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Abstract

In this letter, we propose interpolating currents for the X (3872) resonance, and show that, in
the Heavy Quark limit of QCD, the X (3872) state should have degenerate partners, independent
of its internal structure. Magnitudes of possible I = 0 and I = 1 components of the X (3872) are
also discussed.
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I. INTRODUCTION

Although it has been almost 10 years since its observation by the BELLE collaboration
[1], the nature of the X (3872) meson still remains a puzzle in charmonium physics. After its
first observation, it has also been confirmed by [2-5]. Its J¥¢ quantum numbers have not
been established, but the analysis of the X (3872) — J/Wrnm decays are consistent with the
assignments J'Y = 17+ and JFY = 27 [6, 7], the former being slightly more favorable [g].

As to its decay modes, besides the J/Unt7~ final state, the decay into J/¥r 7~ 7" was
also observed [9, [10]. The analysis of the data indicates that the decays into final states
containing two and three pions decays proceed through the intermediate states J/Wp and
J/Ww, respectively. Branching ratios of the decays X (3872) — J/Wp and X (3872) — J/Yw
are found to be comparable. This fact indicates that there is a large isospin violation in the
decays of X (3872) meson [11].

Its puzzling decay patterns makes it hard to fit the X (3872) meson within the traditional
mesons. Closeness of its mass to the D°D*® threshold (m(X(3872)) — [m(D°) + m(D*?)] =
—0.42 £ 0.39 MeV [§]) hints to the possibility that it might be a weakly bound state of a
D and a D* with possible admixtures from J/Ww and J/W¥p states [12] and/or charmonium
[13-15]. In the DD* model, the isospin breaking effects arise due to the mass difference
between the D°D*® system and its charged counterpart D+ D*~ system [11, [16, [17].

Several models have been proposed to study the properties of X (3872) using the heavy
quark effective field theory approach (see e.g., [18-20]). One of the results obtained in [19,20]
using heavy quark symmetry states that if X (3872) is a bound state of a D and a D*, then
it should have degenerate partners in the heavy quark limit. In this work, the question of
partners of the X (3872) meson will be addressed directly using QCD in the heavy quark
limit. In section [[Il an interpolating current for the X (3872) is proposed, and its correlator
is studied to prove that there should be three other degenerate partners of the X (3872).
Section [Tl is devoted to the study of isospin mixing in the X (3872) mesons, and finally in
section [[V] our results are summarized.

II. X(3872) PARTNERS

The fundamental object to study the properties of hadrons in a field theory framework
is a correlation function of the form

=i [ d'e (O[T ;(x);'(0)]0) 1)

where j(x) is a suitably chosen interpolating current that can create the hadron of interest
from the vacuum, p is the momentum of the state created by j(z), and 7T is the time ordering
operator. This correlation function can be written in terms of hadronic properties, and is the
main object of interest in many non-perturbative methods such as QCD sum rules, lattice
QCD, AdS/QCD, etc.

In the molecular representation of X (3872) as a bound state of D and D*, the JF¢ =
1*t*combination can be written as

1

\/5

In terms of the quarks, one can express this state as
| X(3872)) = |(See = 1584 = 1) = 1) (2)

|X(3872)) = —= (|DD") — |DD"))
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i.e., the ¢ and ¢ quarks and ¢ and ¢ quarks, each combine in a spin-1 state, and the two
pairs combine to give a state with overall J = 1. Motivated by the latter picture, one can
choose a current of the form

jis = Q1@ V5q" (3)
where (@ is a heavy quark (c in the case of X (3872)), ¢ is any quark different from @, a and
b are color indices written in a way to assure colorless D and D* states. Although we have
chosen the two quark fields ¢ and ¢ appearing in Eq. (3]) to be identical for simplicity, the
following discussion holds even if they are different quark fields. (The same is true for the

heavy quark @, with obvious modifications in the following discussions).
Note that one can rewrite the color factors of the qq and QQ) as

Na b Na b 5&1) e c 5ab e c
Q fYaQ = <Q fYaQ - ?Q fYaQ ) + ?Q fYaQ

and a similar expansion for the other quark-antiquark current. Here the first term is a color
octet combination and the last term is a color singlet. In this form it can be seen that
this current also has a non-trivial coupling to the J/Ww and/or J/Wp components of the
X (3872) state [11].

In the following discussion, we will drop the superscript ¢ until section [IIl The current
in Eq. (B) has even charge conjugation C' = +1. (An alternative current with C' = +1 is
Jap = Q“Ua(;chjba%q“. This current yields to the same final results.) The product of two
vector currents can be written as a sum of irreducible representations of the Lorentz group
upon using the projection operators:

1 1

Piu;ﬂﬁ = 5 <guugw/ + uv v — 59#1/9/11/) (4)

1
;iu;[u? = 5 (guﬂgw? - guﬂguﬂ) (5)

1
Pgu;ﬁz‘/ = iguugﬁﬂ (6)

as

jiu = Piu;ﬂﬁjﬁg (7)
j;lw = P;lw;ﬁﬂjuy (8)
jgu = Pgu;ﬂﬁjwj (9)

where the superscript denotes the largest spin that a particle that couples to the correspond-
ing current can have.
Let us first consider the correlation function constructed from the current given in Eq.

@):
Magns = [ d'e™ (0 T jas(2)115(0)10)

=i [ d'ae” (0]TQ" (2)7aQ" ()" (2} 50" (2)
Q" (07, Q)7 (0750 (0)/0)



In the heavy quark limit, the momentum of the state created by the current is written
as p = 2mqu + k, where v is the common velocity of the heavy quarks and £ is the residual
momentum of the system. The field corresponding to the quark Q can be decomposed as:

Q(LU) — e—ivamh(Q-l-)(:L,) 4 €ivamhé?_)(.fC> (11)

where hg) (z)(hé—;)(m)) contains the positive (negative) frequency components, i.e. hg) (x)

contains the annihilation operators for the quark and hg) (x) contains the creation operators

for the antiquark. Substituting Eq. (II) into Eq. (I0), and taking the heavy quark limit,
the correlation function becomes:

Magos = i [ e OITHG " (0)rah (0)a" ()0 ()

0 (0)1,h 7 (0)a(0) 35" (0)0)
(12)

Note that in obtaining Eq. (I2), terms that contain an exponential factor with infinite
oscillation frequency have been neglected.

In the heavy quark limit, the spin of the heavy quark decouples from the theory. Hence
all the gamma matrices multiplying the heavy quarks can be factored out of the correlation
function:

1+ 1—
Iopys = Tr l%T%%Tﬂ (R19ss + Ravsus)
= 2 (gay — Va¥y) (R198s + Ravpvs) (13)

where the most general decomposition of the remaining part of the correlation function
is written in terms of Lorentz invariant functions R, and R,. Applying the projection
operators Eqs. (Hdl), the correlation functions for the currents Eqs. ([H8]) can be obtained
as (in this work we will not need the correlation function for the current given in Eq. (@)):

1
Hiu;ﬁﬂ = 2Popvpr R — gRl (G — 4vu0,) (Gap — 4vp05)
1
+§(R2 — Ra) (0005 (Gua — vuvp) + va0s (Gur — VuUp)
a5 (G — V) + U0z (Gow — VoUp)] (14)
H;lw;/]ﬂ = R (99 — 9uo9vin)
1
_5(7?'1 - R2) (quﬂguﬂ — VU Guv — VpVsGup + 'quﬂguﬁ)
(15)

To calculate the expression for the correlation function in terms of the hadronic states,
note the j}w current, being anti-symmetric under its indices, couples only to J¥ = 1* and
JP = 1~ states, whereas the ji,/ current couples to states with J© = 2%, J = 0 and
JP =17 states.

The couplings of the j}w current to the J¥ = 1% and J¥ = 1~ particles can be written as

<1_|j;iu‘0> = A(vuer — Vu€,)
(175,100 = A'€papv™e” (16)

4



where A(A’) and €() are the coupling strength and the polarization vector of the (axial)vector
particle. Summing over the polarizations of the (axial) vector using

Z GMEi = - (guv - UMUV) (17)

polarization

it is seen that the correlation function can be written as
1 A?

L0 = —m [(VuVEGor — VuVsGun — VuVpgus + VuVsGpp)]

A/2
+——— (903905 — 9 9vi) — (VWVsGua — VaVuGus — VuUsGup + Vuladus)]

kv — A1+
A/2

m (guﬂgw - g;wgug)

A2 A/2
B <kv — A - + kv — A1+> (VG — ValuGus — VuVsGvi + VuVnGuw) (18)

where a sum over all states with J© = 17 and Jp = 1~ should be understood. In this

equation, the constants A ;r are defined as A j» = lim,,, 0(m,» — 2mg) with m;» denoting

the mass of the corresponding state. In the molecular picture of the these states, A;r

corresponds to the interaction energy of the mesons at zero spatial separation [21].
Comparing with Eq. (IH), the R; and R, functions can be identified as:

A/2
Rl N kv — A1+
A2 A/2
— =2 2 1
T W ST W 13)

On the other hand, one can also find an expression for the functions R; and R, using
Eq. (). The coupling of the J¥ = 2%, J¥ = 0% and J” = 1~ states to the j, currents
can be written as

(27155, 10) = Dey

<0+‘j;2uz‘0> = C (g,ul/ - 4quy> .
. 1
(1 \jfw\0> =F (euvy + €, — 3 9m€ U) (20)
where €, and €, are the polarizations of the vector and tensor particles respectively, satis-
fying ve, = 0, €,6"* = —1, v'€,, = 0, € = €y, g’ =0, €, = 1.
Inserting a complete set of these states into the correlation function and summing over
the polarizations upon using Eq. () for vector particles and

> Gweap =

polarization

[(g/wé - qua) (gVB - UVUB) + (gua - vaoc) (guﬁ - quﬁ)

N —

2

3 (9w — Vu00) (Gap — Vavp) (21)



for the tensor particles, the correlation function of Eq. (I4]) can be written as

2
2 _ D 2

HART ™ oy — Ngy | MR

C? D2
+ (kv —Agr 12(kv — A2+)> (g — 4v,0,) (g — 4vav5)

D22 B ) )+ v ( )
o v V5 (Gup — V) + V0 (s — V405

+ VU5 (guﬁ - UVUFL) + U, (gw? - U,,U,;)] (22>

Comparing with Eq. (I4), it is seen that in this case

D2/2

Ry=-——12

YT ko — Agr

C? 9 D2

Ry = —8 z

L T T Ayr T 3% Ag

D2 Q2
Ry — Ry = (23)

o —Aye kv — Ay

Note that, requiring the consistency of the two expression of Ry in Eq. (23]), one arrives at
the equalities Ag+ = Ayt and D? = 48C?. Furthermore, Egs. (I9) and (23) are consistent
only if A2 = F?, 2A"”? = D? and Ay+ = Ay+. Hence, there should be two more states, with
JPC = 2%+ and 07+, degenerate with the X (3872) resonance.

We would like to stress here that the degeneracy obtained in this section does not make
any assumption about the nature of the two quark fields ¢ appearing in the current given in
Eq. (24)). Hence, these degeneracies also hold for states with I = 0 (with or without hidden
flavor), I =1 and I = 1/2.

The obtained degeneracies will be broken by finite mass effects. The authors of [19, [20]
derive an effective field theory scheme to describe D™ D™ molecules implementing leading
order heavy quark spin symmetry constraints on the dynamics. In these works it is shown
that the dynamics of the 2t+ and 17" channels are identical. However the predicted 27+
and 17+ (X (3872)) states are not degenerate because of the D* — D mass difference, which
is a consequence of the finite value of the charm quark mass.

On the other hand, in the scheme of [19,120], there appears also a 07" state degenerate
with the 17" and 27" states mentioned above in the infinite quark mass limit. This new
state is a result of the DD and D*D* coupled channel dynamics (see Eqs. (18-21) of [20]).
This state is similar to the 171 and 27" states in the sense that in this state the heavy
quarks are coupled to spin-1 and the light quark are coupled to spin-1 as shown in Eq.
([@). However, for finite charm quark masses, coupled channel effects are subleading in the
expansion proposed in [19, 20]. When these are neglected, the dynamics of the 07 state
predicted in [19, 20] is different to that governing the 1t and 27 sectors [19, 20].

Upto now, the discussion has been limited to the C' = +1 states. In [19, [20], it was also
observed that there is another state with the same binding energy as the 07, 17+ and 2+
states and with the quantum numbers J©¢ = 1%~ (see Eqs. (18-21) in [20]). To study this
state, a possible current that can be used is:

35 = Q"Va5Q"q V4" (24)
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where a 75 is inserted into the heavy quark sector so as to change the C-parity to C' = —1
(it also changes the P-parity). The analysis of this C' = —1 current is similar to the analysis
of the C' = +1 current. In the heavy quark limit, the correlation function using this current
can be written as:

1+ ¢ 1— ¢
2 7775 9

ﬁaﬁ;'yé =Tr Va5 (ngﬁé + ,R’2,UB,U6) (25)

where the functions R; and R, are identical to the functions appearing in Eq. (I3]). This
follows due to the fact that, the currents used for the C' = +1 and C' = —1 cases differ only
in the structure of the heavy degrees of freedom and are identical in the light degrees of
freedom.

Carrying out steps similar to the analysis of the C' = +1 case, leads to the result that R
has poles when kv is equal to binding energy of the 17~ state, and R; + R, has poles when
kv is equal to the binding energy of the 0™~ state. Comparing with the results presented in
Eq. (23), it is seen that Ag++ = Aj++ = Ag++ = Aj+— and also Ag-——- = Aj—+.

In principal, to study the C' = —1 states, one can also use the current

Jap = Q" Q T V554" (26)

i.e. 75 is inserted into the light sector. As the structure of the light degrees of freedom
is modified, the correlation function of this current can not be expressed in terms of the
functions Ry and Rs. Nevertheless, since the decomposition given in Eq. (I3]) only uses the
structure of the heavy degrees of freedom, a similar decomposition can also be made for this
current using different Lorentz invariant functions. In the identification of the spectrum of
particles created by this current, the only difference will be that the particles will have the
opposite C' and P parities. Hence, the results of the previous analysis can be immediately
applied to this case: Ag-—- = Aj-- = Ay,——. To compare with states of positive C' parity, the
current

Jap = Q" VaV5Q° T V554" (27)

can be used, leading to the degeneracies Ag-- = A;-+ and also Ag++ = Ay+- (when compar-
ing results from the currents defined in Eqs. (26) and ([27) that involve the same structure
in the light sector). Note that the last degeneracy corresponds to the 071 and 11~ states
in Egs. (18-19) of [20], which are not degenerate with the 17+ and 27+ states. The dis-
tinction between the 07" and 17~ states that are degenerate with the 17 Tand 27 is in the
light quarks. The states degenerate with 17+and 2%+ have their light quarks in a state with
quantum numbers JP¢ = 177, The others have their light quarks in the state with quantum
numbers 0~F. In the choice of the currents, §v,75¢ can create a quark-anti-quark pair in
the JP¢ = 0~ state whereas §7,¢ creates a pair in the 17~ state. For the same reason, the
0~ and 1~ states related to the currents of Eqs. (28]) and (27)) do not correspond to those
discussed for the currents of Eqs. (B)) and (24))

IIT. =0 AND I =1 COMPONENTS OF X(3872)

In this section, possible I = 1 admixture of the X (3872) will be analyzed using the
method of [22]. Below we briefly outline the method.
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Let us denote the normalized I=0 and I=1 components of X (3872) state by |X(0)) and
| X (1)). The currents that couple to the isospin states | X (0)) and | X (1)) can be written as

jI:O _ \/L§ (ju _'_jd)
= = (- 77 (28)

V2

respectively, where j? is any of the currents given in Eqs. () and (8). Let us define the
correlation functions

o = i [ dee (O[T ()5 (0)]0)

0 =i [ diae™(0|Tj! (2);(0)[0) (29)
Then
1
- (Huu Hdd Hud Hdu)
3
1 dd ud __ Trdu
5(H +I1% 17 )
]' uu dd ud du
5(H S ) Ay § L )
01 1 uu dd _ yrud du
=g (e — 1 — 11 4 1) (30)

Since isospin is not an exactly conserved quantity, the states X (0) and X (1) cannot be
eigenstates. Hence, they can evolve one into another, i.e. oscillate. This is reflected in the
fact that the off diagonal correlation functions are not zero: II*° # 0 and II° # 0.

The physical X (3872) and its orthogonal state can be written as:

| X (3872)) = cos 8] X (0)) + sin 0] X (1))
| X 1) =—sinf|X(0)) + cos 0| X (1)) (31)

where any possible relative phase can be absorbed in the definition of the states. The
respective interpolating currents are given by:

JX(3872) = COS 057=° + sin 05771

jx, = —sin057=% + cos 5= (32)

Being physical eigenstates | X (3872)) and |X | ) should not oscillate, i.e.

i [ b (O[T jasesy ()7L, (0)10)
+i / A4 (0 Tjx, ()7 g7 (0)]0) = 0 (33)
the solution of which gives

HlO + HOI TTvw — Hdd

tan 20 = =65 = e T [qdu
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In our case, the correlation functions that appear in Eq. ([34)) are either R; or Rs. It is also
implied that the contributions of states other than X (3872) are subtracted. Note that the
numerator is non-zero only if isospin is violated, and the denominator receives contributions
only from annihilation diagrams. In the annihilation diagrams, the u(d) quarks inserted into
the vacuum by the current annihilate into gluons or photons which then form d(u) quarks
that are annihilated by the other current. Such annihilation diagrams are usually omitted
in sum rules and lattice calculations since they are considered to be small. From Eq. (34)),
it is seen that if the annihilation diagrams are negligible and/or much smaller than isospin
breaking effects, the mixing of the I = 0 and I = 1 components in X (3872) as defined in
Eq. (BI) can be large (in the limiting case, if one neglects the annihilation diagrams, one
obtains maximal mixing as long as there exists isospin symmetry breaking independently of
how small the breaking is).

To obtain an order of magnitude estimate of the mixing angle €, let us first consider the
numerator. The numerator receives contributions only from isospin breaking effects. There
are two important sources of isospin breaking: the mass differences of the v and d quarks,
and electromagnetic interactions. From dimensional analysis, one would expect IT#% — T4
to be of the order of (m, — my)AT or aA® where « is the electromagnetic coupling and A,
in the framework of QCD sum rules, is the Borel mass, which, in the heavy quark limit is
of the order of the mass difference between the X (3872) meson and the heavy c¢ pair, i.e.
A ~myx —2m,. = 1.32 GeV. For such a value of A, aA® ~ (mg —m,)AT. Both sources give
the same order of magnitude contribution to the numerator.

Considering the denominator in Eq. (B4]), there is no a priori symmetry limit in which it
vanishes. Hence, the denominator is O(A®). Note that, the denominator is also responsible
for the difference of the correlation functions I1° and IT!, i.e. it is the term responsible for
the mass difference between the I = 0 and I = 1 states. If this mass difference is zero, then
the denominator should also be zero. Therefore, the denominator can be estimated as SA®
where (8 is a parameter that measures the splitting between the I = 0 and I = 1 states.
Inserting such a factor § is also consistent with the fact that in the hypothetical limit where
the splitting between the I = 0 and I = 1 states would go to infinity, the mixing angle
would go to zero.

Explicit calculation of the parameter 5 for X (3872) is beyond the scope of this letter,
but an estimate of it can be obtained from the p/w system. In the currents that are used,
the light quarks (which are responsible for the splitting between the I = 0 and I = 1 states)
are put in a vector configuration, just like in the p and w mesons. An estimate of the
parameter can be obtained as

My — M,
~ ————F =10.0046 35
P my, +my, (35)
Combining these estimates, the mixing angle can be obtained as:
tan 20 = % ~ 0.56 —» 0 ~ 15° (36)
and hence,
| X (3872)) ~ 0.96|X(0)) + 0.25| X (1)) (37)

In the models where X (3872) are dominantly a DD* molecule, the |X(0)) and | X (1))
components can be written as

1

1X(0)) = —= (ID"D?) + [D*D*"))

S
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where a C' = 41 combination is implied. Inserting these into Eq. (31), the probabilities for
the charged and the neutral components can be obtained. The probability of a molecule of
neutral D and D* meson is 75%, whereas the probability is 25% for the charged channel.
These results are consistent with the bulk part of the results obtained in [15]. (Note that,
in [15], a possible c¢¢ component of X (3872) is also considered).

In [17] X (3872)is also described as a DD* molecule. In the notation of [17], the mixing
angle 6, defined in Eq. (31)), can be written as (see Eq. (127) of [17])

() — ()
J Br|W(r) + Wy (r)|?

where 11 (1)5) is the D°D*0 (D D*~) neutral (charged) component of the X (3872) molecular
wave-function [17]. From the model of |17], we obtain tanf = 0.64, when a sharp cut-off
is used to regularize the ultraviolet divergence. This value gives a mixing angle of 6 ~ 39°,
which is twice as large as the order of magnitude estimate Eq. (B@) and quite close to
maximal mixing 6,,,, = 45°.

Note that the observed isospin violation in the amplitudes of the decays X (3872) — pJ/ U,
and X (3872) — pJ/V¥ is not determined only by the mixing angle, but also by the relative
magnitudes of the amplitudes (J/Wp|H|X (1)) and (J/Yw|H|X (0)) where we neglect possible
isospin violation in decay. The ratio of the amplitudes will be given b

|X(1)) (ID"D*0) — | D*D*7)) (38)

tan? 6 (39)

AX(38T2) = J/Bp) T/ Wpl HIX(1)
A(X(3872) — J/Vw) (J/Yw|H|X(0))
U1 — Py
== - 4
(% + %) 40

where in the last equality, we used the result of [17], with ’l/AJZ a weighted average of the
wave function component ;(7) with a weight that is strongly peaked at origin (zero relative
distance between the two mesons). Isospin plays a relevant role in strong processes which are
sensitive to short distance dynamics. In the molecular picture of X (3872), at short distances,
the dynamics of the X (3872) is such that the probability amptitudes of both the neutral
and charged meson channels are very similar. This suggests that, when dealing with strong
processes, only isospin I = 0 component will be relevant. The observed isospin breaking in
the amplitudes will be small even if the probability to find the D°D**—c.c. component in
the full space is much larger that that for the D™ D*~—c.c. component. In [17], it is shown
that this ratio is consistent with the experimental value.

Although the strong decays of X (3872) will mainly be determined by the wave function
at the origin, and hence conceal the large isospin violation, the largeness of the mixing
angle 6 can lead to significant contributions from the isospin-1 component of X (3872) to
processes that are sensitive to large separation between the D mesons making the X (3872)
state. Electromagnetic decays such as X — W (25) which is observed with a branching
ratio larger than 3% [23], will be sensitive to physics at distances of the order of the size of
the D-mesons that form the X (3872) state. Possible weak decays of X (3872) in which the

! To evaluate the ratio of the widths, one should also take into account the phase space of the p-decaying

into two pions and w decaying into three pions.
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c-quark decays weakly into an s-quark, will be sensitive to even larger separations of the
D mesons in the molecular picture. If these weak decays are semi-leptonic, they will also
conserve isospin.

IV. CONCLUSIONS

In this letter, even C-parity currents given in Egs. (7)) and (8) that can be used to
study X (3872) meson have been proposed. These currents can be used in future for more
quantitative analysis of these mesons and a QCD SR analysis is under way. Compared to
other currents used in the literature to study the X (3872) mesons (see e.g. [24, 25]), the
proposed currents have the advantage that they can also be used to study the partners of
the X (3872) meson on an equal footing.

Using the proposed currents, it is proven that the states that couple to them form de-
generate triplets with the quantum numbers JF¢ = 24+ JP¢ = 1+ and JP¢ = 0**. Note
that since the results are exact in the heavy quark limit, this conclusion holds for any state
that couples to the currents independent of its internal structure. One such triplet is the
triplet of mesons Yo, Xe1 and x.o. The masses of these particles differ from their average
by at most 80 MeV. Another example is the xg, xp and xue. In this case, the variation
is less then 30 MeV consistent with an 1/mg effect. Taking these deviation as a measure
of the possible 1/m¢ effects, X (3872) should have spin-0 and spin-2 partners that have a
mass that differs by ~ 100 MeV from the mass of X (3872). We have also analyzed odd
C-parity currents and end up with a degeneracy spectrum compatible with that derived in
the molecular picture of [19, 20].

Possible existence of a I = 1 component in the state | X (3872)) is also discussed. It is
shown that the mixing angle between the I = 0 and I = 1 components can be large and
even close to maximal [17]. But, it might not be reflected in its strong decays. Nevertheless,
this mixing can be important in decays of X (3872) which are not strong.
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