.5.3. Fot > 1 and close to the critical poifit= 2, the crises take place at
integer values of. This feature is illustrated in Fig. 3.14. The left panel shawas a
function of c for b = 2.01 and three different values of The right panel corresponds
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Fig. 3.14 Left panel: Lyapunov exponent as a functiorncdbr three values of. Right panel: Collapse
of the same three curves as a functiorf of

to the same data expressed in termg 0all three curves collapse onto a master curve.

Furthermore, the value of the Lyapunov exponent is invariant also in magnitude. This

property disappears for higher valuespfar from the critical point. All this buttresses

the existence of universality in the system near the transition order-to-chaos.
Bifurcation diagrams of the VGH system always collapse when expressed in terms

of zversusé. This is true even far frorb = 2, in contrast with the Lyapunov exponent

diagrams.

3.5.2 Far fromb =2

The lower panel of Fig. 3.15 gives a view of the bifurcation diagram wearl, with
r =4 andb = 2.1. The upper panel shows an enlargement of the region located by the
arrow below. This is again an instance of interior crisis. Concomitantly, the uppermost
panel shows the variation of the Lyapunov exponent. At variance with Fig. 3.10-3.12,
hereA exhibits neither jumps nor plateaus across the window where the attractor shrinks.
The reason is explained in the next subsection. In the bifurcation diagram of Fig. 3.16,
with b= 2.2 andr = 2, the band merging phenomenon is more involved than in Fig. 3.9.
The corresponding Lyapunov exponent, in the upper panel, exhibits large variations at
crises too. However, these do not take place any longer at integer valéies of

Eventually, in Fig. 3.17, where= 3, we observe that the Lyapunov exponent presents
a large plateau whereas in the corresponding bifurcation diagram no interior crisis oc-
curs. We have not found a justification for this case.

3.5.3 Interior crises and\ plateaus

A plausible explanation for the origin of plateaus occurring between interior crises
pairs reads as follows. According to our numerical simulations, the narrow windows
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0,07 -
0,06

Fig. 3.15 Bottom panel: Bifurcation diagram as a functiorcofvith b = 2.1 andr = 4. The arrow locates
the narrow window zoomed in the upper panel whieiis also shown.

0,16
o 0,12 i

0,08

0,04

Fig. 3.16 Bifurcation diagram and Lyapunov exponent as a function. dfhis particular plot was ob-
tained usind = 2.2 andr = 2. The system is not close to the critical pdint 2.

between interior crises of the VGH map resemble very much the so-called cycles of

chaotic intervals, where the trajectories jump in a cyclic way from one chaotic band to

another. Such a phenomenon occurs, for instance, in the logistic map [44] and is also

termed in the literature as cyclic chaotic attractor or cyclic chaotic bands [45].
Trajectories look quite regular and, if the limg= c in the bifurcation diagram does

not cross any of the thin bands inside the window, then the proportion of exterior points

(xn > ¢) remains almost constant. As a consequence of it and taking into account the
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Fig. 3.17 Bifurcation diagram and Lyapunov exponent as a functioq efith b = 3 andr = 2.

interpretation ofA for this map at the end of Section 3.2.2, the Lyapunov exponent gets
the plateau shape. Otherwigeyaries across the window, as in Figure 3.15.

3.5.4 Crisis-induced intermittency

Next we gather some results, obtained from numerical simulations, concerning the be-
havior of trajectories around interior crises.

We commence by pointing out that interior crises in the VGH map appear in pairs. As
the parametec increases through a star valogthe chaotic attractor suddenly shrinks
into thin chaotic bands. This is the first interior crisis. Then, there exists a second star
valuec; > ¢} where the set of thin bands suddenly widen and the attractor-at;
recovers its previous size. This is the second interior crisis of the pair. By contrast, in the
logistic map, a tangent bifurcation precedes always an interior crises [22].

For values oft slightly different than a star value, in the region where the attractor
widens € < ¢j,c 2 c5), the orbits spend long stretches in the region where the attractor is
confined between the two crises. Occasionally, the trajectories burst and visit the whole
attractor. This behavior, termed crisis-induced intermittency [22, 46], is illustrated in
Fig. 3.18. There, two orbits are plotted for slightly different valags- 0.8840 andt, =
0.8845, located at both sides of the star vattie= 0.88411175... The empty square
symbols stand for a trajectory in a regime where the attractor is still large. Intermittency
is clearly observed. The solid dots represent a trajectory in a regime with shrunk attractor.
It seems, at first glance, a period-8 orbit but the inset, which is a zoom of just one single
narrow band, allows us to illustrate its non-periodic character.

For fixedc, the statistics of the length of laminar stretches where the orbit stays con-
fined in the region of the shrunk attractor is well described by an exponential distribution,
provided|c— c*| is small, which yields a characteristic lengtfc). It has been shown
[46] that for a large class of dynamical systems which exhibit crises, the dependence
reads

T~|c—c*7. (3.34)
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Indeed, this is the case for the VGH map. We have built up the statisticasoé function
of |c— c*| for the case in Fig. 3.18. The results are given in Fig. 3.19. The linear fit in
log-log scales yields a determination of the critical exponggat:0.89+ 0.02.

: : : : : :
Sk [ [0 C=0.8840 @ C=0.8845 |

0 1000 2000 3000 4000
n

Fig. 3.18 Crisis-induced intermittency, with= 4 andb = 2.2. Two trajectories from both sides of the crit-
ical valuec* = 0.88411175.. are compared. Solid dots (red) correspond to a trajectoryewittd.8845,
where the attractor splits in narrow bands. Empty squares (black) correspoadt8840, namely in the
wider region of the attractor. The inset is a zoom of the points cloge<@.5 and allows to illustrate the
non-regular character of these trajectories.

|c-c”|

Fig. 3.19 Characteristic length versusc — c*| in log-log scales. Each dot was obtained from 100 initial

conditions and series of $@erates, withc* = 0.88411175p = 2.2 andr = 4. The slope of the linear fit
isy=—0.894+0.02.
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3.5.5 A numerical flaw

Version (3.8) of the map presents a worth mentioning numerical nuisance. Namely, for
some integer values &f> 2, computer generated trajectories collapse to an unstable pe-
riodic orbit after some iterations. A numerical artifact of similar nature has been studied
in[47, 48].

The dynamics for reat may be viewed as follows. For an initial poinf < &, every
iteration conveys a shift to the right by two units until the conditign> £ is fulfilled.

The second line in (3.8) may be read &1 —b)|z,| + 2} + (1 —b)(zy mod 1). Thus,

for integerb > 2 the quantity in brackets is an integer and hence, its successive iteration
conveys just a shift, as above. The key point is that, for finite machine precision, the last
term dramatically looses precision in each iteration for some particular integer values of
b> 2.

This effect may be understood on the basis of a generalization of the Bernoulli or
binary shift mapz,,1 = 2z, (mod 1). To this end, let us use the binary representation
of the numberz;mod 1. Multiplication in base 2 is very simple in some cases. For in-
stance, whenl — b| = 2¢ we get the binary representation of the produgzzmod 1)
simply by shiftingk — 1 places to the left every bit and (due to the finite precision of the
computer) adding simultaneoudly- 1 zeros to the right of the number. Henceforth this
number gets shifted by two units in every iteration till it reaches ¢ when the mod
operator acts again. This way, the piece in bracket is preserved as an integer under the
action of the floor function, whereas the terl{Z mod 1) looses significant digits be-
fore going through the loop again. Eventually it stops when, after a number of iterations,
2X(zy mod 1) = 0. At this point the iteration reduces to a periodic orbit with elements
located at integer numbers. The full output is then a set of limit cycles whose elements
are always integers. This misleading result is just consequence of the computer finite
precision.

3.6 Discussion and conclusions

We have revisited a one-dimensional population model, proposed as an instance of den-
sity dependent dynamics. The fitness paramleteontrols the onset of chaos. Values

b > 2 convey chaos. Otherwise the system is regular. On the critical pe#f the at-

tractor is made of an infinity of limit cycles that share a finite number of different periods.
Hence, the transition order-to-chaos takes place through three 3tEpste number of

limit cycles forb < 2; ii) Infinite number of limit cycles with finite number of different
periods atb = 2; andiii) Chaos forb > 2. We have named this transition bisecting bi-
furcation and we have given and exact description of the system at the bifurcation point
(b=2).

The described bisecting bifurcation is accompanied by border-collisions [24, 25, 28]
as can be seen in Fig. 3.5 and, more clearly, in Fig. 3.20. In the example described in
these figures, two of the three unstable fixed point¥ &) (for b > 2) collide with
discontinuities of the map whdn= 2 and cease to exist ftwr< 2. The third fixed point
does not collide with a border and becomes a stable fixed point of the mapf@r

An attempt to classify the phenomenology of border-collision bifurcations in one-
dimensional discontinuous maps can be found in [30]. The classification for continu-
ous maps is studied in [29]. Both classifications are based on the linearization of the
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Fig. 3.20 lllustration of border-collisions fov?(x). The thick black lines correspond to the position of
the borders o¥/2(x) (r = 2, ¢ = 1) as a function ob. The vertical dotted line locates the bifurcation. The

dashed curves stand for the position of the fixed pointé%gk). Forb > 2 there are three unstable fixed
points. Wherb = 2 two of these fixed points collide with the borders and cease to exist whereas the third
one becomes stable for< 2.

map around the collision point both in phase space and parameter space. However, the
bisecting bifurcation presented here corresponds to one of the critical cases explicitly
excluded from the classification where the linearization of the map provides no insight
on the actual bifurcation phenomena. For example, if we linearize the map around the
border-collision point of the first unstable fixed point, we get the 1-D normal form map
[29]

_ Jax+pu,x<0,
Gi(x) = {BX-!—M, x>0, (3.35)
with parametersr = —1, B = 1, which fall on one of the frontiers of the classifica-

tion (see Appendix A for further detail). In our opinion, this sheds some light on this
particular type of border-collisions by studying the dynamics around the bifurcation.

In this study we have restricted our attention to the VGH map but what we have
called bisecting bifurcations are present in other continuous and discontinuous piece-
wise smooth maps. However, to the best of our knowledge, they have very often gone
unnoticed in the literature. In the continuous case, bisecting bifurcations can be observed
in maps such as the skew tent map [49] or the map describing the dynamics of the boost
converter [29]. In particular, in [50] a continuous piecewise smooth map introduced as a
model of economic growth [51] is studied and the values of the parameters for which a
bisecting bifurcation takes place are identified. Discontinuous maps candidates to show
bisecting bifurcations can be found in [52, 53]. Our numerical experiments have shown
this is in fact the case. Moreover, the map studied in [52] shows coexistence of different
periods in the set of neutrally stable limit cycles with a structure very similar to the one
described in this paper for the VGH map.






Chapter 4
A two-dimensional case study: The Lozi map

4.1 Introduction

In 1978, Lozi introduced in a short note [54] a two-dimensional map the equations and
attractors of which resemble those of the celebrated Henon map [55]. Simply, a quadratic
term in the latter is replaced by a piecewise linear contribution in the former. This allows
one to rigorously prove the chaotic character of some attractors [56] and a detailed anal-
ysis of their basins of attraction [57]. The equations for the iterated Lozi nfrfy)

read

Xnr1 = 1+ Yn—alXa| = f(Xn,¥n)
Ynt1 = bX% = 9(Xn, ¥n), (4.1)

wherea, b are real non-vanishing parameters. Inside the region where the orbits remain
bounded, the Lozi map may present both regular and chaotic behavior.

In this chapter we will show that the Lozi map also exhibits bisecting bifurcations. As
a function of the parameters the transit may take place from regular to regular as well as
to chaotic regimes.

As we have seen in the previous chapter, in one-dimensional maps this kind of tran-
sitions happens whenever a piece of an iterate of the map becomes co-linear with the
bisectrix in the cobweb for a particular parameter value. We will extend this explanation
to maps in two dimensions and further discuss its connection with the theory of border
collisions, which is commonly used to analyse this kind of maps [24, 27, 58].

4.2 Dynamics of the Lozi map: isolated attractors and stability

It is customary to start the study of a dynamical system with a catalogue of its fixed
points, periodic attractors and so on, paying special attention to their stability and evo-
lution with the system parameters. We start by collecting some of these features for the
Lozi map.

For stability considerations we need the Jacobian matrix(afy) which reads

Ixy) = (_asi?”(") é) . (4.2)

Notice thatJ(x,y) depends on the point of the orbit only through gign Accordingly,
we denote its values ds = J(x > 0,y) andJ_ = J(x < 0,y). Furthermore, since dét =

45
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—b, we will only consider maps wittb| < 1, in order to have non-expanding systems.
In particular, the maps with = +1 are area-preserving.

It is a simple exercise to see that fdii < 1 the Lozi map has no fixed points if
a<b-—1.IthasP; as the unique fixed pointdf— 1 < a < 1— b, and gains an additional
fixed point,P,, if a> 1—Db, with

1 b 1 b
Pia,b) = <1+a—b’ 1+a—b) Po(a,b) = <1—a— b’l-a- b)' (43)
Furthermorel(P,) = J., J(P,) = J_. Therefore, onlyP; can be stable and this happens
for systems with parameter valu@sa) inside the triangle with verticg4,0), (—1,2), (-1, —2)
in parameter space.
As for isolated cycles of period@l = 2, it is easy to see that they exist, if we keep
|b| < 1, fora> 1—b. Their elements aréz;,bz) and(z,bz), with

,__1-bia ,__1-b-a
1T 1-b2+a2 P (1-b2ta?

They are stable for parameter valybsa) inside the triangle with vertice®, 1), (1,0), (1,2)
in parameter space.

The analysis so far is standard and may be pursued for more complicated attractors.
We have recalled the previous facts just to better understand the bifurcations which will
be studied in the next section.

(4.4)

4.3 Bisecting bifurcations and attracting sets

The fixed points and cycles mentioned above are isolated points in phase space. How-
ever, for particular values of the parametarandb we can also find continuum sets

of periodic points which act as attractors for certain regions of phase space. These can
mediate bisecting bifurcations as we have described in the previous chapter for the one-
dimensional VGH map. Here, we will follow the algebraic approach we described there
to locate the values andb that give rise to infinite sets of limit cycles. We solve first the
cases of periods two and four which we think illustrate sufficiently the procedure. After
that, we completely determine the elements of the cycles. Period three and five are then
analyzed in the same way and shown to produce a different pattern. The stability of the
cycles is also resolved. Higher order periodic attractors could be studied along the same
line but the algebra becomes more involved.

4.3.1 Continuum of period-2 attractors

Let {(x1,¥1), (X2,¥2)} be a period-2 cycle of the Lozi map. Next, instead of (4.1) we
use the equivalent second order difference equation

Xnr1 = 1—aXn| +bX_1, (4.5)

with the obvious corresponding change in the initialization of the iteration. The period-
icity condition for this system conveys
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Xp = 1—a|x1| + bxp, (4.6)
Xp=1— a|X2| +bx. 4.7)

The corresponding-2cycles of the Lozi map will be (x1,bx), (x2,bxq) }.

When the system of equations above is compatible but indeterminate then there exists
an infinity of solutions and hence of perie@ cycles. From an algebraic point of view
this means that the coefficient and the augmented matrices must both have rank one:

asignixy) 1-b
1-b asignix)

asignxy) 1-b 1

’ =0, rank< 1-b  asign) 1) =1, (4.8)

which yield the constrainta > 0, and eitheb+a= 1 orb—a= 1. Correspondingly
there are two one-parameter families ef@cles inR?, {S;, S} and{Uy,U,} with

S =(xb(l-ax)/a), S =((1—-ax)/abx), (0<x<l/ab=1-a) (4.9)

Ui = (x,—b(1+ax)/a), U= (—(14ax)/abx), (—1l/a<x<0,b=1+a).
(4.10)
For the S—family we haveJ($;)J(S) = J?, whose eigenvalues ar@? + 2b +
|a]v/aZ 4 4b) /2. In the critical casea+ b = 1, they reduce to the values 1 afid— a)?,
and hence these orbits are neutrally stable far®< 2.
For theU —family we havel(U;)J(U,) = J2, whose eigenvalues in the critical case,
b—a=1,are1andl+a)?> 1, witha> 0. Therefore these orbits are unstable.

4.3.2 Continuum of period-4 attractors

The search of sets of peried orbits yields the following results. First, the constraints on
the parameters aee=1+b,and O< b < 1, 1< a< 2, for the rank of the corresponding
matrices to be equal to three, allowing in this way the existence of a one-parameter
family of solutions. Second, ifx;,y;) denotes the cycle elements, wits 1,...,4, then

X1 =Hu+20B, xp=p—(b-1)B, x3=-U, X4=—-pu+(b+1)B, (4.11)
Yi=Dbxy, Ya=bx, yz=bxy, ys=Dbx, (4.12)

where we have used the real parameter @ < 1 and the definitio8 = 1/(1+ b?).

One can readily deduce from the expression of the cycle elements (4.11) that the
X—components are alternatively positive and negative. Therefore the corresponding Ja-
cobian matrix reads simpli, J_ )2, whose eigenvalues are 1 afid- a)* in the critical
case. Hence, these peried orbits are neutrally stable and their union acts as an attrac-
tor.

4.3.3 Period-3 attractors

Following the same algebraic procedure as in the preceding subsections, we have deter-
mined that an infinite set of cycles of three elements exists ordy=fl andb = —1.
However, in this case the rank of the corresponding coefficient and augmented matrices
is equal to one and, as a consequence of it, we get a continuum of solutions depending
on two parameters.
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Fig. 4.1 Attractor of the systera= 1,b = —1. Black and gray regions stand for chaotic trajectories. The
white areas contain only periodic orbits with neutral stability. In particular, the innermost triangle with
right angle vertex at0,0) contains only period 3 trajectories.

A phase portrait which includes the perie8 orbits is shown in Fig. 4.1. Orbits of
period-3 fill completely the white triangle at the center of Fig. 4.1, with right angle
vertex at(0,0). The acute angle vertices are locatedla0) and (0,1). The elements
of the cycle are given byé,—n), (1—-& —n,—&) and(n,—1+¢& +n), in terms of
the parameters @ ¢,n < 1. The remaining white areas correspond to regular orbits of
higher periods. Finally, the black and grey areas stand for chaotic trajectories.

The two eigenvalues of the Jacobian matrik §f(x, y) evaluated on the orbit elements
are equal to one, which stands for double neutral stability. Hence, the set of orbits of
period-3 is two-dimensional in phase space, at variance with per2ognd—4, and is
embedded into the sea of chaotic trajectories.

4.3.4 Period-5 attractors

The situation with period5 attractors is similar to the one with peried. We have
found two two-parameter sets of orbits with neutral stability. They emerge twhenl

and eithea = (1+ v/5)/2 = ¢ (the golden ratio) oa = (1—1/5)/2. Table 4.1 collects
the element$x;,y; }, withi =1, ...,5, of the orbit. We use the notatign= (v/5—1)/2=
@—1=1/¢. The two parametersandv which define the family of period5 orbits vary

in the pentagon of verticel ¢2,0), (¢,0), (¢2, $2),(0,¢),(0,¢$?)} in parameter space,
provideda = ¢@. Else, ifa= —¢, the two parameters vary in the pentagon of vertices
{(0,0),(1,0),(9,1),(1,9),(0,1)}. As far as stability is concerned, a direct calculation
shows that the Jacobian matrixlof (x,y) for the parameter values just quoted is indeed
the unit matrix which means double neutral stability.
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a | 1 2 3 4 5
Xi l—@gv—u—¢+@lu+v) I1—@u—v u v
Vi -V @wv+u—1 ¢—@u+v) pu+v—1—u
—¢ Xil+pv—u ¢—¢(u+v) 1+du—v u %

Vi -V u—¢v—1 ¢(ut+v)—ev—pu—1—u

Table 4.1 Elements of the period5 orbits {x,yi}, (i = 1,...,5). The upper block entry is
for a = ¢@. The real parametersiv take values inside and on the pentagon of vertices
{(¢2,0),(9,0),(¢2,¢2),(0,¢),(0,¢2)} of parameter space. The lower block entry is o= —¢ and

the parameters are inside and on the pentagon of vefti€e8), (1,0), (¢,1),(1,9),(0,1)} in parameter
space. In both cases itlis= —1. All the orbits elements stay in the first quadrant of phase plane.

4.3.5 Bifurcation diagrams

In the Lozi map, when enough initial conditions are considered for the numerical sim-
ulation, the continua of 2 and 4-cycles discussed above may act as an attractor and
show up also as a vertical line in the bifurcation diagram. This is clearly seen in Fig. 4.2
for fixedb = 0.1. To construct this diagram especial care has been payed to sweep a large
number of initial conditions. For every trajectory a large enough transient is discarded.
Also, if a component increases beyond a given threshold the trajectory is considered as
unbounded. Fig. 4.2 exhibits a bifurcation from periddto period-2 ata = 0.9 and
another one from peried2 to chaos aa = 1.1. This numerically obtained diagram il-
lustrates clearly that these two bifurcations are mediated by the attractors described in
sections 4.3.1 and 4.3.2 respectively. A further feature of Fig. 4.2 is that in the approx-
imate intervals 11 < a < 1.237 and 1237 < a < 1.406, the trajectories jumps between

the chaotic bands in a cyclic manner, with periods 4 and 2 respectively.

1,0
0,5

< 0,0

05}
- b=0.1

& - : : :
%,8 10 1,2 14 16 1.8
a

Fig. 4.2 Bifurcation diagram fob = 0.1. Notice that the bisecting bifurcations take placa at1+b.

Similarly, in Fig. 4.3, here for fixed = 1.5, two bifurcations occur &= +0.5, again
mediated by the same mechanism. The system is chaotic#dd.1 anda > 1.1 in Fig.
4.2, anda=15,-0.5< b < 0.5in Fig. 4.3. Similarly to the VGH map, these vertical
segments of infinite sets of periodic orbits are produced by bisecting bifurcations. Even-
tually, cyclic jumping between the chaotic bands of the diagram takes place with period
2 and 4 to the left and right of the figure, respectively.
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Fig. 4.3 Bifurcation diagram foa= 1.5. Notice that the bisecting bifurcations take plackat+(a—1).

0.5 1

T o

Fig. 4.4 Behaviour of the Lozi map in parameter space. White areas correspond to unbounded trajectories.
The bisecting bifurcations take place at the red straight lmes]1 + b. This diagram does not exhaust all
the possible attractors the Lozi map may exhibit.

We gather the information discussed so far in Fig. 4.4 where the behavior of the Lozi
map in different regions of the parameter space is indicated. Trajectorigs forl are
unbounded. Numerical simulations indicate this is also the case for the northern and
southern parts of the diagram. The identification of the chaotic area has been done by
computing numerically the Lyapunov exponents [20], thus the upper border of chaos is
approximate. The numerical algorithm is explained in E. The borders of their stability
region will be analysed in detail later on. The diagram by no means exhausts the variety
of behaviors the trajectories of the Lozi map may develop [59].

4.4 A geometrical explanation for the bisecting bifurcations in the Lozi map

In the previous chapter, a geometrical explanation for the bisecting bifurcations in piece-
wise one-dimensional maps is provided. Here we develop a generalization for the two-
dimensional Lozi map, albeit graphical illustration is more involved. Fig. 4.5 represents
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the surfacef4(x,y) and allows us to appreciate how the simple shap&(xfy) in (4.1)
gets convoluted after iteration.

Notice that for the Lozi map, the existence of a bisecting bifurcation in the varable
implies its presence in the variableand viceversa. This is due to the fact thha just a
one iteration delayed and re-scaled versiom.dfhis observation will render easier the
design and interpretation of some three dimensional diagrams.

f4fx,y]'5
-1

Fig. 4.5 Surface defined by the iteraté(x,y) in the definition of the Lozi map, wita= 1.5 andb = 0.5.

From an algebraic point of view, we will find an infinity of periadimit cycles if

f(xy)=x g'xy) =Y, (4.13)

for some range ofx,y) values, as illustrated far= 2 to 5 in section 4.2. Clearly, this

is the condition of fixed point extended to a continuous set of points in phase space.
Furthermore, this is only a necessary condition for the observation of the infinity of limit
cycles since its stability is not assured by it.

In one-dimensional maps it is a common practice to construct and study trajectories
using the cobweb diagram. In a two-dimensional generalization we can vistidlizg)
andg"(x,y) as surfaces to which a poipt= (xm,ym) of the phase plane is projected
upward in order to find the newn1 = f"(Xm, Ym) @andym1 = 9" (Xm, ym) Oon the vertical
axis. This procedure is illustrated in Fig. 4.6 for the particular cesel. The horizontal
plane stands there for the phase plane. The vertical axis is common for both surfaces
f"(x,y) andg"(x,y), which have been sketched only partially. Using the cobweb diagram
technique, the values,.1 andyn, 1 are sent back to the phase plane. Thus, the value
Xm+1 is first projected toward the bisectrix lif€(x,0) = x and then down to the-axis.
Similarly, ym.1 is first projected toward the bisectrg®(0,y) = y and then down to the
y-axis. This gives the poi = (Xm+1,Ym+1) ON the phase plane of Fig. 4.6.

Let us now interpret condition (4.13) in geometrical terms. The presence in a two-
dimensional map of a bifurcation mediated by an infinite set of neutrally stable cycles
implies the existence of a segment, or set of segments, in the phase plane whose projec-
tions upward on the surfacd$(x,y) andg"(x,y) are contained in the bisecting planes
f(x,y) = xandg"(x,y) =y respectively.

In the case of the Lozi mag,andg allow explicit solutions for condition (4.13) to be
found, at least for low values of Next we focus on the particular case of the bifurcation
occurring ata = 1 — b with a > 0. In this case the limit cycles at the bifurcation point
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Fig. 4.6 Example of two-dimensional cobweb diagram for the Lozi map-(0.6, b = 0.3). The point

p € R? is projected to the surfacd$x,y) andg(x,y) and these projections are brought back dowR%o
by means of reflections in the bisectfixx,0) = x andg(0,y) =y in order to find the new poirg. For the
sake of clarity only one small region of each surface is shown.

are all period-2 cycles, i.e. fixed points df?(x,y). In Fig. 4.7 we have represented the
surfacef?(x,y) and the generalized cobweb procedure described above. For the sake
of clarity, any analogous representation concermjfig, y) has been omitted. The plot

has been generated for= 0.1 anda = 0.9. Any initial condition(Xp,Yo) lands, after a
certain transient, on the segment b(1—ax)/awith 0 < x < 1/a(red line in Fig. 4.7).

Every point of this segment is a fixed point lof(x,y). When projected to the surface
f2(x,y) they graze the bisector plarié(x,y) = x and then come back to their position

in the phase plane. Since this segment is invariant under the transforrotioy), any

point in the segment is an element of a peri@dcycle ofL(x,y).

In summary, from a three-dimensional geometrical perspective, we will find an infinite
set of limit cycles of perioah from the Lozi map when the projections on the phase plane
of the two curves produced by the intersections of i) the surfd¢e y) and the bisector
planez = x, and ii) the surfacg"(x,y) and the bisector plare=y, overlap in a certain
range of the variablesy. Whenever the intersection is not a linear segment but an area,
the system has double neutrally stable orbits, which is the case of the p8raoyal—5
orbits we have studied.

4.5 Bifurcations and phase space

In this section we discuss the appearance of the bisecting bifurcations in connection with
the changes in the stability of other attractors. This will further clarify the meaning of the
vertical segments in bifurcation diagrams like the ones in Fig. 4.2 and 4.3. To be specific
we fix b= 0.5 and plot in Fig. 4.8 twenty regular attractors in phase space corresponding
to parameter values= 0.1n,n=1,2, ..., 20.

The diagram allows us to appreciate how the fixed point attractor evolves with in-
creasingaforn=1,...,4. Ata=1—b= 0.5, i.e.n=5, the first bisecting bifurcation
takes place. Observe that this is precisely where the neutrally stable fixedPp@iri)
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0.15

Fig. 4.7 Cobweb diagram for the 2nd iterate of the Lozi map whith- 0.1 anda = 1— b. Only the
f2(x,y) surface is shown. The cobweb trajectories (blue) of two different initial conditiens 0.3,0.7
andyp = b(1—Xo)/a) have been represented.

in (4.3) changes to be unstable. We note in passing that this type of behavior sounds
familiar from the analysis of elementary systems. For example, in the most conventional
period-doubling cascade that would mean the birth of a periodttractor. Here some-
thing of this sort is also observed becausecfcles exist to the right ch = 0.5. The
difference is that the transition is mediated by a continuum of neutrally stable cycles of
period—-2 which fill up the segment in the figure.

Fig. 4.8 Superposition of twenty attractors illustrating border collisiobs= 0.5 anda = 0.1n with
n=12,...,20. Period-2 and period-4 attractors associated to neutrally stable orlzits 0.5 and 15)
correspond to the segments (solid pattern). In between, stable pé&riadit cycles. The dashed lines
stand for the borders at the bifurcation values (as a matter of fact, the botd@ris invariant). The
circles stand for a periedd4 unstable orbit plotted for the valuas= 0.1n, n = 16,...,20 which collides
with the borders at the bifurcation.
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When we go on with increasingthe system is periodic with stable peried cycles.
These have been represented in the figure for nine valuasr@dmelyn = 6,...,14.

Then, aa=1+b= 1.5, the second bisecting bifurcation takes place. Again these param-
eters values punctuate the transition from stable to unstable for the 2-cycles mentioned
in section 4.2. The two segments of the attractor are now built up by neutrally stable
cycles of period-4, and they are apparent in Fig. 4.8. Valaes 1.5 convey chaos (not
shown) with unstable cycles in ihE& 16, . .., 20).

The case considered illustrates, for fixednd varyinga, how the Lozi map follows
a route to chaos in three steps separated by two bifurcations characterized by the coexis-
tence of a continuum of cycles with period 2 and 4 respectively. This corresponds in Fig.
4.4 to araising vertical trajectory in parameter space. As a matter of fact this figure con-
tains information on the whole family of bifurcation diagrams like the ones in Fig. 4.2
and 4.3 which stem from, respectively, vertical or horizontal displacements in parameter
space. Accordingly, a variety of transitions are possible: fixed point to chaos, periodic
cycle to chaos or fixed point to periodic cycle. We emphasize the role the bisecting bi-
furcations play in mediating these transitions.

Since piecewise continuous maps are usually analyzed in terms of border collisions
[27, 58], it is in order to discuss the connection of the bisecting bifurcations with that
scheme. In the particular case of the Lozi map, the described pe2iadd period-4 at-
tractors involving neutrally stable cycles may be seen as border collisions too. To see how
this comes about we propose to look again at Fig. 4.8 but going in the reverse direction.
Starting with systems with = 2 and progressively decreasing its valne<20,...,16),
one finds unstable peried} orbits represented by circles. Foe= 1.5 these cycles col-
lide with the borders, namely the discontinuitiesl_t{ﬁ(x,y) (dashed lines), originating
the two segments made of an infinite set of neutrally stable cycles of petioéf-
ter the collision, further decrease afgives then rise to stable perie@ attractors for
a< 1+b=1.5. Following the way down, the 2-cycle collides, for=1—b = 0.5, with
the discontinuities of [ (x,y) and we see a sudden and ephemeral segment of p&tiod
neutrally stable cycles. Finally, far< 0.5 we find the stable fixed poinE. Notice that
in these collisions the location of the borders depends ercept the one at= 0 which
is fixed.

As regards the chaotic regime, two examples of attractors appear in Fig. 4.9 intended
to be complementary of Fig. 4.8. The upper panel isafer1.55 and shows an incipient
zigzagged structure in phase space as the result of the destruction of the regular attractor
a=1.5inFig. 4.8. In the bottom panel, with= 1.7, the strange attractor is apparent. It
corresponds to the figure in the original reference [54]. Vhishaped structure seems
to be the prototype of chaotic attractor wjti < 1. Points in the dotted pattern originate
unbounded orbits.

So far in this section we have considerd < 1. As has already been mentioned,
systems with|b| = 1 are area-preserving and their attractors offer a large variety of
structures. Fig. 4.1 is an instance of it. The system with1,b = —1, contains doubly
neutrally stable period3 orbits embedded in chaos. In this regard, Fig. 4.10 illustrates
that this situation corresponds also to a border collision. It shows the evolutiorawith
of six different fixed points of_[3](x,y) (curves coded as dashed and dot-dashed lines).
The remaining lines in the plot stand for borders. The collisions between fixed points
and borders a = 1 are clearly observed.

The phase space shown in Fig. 4.1 exhibits a mixed structure of periodic an chaotic
trajectories clusters. The complexity of the phase space is genetal forl, even for
non critical cases as= 1. Fig. 4.11 shows the phase space, at the same scale as Fig. 4.1,
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Fig. 4.9 Two strange attractors of the Lozi map for the valaesdb specified in the panels. Scales are
the same as in Fig. 4.8 what allows to appreciate how the regular attract@ wittb in Fig. 4.8 becomes
strange as increases.
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Fig. 4.10 Period—3 border collision in the Lozi map, illustrated as a sequence of snapshots in phase
space. The solid ling = 0 stands for a border of the map, which is independerat dthe dotted lines
represent further borders of the mapat 1,b = —1. For other values & # 1 these lines wander across

the plot. The dashed and dot-dashed lines stand for the evolution of two different orbits of{®asthe

value ofavaries in the intervdll, 3]. The border collision takes place at the bifurcation vahies—b = 1.

of the neighbouring system= 0.9,b = —1. Fig. 4.12 shows the intricate phase space
structure in a larger scale. It is worth noticing that for conservative systgins: (1)
trajectories fill up densely any window in phase space Thus, to obtain these kind of
plots, one has to chose not only a large enough transient but also an adequate number of
initial conditions and iterates to be plotted. Otherwise, the plot will hardly reveal inner
structures.
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Fig. 4.11 Phase space of the Lozi map for the valaes 0.9 andb = —1. Notice that the scales are the
same as in Fig. 4.1.

Fig. 4.12 Phase space of the Lozi map for the valaes 0.9 andb = —1.

4.6 Final comments

In this last section we mention some works related to the Lozi map which have some
bearing with our results.

An interesting study of the dynamics of a Henon—-Lozi—type map is carried out in [60].
The authors introduce@! smooth map which depends on a parametén the limite —
0 their map becomes the Lozi map, and they study which properties are preserved after
the limiting procedure. In particular, they point out the interesting result that whereas the
smooth Lozi—like map presents a period—doubling route to chaos, the genuine Lozi map
does not. This observation buttresses the interpretation advanced in the previous section.
Instead of the common infinite sequence of successive period duplications, here we can
observe a transition either from period 1 to 2iar 1, or none fob < 1, before entering
the chaotic regime with the distinctive feature that at the bifurcation points there is an
infinite set of neutrally stable cycles filling a segment, or a sector, in the phase plane.
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The theory of border-collision bifurcations provides a classification and a description
of the bifurcations caused by the collision of fixed points with boundaries in piecewise
maps. This classification is based on the linearized version of the map around the col-
lision point, usually called thborder-collision normal form mafb8]. However, when
the normal form is written for the border collisions present in the Lozi map some of the
non-degeneracy conditions assumed in the classification theorems do not apply [24]. In
particular, the requirements related to the non-singularity of the coefficient matrices of
the normal form map are not fulfilled. We refer to appendix A for further mathematical
details.

Important explicit results concerning systems with stable periodic orbits embedded
in chaos have been reported in the literature. In particular, two works [61, 62] study in
depth the area-preserving parameter-free maps

Xnr1 = 1—Yn=E|Xn|, Yn+1 = Xn, (4.14)

The former corresponds to the plus sign above and the latter to the minus sign, which
is introduced because some calculations are considerably shorter. These two maps are,
except for a reflection transformatiop-& —y), Lozi maps witha= +1,b = 1. In [62]

an infinite set of period3 cycles, as the lowest period, are found embedded in a sea
of chaos. They are essentially the ones we have reported in section 4.3.3. In [61] the
analogue set is for orbits of peried. In both cases further infinite sets of higher periods

are studied too.

In this chapter we have revisited the two-dimensional Lozi map with the purpose of
showing that it presents what we have called bisecting bifurcations: those which are me-
diated by an infinite set of neutrally stable periodic orbits. We have determined explicitly
the location of some of them as well as their cycle elements. We have also provided an
explanation for their existence in both algebraic and geometric terms. We think that par-
ticular analyses, like the one we have carried out for the Lozi map, may help to enhance
our knowledge about the dynamics of piecewise continuous maps.






Appendix A
Bisecting bifurcations and Border-Collision bifurcations

We study in detail the relation between the bisecting bifurcations described for the VGH
and Lozi maps and border-collision bifurcations. We show how these represent special
cases not considered in the current Border-Collision bifurcation classification schemes.

Similarly to the classification of bifurcations for continuous maps (see Introduction),
the classification of border-collision bifurcations starts by linearizing the map around the
collision point. The piecewise affine approximation of the map in the neighbourhood of
the border is called the normal form map.

For one-dimenasional piecewise smooth continuous maps the normal form is given by
[29]

ax+u, x<0

o p) = {bx—i— g, x>0 (A1)

where the parameters have been defined such that the border collision occurs when
u = 0. The different bifurcations are classified in terms of the paramatainslb. How-

ever, the current classifications leave out the caaef| = 1, which as we shall see
correspond to the bisecting bifurcations of the VGH map. For one-dimensional discon-
tinuous maps a similar classification scheme is given in [30].

For n-dimensional maps, the classification is based also on the linear approximation
of the map around the collision. We reproduce here the process explained in [24] for the
obtention of the normal form in the particular case 2.

Suppose that, in a neighbourho@dc R? of the border, the map is given by

= { Bt ) < wa

whereF : R2x R — R?,i =1,2,H : R? —» R, andx € R?. We can define the boundary
as the smooth curve given by

S:={X€Z:H(x;u) =0} (A.3)
We assume the map is continuous across the boundary so
Fiix; u) =R(x;u) Wxe 2. (A.4)

Suppose now that a border-collision occurs fioe= u* atx = x* € 2, and that the Ja-
cobian matrices at each side of the border are not singular and hence, that a piecewise
linear approximation can be obtained. We start by making a change of variable

59
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X —X*, (A.5)

T
I

in order to find the border-collision gt = 0,% = 0. To simplify the notation we drop
the tildes in the following. Therefore, the map in the new variables, expanded around the
collision point reads

905 = { N g - Nl ) CrrDp 0 D
where
N=IT (A8)
M=o, (A.9)
cT = ‘;_2, (A.10)
D— ‘;_2, (A.11)

all evaluated ax = 0, u = 0. Neglecting the higher-order terms and assuming the bound-
ary does not depend gn we can write the normal form as

Nix+Mpu, C'x <0,

Nox+Mp, CTx >0 (A-12)

Ga(X; 1) = {
Note that continuity fou # 0 impliesM1 = M2 = M. From this normal form, a classifi-
cation theorem (see [24] and references therein) is proposed in terms of the eigenvalues
and characteristic polynomials df andN,. However, for this theorem to apply, cer-
tain assumptions must hold. In particular, the matrides N;) and (I — Nz) must be
non-singular. As we shall see, in the bisecting bifurcations of the Lozi map, one of these
matrices proves to be singular and thus we cannot apply the classification theorem.

A.1 Border-Collision bifurcations in the VGH map

Let us start with the linear version of the VGH map in the continuous case

_Jz+2, z<0,
f(2) = { (1-b)z+2,2>0 (A.13)
We know that ab = 2, unstable fixed points of the second iterate of the map suffer a
border-Collision bifurcation. The second iterate reads

z+-4, z< -2,
2, ) (1=b)z+2(2-b), —2<z<0,
f9(z) = (1-b)?z+2(2—-b),0< z< p2, (A.14)

(1—b)z+4, z> 4
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Whenb = 2, the border collisions occur at= 0 andz = 2. We will focus in the first one.
To obtain the map in the normal for@, we start by changing coordinates

7=27-0, (A.15)
b=b-2. (A.16)

Taking only the pieces of the second iterate around the border of interest, we obtain the
map

o(2) = {—(b+1)z—2b,z§ 0, (A17)

(b+1)2z—2b, z>0,
The collision now takes place at= 0,b = 0. Taking the linear approximatio around this
point we obtain
) —z+u,z<0,
G(2) = {2+u, 220 (A.18)

with u = —2b, which corresponds to the normal form wah= —1,b = 1. As we have
seen, these values fall out of the current classification of Border-Collision bifurcations
of one-dimensional piecewise maps.

A.2 Border-Collision bifurcations in the Lozi map

As in the VGH map case, we will study the border collision of a fixed point of the second
iterate of the map

L?(x,y;a,b) = (1—al1—alx| +y| +bx b(1—alx| +Y)) (A.19)
which we can write as

v [Fxy) = (1—a(l+ax+y)+bxb(1l+ax+y)),x <0,
f(xy:a.b) = { F(xy) = (1—a(1—axty) + bxb(1_axty) x>0, A20)

We can check that this map is in fact continuous across the boudasy{(x,y) €
R?/x = 0}. We know that a border collision occurs faf = 1 — b at (x*,y*) = (0,2)
We therefore change coordinates to

X=x-0, (A.21)
N b

y=y-3 (A.22)
d=a—(1—b), (A.23)

and obtain the new map

vom  [FRY) =(1—(A+ (1-Db))(1+A)+b% b(1+A)),£<0,
f(x’y’a>_{F;(f(,y):(l—(é—i—(l— )(1-A)+bRb(1-A), x>0, A&
where b
A= (A+(1—b)K+ ¥+ b (A.25)

For this new map, the border-collision bifurcation takes place-af = 4 = 0. Dropping
the tildes and expanding around this point as explained before, we get the map
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Ny () +Ma, x<0,
Ga(x,y;a) = ’ (A.26)
Ny +Ma, x>0,
y
where
_[(—(1-b)®+b (1-b)
N1 = ( b(1—b) b , (A.27)
_((1-b)2+b —(1-b)
Ny = ( b(1-b) b , (A.28)
-1
M = ( b 2) . (A.29)
—(=p)
It is straightforward to check that
[l —N2| =0, (A.30)

and therefore we cannot apply the classification theorem for the Border-Collision bifur-
cation of the Lozi map.



Appendix B
Lyapunov exponents fom-dimensional maps

The estimation of the average Lyapunov exponent for one-dimensional maps is fairly
simple as explained in the introduction. For n-dimensional maps, the process is more
involved. To calculate the Lyapunov exponents for the two-dimensional Lozi map we
followed the approach described in [20] (see also [22]). For the sake of completeness, we
will detail the calculation algorithm in this appendix. Other algorithms for the numerical
estimation of Lyapunov exponents of maps and flows can be found in [63].

Let’s start by assuming is a mapf : R™ — R™ andvgp € R™ is the initial condition
of an orbit. We defindJ as a unit sphere iiR™ centered invg. Nearvg we can make
use of the linear approximation of the map to study how the unit sphesedeformed
under the action of the map. J{vo) is the jacobian matrix of the map(vo)U will be
the ellipsoid resulting of applying the map once. In general, aftiéerations we will
have an ellipsoidiy(vo)U with m orthogonal axis of longitudes) (k= 1,...,mand
rf>rh > >rp).

Thekth Lyapunov number of is defined as

1

Lk = lim (r)n, (B.1)

n—o

and thekth Lyapunov exponent is just
Ak = InLy, (B.2)

With A1 > A2 > -+ > A

As in the simpler case of one-dimensional maps described in the introduction, the
largest Lyapunov exponent of a chaotic orbit is positive. To compute numerically the
Lyapunov exponent we make use of the chain rule to follow the growth of the ellipsoid

JU = J(Vn_l)J(Vn_z) .. .J(Vo)U. (B.3)

We start with an orthonormal bagi/, ..., w9} of R™which stands for then orthog-
onal radius of the unit spheté¢. We can now compute a new set of vectafs.. ., znm
as

Z1 = J(vo)wg,

Zm = J(Vo)WQ,

63
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These vectors lie in the new ellipsaidvo)U but are not necessarily orthogonal. To
find an orthogonal basis spanning the same volundé\agU we make use of the Gram-
Schmidt orthogonalization procedure

Y1 = 21, 20y
2°Y1
yzzzz—ww, -
‘Y1 *y2
Vs = 23— iV Y2
Zm-Y1 Zm Ym-1
Ym = m= ||y1ﬁ2 LT ||ym{1||2y”“1’

wherellyi|| = /¥i Vi is the euclidian norm of the vector.

To avoid too large or too small numbers we normalize this basis to get again an or-
thonormal basigwi,...,wl} and we save the nornigyi|| of the vectors since they
measure the rate of growth in directiofor this iteration. Aftem iterations the quantity

A~ In|yf'] + -+ Inflyf ]
n

(B.4)

is a good estimate of théh largest Lyapunov exponent.

A graphical scheme of the algorithm for a two-dimensional map such as the Lozi map
is shown in figure B.1.

+ Gram-Schmidt ‘\‘
\

\ 7
¥ Pad J (VJ) ‘\\
\
\
\
\
\

~ + Gram-Schmidt
\

¥

Fig. B.1 Graphical illustration of the numerical algorithm for the estimation of the Lyapunov exponent.
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Chapter 5
| ntroduccio: Sistemes complexos adaptatius

5.1 El concepte de sistema complex

Segurament per tractar-se d’un camp d’estudi relativament nou i fortament multidisci-
plinari, no existeix encara una definicio rigorosa ni universalment acceptada de sistema
complex. De fet, el termeomplexitats’ha emprat en més d’un ambit cientific per parlar

de coses ben distintes [64]. Per aquest motiu sembla convenient definir que s’entendra
per sistema complex en aquesta tesi. Al nostre parer, un sistema complex és aquell sis-
tema composat per un gran nombre d’agents o unitats fonamentals en interaccio en el
gual apareixen unes propietats dinamiques o estructurals que no es dedueixen de manera
trivial de les lleis d’interacci6 entre els agents [65]. Posem alguns exemples:lutacel

la unitat basica de tot organisme viu, és el sofisticat resultat de milers d’interaccions
fisiques entre molécules. La nostra experiencia conscient és el fruit de les interaccions
guimiques i electriques de bilions de neurones. Encara en una altra escala, insectes so-
cials com les formigues o les abelles prenen decisionkctiVes, com ara on construir

el niu, a través d’un procés autoorganitzat del qual emergeix la decisidé espontaniament.
En cadascun d’aquests casos coneixer la llei d’interaccio entre els agents (molecules,
neurones, etc.) no ens permet entendre millor o deduir facilment la varietat de fenomens
gue ocorren quan molts d’ells interaccionen simultaniament.

A I'hora d’afrontar I'estudi d’aquests sistemes es fan servir els coneixements adquirits
en disciplines ja existents com ara la dinamica no lineal, la fisica estadistica, la teoria de
jocs o la teoria de xarxes.

En aquesta part de la tesi exposarem un model teoric concret de sistema complex adap-
tatiu que presenta noves propietats emergents en termes de la sincronitzacio dinamica
dels seus element&s necessari pero, introduir abans alguns conceptes com ara el de
xarxa complexa o el de sincronitzacio.

5.2 Xarxes complexes i sistemes discrets acoblats

Una manera adient de modelitzar o entendre un sistema complex &s mitjangant una xarxa
o graf. En una xarxa, els agents es representen com a nodes de la xarxa i les interaccions
entre ells com els enllagos o fletxes (segons si el graf és dirigit o no) (Figura 5.1).

La teoria de grafs existeix des de molt abans que es parlés de sistemes complexos
[66]. Concretament, es situen els inicis de I'estudi dels grafs en la resoluci6é per part de
Leonhard Euler (1707-1783) del famos problema dels set ponts de Konigsberg (actual-
ment Kaliningrad, Rusia) I'any 1735. En la segona meitat del segle XX la teoria de grafs

67
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Figura 5.1 Exemples de xarxa no dirigida (esquerra) i dirigida (dreta).

va rebre una renovada atencio arran del famos experiment del psicoleg Stanley Milgram
(1933-1984) sobre els “sis graus de separacido” en xarxes socials [67] i sobretot des que
la introduccio dels ordinadors va permetre treballar facilment amb grafs composats per
un gran nombre de nodes i estudiar les propietats estadistiques d’aquests. A finals de
la decada de 1990 s’estableix el camp de les xarxes complexes amb I'aparicid de dos
treballs sobre els fenomens de xarxes de mon petit (nom motivat per I'experiment de
Milgram) [68] i xarxes lliures d’escala [69]. Aquests primers estudis se centren princi-
palment en les propietats estructurals de les xarxes (la distribucio de grau, la distribucio
de pesos, la longitud promedi del cami entre dos nodes, etc.), en una identificacio o clas-
sificacid de les xarxes a partir d'aquestes propietats i en la creacidé o evolucio dinamica
d’aquestes estructures mitjancant uns certs algorismes [70]. Amb la intenci6 d’acostar el
camp de les xarxes complexes a la modelitzaci6 de la dinamica de sistemes complexos,
apareixen models en els quals s’associa una certa dinamica als nodes d’una xarxa com-
plexaies defineix una llei d’acoblament entre els nodes connectats per un enllag [71]. A
continuacio expliguem amb més detall alguns aspectes d’aquests models en relacié amb
el fenomen de la sincronitzacio.

5.3 Sincronitzacb i polisincronia

Potser un dels fenomens més estudiats en el camp dels sistemes complexos és el de
sincronitzacio. La sincronitzacio es defineix com I'ajust dels ritmes de dos sistemes 0s-
cil-lants (no lineals, en general) degut a una interaccio (debil i no lineal, en general)
entre ells [72] . La primera observaci6 del fenomen de sincronitzacio s’atribueix al ci-
entific holandes Christiaan Huyguens (1629-1695). Huyguens observa que dos rellotges
de pendol que penjaven d’'una barra de fusta, modificaven les seudacstis fins que
ambdos pendols osdiéven a I'unison.

La descripci6 matematica de la sincronitzacio en poblacions d'legtols no lineals
va comencar al s. XX degut en gran part al descobriment de sistemes naturals que pre-
sentaven aquest curios fenomen i a la recentment adquirida capacitat de calcul numeric
gue permetia simular sistemes amb un gran nombre d'lastrs (per a una historia
detallada dels inicis d’aguest camp recomanem [73]).

El fet que alguns d’aquests sistemes estiguen formats per un gran nombre d’os-
cil-ladors en interaccio fa que entren dins la nostra definicié de sistema complex, donat
gue la sincronitzacio és una propietat emergent d’aquests. La dinamica deladss|
i la natura de la interaccio pot variar fortament i tanmateix la sincronitzacio apareix com
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a solucio en tots ells. A¢o dona un caracter d’universalitat a la sincronitzacid com a
propietat emergent tipica dels sistemes complexos.

Els primers models matematics de sincronitzacio en grups dlesidls assumien
gue cada oscilador interaccionava amb tota la resta del grup. EI model paradigmatic és
I'introduit per Kuramoto [74, 75] per Bl oscil-ladors de fase

N

G.:m+zgs'n(ej—9.), i=1,...,N (5.1)
=1

on 6 representa la fase de I'ostadori i el parametreK és la constant d’acoblament
gue regula la intensitat de la interaccio.
També s’han estudiat models de sistemes discrets acoblats de la segiient forma

N

. . £ L .

X:’H—lz (Xln)—i_ﬁ Zh(X‘n,X#]), |:17"'7N7n6N (52)
=

onh(x,,xh) és la funcié d’acoblaments la constant d’acoblament. En el cas dels sis-
temes discrets si que s’hi va introduir una certa nocio d’espai en estudiar I'acoblament
en xarxes regularggupled map latticede manera que cada node sols interacciona amb
els seus veins [76].

De tota manera, en aquests model la topologia de la xarxa d’interaccions no juga
cap paper important donat que la interaccio és igual per a tots eldamkmis (cada
oscillador interacciona amb tota la xarxa o en el cas de la xarxa regular, tots els os-
cil-ladors interaccionen amb el mateix nombre de veins). Per tant, el seguent pas logic
en el cami cap a models més realistes fou I'utilitzacio de xarxes complexes per mode-
litzar I'estructura de les interaccions entre o$aiors.Es a dir, ara cada osdddor és
un node en una xarxa i interacciona sols amb aquells nodes amb els quals esta connectat
pels enllacos de la xarxa. L'intereés en aquest cas és entendre com afecta la topologia de
la xarxa a la dinamica de sincronitzacio [77]. Entre els fenomens descoberts en aquest
camp volem destacar-ne un que tindra especial protagonisme en aquesta part de la tesi:
la polisincronia.

La polisincronia és una forma de sincronitzacio en una xarxa en la qual grups de nodes
se sincronitzen sense estar directament connectats [78, 79, 80, 81, 82]. Aquest fenomen
s’ha estudiat per a topologies fixes o estatiques i s’ha demostrat que la capacitat d'una
xarxa per mostrar patrons de polisincronia depen sols de la seua topologia i no de la
dinamica concreta dels seus nodes. El principal teorema sobre polisincronia estableix
gue podrem trobar polisincronia en una xarxa si podem dividir els nodes en classes
d’equivalencia de manera que nodes en la mateixa classe reben enllacos equivalents (per
veure la formulacio formal d’aquest teorema consultar [78]). Aquest teorema s’entén
millor amb I'ajuda grafica de la Fig. 5.2. En la Fig.B.2s mostra un exemple de xarxa
de set nodes amb tres tipus d’interaccio o enllag entre els nodes. Per tal que aguesta xarxa
presente polisincronia hem de poder dividir els seus nodes en classes d’equivalencia amb
el mateix conjunt d’enllagos entrants (matgiput). Es evident que sempre existeix una
solucio trivial a aquest problema en la qual hi ha tantes classes d’equivaléncia com nodes
té la xarxa. No obstant, en I'exemple que hem triat trobem una solucio no trivial que ens
permet dividir la xarxa en tres classes d’equivalencia (FigB3.2\ la Fig. 5.2C. es
mostren els enllacos que reben tots els nodes de cadascuna de les classes d’equivalencia.
El teorema de la polisincronia estableix per tant que, independentment de la dinamica
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gue imposem als nodes, existeix una solucio estable per a la dinamica en la xarxa en la
gual, la dinamica dels nodes dins de cada classe d’equivaléncia esta sincronitzada.

°F 8

Figura 5.2 A. Exemple de xarxa o graf amb tres tipus distints d’enlBgDivisid dels nodes de la
xarxa en classes d’equivalencid(7},{2,3,4},{5,6}) segons els enllagos d’entradéanput C. Classes
d’equivaléncia de I'exemple amb els enllacos d’entrada corresponents.

5.4 Xarxes complexes adaptatives

Parlem de xarxes complexes adaptatives quan la topologia o estructura de la xarxa canvia
amb el temps influenciada per la dinamica local dels seus nodes [83, 84]. En aquests
casos es crea una interaccio de doble sentit entre I'estructura i la dinamica que permet
I'aparicio de nova fenomenologia.

El concepte de xarxa complexa adaptativa ha estat introduit inspirat per un seguit
de sistemes reals com ara xarxes neuronals on la forca de les connexions sinaptiques
varia segons l'activitat de les neurones [85, 86], propagacio d’epidemies on la xarxa
d’interaccions socials varia segons I'estat de cada node (infectat o no, en el cas més
senzill) [87, 88, 89] o inclus models de formaci6 d’opinions on aquesta mateixa xarxa
varia segons les opinions dels nodes [90, 91].

En aquesta part de la tesi introduim un model de xarxa complexa adaptativa en el qual
la dinamica dels nodes ve donada per un sistema discret caotic semblant als descrits en
els primers capitols de la tesi i on els nodes varien I'estructura dels seus enllagos seguint
un principi homoflic: els nodes busquen estar connectats a nodes en estats dinamics
semblants. Aquest model presenta propietats emergents mai observades abans en un
model de xarxa complexa adaptativa. La condicio inicial per a I'estructura de la xarxa
és de connectivitat total i evoluciona cap a estructures jerarquiques que poden presentar,
per a un ampli rang de parametres, patrons de polisincronia (Fig. 5.3).
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Figura 5.3 Il-lustracio grafica del model de xarxa adaptativa que estudiem al capitol 6. Comencant des
d’una condicio inicial amb nodes indistingibles connectats tots amb tots I'algorisme d’evolucio adaptativa
transforma la xarxa, per a certs valors del parametre, en una xarxa que presenta polisincronia.







Chapter 6
Polysynchrony in adaptive networks

6.1 Introduction

Networks allow us to model a huge variety of complex systems where a multitude of
agents dynamically interact [92, 93]. The agents are modeled as nodes and the links of
the network stand for their interactions. When the dynamics of the agents can affect the
pattern of interactions, i.e. change the structure of the network, we speak of complex
adaptive networks [83, 84]. These networks can show a variety of dynamical and struc-
tural properties depending on the dynamics of the agents, the nature of the interaction
or the adaptation mechanism [94, 95, 96, 97, 98, 99, 100, 101, 102]. Adaptive networks
have been studied for their own interest and also as models for real systems such as the
electric transportation network [103], epidemic dynamics [87, 88, 89], socioeconomic
networks [104], consensus formation [90, 91], neural networks [105, 106] and func-
tional brain networks [85, 86]. In these models the asymptotic dynamics and underlying
graph can be seen as an emergent property of the system, and may provide mechanisms
to explain the evolution of certain types of graph.

The dynamics of these systems can be rich, both in terms of the temporal dynamics
at the nodes and the emergence of topological structure in the networks. For example,
the dynamics can synchronize, so all nodes behave asymptotically in the same way [72].
Polysynchrony describes a more subtle form of synchronization [78, 79, 80, 81, 82]
where groups of nodes can be synchronized and, unlike cluster synchronization, syn-
chronized nodes need not be connected to each other.

In this chapter we show that complicated polysynchronous dynamics can emerge in
adaptive networks using a simple homophilic principle to determine the evolution of
the links of the network. This is based on the idea that nodes ‘like’ being connected to
similar nodes, a common assumption in many socially motivated networks and a basic
principle in neural network dynamics. In other words, we consider a collection of iden-
tical individuals operating under the same homophilic rules, and show that the system
evolves to a state in which the connections no longer change with time (we call this a
frozen state) with a finite number of connected components, each of which can display
polysynchronous dynamics. To the best of our knowledge, polysynchrony has not been
previously identified in an adaptive system. Moreover, all the examples we have looked
at have a further interesting property: the final states have graphs which have a hierar-
chical structure, with a group of strongly connected components at the bottom, and then
the remaining nodes being arranged above these (taking information from them, but not
giving information) in levels reflecting the number of directed links needed to get to the
node from one of the bottom nodes or ‘roots’. (Note that we say a set of hostesngly
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connectedf there is a path in the graph following the directed edges or arrows between
any two nodes, andonnectedf there is a path between any two nodes following edges,

so the path can use an edge in the opposite direction to the arrow.) This suggests that
polysynchrony and hierarchy are natural states that can emerge from simple undifferen-
tiated networks over time.

Apart from polysynchrony, this model shows other dynamical regimes that will also
be described in this chapter. Furthermore, we explain these different regimes through
the analytical study of the stability of the different attractors or synchronized states.
The structure of the chapter is as follows. In section 6.2 we introduce our model. In
section 6.3 we show that the network topology reaches a frozen state where the rewiring
stops and we study the final network structure. The transient times to the frozen state
are evaluated as a function of the network size and the coupling strength. In section
6.4 the different dynamical regimes are described in terms of the synchronization of the
nodes. In section 6.5 we provide several examples of polysynchronous networks and
study the probability of finding polysynchrony as a function of the coupling strength. In
section 6.6 we summarize and discuss the main results of this work and their potential
applications. In two separate appendices we provide a detailed stability analysis of the
fully synchronous and polysynchronous states.

6.2 The model

The model consists of a directed networkdfnodes. The dynamics of théh (i =
1,...,N) node are given by

N ..

a = 100+ 3 A0 = 100) (6.1)
=

where we choosé to be the fully-chaotic logistic map(x) = 4x(1 —x) andA, is the
adjacency matrix of the network at time stesoA/ = k if there arek connections (di-
rected edges) fromto i, with the direction indicated by the arrow in the accompanying
figures. Each node is assigned a fixed nunmbef incoming links so

N

EM:m (6.2)

=

and we choosen = N — 1 throughout this chapter. It is clear from (6.1) that at each
iteration theith node is influenced by the dynamics of thesenodes to which it is
connected by an incoming arrow. We will call these nodesnitighboursof nodei.
These links can be rewired at each iteration following an adaptation algorithm that we
describe next. -

At each iteratiom we compute the distance mati{

- i\ £yl i]
D.n,:{|0f<xn> FOd)l, ﬁﬁig (6.3)

and calculate from it the mean distance of a node to all its neighbours
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o)~ L 3 Di (6.4)
8 =1

whereal, is the unweighted number of neighbours of node time stem, i.e. the sum
over j of sign(Ad).

For the rewiring we apply a homophilic principle: nodes prefer to be connected to
nodes being in a similar state. We identify thed neighboursj € 4, of each node at
iterationn with the following criterion

je# it D> (D) (6.5)

so a neighboury is consideredbadif its distanceDH to nodei is larger than the average
distance of the neighbourhodD);,. Thegoodneighbours of nodeare then given by

Gl =1{1,...,N}\ (&, U{i}), (6.6)

soi ¢ ¢! which, as we shall see, means that a node never becomes linked to itself. Once
the good and bad neighbours have been identified nedioreak the links coming from
%, and randomly rewire them to nodes#f). Let by, be the number dbad neighbours

bh="5 Al (6.7)

ISz

Now choosehl, elements of4! at random and suppose thét is the number of times
nodek is chosen. The adjacency matrix at the next time step is then

- 0, ke &
A, = {Aiqk_i_rink ke gri]n : (6.8)

In all the cases we describe the initial connectivity has been chosen as the symmetric
all-to-all connectivity where each node in the network is connected to all the possible
m= N — 1 neighbours anéy = 0.

6.3 Asymptotic network topology

The first main observation is that, contrary to other models of adaptive networks of
chaotic maps [94, 95], in this model the network reaches a frozen or absorbing state
where the rewiring stops for all values efe [0,1]. This allows us to study the final
topology and dynamics of the network as a function of the parameters.

The existence of the frozen state is partly explained by the rewiring mechanism cho-
sen. If, for instance, a nodeeceives all its incoming links from one single neighbkur
at some iteration’, then(D)}, = DX and#!, = 0 Vn > . Therefore will remain locked
to this neighbour and never activate again the rewiring mechanism. This is, however, the
simplest case of locking. As we explain below, nodes can also lock to more than one
node.

The duration of the transient to the frozen state increases exponentially with the sys-
tem sizeN (Fig. 6.1) but depends greatly on the value @Fig. 6.2). The dependence of
the transient length on the coupling constant is a sign of the influence of the dynamics
in the rewiring and freezing processes. The exponential increase of the transient time
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Fig. 6.1 Average transient length as a function of the systemNiter different values of the coupling
constante. The average is calculated over 500 realizations of the system. The frozen state is identified
when the network topology remains constant fot it6rations.
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Fig. 6.2 Average transient length as a function of the coupling constamtdifferent values of the system
sizeN. The average is calculated over 100 realizations of the system. The frozen state is identified when
the network topology remains constant fof* if@rations.

with the system size is similar to that described in [107] for the case of a coupled map
lattice with diffusive coupling although the definition of the transient is different (in the
lattice case the topology is fixed and the transient is defined as the time it takes to reach
a certain attractor).

In Fig. 6.3 we show six examples of final topologies of a networklef 10 nodes
for different values o€. The most clear feature of these network examples is the strong
hierarchical structure. This model does not allow a tree structure as a final topology
since all nodes have input links and therefore the network will have at least one cycle.
However, the structure is very close to the hierarchy of a tree structure if we consider
strongly connected components of the networkamds Inspired by the definitions of
‘trophic level’ and ‘trophic height’ introduced in [108] for the study of food webs, we
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can define the ‘level’ of a node as the minimum (directed) path length from the root to
the node and the ‘height’ of a node as the average distance over all possible directed
paths from the root to the node. We say a network is strongly hierarchical if level and
height coincide for all the nodes in the network. We can see that following this definition
all the topologies shown in Fig. 6.3 are strongly hierarchical.
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Fig. 6.3 Examples of the final network topologi (= 10). The values of the coupling constant &re: 0.1
ina.andb.;e=04inc.;e=06ind.;€=0.8ine,; € =0.95inf.

Interestingly, the observation of these topologies also allows us to deduce some char-
acteristics of the dynamics on the network. In examplemdb. (¢ = 0.1) all nodes are
locked to one single neighbour. On the contrary, in the rest of the examples in the figure
we find nodes with inputs coming from two different neighbours. As we shall see in the
following sections, this is only possible if these two nodes are synchronized: when a node
i has only two neighbourg k and these are synchronized in the same oxbi(x,,Vn),

thenD{ = DK = (D)}, Vn and the node remains locked to its neighbourhood.

The synchronization on the network is regulated almost entirely by the synchroniza-
tion dynamics of the strongly connected components. This is somehow intuitive since
only in these components we find closed loops of mutually influencing nodes. We study
this dynamics on the following section and on the appendices of this part of the thesis.
For the moment we are interested in which strongly connected components are more
frequent in the final topologies as a function&fin Fig. 6.4 we show the probability
that a node belongs to a strongly connected component of a certain size as a function
of €. As could be already appreciated in Fig. 6.3, the most common strongly connected
components are pairs and triplets except in the region of lafge> 0.9) where bigger
strongly connected components are possible.
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Fig. 6.4 Probability of a node being in a strongly connected component of rsizalculated over 500
initial conditions for each value af.

6.4 Dynamics

We study now the dynamics in the final network as a function of the coupling constant.
Our main interest is to see if any nodes in the network synchronize their dynamics and
how they do it. It is important to keep in mind that the dynamics of an isolated node is
given by the fully-chaotic logistic map and therefore, it would be chaotic on the interval
[0,1].

To measure the synchronization of nodes we find it useful to define the matrix

= 14T .
BI=06(-3 Pa—x) (6.9)
n=n’
wheref(x) is the Heaviside step function antis a long transient that we allow in order
to be sure the network has frozen and the dynamics have stabilized. The e#fient
equal to zero if the trajectories of nodeand j are fully synchronized, = x})) during
T iterations after the transient and is equal to one otherwise.
We can now define a measure of full synchronization of the network as

1 i

i#]
This measures the percentage of synchronized pairs of nodes (connected or not) over the
total number of pairs. Ir = 1 all nodes in the network are synchronized in the same
trajectory while ifa = 0 no two nodes in the network are synchronized.

Since our network can split in several disconnected components and each connected
component could be fully synchronized in a different trajectory, we introduce a second
guantity to take this into account and measure the synchronization only between pairs of
connected nodes. We can thus define the connected component synchronization as

orczl—i S Bl (6.11)

| |(i,j)eC
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whereC is the set of pairs of connected nodes #(ds the cardinality of this set.
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Fig. 6.5 Averages over 500 initial conditions of the synchrony measarasdac as a function of the
coupling parameteg. The frozen state is identified when the network topology remains constant¥or 10
iterations. Parametert = 10,7 = 10,n’ = 10* — 1.

The values ofr andac as a function o€ are shown in Fig. 6.5. To explain the different
regimes in this figure it is very useful to study first the dynamics of the most common
small strongly connected components such as the strongly connected pair, the triplet
with transposition symmetry and the 3-cycle shown in Fig. 6.6. Since these mxtas
from which the rest of the network take input, the dynamics of these components is what
determines the behaviour of the rest of the nodes. In Appendix C we detail the stability
analysis of the synchronous states of these components. Here we will only report the
results that are of interest for the discussion.

The lyapunov exponent of the fully-chaotic logistic map<4) isA = In2. Substitut-
ing this in (C.3) we find that the synchronous chaotic state of the strongly connected pair
is stable in the interval.@5 < € < 0.75. Similarly, the triplet with transposition symme-
try (C.6) has a stable synchronous state 4 € < 0.75. On the contrary, when= 4
the 3-cycle (C.8) has no stable synchronous state. Another important fact is that a node
locked to a synchronized set of nodes (all following an orbit of the uncoupled logistic
map), as in (C.12), will synchronize to theneit> 0.5. These results render much more
easy the interpretation of Fig. 6.5 and are shown schematically in Fig. 6.7. The change of
regime ate = 0.25 is thus explained by the strongly connected pairs becoming synchro-
nized. Also, in Fig. 6.4 we can see that the probability of finding pairs in the final network
increases accordingly. At= 0.5 the synchronized state of the triplet with transposition
symmetry becomes stable. This is likely to be the cause of the corresponding increase
of the probability of being in a strongly connected component of 3ize3. Moreover,
as we have seen, far> 0.5 a node locked to a synchronized pair or triplet will become
synchronized with it. Due to the hierarchical structure of the networks, this opens the
possibility for the whole network to synchronize in the same orbit and is reflected by
a sudden increase in the amount of synchrony in the networks (Fig. 6.58. 3@ 75
both the pair and the triplet lose the stability of their synchronized states. However, we
can see that in the parameter rangd2® ¢ < 0.2 ande > 0.75, although none of the
most common strongly connected components have a stable synchronous state, there is
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a considerable amount of synchronized nodes in the final networks. Interestingly, this is
partly caused by the phenomena of polysynchrony that we explain in detail in the next
section.

m

m
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m m-m’

Fig. 6.6 A. Strongly connected pair (2-cyclep. Triplet with transposition symmetr{. 3-cycle. In all
the cases the labels of the links stand for their weightis the maximum value given by (6.2) anmdl < m)

xn+[:f(xn)

N
\ 4

Fig. 6.7 Schematic representation of the regions of stability of the full synchronization state for the
strongly connected pair, the triplet with transposition symmetry and the case of unidirectional coupling
when the influencing node follows an orbit of the logistic map.
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6.5 Polysynchrony

As we have explained in the introduction polysynchrony defines the situation when the
dynamics of the network nodes breaks up into a small number of disconnected sets where
the dynamics is synchronous. As opposed to full or cluster synchronization, in the case
of polysynchrony, the synchronized nodes are not directly connected.

Fig. 6.8 Example of polysynchronous network fer= 0.85. Nodes filled with the same pattern are syn-
chronous. In this case each synchrony class is attracted to a different fixed point.

We illustrate now the phenomenon of polysynchrony in our model with several ex-
amples from the simplest case of fixed point dynamics to more involved examples of
guasiperiodic and chaotic polysynchronous dynamics. In Fig. 6.8, $00.85, we find
that each synchrony class has a fixed point as the final attractor. These fixed points cor-
respond to the fixed point dynamics of the strongly connected pair since the root of the
network in this example is composed of three strongly connected pairs. In fact, for most
of the examples of polysynchrony provided, the quotient system of the network (basi-
cally a reduced network where each synchrony class is represented by a single node with
the same input) reduces to a strongly connected pair. Therefore, the available dynamics
are those of the strongly connected pair (see Fig. 6.9).

For e = 0.18, in Fig. 6.10 we find an instance of a network with polysynchronous
period-2 dynamics. The dynamics is divided into two synchrony classes following the
same period-2 orbit in antiphase. Since for a gigetihe dynamics of all pairs is the
same, the nodes of a pair are synchronous with the corresponding nodes of the other
pair.

In Fig. 6.11 (fore = 0.861), the network has divided into two separate clusters. In
one of them the dynamics of the nodes is quasiperiodic while in the other it is periodic
with period 3. Both clusters have a triplet with transposition symmetry as a root. As
in the previous examples no two synchronized nodes are connected and all nodes with
equivalent inputs are synchronized. Although the two clusters have different dynamics,
their quotient systems are strongly connected pairs and therefore, both the period-3 and
the quasiperiodic orbit are attractors of the strongly connected pair (see Fig. 6.9) when
€ =0.861.

Another example of strongly hierarchical polysynchronous network is shown in
Fig. 6.12 where the root is composed of two strongly connected pairs. This example
has the additional interest that different synchrony classes inside the same cluster show
different dynamical behaviour. While the root pafis 10} and{4, 6} follow a period-2
cycle, the rest of the nodes in the network show period-4 dynamics. Moreover, it is inter-
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Fig. 6.9 Bifurcation diagrams as a function effor the system of two coupled fully-chaotic logistic maps
(C.3). The right panels show details of the full bifurcation diagram.

Fig. 6.10 Example of polysynchronous network far= 0.18. Nodes filled with the same pattern are
synchronous. The dynamics of the synchrony classes is periodic with period 2. Nodes in different classes
oscillate in antiphase.

esting to note that nodes in clas4ds5} and{1,3,8,9 all receive the same input (from
class{6,10}) but show different dynamics. This illustrates that having equivalent inputs
is only a necessary but not sufficient condition to be in the same synchrony class [109].
This particular case is more involved because we find here an instance of route-to-
chaos in an open flow similar to that described in [110, 111, 112, 113]. In Fig. 6.13 we
observe the prototypical open flow system, consisting of a chain of unidirectionally cou-
pled maps. In this case the system is closed on one side by a strongly connected pair.
The period-2 orbit of the pair far = 0.14 is fed into the chain as a fixed boundary con-
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Fig. 6.11 Example of polysynchronous network fer= 0.861. Nodes filled with the same pattern are
synchronous. The nodes in the left cluster follow quasiperiodic orbits while the nodes in the right cluster
follow period-3 orbits.

Fig. 6.12 Example of polysynchronous network fer= 0.14. Nodes filled with the same pattern are syn-
chronous. In this case there are 4 different synchrony classes showing 2 different dynamical behaviours:
{4,5} and{6, 10} are synchronized in a period-2 cycle wh{l2},{7} and{1,3,8,9} show period-4 dy-
namics.

dition and we observe a spatial period-doubling bifurcation. Therefore, what we observe
in Fig. 6.12 is merely the beginning of this route-to-chaos.

Fig. 6.14 shows an example of polysynchronous networle ter0.78 where the dy-
namics of the nodes is chaotic. It is important to note that the synchronized trajectories
do not correspond to trajectories of the uncoupled logistic map. If this were the case, as
we have explained before nodes 7 and 9 would synchronize to nodes 2 and 3 since the
synchronous state of the unidirectional coupling is stable for0.5.

In Fig. 6.15 we show the probability of finding polysynchrony in the network as a
function of the coupling constast As we have already detected in the study of syn-
chrony in Fig. 6.5, there are two intervals of coupling strength values for which polysyn-
chrony is possible.

The regions of polysynchrony in Fig. 6.15 can be better understood by studying the
stability of the different polysynchronous dynamics. In Appendix D we study the sta-
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Fig. 6.13 Example of network similar to an open flow system with a strongly connected pair at one end

that forces the system with a period-2 orbit. We can see how the dynamics of the nodes follow a spatial
route-to-chaos along the chain. In this examgpie 0.14.

Fig. 6.14 Example of polysynchronous network far= 0.78. Nodes filled with the same pattern are
synchronous. The dynamics of both synchrony classes is chaotic in this case.

bility of the simplest (and more common) polysynchronous states in the triplet with
transposition symmetry which is one of the smallest structures that can show polysyn-
chrony. As explained in the appendix, the obtained results are independent of the value
of m' (see Fig. 6.@8.) and therefore, are also valid for the case of a strongly connected
pair with a third node unidirectionally coupled to one of the nodes in the paie=(m

or m = 0). The polysynchrony in the interval12 < € < 0.20 is mainly explained

by the stability of the period-2 polysynchronous state. This state is stable in the range
0.140375<5 € < 0.193814. Although this state occupies most of the interval, quasiperi-
odic polysynchronous states and periodic polysynchronous states of higher period can
be numerically witnessed since these attractors coexist with the period-2 attractor in
the dynamics of the strongly connected pair. As we have also determined analytically,
chaotic polysynchrony with coupled fully-chaotic logistic mapsIn2) is only possi-

ble fore > 0.75. This fact, together with the stability of the fixed-point polysynchronous
state in the range.806186< ¢ < 0.86 accounts for most of the polysynchrony found in
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Fig. 6.15 Percentage of final network topologies of side= 10 showing polysynchronous patterns cal-
culated over 500 realizations of the system as a functian of

€ > 0.75. However, as before, other periodic and quasiperiodic polysynchronous states
can be found in this range of parameters.

6.6 Discussion

In this chapter we have studied the dynamics of a single adaptive network model as a
function of the coupling parameter. We have shown that the network reaches a frozen
state where the rewiring stops. Moreover, we have shown that the final topologies are
usually hierarchical and that polysynchronous dynamics appear in the frozen networks
for certain parameter values. The hierarchical structure of the networks facilitates the
appearance of polysynchrony as a stable attractor of the dynamics by making it easier to
establish a balanced equivalence relation on the nodes. The stability study of different
polysynchronous states accounts for the concrete coupling parameter ranges for which
polysynchrony can be observed.

The emergence of polysynchrony in networks of undifferentiated nodes operating
with a simple homophilic dynamic evolution suggests natural mechanisms for the emer-
gence of polysynchrony in nature. In terms of applications or future work, combining
this with an additional slow timescale dynamics to describe the evolution of differenti-
ated polysynchronous states over time would provide a way of locking in the polysyn-
chronous pattern making it more stable to perturbation, or alternatively the evolutionary
dynamics could select the appropriate polysynchronous patterns if only some subset
of the possible patterns is advantageous to the system. The hierarchical nature of the
asymptotic networks imply that they could operate as motifs [114], with a well defined
input and output level, so in this case our model may provide a mechanism for functional
differentiation. Models similar to the one proposed here are used to describe metapopu-
lations [115] so there may also be applications in this area.






Appendix C
Synchronization dynamics of strongly connected components

To study the stability of the synchronized state of the different strongly connected com-
ponents we will follow the approach exposed in [72]. In all the cases we study the cou-
pling is linear and can be written, in general, as

N
X1 =Y LI, (C.1)
=1
whereL is the linear coupling operator.

For this simple case it is known that the synchronous state exists if the opkrator
has an eigenvalue; = 1 corresponding to the eigenvectr= (1,1,...,1). Since our
coupling is dissipative, the rest of the eigenvalues of the coupling operator are in modulus
less than one. The stability of the synchronized state is then given by the condition

AL =A+In|o| <0, (C.2)

whereA | is the transverse lyapunov exponehis the lyapunov exponent of the uncou-
pled map and is the second largest eigenvalue of the coupling operator.

C.1 Dynamics of the strongly connected pair

The strongly connected pair (Fig. 8§ forms a system of two coupled logistic maps of

the form i i
()= (%) () ©

This system has been thoroughly studied as a model of population dynamics in [116,
117, 118].

In this case the linear operator has eigenvatmes 1 (e, = (1,1)) ando, = 1— 2¢
(&2 = (—1,1)). Thus the stability condition reads

A+In(1-2¢)<0,e < 2,
AL<O_>{)\+In(2£—1)<O,e>§. (C.4)
Therefore, the synchronization of the pair is stable when
1-e 1+e?
> <E< > (C.5)
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C.2 Dynamics of the triplet with transposition symmetry

The linear operator in the case of the triplet with transposition symmetry (Fig.)656
given by

l-¢ ¢ 0
L= M 1-gemn |, (C.6)
0 e 1-¢
with eigenvalues
oL =1,
o) =1-—g¢,
o3 =1-2¢,
n

corresponding to the eigenvectess= (1,1,1), & = ("=",0,1), s = (1,—1,1).

We should note that which eigenvalue has the second largest modulus depends on the
value ofe and the stability condition has to be evaluated for mtlandos. It is an easy
calculation to deduce that the synchronized chaotic state will be stable in the range

14+e
1-et<e< +2 : (C.7)
C.3 Dynamics of the 3-cycle
The linear operator of the 3-cycle (Fig. €6 reads
l-¢ ¢ 0
L= 0 1-¢ ¢ , (C.8)
£ 0 1-¢
and has eigenvalues
o1 =1,
1

0y = é(2—:’>e+ie\f3),
1 .
O3 = E(Z—Be—lex/é).
Thus, the stability condition of the synchronous state reduces to

A+In|op] <0—A+Iny/1-3e+3e2<0. (C.9)

Solving this fore provides us with the condition

1 1
——B —+B C.10
> <s<2+ , ( )

_ 1 o [ _
B_Z\@e \/—e (e —a). (C.11)

where
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Therefore, the stability region for the synchronous state of the 3-cycle is an interval
centered around = 0.5 of a width depending on the lyapunov expongrdf the map.
Notice that whem = In2, B vanishes and the synchronous state becomes unstable for
all €.

C.4 Dynamics of the unidirectional coupling

Apart from the dynamics of the strongly connected components, it is necessary to study
the case where a node is influenced by a single neighbour following an orbit of the
uncoupled logistic map or, equivalently, by a fully synchronized neighbourhood. In both
cases the dynamics is given by

3);n+i - 6 1)\ f(wm))’ .
ED-C)) e

wherex, is the variable of the node being influenced gnthe trajectory of the synchro-
nized neighbourhood. Note that it is implied in the equation that the input is a trajectory
of the uncoupled map.1 = f(yn)). If this were not the case we could not perform this
analysis.

The eigenvalues of the linear operator aie=1 (e, = (1,1)) ando, = 1—¢€ (ex =
(1,0)). Therefore, the influenced node will synchronize to its input if

e>1—e". (C.13)






Appendix D
Stability of the polysynchronous states

We study in this appendix the stability of different polysynchronous states in the simplest
structure capable of showing polysynchrony: the triplet with transposition symmetry. In
this case polysynchrony means full synchronization of no@eslk. Thus, the quotient
system of the triplet is a completely connected pair and the possible polysynchronous
dynamics are therefore attractors of the completely connected pair.

D.1 Fixed point polysynchronous state

The completely connected pair has two fixed pojeiscy) and(cy,c1) with
1
=—— (8 — —4e(9—
C1 8(25—1)(88 3++/9—4¢(9—-8¢)),
1
— ___~ (86 —3—+/9—4g(9—
C2 82z — 1) (8¢ -3 9—4¢(9-8¢)),

that are stable in the rangeB806186< ¢ < 0.86. These allow the triplet to have two
possible polysynchronous fixed point statgs:, c,c1) or (cz,C1,C2). The stability of

this states can be evaluated as the stability of a fixed point of a three dimensional system
by studying the absolute value of the eigenvalues of the jacobian matrix at the fixed
point. The jacobian matrix for the triplet with transposition symmetry reads

(1—g)f'(xX) ef’(x) 0
JM,X]Jk)( o <1€>f'<xi>ewff'<xk>>,
0 gf’(xj) (1_8)f/<xk)

In Fig. D.1 we represent the absolute value of the eigenvaludéofc,,c;) as a
function ofe and we observe that the polysynchronous state is stable in all the stability
range of the fixed points.

It is very interesting to note that the eigenvalues are independertarid therefore
our conclusions are also valid for a completely connected pair with an outgoing link to
a third node (as in the 3-node subsystem of Fig.5.3.

91
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Fig. D.1 Eigenvalues of evaluated at the fixed poit, C2,C1) as a function o€. The three eigenvalues
have modulus less than unity in the ranggd®186< ¢ < 0.86.

D.2 Period-2 polysynchronous state

As described in [116], the period-2 orbit of the completely connected pair has as its
elements

u+v+1 u—v+1

(21722> :( 2 ) 2 )7
1
U.— 4_97
g V8F-29-1
: 4 ,
g:=1-2¢.

This period-2 dynamics is stable in the rang&3®25< ¢ < 0.193814.

Similarly to the fixed-point case, the stability of the period-2 polysychronous state can
be studied as the stability of a period-2 orbit of a three dimensional system. Therefore,
we should observe the eigenvalues of the jacobian matrix

b(z1,22) =21, 20,21) - (22,21, 22). (D.1)

The eigenvalues al, have been graphed in Fig. D.2 as a function of the coupling
strength. From this figure we see that the period-2 polysynchronous state is stable when
0.140375< € <£0.193814.

Interestingly, and contrary to the fixed-point case, there is an interval of coupling
strengths (3925< ¢ < 0.140375) where the period-2 orbit is stable in the pair but the
period-2 polysynchronous state of the triplet is unstable. It is in this interval of values
where the spatial period-doubling phenomena appears (see Fig. 6.13 and description in
the text).

D.3 Chaotic polysynchronous state

To study the stability of the chaotic polysynchronous states we start by making the fol-
lowing change of variable
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Fig. D.2 Eigenvalues ofl; as a function o. The three eigenvalues have modulus less than unity in the
range 01403755 € < 0.193814.

ik
U:X+X,
2
V=x,
Ky
X< — X
W =
2

In these new variables, the dynamics is given by

1

Unia = 5[(1— €)(f(Un—Wh) + f(Un+Wh))] +&f(Vn),
Vii1 = £%f(un—Wn)+(l—s)f(vn>+8m_mf(un+vn>,
Whi = (1; £) £ (Un+Wh) — f(Un—Wh)].

The polysynchronous chaotic state corresponds to theWgse 0vn with U, and
V;, following a non-synchronous chaotic orbit that we dendteV*. By expanding the
equation foM, 1 around(U*,V*,0) we obtain

Assuming ergodicity, the transverse Lyapunov exponent (transverse to the surface of
RR3 where the polysynchronous orbit lies) can be written as [72]

Ar=In|—=2(1—¢)[+A7, (D.3)

whereA* is the average Lyapunov exponent of the othjtand has the upper bound
In2, that would correspond to the complete synchronizatiobpandV, (or equiv-
alently,x' andx!). We needA+ < 0 for the polysynchronous chaotic state to be stable.
This condition provides us with a relation between the Lyapunov exponent of the chaotic
orbit of U* and the minimum coupling strength necessary for polysynchrony to be stable

e
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It is easy to see thatyy is always greater than 0.5 far < In2. This is in agreement
with the numerical experiments, which do not witness chaotic polysynchrogyfdr.5.
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Fig. D.3 Region of stability of the chaotic polysynchronous state as a function of the Lyapunov exponent
of the chaotic orbit. The dashed line correspondsg.
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Chapter 7
I ntroduccio: dinamiques complexes de I'activitat elctrica
cerebral

[...] | soon appreciated that to understand how the brain functions, | would have to learn how to
listen to neurons, to interpret the electrical signals that underlie all mental life. Electrical signaling
represents the language of mind, the means whereby nerve cells, the building blocks of the brain,
communicate with one another over great distances. Listening in on those conversations and recor-
ding neuronal activity was, so to speak, objective introspection.

Eric Kandelln search of memory

7.1 Introduccio

En aquesta part de la tesi ens acostarem a la complexa activitat electrica cerebral a través
de I'estudi de la dinamica cortical de les ones lentes cerebrals, un patrd electroencefa-
lografic caracteristic que apareix durant les fases més profundes del son. Abans, pero,
sembla convenient motivar i situar aquest estudi en el context de la tesi explicant, en-
tre altres coses, per que entenem el cervell com un sistema complex. A més a meés,
cal que introduim alguns conceptes basics de neurociencies que s’empraran en el capitol
seguent. Per comencar farem una breu descripcio6 de la fisiologia de la neurona a través de
la historia dels principals descobriments en aquest camp. Després descriurem breument
I'anatomia del cortex cerebral i d’algunes estructures subcorticals. Per acabar, explica-
rem que és I'electroencefalografia, quina informacié ens aporta i com la podem emprar
per a I'estudi del son.

7.2 Historia de I'estudi de I'activitat el ectrica cerebral

Els primers indicis que I'electricitat jugava un paper en la fisiologia animal els trobem als
famosos experiments amb granotes de Luigi Aloisio Galvaai\iribus electricitatis in

motu musculari commentariu$791). Galvani proposa que I'electricitat era segregada
pel cervell i que aquesta fluia fins els milsculs a través dels nervis. Si bé aquest simil
de l'electricitat com a fluid no era encertat, Galvani si encerta en dir que els nervis
havien d’estar envoltats per una substancia aillant per tal que es produira la propagacio
de l'electricitat de manera eficient.

Uns setanta anys més tard, Hermann von Helmholtz (1821-1894), fisic i metge ale-
many, mesurava la velocitat de propagacio d’'un senyal electric a través d’una fibra nervi-
osa viva i comprovava que aquesta propagacio és diferent a la d’'un corrent electric en un
fil metallic [119]. Al contrari del que passa en un fil de coure, la propagacio en la fibra
nerviosa, si bé més lenta, perd menys intensitat en el recorregut. Aquestes primeres ob-
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servacions es realitzaven a escala macroscopica pero la transmissid de senyals electrics
pel teixit nerviés requeria d’'una explicacié en termes de I'estructura microscopica d’'a-
guest teixit.

Santiago Ramoén y Cajal (1852-1934), premi Nobel de fisiologia 0 medicina en 1906,
fou el primer, gracies en gran part a la seua pericia experimental, en interpretar correc-
tament alld que veia a través del microscopi quan examinava mostres de teixit cerebral
[120]. Cajal va descriure la neurona com unlcéah aillada composada pel cos -talar,
un axo i multitud de dendrites (Figura 7.1). Més enlla de la descripcid anatomica, Cajal
va proposar diversos principis sobre el funcionament de les neurones i el seu paper en el
sistema nervios. Va determinar que la neurona era la unitat fonamental, tant estructural
com funcional, del cervell. També va deduir que la neurona rep informaci6 a través de
les dendrites i la transmet mitjancant I'axd, de manera que el flux d’'informaci6 té un
sentit ben definit i Gnic. Li devem també a ell la descripci6 de la sinapsi com el lloc on
les terminals de I'ax6 d’'una neurona es comuniquen amb les dendrites d’una altra sense
arribar a tocar-se.

Ara sabem que les neurones es comuniquen entre elles mitjangant els potencials d’ac-
cio, un impuls de potencial electric d’'uns pocs milisegons de durada que viatja a través
de I'ax0 de la neurona a una velocitat d’'uns 120 m/s.

El potencial d’accio d’'una sola neurona fou enregistrat per primera vegada per Edgar
Douglas Adrian (1889-1977) [121]. Adrian va comprovar que aguests potencials tenien
sempre la mateixa forma (Figura 7.1) i va deduir que la intensitat d'un estimul o per-
cepcib era proporcional a la freqiiencia d’emissié dels potencials d’accio i no a la seva
amplitud.

Charles Sherrington (1857-1952), gran admirador de Ramoén y Cajal, descobri mitjancant
I'estudi de comportaments reflexos que no tots els potencials d’accid tenen com a resultat
excitar la neurona postsinaptica sind que hi existeixen neurones inhibidores que actuen
per evitar que la neurona postsinaptica emeta un potencial d’adosdirftegrative acti-
on of the nervous systerhi906). Pels seus treballs Sherrington i Adrian compartiren el
Premi Nobel de fisiologia o medicina I'any 1932.

Perd, com es genera un potencial d’acci6? Julius Bernstein (1839-1917) havia formu-
lat una hipotesi el 1902 sobre el mecanisme de generacio del potencial d’acci6. L'ano-
menada hipotesi de la membrana de Bernstein es basa en la permeabilitat selectiva de la
membrana celular a determinats ions. En concret, Berstein explica que a I'interior de la
neurona s’estableix un equilibri entre proteines carregades negativament i ions positius
K*. Al fluid extracellular I'equilibri I'estableixen uns ions distints, en concret™Na
Cl~. Segons Bernstein, la membrana en repos és sols permeable als ions potassj K
degut al gradient de concentracions establert entre l'interior i I'exterior de lalagl
surten a I'exterior i romanen pegats a la part exterior de la membrana degut a la carrega
negativa neta que queda dins la-kegh. Aquest mecanisme explicaria el potencial en
repos de la membrana, que es va mesurar en -70 mV. Bernstein també proposa un me-
canisme per a la generacio del potencial d’accidé considerant que, en ser suficientment
excitada, la membrana perdia la permeabilitat selectiva i els ions de tot tipus podien
circular lliurement, duent temporalment la diferéncia de potencial de -70 mV a 0 mV.

Tanmateix, aquesta Ultima conclusio de Bernstein fou errada i el vertader mecanisme
del potencial d’accid hagué d’esperar als treballs d’Alan Hodgkin (1914-1998) i Andrew
Huxley (1917-) sobre I'axd gegant del calamar que els valgueren el premi Nobel de fi-
siologia o medicina I'any 1973 (junt amb John Eccles pels seus treballs sobre la sinapsi)
[122]. El tamany de I'ax6 gegant del calamar, que fa quasi 1 mm de diametre i es pot
observar a ull nu, va permetre a Hodgkin i Huxley enregistrar el potencial electric dins
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dendrites

Figura 7.1 Dibuix esquematic d’una neurona. S’observa el cos neuronal o soma, les dendrites i I'axo.
A la dreta s’han representat també les connexions sinaptiques amb una altra neurona. Dalt s'observa
un potencial d'accio estandard i baix es mostra utastracio d’'unes neurones del cerebel d’'un colom
realitzada per Santiago Ramoén y Cajal (1889, Instituto Santiago Ramon y Cajal, Madrid).

i fora de la celula. Comprovaren que, efectivament, el potencial en repos de la mem-
brana és d'uns -70 mV i que aquest esta causat pel moviment dels fomMéokobstant,
enregistraren una amplitud de 110 mV per al potencial d’acci6 (40 mV més del predit
per Bernstein) i varen concloure que durant el potencial d’accio la membrana continua
seleccionant de manera activa el transit d’ions. El que realment passa és que la membra-
na es fa permeable de manera alternada als ioris Ka'. Es a dir, quan la membrana

és suficientment excitada, esdevé permeable als iohsjN@ es troben en gran concen-
tracio en el fluid extracdllar. El gradient de concentracio mou Naap a l'interior de

la cellula fent passar el potencial de -70 mV a +40 mV. A¢o correspon a la pujada del
potencial d’acci6. Immediatament després canvia de nou la permeabilitat de la membra-
na, fent-se de nou permeable als ion's Ka sortida dels quals retorna el potencial a -70
mV.

A més a més, Hodgkin i Huxley identificaren en la membrandutat els canals
ionics que permeten aquest mecanisme i que estan regulats pel voltatge de la membrana -
en contraposicio als canals identificats per Bernstein per al potassi que no sbn regulats pel
voltatge. Una vegada la neurona ha emes un potencial d’accio, una proteina s’encarrega
de restablir les concentracions inicials d’ions a l'interior i 'exterior de ldwael.

La historia de la comprensio del funcionament de la neurona no acaba aci. La trans-
missio d’informacid a través de la sinapsi, per exemple, fou un misteri i una impor-
tant font de controversia durant molts anys fins el descobriment dels neurotransmis-
sors gquimics. Una historia detallada dels principals descobriments sobre la fisiologia i
dinamica del sistema nervios es pot trobar a [123, 124].

Com hem vist, avui en dia la neurona i la comunicacio interneuronal son relativament
ben conegudes. Malgrat aco pero, estem encara molt lluny d’'una comprensio real de tota
la complexitat dinamica que es genera quan grans poblacions de neurones interaccionen
entre elles.
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El cervell com a sistema complex

Com diu la cita que obri aquest capitol, nosaltres som el resultat de la interaccio neuro-
nal. Els nostres records, el llenguatge, el pensament matematic o la nostra consciencia
emergeixen de la comunicacio eléectrica entre bilions d’aquestes petietesel

El cervell és un exemple paradigmatic de sistema complex tal i com s’ha definit aquest
concepte en la part anterior de la tesi. A més a més l'activitat cerebral es desenvolupa en
diferents escales, tant espacials com temporals, sense que existisca una clara divisioé en-
tre elles [125, 126]. La memoria &s un bon exemple de fenomen multiescala. Els records
poden durar des d’uns pocs segons fins anys i decades. La seva formacio i la seva recupe-
racid no obstant, depenen de processos electrics i moleculars que duren des d’'uns pocs
milisegons a unes quantes hores. En termes espacials sabem que diferents estructures
macroscopiques, com I'hipocamp, estan involucrades en la consolidacid de la memoria
perd aquesta pot finalment dependre de xarxes neuronals d’'unes poques neurones.

Segurament I'aproximacio al problema d’estudiar la dinamica cerebral que més aten-
cio harebut en els Gltims anys ha sigut la que ha vingut del camp de les xarxes complexes
(veure [127] i referencies alli citades). El cervell es deixa interpretar bastant facilment
com una xarxa complexa amb les neurones actuant com a nodes. Aquesta xarxa és, a
més, adaptativa, donat que les sinapsi entre neurones varien amb el temps. La dinamica
de comunicacions nervioses en aquesta xarxa complexa dona lloc a fenomens emergents
com la consciéncia o la memoria. Aiximateix, també és poden definir xarxes de con-
nectivitat entre regions senceres del cortex cerebral i fer un estudi de la connectivitat a
escala de poblacions de neurones [128]. En aquest capitol estudiarem la propagaci6 de
les ones lentes en el cortex fent Us del concepte de xarxa.

7.3 Breu descripcd anatomica del cervell

Des d’un punt de vista anatomic, el cervell forma part del sistema nerviés central que
esta composat, a més, pel tronc de I'encefal, el cerebel i la nteedspinal. El cervell

en concret no és una massa uniforme de neurones sind que té una gran estructura inter-
na. Una descripcio exhaustiva de I'anatomia cerebral esta fora dels objectius d’aques-
ta introduccid pero sembla convenient introduir una breu descripcio d’algunes regions
anatomiques del cervell a les quals es fara menci6 en aquesta part de la tesi. Per a un
estudi més profund sobre aquest tema recomanem [129].

Cortex

El cortex o escorca cerebral és la capa més externa del cervell. També és la part més
evolucionada i té al seu carrec les funcions cognitives de més alt nivell. El cortex esta
format basicament per cossos neuronals amb els seus corresponents axons i dendrites.
Aco fa que adquirisca un color gris quan es prepara el teixit amb una certa tintura per al
seu estudi. Aquest és I'origen del nom de materia gris per al cortex. Part de les neurones
del cortex emeten els seus axons cap a l'interior del cervell. Aquests axons formen fibres

i constitueixen el que es coneix com materia blanca. El cortex té un espessor de 2 a4 mm

i S’estructura en capes, cadascuna d’elles amb una composicid neuronal caracteristica.
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Figura 7.2 A I'esquerra observem els ldbuls frontal (blau), parietal (groc), temporal (verd) i occipital
(roig). També s’aprecia el cerebel i part del tronc de I'encéfal. A la dreta podem veurdusteaaitio de

la posici6 dels diferents I0buls adins del crani. (Font: Henry Gray, Anatomy of the human body, 1918, 20a
Edicio.)

A nivell macroscopic s’aprecia com una superficie fortament convolucionada que es
divideix en 5 regions o lobuls: frontal, temporal, parietal, occipital i insula (veure les
Figures 7.217.3).

El lobul frontal es situa en la part anterior del cervell i &s I'encarregat de les funcions
cognitives de més alt nivell com ara la presa de decisions, el llenguatge (tasca com-
partida amb els lobuls parietal i temporal), la conducta social o els aspectes morals del
comportament. També esta involucrat en la memoria a llarg termini.

El I6bul temporal se situa en la part lateral inferior dels hemisferis cerebrals per sota
de 'anomenada fissura lateral. En el lobul temporal es processa la informacio auditi-
va i esta involucrat per tant en tasques de comprensio del llenguatge i en I'equilibri.
També colabora en el processament d’informacio visual i es clau en la consolidacio de
la memoria.

El Iobul parietal es troba en la part superior posterior del cervell, per darrere del |0bul
frontal. Aquest lobul integra la informacio dels sentits i és I'encarregat de la visio espa-
cial. Aiximateix, és el responsable del pensament numeéric i matematic.

El Iobul occipital es troba a la part posterior del cervell i la seva funcié essencial és el
processament de la informacio visual.

L'insula esta situada adins de la cissura de Silvio, en la separaci6 entre els |obuls tem-
poral i parietal. Aquesta regi6 cortical esta relacionada amb el sistema limbic i per tant
esta involucrada en el processament d’emocions i les reaccions fisioldogiques a aquestes.

Talem

El talem és una estructura interna del cervell (Figura 7.3) composada majoritariament de
materia gris. Esta connectat amb multitud d’estructures subcorticals i corticals i funciona
com una mena d’administrador d’informacio. Per exemple, la informaci6 de tots els
sentits, excepte I'olfacte, passa pel talem abans d’anar a I'area cortical encarregada de
processar-la. A més a més, el talem esta involucrat en la regulacio de les fases del son i
del nostre nivell d’atencio6 i activitat.
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Talem

Insula

Hipocamp

Figura 7.3 Detall anatomic d’una secci6 del cervell huma on s’aprecien la distincio entre la matéria gris
(cortex) i la materia blanca. S’han assenyalat també estructures internes com el talem, I'insula i I'hipocamp
(Font: Henry Gray, Anatomy of the human body, 1918, 20a Edicio).

Hipocamp

Aquesta estructura es troba a I'interior dels I0buls temporals (Figura 7.4), es composa de
materia gris i deu el seu nom a la seva semblanca amb el cavallet de mar (degpere
campus$. Entre altres coses, I'hipocamp i les regions corticals associades s’encarreguen
de la consolidacio de records. Lesions en ambdods hipocamps poden fer que una persona
no siga capac de generar nous records, sense afectar pero a la memoria ja consolidada.

Hipocamp

Figura 7.4 Detall de la situacio exacta de I'hipocamp a I'interior del cervell (Font: Henry Gray, Anatomy
of the human body, 1918, 20a Edicio).

Amigdala

L'amigdala és una estructura amb una forma i grandaria semblant a la d’'una ametlla
(d’ahi el seu nom) que es troba a linterior del I0bul temporal, molt proxima a la part
anterior de I'hipocamp. L'amigdala, igual que I'hipocamp, ajuda a consolidar la memoria
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pero es dedica especificament a avaluar la resposta emocional a una certa experiencia o
estimul per tal de modular, en consequéncia, la consolidaci6 del record.

7.4 Electroencefalografia i estudi del son

L'electroencefalografia €s I'amplificacio i enregistrament de diferencies de potencial
resultants de I'activitat electrica cerebral. Aquestes diferencies de potencial es mesu-
ren amb eléctrodes que poden situar-se en la superficie del scafp EEG) o poden
introduir-se quirrgicament adins del crani en la superficie o a l'interior del cortex. En
ambdos casos la resoluci6 temporal de la mesura és de I'ordre ds,1$knt aquesta la
major de totes les tecniques de mesura de la dinamica cerebral. La resolucio espacial és
major en el cas dels microelectrodes de profunditat que en els eléctrodes de superficie.
Cal tindre en compte que els electrodes de superficie integren la informacio d’'uns pocs
centimetres quadrats de superficie i que s'estima que en 2 damortex hi ha unes

10° neurones. LEEG de superficie és per tant una mesura de la diferéncia de potencial
promedi resultant de I'activitat d’'un gran nombre de neurones [130].

En el cas dels microeléctrodes de profunditat hi ha dues contribucions ben diferencia-
des a 'EEG. Per una banda s’enregistren els potencials d’accio de les neurones properes
a l'electrode i per una altra banda I'anomenat potencial de camp locall field po-
tential, LFP, en angles). El LFP té una frequiencia i amplitud molt menor que els rapids
potencials d'accio, i es creu que esta produit pels potencials sinaptics i els potencials
d’accid de neurones més llunyanes [131].

El naixement de I'electroencefalografia sol fixar-se en la segona meitat del s. XIX
guan Richard Caton (1842-1926) enregistra I'activitat electrica cerebral de conills, gats
i mones [132]. Entre altres apreciacions sobre aquests senyals, Caton va notar que la
dinamica enregistrada dels corrents electrics cerebrals dels conills amb els quals experi-
mentava eren diferents segons si aquests estaven desperts o dormien. Una llista bastant
completa de les fites historiques de I'electroencefalografia es pot consultar en [133].

7.4.1 Espectre de les ones cerebrals

El primer EEG d’'un huma fou obtingut per Hans Berger (1873-1941) en els anys 20 del

s. XX. Berger anomena ritme alfar) les oscillacions de gran amplitud i uns 10 Hz

de freqiiencia que observava quan el subjecte tenia els ulls tancats. Anomerf3) beta (
aguelles més rapides i de menor amplitud que apareixien quan els ulls estaven oberts. Per
altra banda, les ones thet)( de menor frequieéncia que les ones alfa, foren observades
per primera vegada en conills anestesiats i foren les primeres a les quals se’ls va poder
atribuir una funcioé cognitiva en trobar una relacié amb el reflex de I'orientaci6 en felins
[134]. Seguint aquesta tradici0, altres bandes de freqiiéncia foren designades també amb
lletres gregues i s’establiren divisions entre elles de manera quasi totalment arbitraria
(Figura 7.5). Una classificacid en bandes de frequéencia de I'activitat EEG, més recent i
més coherent amb els aspectes funcionals i cognitius, es pot trobar a [134, 135].
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Figura 7.5 Nomenclatura de les osddcions de 'EEG segons la banda de frequiéncies

7.4.2 Fases del son

Les fases del son foren identificades per primera vegada per Alfred Lee Loomis (1887-
1975) I'any 1937 [136]. La primera classificacio estandarditzada d’aquestes fases és la
de Rechtschaffen i Kales de I'any 1968 [137]. L'any 2007 I’American Academy of Sleep
Medicine (AASM) publica una actualitzacido d’aquesta classificacio [138]. Es distingei-
xen actualment 4 fases del son, sense contar la vigilia. Aquestes son: Fase |, Fase Il, Fase
/1V (SWS) i REM [139, 140] (veure Figura 7.6).

nnv

EEG (uV)

REM

Awake

0 500 1000 1500 2000 2500
t (10%s)

Figura 7.6 Exemples de registre EEG de les diferents fases del son i d’un estat de vigilia.

La fase | és la fase de somnoléncia o son lleuger. La frequencia de 'activitat descen-
deix del rang alfa (8-12 Hz) propi de la vigilia al rang theta (4-8 Hz). Es tracta d’os-
cil-lacions de baixa amplitud i no s’observen ni K-complex ni spindles (veure 7.4.3). La
fase Il es caracteritza per I'aparicid dels spindles i els K-complex de manera regular.
L'activitat de 7 Hz es fa més predominant, sincrona i bilateral i desapareix I'activitat
beta. La fase Il representa d'un 45% a un 55% del son en adults. En la fase IIl/IV o
de son profund, predomina I'activitat delta i apareixen les ones leagegna activitat
de gran amplitud¥ 75 uV) i poden apareixer tant K-complex com spindles. Per Gltim,
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en la fase REM trobem una activitat de baixa amplitud semblant a la de la vigilia. No
s’observen ones lentes ni spindles o K-complex. El to muscular practicament desapareix
i s’observen moviments oculars rapids de manera episodica i irregular. En adults la fase
REM representa aproximadament un 25 % del son.

7.4.3 Alguns patrons caractéstics de 'EEG de son

A banda de les osclacions sostingudes d’'una certa frequiéncia o ones cerebrals que
hem descrit abans, també s’han identificat patrons de curta durada que son recurrents i
universals en els EEG de son. Aquests patrons no sols ens ajuden a distingir entre les
diferents fases del son com acabem de veure sind que es creu que compleixen determi-
nades funcions, algunes de les quals encara s’estan investigant.

Spindles i K-complex

Els spindles son curts periodes d’activitat (0.5 - 1.5 s) en els quals augmenta la frequieéncia
de I'EEG fins el rang 12-14 Hz (veure Figura 7.7). Els spindles apareixen de manera
simetrica i bilateral en ambdbs hemisferis cerebrals. Entre altres coses, es creu que els
spindles generats al talem prevenen la disrupci6é del son per estimuls auditius externs.

Els spindles poden anar precedits pel patr6 anomenat K-complex, un pic negatiu d’alt
voltatge seguit d’'un pic positiu que dura en total 0.5 s aproximadament.

K-complex
I_;\
Spindle
f_%\
L
2
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S
Temps

Figura 7.7 Exemple de spindle i K-complex. Les senyals corresponen a dos electrodes EEG de superficie
(C3-A2i C4-Al).

Ones lentes € 1 Hz)

El patrd d’ona o oscilacio lenta fou descrit per primera vegada per Mircea Steriade
(1924-2006) i els seus ctdboradors I'any 1993 [141Es una oscilacié de gran am-

plitud (> 140 uV) i baixa frequencia 1 Hz) resultat de la sincronitzacié de grans
poblacions de neurones en el cortex (Figura 7.8). Primer les neurones es sincronitzen
en un estat hiperpolaritzat en el qual no es disparen potencials d’accio. Aquest estat si-
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lent acaba amb les neurones disparant potencials d’accido de manera sincrona en el que
s’anomena fase de despolaritzacio.

Les ones lentes apareixen sols en la fase Ill/IV del son i es creu que juguen un paper
fonamental en els processos d’aprenentatge i consolidacio de la memoria [142, 143]. A
meés a més, s’ha observat que aquestes:@&idns viatgen a través del cortex (d’ahi el
nom d’ona) amb uns complexos patrons de propagacio [144, 145, 146].

En aquesta part de la tesi presentarem alguns resultats sobre la dinamica i la pro-
pagacio d’aquestes ones lentes a partir de I'analisi de dades EEG intracranials. Més
concretament, mostrem el descobriment de distribucions bimodals per als temps de des-
polaritzacio i hiperpolaritzacio de les ones lentes. Correlacionant aquestes distribucions
amb l'activitat en la banda de frequéncies dels spindles hem trobat que una possible cau-
sa de la bimodalitat pot ser el diferent paper jugat pel talem en la generacié de segons
guines ones lentes. A més a més, a partir de ressonancies magnetiques obtingudes per
a cada subjecte hem pogut reconstruir tridimensionalment la posicio dels electrodes de
registre adins del crani i ago ens ha permes estudiar la propagacio de les ones lentes i fer
una estimacio de la seua velocitat.
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Figura 7.8 Exemple d’ona lenta. En negre, el senyal original i en roig, el senyal filtrat en el rang 0.1-4
Hz.



Chapter 8
L arge-scale cortical dynamics of sleep slow waves

8.1 Introduction

Slow waves are the most prominent electroencephalographic (EEG) feature of sleep,
consisting of alternating periods of activity and silence in cortical networks [141, 147].
As confirmed by in vivo [148] and in vitro [149] intracellular recordings in animals, the
active states are associated with synaptically mediated depolarization and intense cellular
firing whereas, during the silence states, neurons are hyperpolarized with a cessation of
synaptic and firing activity. This slow rhythmical activity is generated intrinsically in
the neocortex [149, 150], synchronizes cortical regions with high temporal precision
[151] and can recruit multiple subcortical targets [152, 153]. This alternation of active
and silent states in cortical neurons is thought to be involved in memory consolidation
[154, 155, 156], synaptic homeostasis [157] and the restorative functions of sleep [158].
Nevertheless, despite considerable understanding of the cellular/synaptic mechanisms
underlying these waves [153, 159], the spatial and temporal dynamics that generate these
particular EEG elements in the human brain remain poorly specified [160, 161]. Scalp-
level high-density EEG recordings have indicated that slow waves in humans have a non-
uniform cortical distribution, suggesting that areas of the cortex are differently involved
in slow waves [144]. Furthermore, recent observations reported that most sleep slow
waves are in fact confined to local regions that are unevenly distributed across cortex
[161]. In addition, consistent with recent imaging data of the mouse cortex [146], their
propagations are composed of complex local paths with several points of origin [145].
Indubitably, scalp recorded EEG is insufficient to fully characterize their complex
large-scale dynamics due to unavoidable effects of linear summations of current sources
over large cortical territories and the considerable distances from recording sites to deep
generators. These drawbacks can nevertheless be surmounted with the use of intracra-
nial recordings [160, 161] which furthermore allow the analysis of short-range spatially
coherent activities that are not promptly available with scalp recordings. In addition,
the number of studies simultaneously analyzing local field potential (LFP) and scalp
EEG signals both in animals and humans is rather small and therefore joint analyses at
mesoscopic (e.g., LFPs) and macroscopic (e.g., scalp EEG) levels will provide valuable
new data in this domain. In the present study, we examined slow wave cortical activity
during polysomnographically defined sleep-wake states using simultaneous scalp EEG
and intracranial recordings in 10 subjects who required a clinical invasive evaluation for
the treatment of their epilepsy. Thanks to this relatively large sample size as well as to
a broad spatial sampling (with a total of 417 investigated intracranial electrode sites)
we were able to examine intracranially the characteristic morphologies, durations and
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spatial propagations of slow waves over a comprehensive extent of the human cerebral
cortex.

8.2 Bimodal distributions of the depolarization and hyperpolarization times

A group of 10 subjects with medically-refractory epilepsy were included in this study. In-
tracranial LFPs were recorded from the surface of the cortex (subdurally) or from depth
electrodes implanted stereotactically in deeper cortical structures. Intracranial contacts
sampled medial, lateral and basal frontal and temporal cortices, as well as medial and
lateral parietal and occipital cortices (see Table 8.1 for further detail). All subjects had 2-
3 selected overnight recordings. Slow waves were automatically identified from a single
scalp electrode and only from segments of slow wave sleep using previous methodology
[144] (see Materials and Methods section for further detail).

Following previous works [144, 151], the onset of each wave was positioned at the
maximum negativity of the waves, as this is considered to reflect the transition to the
depolarizing phase of the intracellularly defined slow oscillation. We assumed that the
first process, which leads up to the synchronization of populations of neurons in a silent
hyperpolarization phase, starts at the first maximum before the central minimum of the
slow oscillation (hyperpolarization onset) and finishes at the subsequent minimum (de-
polarization onset). We call€efy, the time span of this phase [162] (see Fig/.1At the
depolarization onset, a second process starts where neurons are recruited to fire, leading
to a global depolarization phase. We assumed that this phase ends at the first maximum
after the onset of the depolarization and we callgds time span (Fig. 8A).

The analysis of intracranial recordings acquired simultaneously allowed us to directly
characterize these different processes associated with scalp slow waves. In most cases,
intracranial slow wave activities showed a reversed polarity with respect to the scalp
EEG, confirming what has been previously shown in animal [150] and human studies
[159]. Thus, the intracranial hyperpolarization phase was here considered to start at the
first minimum and the depolarization onset was located at the maximum positivity peak
(Fig. 8.1A).

We first analyzed the intracranial distributions oy and Ty measured over all de-
tected slow wavesn(= 33442) on all intracranial contacta € 417) (Fig. 8.B). For
every recorded subject, we found a bimodal distribution for the depolarization and hy-
perpolarization time spans. We designate the characteristic times as and for the fast
and slow hyperpolarization times and likewise,stand for the fast and slow depolarization
times respectively (Fig. 8Q). The positions of the peaks, i.e. the values of the char-
acteristic times, were remarkably consistent across all subjects (average)(over
all subjects of the positions of the peal(ifhf) =0.224+0.01 5,(T) =0.44+0.01 s,

(Tdf> =0.24+0.01 s,(T§) = 0.43+£0.02 s) (Fig. 8.2). Over multiple intracranial con-
tacts, when analyzed one by one, we found exactly the same two peaks in the distribu-
tions of T, andTy, suggesting that the bimodality cannot be simply explained by regional
specificities of different cortical regions (Fig. 8.3). As indicated by the visual inspection
of several successive events (Fig.B).lthe explanation of this bimodality lies in the co-
existence of two different types of slow wave events (Fig. 8.4). Examples of scalp EEG
signals associated with fast/slow hyperpolarization/depolarization slow wave events are
shown in Fig. 8.5.
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To confirm these results in a quantitative way, we determined the Mpaed Ty of
each event and obtained its statistical distribution over the whole night. For this purpose
we used the Parzen’s window method, also known as Kernel density estimation (hence-
forth referred to as KDE; see Materials and Methods). This method allows to estimate
the probability density function, and associated quantities such as the mode, of a certain
variable given a finite (and possibly sparse) data sample. In the study of the distribu-
tions of modes, two peaks appeared, confirming that there is one BRar(d one fast
(T") characteristic times for both the hyperpolarization and depolarization processes of
a slow wave event(T,') = 0.23+0.01 s, (T$) = 0.43+0.01 s, (T|) = 0.26+0.01 s,
<de> = 0.424+0.02 s (Fig. 8.8). Furthermore, all these characteristic times were ho-
mogenously identified over the course of an entire night of sleep (Fi§.)8sbiggesting
that they were not reflecting state-dependent wave shapes (e.g. K-complexes of stage 2
and delta oscillations of stages 3-4) or the effect of the sleep pressure at the beginning
of sleep [163]. However, complex laminar propagations of regional slow waves can im-
plicate variable sources located along the cortical layers and may generate fluctuating
wave polarities, depending on the spatial relationship between the intracranial electrode
and the source of the oscillation [160]. These phase fluctuations could induce missing
or double cycles in the slow oscillation that may explain our bimodality. To examine
this possibility, we characterized the cortical involvement in the fast/slow hyperpolar-
ization/depolarization events by counting the total number of implicated intracranial
contacts. As reported in Fig. 8.7, we found no differences in the average number of
contacts during fast and slow events, reflecting in both cases a similar involvement of a
large number of cortical sites. This suggests that the bimodality and, in particular, the
slow hyperpolarization/depolarization events are not a spurious effect of changing slow
waves polarities due to complex propagation pathways of local slow waves.

In order to further study whether slow and fast hyperpolarization/depolarization events
reflect different physiological phenomena, we analyzed whether they were associated
with differences in the power/amplitude of thalamically-generated spindles (8-18Hz)
(Fig. 8.8). For 3 subjects with a good number of slow wave detections we observed
that the amplitude of spindle activity after the slow wave minimum was significantly
larger during slow-depolarization events, suggesting an implication of the thalamus in
these events.

Finally, the present results were obtained in individuals with epilepsy, who may have
abnormal synchrony during seizure-free periods in their global activity patterns. In order
to confirm the universality of the distributions §f and Ty, scalp EEG recordings from 5
healthy subjects were analyzed. In every case, although the two modes were less clearly
separated, a bimodal distribution was also observed with very similar peak values to
those identified in intracranial data (Fig. 8.9), confirming that epilepsy is unlikely to be
the main source of the observed phenomenon.

We examined the existence of temporal relationships between consecutive fast and
slow hyperpolarization or depolarization phases via a linear correlation analysis. We
found a very weak correlation betwe&nand Ty (mean correlation coefficient over all
subjects(p) = 0.17+0.06, p < 0.05) analysing the whole set of intracranial contacts, or
between mod&, and mod€dly ({(p) = 0.2+ 0.1, p < 0.05) of the slow wave events. This
weak correlation is clearly observed in Fig. B.&@hereTy is plotted versu3, and mode
Tq versus moddy, for all the slow wave events of a representative subject. Even though
fast hyperpolarization is more frequent, every possible combination of fast/slow hyper-
polarization/depolarization can be identified in a slow wave event. In the same way,
Fig. 8.8C shows the distributions of the total time sp&+ Tq and modeT, + mode
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Ty. The weak correlation is again confirmed by the presence of three peaks represent-
ing all possible combinations between fast/slow hyperpolarization/depolarization events.
In addition, we found no correlations over groups of temporally adjacent slow wave
events. In this case we studied the correlation between the mode hyperpolarization times
({p) =0.244+0.09, p < 0.05), between the mode depolarization tinjes = 0.2+0.1,

p < 0.05) as well as the correlation between the depolarization time of one event and
the hyperpolarization time of the following onéof = 0.14+0.09, p < 0.05). The ob-
served weak linear correlation suggests that bursts of adjacent fast/slow hyperpolariza-
tion/depolarization waves appear in complex sequences during the same sleep stage.
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Fig. 8.1 lllustration of the slow wave events detection method and examjg @f distributionsA. Left:

3D reconstructed implantation of one subject. The red circle marks the approximate position of the scalp
reference contact. Right: Example of scalp slow oscillation and one of its intracranial correlates (note the
polarity inversion of the intracranial signal with respect to scalp). All signals are filtered in the band 0.1-4.0
Hz. The hyperpolarization and depolarization onsets have been marked for the scalp signal. The duration
of the hyperpolarizationTf,) and depolarizationTy) phases of each oscillations is shown as well (black

and gray horizontal lines, respectivelB).Segment of scalp signal presenting six detected slow waves. For
the second detection, tig and Ty of the detected intracranial correlates have been plotted. The numbers
stand for contacts of the same electrode. This particular implantation consisted of 55 contacts distributed
in 11 electrodes. 6 electrodes (n.1-6, 30 contacts) in the left frontal lobe and 5 (n.7-11, 25 contacts) in the
left temporal lobe. The contacts in the frontal lobe cover from the F1, F2 and orbital regions to interior
regions like the anterior part of the cingulated gyrus, the insula and the cortex subcallosum. The electrodes
in the temporal lobe cover different cortical and white matter regions as well as deeper structures like
the amygdala and the hippocamp@s.Examples of typical Probability Density FunctionsTfand Ty

obtained for a single subject. For the construction of the pdfs only the intracranially meaganediT,

were taken into accoun‘fhf/dS mark the position of the fast/slow hyperpolarization/depolarization times of
the subject.
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further detail) are shown.
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Fig. 8.3 Statistics ofT, and Ty for single intracranial contacts. HistogramsIgfand Ty for four different

recording contacts. The first one is situated in the frontal superior cortex, the second in the temporal T1
cortex, the third in the parietal cortex close to the lateral sulcus and the fourth in the occipital O2 cortex.
The frontal and temporal contacts correspond to subject S1 (see Table 8.1), the parietal contact to subject

S5 and the occipital

contact to subject S4.
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Fig. 8.5 Examples of fast/slow hyperpolarization/depolarization slow wa&keSuperposition of filtered
signals (0.1-4 Hz) of scalp EEG recordings (FP1) corresponding to 300 slow waves showing fast hyper-
polarization (top) and 300 slow waves showing slow hyperpolarization (bottom) of a single subject (S1).
The thick red line is the average profile of the shown filtered signals. A vertical dashed line marks the
position of the hyperpolarization onset of the average signal. The graphs in the right panels indicate the
region in the moddy, distribution from which the events in the figures have been dr®wBuperposition

of filtered signals (0.1-4 Hz) of scalp EEG recordings (FP1) corresponding to 300 slow waves showing
fast depolarization (top) and 300 slow waves showing slow depolarization (bottom) of subject S1. The
thick red line is the average profile of the shown filtered signals. The vertical dashed line marks the end
of the depolarization (as has been defined in the text). The graphs in the right panels indicate the regionin
the modeTly distribution from which the events in the figure have been drawn.
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Probability Density Function ofTy, + Tyq) and (modeT,, + modeTy). The continuous lines correspond to
the estimated PDF using KDE (See Materials and Methods).



8.2 Bimodal distributions of the depolarization and hypéagration times 117

28 o -~ T T 1 T T 1T " T "]
26 F 4 Fast Hyperpolarization
24 + 4 Slow Hyperpolarization
22 ]
20 F ]
° :]]g 1 I ]
@ o h
s 14F ]
2 12f ]
2 19F .
|5} . -
£ 6F ]
8 4t I I I I I I I ! 1
kS 1 2 3 4 5 6 7 8
b 28 r T T T L L L AL
o 26 F A Fast Depolarization
E 24 E 4 Slow Depolarizatior
o 22F 3
9 201 7
s 18F ]
> 16 | I 1
< L ]
14+ 3
B —.
gt | ]
6F h
4 L 1 1 1 1 1 1 1 1 ]

1 2 3 4 5 6 7 8
Subject

Fig. 8.7 Average number of intracranial contacts involved in the detection of fast/slow hyperpolariza-
tion/depolarization events. The averages shown were calculated for eight subjects (S1 to S8 in Table 8.1)
for their fast/slow hyperpolarization (upper panel) and depolarization (lower panel) events.



118 8 Large-scale cortical dynamics of sleep slow waves

Slow depolarization events @ Fast depolarization events.
_(n=2720) _ in=2007)

(n= 1878)

05 L] 05 05 ] 0s

Time {sec) Tima {sec}

Slow dopolarization events @ Fast depolarization events
< {n = 2367) {n=2743)

-

o0s

05

i [} os 05
Time (sec) Time (sec)

0
Time {sec)

Fig. 8.8 Analysis of thalamically-generated spindles during fast and slow depolarization events. Each
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Filtered signals (0.1 - 4 Hz) of the detected slow waves aligned around their central peak (red) with the
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8.3 Hyperpolarization and depolarization propagation velocity

Traditionally, the propagation of slow waves (Fig. 8.10) has been studied as the propaga-
tion of a depolarization wave (D-wave) [144]. We have indeed observed this propagation
in our intracranial data. Fig. 8.10 illustrates the propagation of a global slow wave event
and three local propagation patterns. In this work we have also taken into account the
hyperpolarization process that precedes the depolarization onset and considered the hy-
perpolarization as a traveling wave phenomenon (H-wave). The propagation velocity of
both waves has been estimated with two methods.

The first method consisted in the calculation of the instantaneous velocity of the slow
wave. Given two consecutive detections of the same slow wave event, the speed was
calculated from the distance between two contact locations, normalized to Talairach co-
ordinate space [164], and the known time delay between the corresponding detections.
This method assumes linear propagation of the waves and does not take into account
particular characteristics of the cerebral cortex such as its convoluted surface. In order to
reduce the error in the estimation of the speed we imposed a maximum distance thresh-
old (40 mm) between the detection contacts. Histograms of the instantaneous speed were
obtained for each subject and each type of wave. All histograms showed a clear mode
peak, the exact value of which was estimated using KDE (an example can be seen in Fig.
8.8). The mode velocity of the H-wave ranged from 0.35 to 0.56 m/s across subjects with
a grand average of®+ 0.1 m/s. For the D-wave, the mode velocity was inside the range
0.8-1.5 m/s and provided a grand average .6/410.2 m/s. As we already mentioned,
this method may provide underestimations of the traveling speeds due to the assumption
of rectilinear propagation of the slow wave between the contacts.

To further reduce the effect of these assumptions, we performed a second estimation.
In this case we selected, for different subjects, pairs of close intracranial contacts (sep-
aration less than 15 mm) with a good percentage of detections. We then estimated the
mean contact-to-contact velocity for each pair. A total number of 10 pairs of 7 differ-
ent subjects were studied. The mean H-wave velocity ranged from 0.7 to 1.6 m/s with
a grand average of.0+ 0.3 m/s. The D-wave mean speed ranged from 0.9 to 1.9 m/s
with a grand average of3+ 0.4 m/s. As expected, this second method provided larger
estimates for the velocities.

Using both estimations, we were not able to find any differences in the propagation
velocities between fast- and slow-depolarization waves. A more refined description of
their anatomical pathways is here needed to study subtle differences in their propagation
speed.

8.4 Origin and Propagation paths in networks of hubs

Close inspection of our data confirmed that the dynamics of the traveling slow wave are
very far from the simple dynamics of a plane or spherical wave with a point-like and
stable origin [145]. In particular, each slow wave event is also unique in its origin and
dynamics. Furthermore, our data confirmed that slow waves are not a global entrainment
of all cortical regions via a single propagating wave but are often composed of complex
local patterns with multiple points of origin.

In order to deal with this complexity, we identified for each subject the set of intracra-
nial contacts that were statistically more involved in all detected events, i.e. contacts
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Fig. 8.10 A Filtered (0.1-4 Hz) signals of intracranial EEG contacts of one global slow wave event
ordered as a function of the position of the minimum (red dots). The vertical dashed line marks the position
of the minimum of the first detectiol®. Three examples of local propagation in the temporal lobe. Each
example corresponds to a different slow wave event. In all cases the signals are linked to the position of
the recording contacts in the brain, represented by red cubes.

with a number of detections of at least one standard deviation above the mean. Defined
in the network of slow wave propagations (the intracranial contacts acting as nodes and
the links being causally related detections), these contacts can be seen as hubs since they
would be the most connected nodes.

We have studied the propagation by examining in which order each event visited these
hubs. We have also calculated in which ordinal position (first, second, etc.) each hub was
more likely to have been visited by analyzing the statistics over all the events. Finally,
linking the first hubs with the second hubs, the second hubs with the third ones, etc., a
directed graph could be constructed that established a causal relation between the hubs
and hence a statistical propagation trend for each subject (Fig. 8.11).

In Fig. 8.1\, the first (blue spheres) and last hubs (red crosses) of all subjects have
been superimposed on a single cortical reconstruction. We have found no major differ-
ences for the propagation of H- and D-waves. For both the H-wave and the D-wave we
found 35 first hubs and only 15 last hubs of a total of 417 contacts. In our opinion, this
is a sign of the greater heterogeneity of the starting location of the slow waves. The
majority of the first hubs were located in the anterior parts of the brain while the last
hubs seemed to prefer the posterior parts. In particular, for the H-wave, we found 17 first
hubs in the frontal lobe, 3 in the cingulate cortex, 12.5 in the temporal lobe and 2.5 in
the occipital lobe (consistently with Table 8.1, contacts between two adjacent regions
are considered as half in each one). The last hubs, on the contrary, were more present
in posterior parts of the brain with 7 in the temporal lobe, 3 in the occipital region, 1 in
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the parietal lobe and only 4 situated in the frontal lobe. The results for the D-wave were
similar with 20 of the 35 first hubs situated in the frontal lobe, 2 in the cingulate cortex,
11.5in the temporal lobe and 1.5 in the occipital lobe. The last hubs of the D-wave were
also more frequent in posterior regions with 7 in the temporal lob and 2 in the occipital
cortex (the rest were located 4.5 in the frontal cortex, 1 in the parietal and 0.5 in the
cingulate cortex) (Fig. 8.12). Even though the origin of the slow wave events could
be very unordered, we identified a last-hubs-free region in the frontal cortex where first
hubs tended to concentrate (F1/F2 cortex involving the superior frontal gyrus and the
superior frontal sulcus).

In Fig. 8.12A a certain lateralization can be observed with more first hubs in the left
hemisphere but this can be explained by the inhomogeneous distribution of the intracra-
nial contacts with 295 (71%) located in the left hemisphere and only 122 (29%) im-
planted in the right hemisphere. Studies with a larger number of subjects or with a better
spatial resolution are needed to confirm these results.
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Fig. 8.11 lllustration of the method for the study of the propagatidop left Percentage of the total
number of events of a subject (S5) detected by each of its intracranial contacts. The dashed line corre-
sponds to the threshold of one standard deviaflop.right Detection probability vs. order of detection

for each hub. This probability has been calculated over all the events of the subject. The black circles
point the position of maximum detection probability of each Hdittom Reconstruction of the directed

graph on the intracranial implantation (temporal implantation in this case) and a schematic representation
of the graph construction procedure. The blue spheres mark the hubs that preferentially perform the first
detection and the red crosses mark the hubs that preferentially perform the last ones.
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Fig. 8.12 Results of the propagation study. Left First and last hubs of the H-wave propagation of all
studied subjects superimposed on the same reference brain (Top and left Righs)-irst and last hubs

of the D-wave propagation of all studied subjects superimposed on the same reference brain (Top and left
views). The little black dots correspond to the implanted contacts not presenting a first/last hub character.
These are shown to illustrate the total coverage of the sum of the individual implantations. Please note
the final coverage of the sum of all the implantations is not homogeneous with 295 (71%) contacts is the
left hemisphere and 122 (29%) in the right hemisphBreGraphs of the percentages of first/last hubs
found in each of the following regions: Frontal (Fro), Parietal(Par), Insula(Ins), Cingulate cortex(Cin),
Temporal(Tem), Occipital(Occ) and Striatum(Str).
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8.5 Discussion

In this chapter we have explored the large-scale dynamics of sleep slow waves in the
human cortex using intracranial EEG recordings. We report the following observations:

1) The hyperpolarization and depolarization processes have two distinct characteristic
times. 2) A weak linear correlation could be identified between consecutive fast/slow

hyperpolarization or depolarization phases. 3) Using two complementary methods, we
estimated the average speed of both traveling waves as approximatelydaL5m/s (H-

wave) and 1.Gt 0.2 m/s (D-wave) (1.6t 0.3 m/s and 1.3t 0.4 m/s, respectively). 4)

For both waves, preferential starting locations were located in the anterior parts of the
brain while they have a tendency to end in the posterior and temporal regions.

Aside from descriptive statistics of slow waves, the first new finding of this work was
the determination of two characteristic times for both the hyperpolarization and depo-
larization processes. These slow and fast processes were remarkably consistent across
all subjects and did not show significant correlation with regional specificities of differ-
ent cortical regions or different sleep stages (considering Ill and IV as separate stages).
A strong support of the physiological existence of this phenomenon is given by our
analysis of scalp slow waves of healthy subjects that also exhibit a bimodality of hyper-
polarization and depolarization times. This suggests that the bimodality is not related to
the epileptic condition of our intracranially recorded subjects. Moreover, the demonstra-
tion of the bimodality from scalp EEG recordings allows us to discard the possibility that
this phenomenon might be caused by fluctuating wave polarities around the recording in-
tracranial sites [160, 161] since the scalp electrodes are well over the cortical generators
of slow waves. To further confirm this point we calculated the average number of con-
tacts involved in the detection of fast and slow events. We found that both events involve
a similar number of cortical sites, suggesting that the bimodality can not be explained
by changing propagation pathways across the cortical layers giving rise to missing or
double cycles in the recorded signal. Finally, we found a weak linear correlation be-
tween consecutive fast and slow hyperpolarization or depolarization phases, suggesting
that these events appear in a mixed and complex way during the same sleep stage. We
conjecture that nonlinear relations might exist between these two processes, particularly
long-range temporal correlations at time scales of several minutes [165]. It is important
to note that, in this study, the association of the up and down phases of the slow wave
with the cellular hyperpolarization and depolarization processes is a hypothesis in nature
since we have not correlated our data with intracellular recordings. As also assumed in
other studies [144], this association is suggested by previous observations correlating
cellular and EEG activity [141, 151]. However, further investigations at a cellular level
in the human brain are necessary to validate these hypotheses [161].

The underlying causes of this novel bimodality of slow waves are still unclear. A pos-
sible explanation is that they could be related to the influences of subcortical regions
on cortical synchrony. Indeed, although slow waves are generated within the cortex, as
shown in animals with thalamic lesions [150] and confirmed in decorticated animals
[166], recent data suggest a role of thalamic activity in triggering cortical slow waves
through thalamocortical connections [153, 167, 168]. In particular, in cortical networks
that lack thalamic input, i.e. cortical slabs [169] or slices [149], the hyperpolarization
wave is considerably longer than if thalamic input is present. Furthermore, the mean
duration of the depolarization phases increases with thalamic inputs [168], as also sug-
gested by computational models [170]. Therefore, fast hyperpolarization or slow depo-
larization times could reflect the different implication of the thalamus. Preliminary anal-
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yses of the amplitude of spindle activity (8-18Hz) around the slow wave minimum show
differences in this frequency band between slow- and fast-depolarization slow wave
events. In particular, for a small group of selected patients, we observed that slow depo-
larization events are accompanied by a strong and well-organized spindle aetiiity (

— 16 Hz) coinciding with cortical up-states (see Fig. 8.8). On the contrary, fast depolar-
ization events show a more diffuse spindle activity at cortical up-states but an alpha-like
activity (~ 8 — 10 Hz) can be seen coinciding with the depolarization onset. This mix-
ture of activities related to fast-depolarization waves could suggest a similarity of these
types of events with K-Complexes or micro-awaking episodes occurring during the ac-
tive phase of the Cycle Alternating Patterns (CAP) [171]. In the CAP K-Complexes as
well as other faster activities, including spindles, are present. In our opinion, these differ-
ences concerning spindle activity between slow and fast-depolarization waves reinforce
the hypothesis of a distinct implication of the thalamus in these two different events.
However, further work in this direction is needed to fully clarify the role of the thalamus

in each type of slow wave processes.

Our second result is the direct estimation of the propagation speed of hyperpolariza-
tion and depolarization waves on the cortex. Using two different methods, we estimated
the typical speed of both waves as 1 m/s. Interestingly, although this speed is of the same
order of magnitude as previous estimates from EEG (2.7 m/s in [144]; 2.2 m/s in [145])
and computer simulations [172], the obtained values are somewhat smaller than previ-
ously published estimates of the depolarization propagation speed in humans. Linear
interactions of voltages inherent in scalp EEG recordings [144] or their overlapping in
source modeling [145] are most likely responsible for an overestimation of the intracra-
nial propagation speed. However, our reported propagations were faster than the average
speed estimated to be around 0.1 m/s in multi-site recordings of different cortical areas
of anesthetized cats [173]. Our higher speeds may reflect not only a slight overestimation
due to obliquely propagating waves or volume conduction [144], but also a higher speed
of propagation in the human cortex secondary to its widespread long-range connectivity.
Indeed, the speed of propagation in ferret cortical slices is low, around 0.01 m/s, given
that it relies exclusively on local connectivity [149].

Our data were recorded in medicated epilepsy patients in whom the propagation of
slow waves may be affected by epileptic disturbances. Nevertheless, as several other
sleep studies using intracranial data [160, 161], we believe that the effects of pathology
on our results are minor for the following reasons. First, high epileptic activities were
visually identified and removed from our data. Second, as imposed by our automatic de-
tection, slow wave dynamics were within the expected normal range, including standard
morphologies, durations, amplitudes and spatial extent. Third, from the total number of
intracranial contacts, 83% were located outside the epileptogenic zone. Finally, interictal
epileptic events have markedly different temporal dynamics with an extremely fast syn-
chronization but more limited in their spatial extent. The propagations we describe here
showed remarkable global dynamics, reproducible from one patient to another. In addi-
tion, there are clear parallels between the results of [145] and our data. In both studies,
spontaneous slow waves were reported to propagate across the cortical area.

Nevertheless, a high spatial variability of the propagation was found. In particular,
slow waves were composed of multiple propagation paths which can vary from one
wave to another and with several points of origin [146]. This variable network of prop-
agations may reflect the level of activity-dependent synchronization achieved in cortical
neural ensembles, which depends on the local homeostatically regulated average synap-
tic strength [174]. In our work, we have chosen to reduce this complexity by only study-
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ing the preferential trajectories between intracranial sites statistically more involved in
slow waves. We found that, for both hyperpolarization and depolarization waves, the ma-
jority of the first hubs were localized in the anterior parts of the brain while the last hubs
seemed to prefer the posterior parts. This further confirms the presence of cortical gener-
ators in the frontal cortex with enhanced intrinsic excitability, which could consistently
generate slow waves during sleep.
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Subject Total implanted contacts | Contacts in the epileptic ictal zof€ontacts in the epileptic interictal zgne
Fro Par Occ Tem Cin Ins Str| Fro Par Occ Tem Cin Ins Str |Fro Par Occ Tem Cin Ins Str
ST [I8 0 0 25 9 151p2 O 0O 2 4 1 13 0O 0O 10 0 O 0
s2 |2r 0 0 0 2 2 03 O O O OO O3 0 0 10 0 0 0
S3 2450 0 13251 Qg6 O O 1 O 1 O((6 O O 11 0 O 0
S4 |0 4545 17 0 0 Q 0 4515 2 0 O O0O|0 2 2585 0 O 0
s5 /17 6 0 3 2 3 0 O O O 2 O1 O3 O 0O O 0 2 0
s6 (175 0 7 16 4 050985 0 O O 350 0|4 0 1 2 0 O 0
S7 10 15 0 48 050 g0 0 O 5 0 O O|0 O 017505 0 0
s8 {0 0 754850 0 QO O O 7 O O O|]0O0 O O 24 0 O 0
s9 10 0 O 36 O O 0O O 0O 0O 8 0 O OO O O 10 0 O 0
sio (18 0 0 25 3 0 00 5 0 O O 1 O O|05 0 O 1O0O50O0 0
Total [122 12 19 232 23 8 14545 15 27 85 3 1195 2 35 93 1 2 0

Table 8.1 Details of the intracranial implantations. Contacts in the epileptic ictal zone correspond here to contacts associated to seizure onsets. Contacts in the epileptic
interictal zone correspond here to contacts associated to epileptic spikes during interictal periods. Contacts between two adjacent regions were considered as half in each
one. Legend: Fro (Frontal), Par (Parietal), Occ (Occipital), Cin (Cingulate), Ins (Insula), Str (Striatum).
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Appendix E
M aterials and methods

E.1 Subjects and EEG acquisition

For the intracranial study, the sleep EEG recordings of 10 subjects (5 Females; age range,
18-49; Mean Age = 32,9) with refractory partial epilepsy undergoing presurgical evalua-
tion, hospitalized between February 2002 and July 2007 in the epilepsy unit at the Pitié-
Salpétriere hospital in Paris, were analyzed. Each patient was continuously explored dur-
ing several days with intracranial and scalp electrodes (Nicolet acquisition system, CA,
US) . Depth electrodes were composed of 4 to 10 cylindrical contacts 2.3 mm long, 1
mm in diameter, 10 mm apart center-to-center, mounted on a 1 mm wide flexible plastic
probe. Subdural electrodes were strips with 4 to 8 one-sided circular contacts, 2.3 mm in
diameter and with a center-to-center separation of 10 mm. The effective surface area was
7.2 mnt for depth contacts and 4.15 mrfor subdural contacts. Pre and post implanta-
tion MRI scans were evaluated to anatomically and precisely locate each contact along
the electrode trajectory. Talairach coordinates of intracranial contacts were estimated
with the BrainVisa/Anatomist software package (http://brainvisa.info/). The placement
of electrodes within each patient was determined solely by clinical criteria; however, the
routine clinical use of broad anatomical coverage for intracranial recordings provided a
large sample of electrophysiological data from tissue outside of the epileptogenic zone.
In particular, a total number of 417 intracranial contacts were analyzed from which 83%
were located outside the epileptogenic zone. The intracranial contacts were distributed
in the different brain regions in the following way: 122 in Frontal regions, 12 in Parietal
regions, 19 in Occipital regions, 231.5 in Temporal regions, 23 in the Cingulate cortex, 8
inthe Insula and 1.5 in the Striatum (contacts between two adjacent regions were consid-
ered as half in each one). Signals were digitalized at 400 Hz. Common average reference
montage was chosen to normalize the signals. Noisy electrodes and those presenting
high epileptic activity were excluded from the average by visual inspection. A data set
of 22 complete nights of sleep with at least two complete sleep cycles was obtained with
each subject contributing with 2-3 nights. Each night was scored for sleep stages using
the software Somnologi¢¥. All patients gave their informed consent and procedures
were approved by the local ethical committee (CCP).

Scalp sleep EEG recordings of 5 male healthy subjects were also analyzed. For
each subject, 3 complete nights were studied. Electrographic (EEG), electro-oculogram
(EOG) and chin electro-myogram (EMG) activity were concurrently monitored and used
to classify the different sleep states.

Digital bandpass filtering between frequencigs- f, was, in all cases, implemented
through a forward-backward digital infinite impulse response (IIR) type Il Chebyshev
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filter (passbandf; < f < f, Hz, attenuatior< 1 dB, monotonic; stopband: < (f; —k)

or f > (fo+k) Hz, wherek = 0.5 for f;» > 1 Hz ork = 0.05 otherwise, attenuation

> 100 dB, equiripple). Electrical line noise at 50 Hz was suppressed by a bandstop filter
of the same type. All analyses were implemented in MATLAB (The MathWoYk$/A,

USA).

E.2 Sleep Oscillations detection criteria

For the intracranial-EEG subjects, the Slow Oscillations were first detected from a single
scalp electrode and only from segments of NREM sleep. Since not all subjects shared
exactly the same number of scalp electrodes, FP1 was chosen for the analysis because
it was systematically recorded and because it had been previously used for studying
slow wave activity [163]. For the automatic detection of the slow waves, all signals were
bandpass-filtered betweerl0- 4Hz The criteria for the automatic detection in the scalp
EEG were chosen following those in the literature [144, 145]: (1) separation between
the negative zero crossing and the subsequent positive zero crossing of 0.125-1.0 s; (2)
separation between the positive zero crossing and the following negative zero crossing
of 0.125-1.5 s; (3) negative peak between the first two zero crossings with a voltage
V € [-400,—-80uV; (4) a negative to positive peak-to-peak amplitud@40uV. We
disregarded the cases presenting more than one minimum between the crossings. Once
a slow oscillation was detected in the Scalp EEG, a correlation study was performed
to determine which other intracranial contacts had detected that particular slow wave
as well. We opened a 1.5 s window around the scalp minimum and we calculated the
correlation coefficient between the scalp signal and the intracranial contacts signal. We
assume an intracranial electrode detected the slow oscillation if the absolute value of the
correlation coefficient is- 0.6 and the amplitude of the minimum (maximum in the case

of inversion) has a magnitude at least 25% of that in scalp. We identified a slow wave
event when at least 40% of the active contacts detected the slow oscillation.

0.125s<t,<1.0s
0.125s5<t,<1.55s
-400 pV< V, < -80 uV
V2 > 140 uV

Fig. E.1 lllustration of the criteria used for the automatic detection of sleep slow oscillations.
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For the scalp-EEG subjects, the Slow Oscillations were first detected from the C3
electrode. The criteria for the detection were the same as in the intracranial case. Simi-
larly to the intracranial case, a correlation study was performed to determine which scalp
contacts had also detected the slow wave event.

E.3 Kernel Density Estimation

Kernel density estimation is a method for the estimation of probability density functions
and modes [174].

The theoretical basis of the KDE method is the following: Given a set of i.i.d. sampled
values of a random variabl&, Xo, X3... we can estimate the corresponding probability

density function as
10 X— X
fa(x) = %j;K ( - ) (E.1)

whereK(...) is called the kernel and h the bandwidth. The kernel is usually chosen to
be of a Gaussian type

X— X B 1 1/ x=X] 2
K( h )_\/ﬁexp—é( h ) (E.2)
We have implemented this method using the funckisdensityof the software pack-
age MATLAB (The MathWork§M, MA, USA).
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