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I. INTRODUCTION

In this work we make a systematic analysis of exclusive semileptonic ¢ — s,d decays of doubly heavy ground state
cb baryons. Previous studies are very limited and, to our knowledge, they only include the work in Ref. |1] where
the =/, — =, decay was analyzed using heavy quark spin symmetry, the relativistic three quark model calculation
of the écb — E; decay in Ref. [2], and the combined branching ratio for the (Eq, — Zp) 4+ (Ecp — =) + (Ecp — =)
decay evaluated in Ref. [3] in the framework of the potential approach and QCD sum ruled]. Since the modulus of
the Cabbibo-Kobayashi-Maskawa (CKM) matrix elements |Ves|, |Veq| are much larger than |Vg|, one would expect
the decay widths for ¢ — s, d semileptonic decay of ¢b baryons to be much larger than the corresponding b — ¢ driven
decays which have been more extensively studied in the literature |1, [4-8]. However, this is corrected by a smaller
available phase space, and the decay widths for ¢ — s transitions turn out to be larger but of the same order of
magnitude as the b — ¢ decay widths, while widths for ¢ — d transitions are much smaller. In any case, the analysis
of the ¢ — s,d decays of ¢b baryons could give relevant information on heavy quark physics complementary to the
one obtained from the study of the b — ¢ decays.

Similar to what happens in atomic physics, in hadrons with a single heavy quark the dynamics of the light degrees
of freedom becomes independent of the heavy quark flavor and spin when the mass of the heavy quark is much
larger than Agcp and the masses and momenta of the light quarks. This is the essence of heavy quark symmetry
(HQS) [9-12]. HQS guaranties that in a heavy baryon the light degrees of freedom quantum numbers are well defined.
Then, up to corrections in the inverse of the heavy quark mass, one can take the spin of the two light quarks to be
well defined. The two light quarks couple to a state with spin S =0 or 1 and then couple with the b quark to total
spin 1/2 or 3/2. This is the classification scheme followed for the b heavy baryons in Table [ However, HQS can
not be applied to hadrons containing two heavy quarks. There, the kinetic energy term needed to regulate infrared
divergences breaks the heavy quark flavor symmetry, but not the spin symmetry for each heavy quark flavor [13].
This is known as heavy quark spin symmetry (HQSS). According to HQSS [14], for large heavy quark masses one
can select the heavy quark subsystem of a doubly heavy baryon to have a well defined total spin. Again this is the
classification scheme followed for cb states shown in Table[ll There, the ¢ and b quark couple to a state with spin S =0
or 1 and then couple with the light quark to total spin 1/2 or 3/2. Being the heavy quark masses finite, one has that
for spin-1/2 baryons the hyperfine interaction can admix both S =0 and S=1 components into the wave function of
physical states. As shown in Sec. [l this is very relevant for spin-1/2 cb baryons. In principle one should also expect
some degree of mixing for the = and Z} states. However, in this latter case the hyperfine matrix elements responsible
for mixing are proportional to the inverse of the b quark mass and mixing effects are thus suppressed.

In Table [[l we present the baryons involved in the present study. As mention the Z.,Z., and Q, 2, are not the
physical states that will be discussed in the following. The quark model masses in Table [l have been taken from our
previous works in Refs. [8, [15], where they were obtained using the AL1 potential of Refs. [16, [17]. Experimental
masses are the ones given by the particle data group (PDG) in Ref. [18] and in the table we quote the average over
the different charge states. The agreement with our results is better than 1%. For the actual calculation of the decay
widths we shall use experimental masses taken from Ref. [18] whenever possible. For the neutral ¥ state we follow
Ref. [19] and take Mso = %(sz + M Zf). For the XY case, corrections to the analogous relation, due to the

electromagnetic interaction between the two light quarks in the heavy baryon, have been evaluated in Ref. [20] using
heavy quark effective theory and in Ref. [21] in chiral perturbation theory to leading one-loop order. Based on the
known experimental data they get My = 5810.5+2.2 MeV [20] and Myo = 5810.3:£1.9 MeV [21], their central values

being 1 MeV lower than the value one would obtain from the less accurate relation Myo = %(ME + + Mg, -). Here we
b b

shall use the value Myo = 5810.5 MeV given in Ref. [20]. For the =}, =}, Q) we take our predictions in Ref. [15] which
are in agreement with lattice results by the UKQCD Collaboration [22]. For doubly heavy ¢b baryons baryons there
is no experimental information on their masses and we shall use our own predictions in Ref. [g].

The paper is organized as follows: in Sec [l we discuss the physical spin-1/2 cb baryons and the relevance of
hyperfine mixing for those states. In Sec. [[lIl we give general formulas needed to compute the semileptonic decay
width, we present the form factor decompositions that we use for the different transitions and we present and discuss
our predictions for the ¢ — s, d decay widths. In Sec. [Vl we obtain HQSS constraints for the form factors and make
predictions for ratios of decay widths based on those constraints. Finally in Sect. [Vl we summarize the main results
of this work. The paper contains also two appendices. In appendix [A] we present our nonrelativistic baryon states,
while in appendix [Bl we give details on how we evaluate the transition matrix elements and form factors.

1 In the case of the écb baryon, the spin of the cn (n = u,d) pair is well defined and it is coupled to one. For the =, and E‘ch states, it
is however the spin of the two heavy quarks (cb) the one which is well defined, 1 and 0, respectively (see Table[l). The different spin
configurations are discussed in detail in Sect. [[Il



Baryon  JF 1 S™  Quark content Mass [MeV]
Quark model Experiment
[8, 15] [18]
Eep i 1 1" cbn 6928 -
=, i 1 0t cbn 6958 -
=, 3+ i 1t cbn 6996 -
Qe i 0 1" chs 7013 -
" i 0 0t cbs 7038 -
- 3t 0 1t cbs 7075 -
A it 0 ot udb 5643 5620.2 £ 1.6
S i 1 1" nnb 5851 58115424
Py g+ 1 1t nnb 5882 58327 £3.1
b it i ot nsb 5808  5790.5 4 2.7
=) i 1 1" nsb 5946 -
= 3+ 1 1" nsb 5975 -
Q i+ 0 1t ssc 6033 6071 + 40
0 3t 0 1" ssc 6063 -

TABLE I. Quantum numbers of baryons involved in this study. For the ¢b baryons, states with a well defined spin for the heavy
subsystem are shown. J” and I are the spin-parity and isospin of the baryon, while S™ is the spin-parity of the two heavy or
the two light quark subsystem. n denotes a u or d quark. Experimental masses are isospin averaged over the values reported
by the PDG [1]].

II. CONFIGURATION MIXING IN ¢b DOUBLY HEAVY BARYONS

Due to the finite value of the heavy quark masses, the hyperfine interaction between the light quark and any of
the heavy quarks can admix both S=0 and 1 components into the wave function for total spin-1/2 states. Thus, the
actual physical spin-1/2 ¢b baryons are admixtures of the =, 2/, (Qep, 2,) states listed in Table [l The physical

states, that we shall call E(i), Eg) and Qg), Qg), are given within the AL1 model by [8]

E() = —0.902 E., + 0.431 Z ; M_ = 6967 MeV,
—cb

=2 = 04312, +0.902 5y My = 6919 MeV, (1)

Q) = —0.899 L, +0.437 Qu ; M) = 7046 MeV,
cb

O = 0437 QL +0.899 Qo 5 M, 2 = 7005 MoV, (2)
Comparing the masses of the physical states with the mass values quoted in Table [ one sees that masses are not
very sensitive to hyperfine mixing. On the other hand, it was pointed out by Roberts and Pervin [23] that hyperfine
mixing could greatly affect the decay widths of doubly heavy ¢b baryons. This assertion was checked in Ref. [6] where
Roberts and Pervin found that hyperfine mixing in the cb states has a tremendous impact on doubly heavy baryon
b — ¢ semileptonic decay widths. These results were qualitatively confirmed by our own calculation in Ref. [8]. We
further investigated the role of hyperfine mixing in electromagnetic transitions [24] finding again large corrections to
the decay widths. A similar study was conducted by Branz et al. in Ref. [25]. We expect configuration mixing should
also play an important role for ¢ — s, d semileptonic decay of ¢b baryons.

One way of minimizing the hyperfine mixing for c¢b baryons is to use from the start baryon states in which the ¢
quark and the light ¢ quark couple to a state of well defined spin S.; = 0 or 1. Then the b quark couples to that state

to make the baryon with total spin 1/2. We denote those states as Zp, ﬁcb for Seq = 1, and é’cb, ﬁ’cb for Seq = 0.

2 Note that, here we use the order cb, while in [§], we used bc. Thus our =/, and Q, states, where the heavy quark subsystem is coupled
to zero, differ in one sign with those used in [§].



The relation between the latter set of states and the ones in Table[llis given by (here B stands for = or §2)

~ V3 1
By =—-Y"B + -By,,
b 5 Deb + 5 Db
~ 1 V3
o = 58w + B (3)

2 2

Hyperfine mixing for the Ecb, Eéb states is much less important since it is inversely proportional to the b quark
mass [8]. Physical spin-1/2 ¢b baryons states should then be very close to the B, B, states and this is indeed the

case. If we write
<B$)>< cos 6 sin9> <§6b> (4)
Bg)) —sinf cosf B!,

we find 0= = —4.46°, 0 = —4.07° for the AL1 interquark interaction [g].

III. SEMILEPTONIC DECAY WIDTHS
A. General formulas
The total decay width for semileptonic ¢ — [ transitions, with | = s, d, is given by
P WP CE M [T £ s P 5)

where |V| is the modulus of the corresponding CKM matrix element for a semileptonic ¢ — I decay (|Ves| = 0.97345
and |Veq| = 0.2252 [18]), Gr = 1.16637(1) x 10711 MeV~2 [1§] is the Fermi decay constant, P, M (P’, M') are the
four-momentum and mass of the initial (final) baryon, ¢ = P — P’ and w is the product of the initial and final baryon

, 2 2_ 2 . X

four-velocities w = v - v/ = £ . £ = %. In the decay, w ranges from w = 1, corresponding to zero recoil of
. . . . . 2 202 .

the final baryon, to a maximum value that, neglecting the neutrino mass, is given by w = wpax = M%\jiM,m, which

depends on the transition and where m is the final charged lepton mass. Finally £?(q) is the leptonic tensor after
integrating in the lepton momenta. It can be cast as

aqB
a a qa-q
£%(q) = A(¢®) g*° + B(¢?) 2 (6)
where explicit expressions for the scalar functions A(q?) and B(g?) can be found in Egs. (3) and (4) of Ref. [26].
The hadron tensor Hqg(P, P’) is given by
1

HOAP,P) = 5o 3 (B'r PULIG(0)|B,r P) (B'r" P'JG(0)|B,r P, (7)

r,r!

with J the initial baryon spin, |B,r 15> (}B’,r’ 16’>) the initial (final) baryon state with three-momentum P (P’)

and spin third component 7 (1) in its center of mass framed. Our states are constructed in appendix [Al Finally,
J5(0) = W (0)y*(1 — 75) ¥, (0) is the ¢ — I charged weak current.

B. Form factors for 1/2 — 1/2, 1/2 — 3/2 and 3/2 — 1/2 transitions

For the actual calculation of the decay width we parametrize the hadronic matrix elements in terms of form factors,
which are functions of w or equivalently of ¢2. The different form factor decomposition that we use are given in the
following.

3 Baryonic states are normalized such that
(B,r" P'|B,r P) =2E (21)3 §,.,., *(P — P'), (8)

with E the baryon energy for three-momentum P.



1. 1/2 — 1/2 transitions.
Here we take the commonly used decomposition in terms of three vector Fy, F5, F3 and three axial G, G2, G3
form factors

(B'(1/2),7" P T4 BO/2),r P) = afl (P) {5 [Fi(w) = 15G1 ()] + v* [Fa(w) = 35Ga(w)]
0 [Fy(w) = 35Ga(w)] Jul (P). (9)

The u,. are Dirac spinors normalized as (u,/) u, = 2F &,,.

2. 1/2 — 3/2 transitions.
In this case we follow Llewellyn Smith [27] to write

(B'(3/2),7' P [Wi(0)3"(1 = 45)0.(0) | B(1/2),7 P) = uf,, (P")TM(P, P')u?(P),

F)\# PP/ _ O?Y A AW OX Ap P/ AP/'U‘ Of‘)/ A P )\P# CV Ap
(PP =177 —a™") + 357 e PP =a"P") + 5 (97" P = q"P*) + Cg g™ | 5
ca c c
+ [_1\2 (0*"d — ™) + 5730 g P = PP + Cg + qu“} : (10)

Here uf;, is the Rarita-Schwinger spinor of the final spin 3/2 baryon normalized such that (uf;,)Tuf,A =
—2E" 6y, and we have four vector (Cy; 5 ¢(w)) and four axial (C§é4)576(w)) form factors. Within our model we

shall have that CY (w) = CY (w) = C4(w) = 0.

3. 3/2 — 1/2 transitions.
Similar to the case before we use

(B'(1/2),0" P/ [T (007 (1 = 13)0e(0)| BB/2),r P) = (@f, (P)PM (P, Pk (P))*

=ug (P ) (L(P, P))iruf, (P),

~ CY(w Y (w Y (w
[AH(P, P) = <— 3 [(, )(g“‘d - - [(,2 ) (9*"'q- P —¢"P") = = [(,2 ) (g*q- P'— " P™) + C§ (w)g”‘> Y5
CA(w CA (w CHw
( 3(/ )(gAud qA,Y,u) 4(/2)(g>\,uq,p qAPl‘)—l—Cé(( y)g>‘#+_6 (,2)(])‘(]“). (11)

Again, and within our model, we shall have that CY (w) = CY (w) = C4!(w) = 0.

4. 3/2 — 3/2 transitions.
A form factor decomposition for 3/2 — 3/2 can be found in Ref. [7] where a total of 7 vector plus 7 axial form
factors are needed. In this case we do not evaluate the form factors but work directly with the vector and axial
matrix elements.

In appendix [Bl we give the expressions that relate the form factors to weak current matrix elements and show how
the latter ones are evaluated in the model. Relations found between matrix elements that simplify the calculation are
also shown there.

C. Results

The results we obtain for the semileptonic decay widths of cb baryons are presented in Tables[[Il (¢ — s decays) and
[II (¢ — d decays). We show between parentheses the results obtained ignoring configuration mixing in the spin-1/2
cb initial baryons. In this latter case, the ES)), Eg) baryons should be interpreted respectively as the E,, =, states
of Table [l We see small changes for transitions to final states where the two light quarks couple to spin 0. On the
other hand, configuration mixing effects are very important for transitions to final states where the two light quarks
couple to spin 1, where we find enhancements or reductions as large as a factor of 2.

Note also that, even though |Ves|?, |Vea|? > |Vep|?, the values we get for the decay widths are of the same order of
magnitude to what we obtained for b — ¢ transitions in Ref. [8]. In the present case, the greater value of the CKM
matrix elements are compensated by a smaller phase space.



[ [107* GeV]

This work [1] 2] [3]
2% 5=ty 3.74 (3.45) (3.4) I [10- Gev]
20 20ty 2.65 (2.87) D
—(1) + =0 o+ . i Qs — Qe 7.21 (3.12)
Zbu — 2y € Ve 3.88 (166) 2.44 + 3.28 (2)0
—(2)+ ,O i Q)" — Qe 3.49 (7.12)
Eepn — Sy €T 1.95 (3.91) Mo .
it NN OO L or ety 2,98 (6.90)
Eepn — S e e 1.52 (3.45) 20 . 4
—(2) + =10t Qs =2 el 5.50 (2.07)
5O+ 510ty 2.67 (1.02)
—(2) + 0 n . chs — Q etue 1.35
Ea = e et e + 0 et v + ;P etre 7.27 (7.80) (9.7£1.3) 00 s O oty 10.2
:sz — et 4.08 cbs = 2 = :
Eopw :éo et 0.747
En — Epletre 5.03

TABLE II. T decay widths for ¢ — s decays. Results where configuration mixing is not considered are shown in between
parentheses. The result with a { corresponds to the decay of the =, state. The result with an * is our estimate from the total
decay width and the branching ratio given in |3]. Similar results are obtained for decays into p*v,.

I [107* GeV] I [107** GeV]
2T A ety 0.219 (0.196) Q0 =t 0.179 (0.164)
:E%i S A% ety 0.136 (0.154) Qg;z Ei’ eiye 0.120 (0.133)
= = 0 ety 0.198 (0.0814) QES)SO = et 0.169 (0.0702)
S — E'if Ve 0.110 (0.217) QE%SO = et 0.0908 (0.182)
= — 2*0 ' 0.0807 (0.184) Qﬁé’fo - = = v 0.0690 (0.160)
22+ L, wr0ety,  0.147 (0.0556) Q' > E et 0130 (0.0487)
Sopn > Apetre 0.235 Qe = Ey et 0.196
S > Zhetre 0.0399 Q0 = etu, 0.0336
= 5 %etu, 0.246 Q0 5Bt 0.223

TABLE III. I decay widths for ¢ — d decays. In between parentheses we show the results without configuration mixing. Similar
results are obtained for decays into u*v,.

In the left panel of Table [l we compare our results to the few available results obtained by other groups (we have
not found in the literature any previous result for ¢ — d decays to compare with our predictions in Table [II]). Our

estimate, without configuration mixing, for the E(i) — E, transition agrees very well with the one obtained in Ref. [1].

For the ES)LJF — EJY transition we are also in agreement with the calculation in Ref. [2]. There, the authors use the

Ecb baryon which is almost equal to our physical state ug). We also see that our result for the combined decay

(ES)ZLJF — 20+ (ES)ZLJF — =20 + (Eg?f — =;9) is in reasonable agreement with the one predicted in Ref. [3]. This
combined decay width is not very sensitive to configuration mixing effects.

Besides the results shown in Tables [Il and [T, we have from isospin symmetry that

rEL)’ -5 )~2rEP)t =59 , T - ) ~2rE)t - 559,

—cbu
rE -5 ~2rE -5 |, 1EL -5 )~2rEL" - 59,
D5 = 5) ~ 2T(E5, = 59) , TE - 5;7) ~2T(EY, —» 59,

(12)
rES)" = 5) ~TEL =) , TEG = 57) ~TEL -5 , TEL -5 ) ~TEG" -5,
rE’ —»5)~1E" - =) , rE)’ - =) ~TES =50, TEL -5 ) ~TEL" > 59,

F(chd —E,) = F(szz - _2) , D(Ehy —E _‘b DS F(Ein -5 F(chd =5 )~ F(Ein == 0)-
(13)

The sources of uncertainties in the present calculation are the same as the ones we discussed for the ¢ — s, d decays
of cc baryons in Ref. [26]. First, the use of different interquark potentials, like the AP1 [16, [17] and Bhaduri [2§]



potentials, to evaluate the wave functions could change the decay widths at the level of 10 %. This can be considered
as part of the uncertainties inherent to our model. Another important source of uncertainties is our lack of knowledge
of the actual masses of the ¢b baryons. For instance, a reduction of 70 MeV in the ¥, mass (a mere 1% reduction)
makes de Q% — ) decay width smaller by some 25%. Precise decay widths predictions should await for a precise
mass knowledge of ¢b baryons. Moreover, one has the possible contribution of intermediate D* and D} vector meson
exchanges [29,130]. This mechanisms are not considered in our calculation neither have they been taken into account in
the previous ones of Refs. [1H3]. We expect such exchanges to produce small effects as the D* and D? poles are located
far from +/q2 .. In any case, with the intermediate vector mesons being far off-shell, the computation of their effects
will be complicated due to the unknown strength of their couplings with the singly and doubly heavy baryons, and
the lack of a reasonable scheme to model how the latter interactions are suppressed when ¢? approaches the endpoint
of the available phase-space (¢ = 0). From our experience in the previous work of Ref. [30], in particular from the
D — K semileptonic decay where similar g2 exchanges were involved, we would expect vector meson exchange effects
in the decay widths to be below the 25% already mentioned above.

IV. HEAVY QUARK SPIN SYMMETRY

In this section we use HQSS to derive model independent, though approximate, relations between different form
factors and decay widths. This is similar to what we did for b — ¢ decays of ¢b baryons in Ref. [5] or more recently
for b — ¢ transitions of triply heavy baryons in Ref. [31].

The consequences of spin symmetry for weak matrix elements can be derived using the “trace formalism” |32, 133].
To represent the lowest-lying S-wave cb baryons we will use wave-functions made of tensor products of Dirac matrices
and spinors, namely [34]:

~ 1+ 1
B |[F5] | 5@ st
2 af \/g Y
~ [ 1
Béb - |— +¢Fy5:| u’Y(’UvT)v
L 2 af
=, 1+
Bcb - 2 }/)”YA] ’U,,)\Y(U, T)v (14)
L af

where we have indicated Dirac indices a, 8 and - explicitly on the right-hand side and r is a helicity label for the
baryon. These wave functions describe stated] where the ¢ quark and the light quark couple to definite spin 0 (B\{:b) or
1 (Be, B%,). The b quark couples with that subsystem to total spin 1/2 (B, B.,) or 3/2 (B%,). Note that BY, = B?,.
Under a Lorentz transformation, A, and quark spin rotations S, and S, for ¢ and b quarks a wave-function of the
form I'og U, transforms as:

ToglUy — [S(ATSTHA)] _ [S(A)U] CaplUy — [ScT,5 [Spl]., - (15)

af v
with U = u, \/ig(v)‘ +9Mvs5u, u*. On the other hand, the final b baryons are represented by the following spinor wave

functions [33]

Ab7 Eb — ufy(’U/, T/)v (16)
=/ 1 I\ A Liad ot
va —b> Qp — —(’U + )75” (’U T ) ’ (17)
Vi :
Sh, S5, @ = uf (v, r), (18)

where here the states are normalized to —2M'. In this case we have that

U, =[S, U — (S, . (19)

~0

The semileptonic decays are driven by the current J* = [y*(1 — 75)c, with [ = d, s. Under a ¢ quark spin rotation,
it transforms as J# — J*SI. Thus, the only possible amplitude that it is invariant under separate bottom and charm
quark spin rotations is of the form

U'U Tr [y*(1 — 45)TQ), (20)

4 States are normalized to —2M = —au = @ uy.



where 2 is one of the two following functions, depending on whether the spin of the light degrees of freedom in the
final baryon (Sj;,) is 0 or 1
Q=m +nt, for Sfigne =0
Qx = Briya + By + Bava + Bap'vn,  for Sfg, =1 (21)

. . . 1 1 . . L. . .
Terms in p are not included since %’4 b= %’4 We are interested in the transition matrix elements close to zero recoil
where we have that v'* ~ v*, @/'vsu ~ 0, v"u'u ~ v'"u'u ~ u'~v"u. Besides we have the exact relations

vaut = vy (0 + 9 ) ysu = 0,
ﬁ/AUS\ :a/)\,%(,ul)\ —l—v)‘)vﬁ\ _ 0,
pu=u,a'p =,

Tut =7 My = 0. (22)

Taking into account all this, we can obtain approximate expressions for the hadronic matrix elements that are valid
near the zero recoil point. Apart from global phases we get the following results:

o Buy — Ay, By

1 1+ 2 1
' —=(v7 + 7)) ysu Tr(v*(1 — v5) —L7.0Q| = —=(n1 — n2) @V y5u = —=n @' ( — v v5)u, 23
\/g( ) s Tr [ (1 = 75) =59 \/g(m 12) W'y Nk (="s) (23)
where we have introduced n = —2(m1 — 12). This is a function that depends only on w, and it is the analog of

the Isgur-Wise function firstly introduced in the context of b — ¢ semileptonic meson decays [33].

We see that near the zero recoil point, HQSS considerably reduces the number of independent form factors. In
fact we find that for w =1,

1
P+ FB+F5=0, Gi=—n. (24)

B

=, =
° Bcb — Ab,ub

_ 1+ _ _
wu Tr [y (1= 75)(=1)—; %59} ~ =2(m — m2)u' v u = na'yu, (25)
from where one can conclude that at w =1
F+F+F;5=n, Gi=0. (26)

~ _
° Bcb — Ab;-:b

w'u” Tr[y*(1 — 75)1 ﬁwgﬂ] ~2(m — ) ut = —nu'ut, (27)

2

which in this case implies that at w =1

M- M MM - M
-y VL - o3 ( e ) +Cit = —n. (28)
The n Isgur-Wise function is different for different light quark configurations in the final state and depends also on
whether the initial light quark is an n = u,d quark or a s quark. However, SU(3) flavor symmetry could be used to
establish relations between all of them. Besides  would be normalized to 1 at zero recoil (n(1) = 1) in the equal mass
case. In the actual calculation deviations from this limiting value are expected due to the mismatch of the initial and
final baryons wave functions.



~ —
L4 Bcb — Ebu:‘b7Qb

1 1 1+ _ 2
— @ =5 (V" + M) —= (v + ") vsu Tr[y*(1 — S|~ =2(B1 — Ba2)T (7 — =* 5 )u
\/575( v )\/g( ) s Te [y (1 = 35) =70 ] (81 = B2)a' (v = 37"7s)
2
= Bu' (v = 37w, (29)
where we have defined § = —2(81 — B2), which is the Isgur-Wise function in this case. For w = 1 one would
then obtain that
2
P+ Fy+ F5 =0, G1:§ﬁ~ (30)
° Eéb — D, Ez, Qp
- iﬁ/% (V' + M) u Tr[y*(1 - 75)(—1)1 ¢V5Q>\] ~ l(& — Bo) 'y ysu = iﬁ w' (=" ys)u, (31)
V3 2 3 V3
that for w = 1 implies that
i+ F+F3=0 G*iﬂ (32)
1 2 3=0, G1= Vel
) E:b — Eb, E;), Qb
, 1 1+9¢ 2 B 1
— @ —=5 (V"N AN Tr[y*(1 — 75) — 7. & ———=(B1 — Bo) W u" = —=B T u", 33
\/375( ) [V (1= 75) =57 \/3(61 B2) 7P (33)
from where at w =1
M — M’ MM - M) 1
yers Y s 7 +Cé = ﬁﬁ. (34)
o B — X1, 55,00
! 1+ 2 _ 1
@ —=(v7 + 47 )ysu Tr[y*(1 — |~ ——=(81 — Bo)t*u = —=Bu*u, 35
\/3( )V [Y(1—=s) 5 N \/g(ﬁl $2) \/55 (35)
and thus at w = 1 we have
M- M M'(M — M) 1
A A A _
3 i +Cy e +C5 = EB. (36)
o B, =X 5,
=/ n 1+¢ =/ —/ 1
' Mu Tr[y*(1 —75)(—1) 5 Y580 &~ 2(B1 — Ba)u Fu = —Bu M. (37)
One obtains in this case that at w =1
AaM—-M AM'(M — M) A

M 4 M?2
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i T R+t Fy be—>Ab-

0.8} V3G ey = Ay

P+ B+ F3 =Ny

06 i .9..-..' . SAlM—M’ A M(M—M) 3 ggb — Ab B
'o... 3 M + 04 M2 - C5 ucb — Ab

FIG. 1. Test of HQSS constraints: Different combinations of form factors obtained in this work for several transitions with a
Ay in the final state (Sl’ight = 0). For the calculation we have taken the masses of the =, =., to be the masses of the physical

=) =2 i . 3 o 8 - = =2 & - -
states :Eb)7 :Eb). Similar results are obtained for the Qp, QL,, Q% — Zp and the Zep, 2., 25, — Zp transitions.

D* * % *
o BN — Xp 5O

' M Tr[y*(1 - 75)1 ﬁ%ﬂ,\] ~ 2(B1 — Bo)W MM (1 — 5 )un = =BT (1 — y5)ua, (39)

+
2

which implies for instance that the V° vector matrix element should be equal to —3 at w = 1 when evaluated
in between states with the same spin projection.

As for the n function above, the 8 Isgur-Wise function is different for different light quark configurations in the final
state and depends also on whether the initial light quark is an n = u,d quark or a s quark. Besides, if the quarks
involved in the weak decay had equal mass one would have that 5(1) = 1 when the two light quarks in the final baryon
are different (29, $3°, 50, ;0 57, 5/ 7) and B(1) = V2 when they are identical (X,, %, 7,9Q,, Q7). Again, in
the actual calculation deviations from these limiting values are expected due to the mismatch of the initial and final
baryon wave functions.

In Figs. Mland Blwe check that our calculation respects the constraints on the form factors deduced from HQSS. For
that purpose we have assumed the f?cb, B\{:b states have masses equal to that of the physical ones BE;), Bg)) . One sees
deviations, due to corrections in the inverse of the heavy quark masses, at the 10% level near zero recoil. In fact the
constraints are satisfied to that level of accuracy over the whole w range accessible in the decays. We found similar
deviations in our recent study of the ¢ — s,d decays of double charmed baryons in Ref. [26], where we explicitly
showed these discrepancies tend to disappear when the mass of the heavy quark is made arbitrarily large. One also
sees that at our results for n(1), 5(1) are systematically smaller than would be expected if the quarks participating in
the transition had equal masses. This reduced value is due to the mismatch in the wave functions due to the different
masses of the initial (¢) and final (d or s) quarks involved in the transition.

The results of Figs. ] and [2] show HQSS is then a useful tool to understand the dynamics of the ¢ — s, d decays of
cb baryons, as it was also the case for their CKM suppressed b — ¢ decays |5, |8). We take advantage of this fact and
we now use the HQSS approximate hadronic amplitudes in Egs. 23), @3), @0), @9), GI), @3), B5), B7) and B9)

to obtain model independent, though approximate, relations between different decay widths. With the use of those
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1.5 T T
n
1 —
Ko
~ . Y
Qup — O < =
%Gl Qe = O i
F1+F2+F3 Q; —>Qb
0.5~ V3a (= ~ .
e \f( C’4 ”U,”' CAi‘[ ‘\[[ M) +C’A) Q* —>Qb
" V(oA o M AT + o) Qpb — Qf |
A 541 11 M’ CA \I/ \\IP M) 054 Q/ BN QZ
* *
oL Vs/z-»s/z | b 7 Qb .
1 1.005 1.01

W

FIG. 2. Test of HQSS constraints: Different combinations of form factors obtained in this work for transitions with a 2, €}

in the final state (Sjign = 1). V3/2H3/2 stands for the matrix element of the zero component of the vector current for spin
projections 3/2 both in the initial and final baryon. For the calculation we | have taken the masses of the ch, ch to be the
masses of the physical states Qii% 9(2). Similar results are obtained for the = ch, 2y, 2k — Xy, 2f, the 2 ucz” =y, 2h — 25, Ef,

and the Qp, Qp, QF, — =5, =5 transitions.

HQSS amplitudes and the leptonic tensor in Eq.(6) we obtain that near zero recoil

=~ _ o 2M M’ v-q)(v - q
Bey — Ap, Ep LPH,p =~ 3 nz[—A(4+2w)+B<2%—(w+1))], (40)
. / .
B!y — Ay, S L8 Hop ~ 2MM'n? [A(4 — 2w) + B<2(“q2]# — (w-— 1))} : (41)
N 2MM/ /. 2
B, — Ay, 5 Lo Hop ~ = n?(w+1){_3A+B<(” qf) —1)], (42)
5 -/ afB ~ ra2] 41 1 (v-q)(v" - q)
Bey — 2, 25, LY Hyg = 2MM'S A§(20 26w) + B§ 26 5 + (5 —13w) (43)
q
_ 2MM’ v-q)v -
A A LOPHyg ~ { A4+ 2w) + 3(2( q)qz D) _ (s 1))}, (44)
_ 2MM’ )2
By — ElﬂE;ﬂQb ‘CaﬂHOZB ~ ( 1) _3A+B<(U Qq) _1):|’ (45)
q
N 4MM/ r /. 2
Bcbﬁzguagaﬂ; EaﬂHaB ~ 62( ) _3A+B<(U 2‘1) _1>:|7 (46)
- 4MM’ : ')
Bl — 55,55, L H,5 ~ B w+1)| —34+ B((U Qq) - 1)} (47)
~ g 2 ) ’.
BY, = %,5, L7 Hop ~ MM'5? | = Agw(1+20%) + B5 (W@o +8w?) — w(6 + 4w2))] .
(48)
We can now follow our work in Ref ﬂﬂ] and, near zero recoil, take w ~ 1 and, because v’ ~ v, also approximate
a2 /. . o 4\2
(v 2(1) G ICRT S Gk (49)

q q? q?



12

20
FEEEIN — - 1
_ B =cb = My i
— 15 /I \\\ oy A
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FIG. 3. Differential decay widths for the specified transitions.

Besides, for a light lepton e or p we have that B ~ — A near zero recoil.
Using those approximations and denoting by X the quantity in Eq.[ @) we arrive at the following approximate
results valid near zero recoil

By — Ay, S LPH,p ~ —4MM/772A(2 + X), (50)

! — Ay, By L Hag ~ 4AMM'n?A(1 - X), (51)

B, — Ay, Sy LOPH,p ~ —4MM/772A(2 +X), (52)
Bey — S, 5, L Hyp ~ 4MM/52 A(1 - 13X), (53)
B, — 53,5, LPH,p ~ —4MMI52A(2 + X), (54)
B, — Sy, 55, LPH,p ~ —4MM/52A(2 X), (55)
Bu, — 35,55, Q8 L Hyp ~ —SMMIﬁ2A(2 X), (56)
B, — X525 Q8 LOPH,p ~ —SMM/BQA(Z X), (57)
B, — S5 25, LPHyp ~ —4MM/ A(1+14X). (58)

Can one extrapolate the above expressions over the whole w range available in a given transition? In fact B~ —A
to a very high degree (better than one percent) practically in the whole w range accessible in these decays. On the
other hand one has that v-q = M — M'w, v/ q= Mw— M’ and one expects 1arger deviations in approximate relation
in Eq. (9) for w & wnax. For instance for the ., — A} transition, one finds that v q = 1.20 for w = 14+0.9(wmax—1).
Fortunately, the differential decay distributions peak at much smaller w Values so that errors related to the use of
Eq. (@3) in the whole w range are less relevant. We show this in Figs. Bland [ where we give differential decay widths

for transitions with a A, or an Ql()*) in its final state. We have assumed the masses of the Ecb, Béb to be the masses

. 1 2
of the physical states Bib), B( ).

With this in mind and further assuming Mp,, = M, B, = M B, and Mp, = M, B, = M By we can make the following
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FIG. 4. Differential decay widths for the specified transitions.

approximate predictions based on HQSS

D(Ew — Ay) = T(ESL, — Ay),
F(Bcb — Eb) ~ F(B:b — Eb), (59)
F(:ch — Eb) ~ BF(‘:cb — Eb) ~ 51_‘(:4017 — Eb) ~ 51_‘(:,/017 — Eb),
D —_ D * —_ 3 D — 1 =~ —k
F(Béb — :4;)) ~ ?)F(Bcb — :,;)) ~ EF(BCZ) — :‘b) ~ §P(Béb — ‘:‘b)7

[(Z:, — ) =~ D(ES — 5) + LG — D),
D(By, — Z5) = T(BY — ) + T'(Ba, — ),

L, — Q) ~ T(Q5 — ) +T(Qw — ). (61)

Q

Q

)

Assuming that the states Ecb,géb have the same masses as the physical states Bg),Bg we get the following

. . -~ T
numerical results (we give I' = m)

T(Ef — A)) ~ T(E5 = AY)
0.219 ~ 0.235, (62)

r(QY — Z, )~ D@ — Z)

0.179 ~ 0.196, (63)
[ET 5 E) ~TES - )

3.74 ~ 4.08, (64)



3~ 1~ ~
F(H/cz;r — Xp) ~ 3F(sz+ — ¥p) ~ gr(:er -5~ §F(E£ - %)

0.0930 =~ 0.120 ~ 0.0946 ~ 0.0813,

(ch — = ‘—‘b ) ~ 3F(ch - :;17) _F(ch - = h‘b ) ~
0.0776 ~ 0.101 ~ 0.0826 ~ 0.0714,

1~
TEY =5 ~30E, -5~ —F(”Z% 5% ~ 5T(E

2
1.65 ~ 2.24 ~ 1.74 =~ 1.47,

QL) — Q) = 30(Q5 — ) ~ —F(Qob - Q) =~
2.98 ~ 4.05 ~ 3.57 =~ 3.01,

(ch —-5)

S+ =%0
w — Z0)

f@:ﬁ = Q)

LEL =50~ TEL - ) +T(ES, = %))

0.246 ~ 0.258,

(Q*b =5 )~ (Q*b -5, )+ F(Qob — 5,
0.223 =~ 0.213,

F(E:bJr - Ezo) ~ F(HZSJIZ - :IO) + F( —cb - :;70
5.03 ~ 4.99,

T — ) R T — Q)+ T(Q% — Q;
10.2 =~ 9.16.

)

)

)

14

(71)

(72)

We find our results agree in most of the cases at the level of 10% with some notable exceptions in Eqs. (65), (66), (67)
and (G8). These latter discrepancies are largely due, not to the the use of the approximate HQSS inspired relations in
Egs.([®0) -(G8), but to the fact that the different baryons that appear in the relations do not have the same mass, and

therefore the avaﬂable phase space is different for each transition. For instance if we just make the masses of = b b

equal to the Z/, mass and the mass of Z; equal to the =] mass we get

- —_ —x 3~ . 1~ o
F( /gr_)ugo)N?,F(ubJr_)_‘b) §F( b_)HbO)%ir(:/c;r_)HbO)

1.65 =~ 1.69 =~ 1.66 ~ 1.65,

or in the Q sector, with similar changes in the masses,

(Q’c;r — 0 ~ 3F(Q*Jr — Q0 ~ §I‘(ij - Q%) =~
298 ~ 3.07 ~ 2.93 ~ 2.91.

L2 = 9°)

(74)

The agreement improves considerably. Then, the HQSS derived relations are appropriate to evaluate the hadronic

amplitudes but the final results may be very sensitive on actual mass values.

Thus, mass differences and the variations induced by them in the available phase space can not be neglected.

Besides the physical states Bg), Bg) are not exactly equal to the Ecb, Eéb states and this could also affect some of
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the decay widths. In what follows we give the corresponding numbers for the physical states.

DE T = A ~T(E = AD)
0.219 ~ 0.235, (75)

Ty = 5) ~ T - 5)
0.179 ~ 0.196, (76)

~ oD+ = = -
F(:t(Zb) -5~ F(:‘cb+ — 5p)
3.73 ~ 4.08, (77)

=—(2 /=% 3~ —(1 * 1~ —(2 *
F(:E:b)+ = Xp) ~ 30, - 2p) ~ §F(:<(;b)+ - 50 ~ gr(iin - 539
0.110 =~ 0.120 = 0.121 = 0.0737, (78)

2)0 «0 3= (10— 1~ 020 | —se
F(Q( R 2,7~ 3F(Q b Ey) §F(Q§b) -5 )~ §F(Q§b) —Z7)
0.0907 ~ 0.101 ~ 0.104 ~ 0.0652, (79)

~—=(2 —_ —% — 3"'.—1 —% 1~—~2 —
F(:ib)‘f‘ _> H/O) ~ 3F(H b+ N H/O) §F(:£b)+ - = 0) ~ §F(‘:§b)+ N HbO)

1.95 ~ 2.24 ~ 2.29 ~ 1.34, (80)

= ~ 3~ 1
TP 5 )~ 3T — Q) &~ 5r(9§})° SO~ QP(QSW )
3.49 ~ 4.05 ~ 4.48 ~ 2.75, (81)

TE - 50~ TEL -2 +TEYT - x9)
0.246 ~ 0.238, (82)

D — 5 7) ~ D@ = Z57) + () > =)
0.223 ~ 0.203, (83)

FEL == ~TEL » =)+ TEY T )
5.03 ~ 4.62 (84)

L) — 25 7) D — ) + (0 - )
10.2 &~ 8.56. (85)

Most of the relations are satisfied at the 10% level with a few notable exceptions that involve the decay widths for
the Eg) — 3F, B and Qg) — =, 7, Q" transitions.

V. SUMMARY

We have made a systematic study of semileptonic decays of cb ground-state doubly heavy baryons driven by ¢ — s,d
transitions at the quark level. We have employed a simple constituent quark model scheme, which benefits from the
important simplifications in the solution of the non-relativistic three body problem that stem from the application
of HQSS [15, 135]. Despite the modulus of CKM matrix elements |Vgs|, |Veq| are much larger than |V, the smaller
available phase space leads to ¢ — s decay widths that turn out to be larger but of the same order of magnitude as
the b — ¢ driven processes, while widths for ¢ — d transitions are much smaller.
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As for b — ¢ semileptonic |6, [8] and electromagnetic |24, [25] decays, here also hyperfine mixing effects have a
tremendous impact on ¢ — s, d semileptonic decays of spin-1/2 ¢b baryons. We find factors of 2 corrections in many
cases due to mixing.

We have derived for the first time HQSS relations for the hadronic amplitudes. By requiring invariance under
separate bottom and charm quark spin rotations, we have obtained constraints on the form factors that enormously
simplify the description of these decays. Though, these relations are strictly valid in the limit of very large heavy
quark masses and near zero recoil, they turn out to be reasonable accurate for the whole available phase space in these
decays. Indeed, we find our calculation is consistent with HQSS and only deviations at the 10% level are observed due
to the actual, finite, heavy quark masses. With the use of the HQSS relations and assuming Mp,, = Mp/, = Mp-,
and Mp, = Mp; = Mp;, we have made model independent, though approximate, predictions for ratios of decay
widths. Our values for those ratios agree with the HQSS motivated predictions at the level of 10% in most of the
cases. We expect those predictions to hold to that level of accuracy in other approaches.
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Appendix A: Nonrelativistic baryon states and wave functions

We construct our nonrelativistic states as follows

53 _ 3 3 N(B,r) = = 1
\B,TP>NR_\/2E/d Ql/d Q288 D Vormas(@1,Q2) G 3B, 5. 7F,
a1,02,03 :
= mHp 3, A — M5, A ~ Mfs 5 A 3
| a1 py i Q1 )| a2 pa i Q2 )| a3 P i Q1—Q2) (A1)

The factor v2E is introduced for convenience in order to have the proper normalization. We denote by a; the spin
(s), flavor (f) and color (c) quantum numbers ( o = (s, f,c)) of the j—th quark with (Ey,, p;) and my, its four-
momentum and mass, and M = my, +my, + my,. Individual quark states are normalized such that { o’ p’’ |« §) =
2E; (2m)3 60r 0 03(0 — D). AOE?&?M(Q}, Q) is the internal wave function in momentum space, being Q1 (@) the
conjugate momenta to the relative position 71 (72) between quark 1 (2) and the third quark. In the transitions under
study an initial c¢bl’ baryon decays into a final [I’b one, where | = d,s and I’ = u,d,s. We construct the wave
functions such that the ¢ and b quarks in the initial baryon are quarks 1 and 2 respectively. Also in the final baryon

the two light quarks [ and I’ are respectively quarks 1 and 2. Expressions for the different 15&?02 as ( Ql, Qz ) are given
below. These wave functions are normalized as

/d3Q1/d3Q2 Z (Agfg;)ag(cjlucj2))*12&?52)&3(@17@2) = Oy (A2)

a1,002,03

For the final states we use wave functions that are antisymmetric under the exchange of quarks 1 and 2 quantum
numbers. In order for our nonrelativistic baryon states to have the proper normalization

velB.7"" P'|B,r P), . =2E (2r)* 6, 6*(P' — P). (A3)

we need to introduce in Eq. (A1) a symmetry factor Sp = % for those states. For the initial states Sp = 1.
The wave functions for cb states where the spin of the heavy quark subsystem is well defined are given by

PG00 = S 00 (G1.G:)
Q1 Q203 1; %2 _\/ﬁ 16268 sy, f1) ,(s2, f2) (s3, f3) L w2

1 (= = =
= ——¢€cicacs ¢(H6b)(Q17Q2) 5f105f255f3u

V3!
x (1/2,1/2,1; 81, 82,81 + 82) (1,1/2,1/2; 81 + s2, 53, 8), (A4)
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-~ E,+,s = = 1 = s = =
O(tl abza)s(QluQ2) = \/5501 c2 c3 (b(lebfl)) (S2yf2)(53,f3)(Q17Q2)

1 ~':
ﬁgclczcs ¢ = (Q17Q2) 5f106f2b6f3u (1/2 1/2 0; 8178270)65357 (A5)

~(255.s) (s

~ = 1
ar s as (@1, Q2) = ﬁsclc?c? ¢ (s1,f1) »(s2, f2) (s3, fs)(Ql’QQ)

1 (=:
ﬁsclczcs Qb Teb (Q17Q2) 5f105f255f3u

x (1/2,1/2,1; 81, 82,81 + s2) (1,1/2,3/2; 81 + s2, 53, 8), (A6)

where €., c,c, 1S the totally antisymmetric tensor with Eclﬁ being the fully antisymmetric color wave function. The

(j1, j2, j: m1, ma, m) are SU(2) Clebsch-Gordan coefficients. The different ¢( @1, Q5 ) wave functions have total orbital
angular momentum 0 being invariant under rotations and thus depending only on |Q1], |Q2| and Q1 - Q2. They are
normalized such that

/dBQl/deQ ‘g(élvé2)‘2 =1L (A7)

The corresponding =" neutral states are obtained by implementing the trivial replacement ¢, ,, — &, 4. Besides, the

QU color-spin-flavor-momentum wave-functions are obtained from the cascade ones by substituting the momentum
~ (" * - — ~AU%), o -

space ¢=(cb )(Ql, Q2 ) wave functions by the appropriated gbﬂ(cb (Q1,Q2) ones, and always using dy, . For b-heavy

baryons we further have

~(AD,5) 1 ~(A9,5)

a1a2a3(Q17Q2) \/56616263 ¢Sl jl) (52 f2) s3, j.g (Ql)QQ)

1 oy~
:—6616263 ¢(Ab)(Q1)Q2)

\/? (5f1 u 5f2 d— 5f1 d 5]"2 u)5f3 b(1/2a 1/27 0; 81, 82, 0) 553 sy (AS)

E

209 (5 B 1 (25,

o o3 (Q1,Q2) = a1 Serescs ¢(51, fl) (o 1) (50 1) (@1 @2)

1
= (2 St ulpyd+0pa0pu)d
Ecieacs ; 1u0fy 1 2u)0f3b
75 ¢ (Qle)\/—(f f2d t0fa0pu)dfst
x (1/2,1/2,1; 81, 82,81 + s2)(1,1/2,1/2, 51 + 82, 83, 8), (A9)

209 (5 Gy~ L (Z5°,9) 5 6
a1a2a3(Q17Q2)— \/?5616203 ¢(51 f1) (s2, f2) (53,f3)(Q17Q2)
1
ﬁgclcz% ¢

1
—=(0f1ubfsd +0pa0fu)dfsb

V2

60 (@1, G,)

x (1/2,1/2,1; 51, 82,81 + 82)(1,1/2,3/2, 81 + s2, 53, 8), (A10)
=, 1 2(=0.9) 5 6
a1 & 0‘3(@1’@2) \/g Eereacs (b (s1, f1) (s2, f2) (837f3)(Q1’Q2)
1 1 (_b TE A A
:ﬁgclczcs ﬁ( (Q17Q2)5.f1u5.f28_ su (Q17Q2)6f155f2u)5f3b
x (1/2,1/2,0; s1, $2,0) ds, s, (A11)
2GS (55 1 (Z°.9)
ar as s (Q1,Q2) = ﬁ5016203 ¢(S17f1)(82,f2 ) (s3, fs)(Ql’Q2)
1 L =@ 5 A @Y A3 A
=—=c¢ —= (us” (Q1,Q2) 0pubpos + Psu” (Q1,Q2) Sp,50f,u) ps0

\/ﬁ C1 C2C3 \/5
x (1/2,1/2,1; 81, 82,81 + s2) (1,1/2,1/2; 81 + s2, 53, 8), (A12)



18

~(=:08) , =

= = 1 '*Us
s (Q1, Q) = )

V31 Cereres Do ) 00 23 35,1 (Q1: @2)

1 1 (= ~EF0) = =
:ﬁaclcz% 75( b )(Ql,Q2)5f1u5f25+¢s(ub )(Q17Q2)5f155f2u)5f3b
X (1/271/251;51552751+52) (151/273/2;51+5275355)5 (A13)
~(Q, ,s) 1 L ,S)
arhs o (G, G2) = a1 Serezes ¢’(51be) (o 1) (50, 0y (O1, @2)

1 — — —
= Jgfaaa &) (G, @2) 0, 5 0py5 040

x (1/2,1/2,1; 51, 82,81 + 82)(1,1/2,1/2, 81 + 82, 83, 9) (A14)

Q- 1 Qs
0(41 az Q%(Qla QQ) \/§ €crepes ¢(S1,f1)) (s2, f2) ( 83,f3)(Q1’ Q2)

1 iy = =
ﬁgqczcs ¢(Qb )(QlaQ2) 5f155f256f3b

x (1/2,1/2,1; 51, 82,81 + s2)(1,1/2,3/2, 81 + 82, 83, 8). (A15)

Here, besides the properties above, the relation 5SH(Q1, Qg) = 5,15( Q2,01 ), with n = u, d, also applies. The wave
functions for the other members of the different isospin multiplets are obtained from those given above by implementing
obvious substitutions.

The momentum space wave functions are the Fourier transform of the corresponding wave functions in coordinate
space,

g(évaQ) =

(2;3 / Brid3roe Q1T QT2 g (7 7 ), (A16)
We use a HQSS constrained variational approach to deal with the underlying three body problem and to obtain the
spatial wave functions. For the latter we consider they only depend on the three interquark relative distances 71,
ro and rio = |7 — 72]. This amounts to assume that the total orbital angular momentum of the baryon is zero.
However, this does not imply that the individual orbital angular momenta (113 and l23 ) of the (13) and (23) pairs
is zero, though both l;3 and lz3 should take a common value [, since 113 and 123 must be coupled to a total S-wave.
Indeed the wave functions ¢( 71,7 ) can be decomposed as a sum of a large number of contributions or multipoles
for different values of [ = 0,1,2,3.... More details, for the case of singly and doubly heavy baryons can be found in
Refs. |15, 135], respectively.

As already mentioned the two baryons states ¢, Z/, differ just in the spin of the heavy degrees of freedom, and
thus they mix under the effect of the hyperfine interaction between the light quark and any of the heavy quarks. The
same happens for the Q, 2, states. This mixing is important and greatly affects the results for the decay widths.
The mixing is however negligible for the =5, Z; and Qp, Q; states and we have ignored it.

Appendix B: Weak matrix elements and form factors

Taking the initial baryon at rest and ¢ in the positive Z direction we define vector and axial matrix elements

ve,  — AL

r—r! r—r! T

= (B',r' P' = —q| 0 (0y"(1 — 5)¥.(0)| B,r P =0), (B1)

that in our model are given as
my +my - my L N
Ve, AL, = V2MV2E / Q1 / d* Qs ( SNG - ==~ - Q2+ﬁl,q)> 6 (G1,Q2)

F Z (1/2,1/2,8" ;7" —r + 51,7 — 81 — 89,7 — 52)(S",1/2, J';7" — 82, 82,7")

51,52

(1/2,1/2,85; 81, 82,81 + 82)(S,1/2, J; 51 + $2,7 — 81 — $2,7T)
u T/fr+51(Q’1 —q) (1 —15) ucm(él)
V2E(G: — 7)2E.(1G4)

; (B2)
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F F
G Tt S
s L Eeoh o A
i b T
s T S mt
Seb 7 S -1 2 =X —V2
E(c)zjr—) Ej(; -1 E:{ — A?) 1
S = S X -l
)= =) 1 =S —V2
f,% —>_:,£f -1 SN 3 L
Ep =g, 1 o ST —V2
Rt
fib+_> :_bo -1 = — Zb -1
S oS 1 ey
R e S
oY -1 Erd =X —V2
E"i_) Ej;o -1 ng — E; -1
iibo —>f*b7 -1 QY — = 1
Ea — 5 -1 QY == -1
Q=9 V2 S b |
Q- —V2 QY= -1
QP -9, V2 QY = -1
Q= Q7 —V2 O |
Q= Q) —V2 QL= -1
Q-7 V2 QP oET -1

TABLE IV. F flavor factors (Eq. (B2)) for for ¢ — s (left panel) and ¢ — d (right panel) transitions.

where J, S (J',S") are the total spin and the spin of the two first quarks for the initial (final ) baryon. F is a flavor
factor that depends on the transitions and which values are collected in Table [Vl Here we have a ¢ — [ transition at
the quark level, while [’ is the light quark originally present in the initial baryon. When the final baryon has just one

s quark then ¢Z(Bl) should be interpreted respectively as ngf ) or nglf ) for the case of ¢ — s or ¢ — d transitions.

Relations between different matrix elements can be found by performing the spin sums in Eq. (B2). For that
purpose the following results, that we obtain for ¢ in the positive Z direction, are very useful

1 _ o .0 .
WUZS,(p_q)FY ch(p)

_ (B +my)(Ee + me) [<1+ P2 — |7l ) 5o
2E,2F. (Ey +my)(Ee4+me)) °°

7]
(El + ml)(Ec + mc)

( (=p"+ip*) 65 s11 +(p' +1ip*) 65 s-1) |, (B3)
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1 _ S .
WWs’(?‘Q)’Y Ues(P)
_ (Bt mu)(Ee + me) v’ P—q¢ | EcAme—E-—m 5.
—\/ 252, E. +m, + E, +m +Z(E[+ml)(Ec+mc)( p 5]1 +p 6]2)(551/2 55—1/2) Ost s
|(7|(Ec + mc) - (Ec +me — Ej — ml)p3 (5
(El +ml)(Ec+mc)
|‘T|(Ec + mc) - (Ec +me — B — ml)p3 (5
(Er + mu)(Ee + me)

E.+m.— E —my . .
(El + ml)(E Tm )((_pl + Zp2)65/ s+1 + (pl + Z172)65’ s—l)] ) (B4)

s’'s—1 — 65’ s+1)

+6j1

+i5j2 s’ s+1 55’ 5,1)

+6j3

1 _ N -\ _ 0 - (El +ml)(Ec+mc) |: < p3 p3 - |(j|>
Tl s - cs = + 55 - 55— 55/5
e (7= D1 ses (P) \/ SE2E, e T Bty ) Os1/2— 0s-12)

1 1 1 .9 L
- s’'s s’ §s— s B
+<Ec+mc+E[+m[)((p ip7) st s+1 +(p” +ip”) 0 1) (B5)

1 _ NN o
leEulS/(p_ Q)”Y 75ch(p)

| (EBr+m)(Ee+me) i(qx p)?
- \/ 2E,2E, [ ((El T ) (E, —i—mc)) o

=13
— q p .
* (1 (B + mz)(|E| +m )) ( 05 50j3(0s1/2 — 05 —1/2) + 65 s1(0j1 — 1652)

484 571(53‘1 + i5j2)>

2p) — ¢’ L o,
+(El +ml)(E +m )((p —1p )65’ s+1 + (p +Zp )58’8—1)
+( (El +)ml)(Ec(+ mc|) |)5s' 5(65 1/2 — 55_1/2) . (BG)

The fact that the orbital wave functions are invariant under rotations implies that the integrals of the form

r@) = [@a [ @0, (%3”@1 S G G- Gat q‘)) #(@Gr, @) F(IG - a1, I@i]) @,

Mg / PO, / d3Qs ( 3B(@, —m”m” 7,-G — Q2+m—ltf)) 3B (@1, G2) F(IG1 — 7, 1Q1]) QIQY,

M/
(B7)
where F(|Q1 — G|, |@1]) is a function of |1 — ¢| and |Q1|, are tensors under rotations and are thus given by
o N
() =C(70) =
]

ik ik ¢'q"

PH(q) = D(I7))é" + E(I7]) =5 - (B8)

71

As a result we have that I'(q) = I12(7) = 0, I'Y(§) = I*23(7) and I’*(¢") = 0 unless j = k. With all this in mind,
one can see that all spin sums that appear in the evaluation of the different matrix elements correspond to one of the
following cases
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L. ‘/roﬂr” ‘/;"3~>r’
Z (1/2,1/2,8" 7" —r+s1,7 — s1 — so,7" — $2)(5',1/2, 57" — s9,89,7")
81,82
(1/27 1/27 57 51,52,81 + 82)(57 1/27 J7 51+ 82,7 — 851 — SQ,T) 67‘7"
= ([(1/20) ® 1/2(3))% @ 1/2)] [[(1/2(1) ® 1/22))° @ 1/2(3)]),
(B9)
2. ‘/7‘1—>r/’ ‘/TQ—M"
Z (1/2,1/2,8"; 7" —r + 51,7 — 81 — 89,7 — 52)(S",1/2, J';7" — 82, 82,7")
81,82
(1/2, 1/2, S; 81,892,581 + SQ)(S, 1/2, J; 814 S, — 81 — 82,7") O/ —p +1
1 ' AR
= 5 ([(1/20) ® 1/2) © 1/20)} o8] [(1/200) © 1/22))° © 1/2)), (B10)
3. Agﬁr” AE%T’
Z (1/2,1/2, 8" 1" —r + 51,7 — 51 — s9,7" — 82)(S",1/2, J";7" — 59, 89,7")
51,82
(1/2,1/2,8; 51, 82,51 + 52)(5,1/2, J; 51 + s2,7 — 51— 82,7) Oppr (05,172 — 05, —1/2)
! ! 1
= ([(1/20) ® 1/23))% @ 1/2)7 |05 |[(1/201) @ 1/2(2))° © 1/2¢3)]), (B11)
4. A}“HT” A?“*M"’
Z (1/2,1/2,8"r" —r+ s1,7 — 51 — 52,7 — 82)(5",1/2, J";7" — s9,89,7")
81,82
(1/27 1/27 57 S1, 82,81 + 82)(57 1/27 J7 s$1+ 82,7 — 81 — SQ,T) 57"—7‘ +1
1 ’ ’ 1
5 ({0120 @ 1/2(3))% ® 1/22)1 |0 ]1(1/20) © 1/22))% @ 1/2(3)]), (B12)

where |[(1/2(1)®1/2(2))% ®1/2(3)]]) represents a spin state in which quarks 1 and 2 couple to spin S and then couple

with quark 3 to a final state of total spin J and projection r. Similarly |[(1/2(1)® 1/2(3))5/ ® 1/2(2)];7,/> is a spin state
in which quarks 1 and 3 couple to spin S’ and then couple with quark 2 to a final state of total spin .JJ’ and projection

7. Besides 7() is the spin operator for quark 1 being a(il ) = 051) =+ iaél). Use of the Wigner-Eckart theorem allows
us to immediately obtain

0 _ 170 0 _ A0
‘/7"~>r’ - ‘/1/2—>1/2 57“7“/ ) Arﬂr/ - Arﬁr 57“7”'7

Vrg—n"’ = V13/2—>1/2 Orrr AE—)T‘/ = Ai—w O 1t
Vr1—>r =0, A71~—>r =0,
V2, =0, A2, =0, (B13)

which are valid for all cases under study. Further relations are quoted in the following.

In terms of matrix elements, the different form factors for the 1/2 — 1/2, 1/2 — 3/2 and 3/2 — 1/2 can be
evaluated as



1/2 — 1/2 transitions

E+M 1
1 E M
Fy= e Vija 1o+ = Vi2m1y2 T 27 Varj201s2 )
(B + M)2M 7] 7]
1 M/ 3 1
B =~ s Ve~ Vi),
1 1
O = T oy
E' +M' 1 0 M E' 3
Gy = o g\ T g ALy j2oya @Alﬂ_}l/? ’

|E'+ M M’
Gs = oM 1712 172 (A1/2%1/2 Alfl/Qﬁl/Q) :

2. 1/2 — 3/2 transitions.

M/

v

C(3 |q| \/W\/_V 1/2—1/2»
M

cf = I Cy,

oY =cY =o,

C3 =0,
E —M

A

M ME’ M’2 E —M
A 3
17 B+ M2M { M2 (Al/%lﬂ T Al/%m)

2M’(2ME’ — M2 — M)
M2|Lf| A71/2~>1/2 )

a_ M 2M’

C
6 |q| E’+M’ oM < 1/2-1/2 T | | 1/2—>1/2 | | 1/2—>1/2>

2(ME' — M'?)

g 2 (s S ) 2
4 E' + M)2M |q| 1/2—1/2 |q| 1/2—1/2 |q|2
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(B14)

(B15)

(B16)

(B17)

In the derivation of the above formulas, the following relations found among 1/2 — 3/2 matrix elements have

been used

V10/2»1/2 = V13/2»1/2 =0,
V11/2»71/2 = V711/2a1/2 ) ‘/11/2%3/2 =V3 Vfll/Qﬁl/Qv
A%/2ef1/2 = _Alfl/Qﬁl/Q ) Ai/2%3/2 =V3 Alfl/Qﬁl/Q'

3. 3/2 — 1/2 transitions.

v M1 e
’ |‘7| 2M(E’+M/) —1/2—1/2>
MI
CX — T ar C3 )

cgzcﬁvzo,

(B18)

(B19)
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C3 =0,

M 1 \/§
Cf = — S (B —=M)A3 + 17| AY —2(E' — M) A ,
4 MI|7)? CESIOPTAR [ (( ) 1/2—1/2 7| 1/2»1/2) ( ) —1/2—1/2

1 1 3
C(A_—»——\/j (—E/—M2A3 +HM_E/AO
5 |7]? (E' + M")2M V 2 ( ) 1/2—1/2 |7]( ) 1/2—1/2

_2(2E/M _ M/2 _ MQ)A1_1/2_>1/2) 5

M"? 1 \/§
cA-— - ]2 a3 —24t , B20
6 172 (B + M )2M 9 ( 1/2—1/2 1/2—>1/2) ( )

where again we have made use of the following relations observed between 3/2 — 1/2 matrix elements

V10/2—>1/2 = V13/2—>1/2 =0,
V31/2%1/2 = \/§V711/241/2a
Azls/zal/z = _\/§A171/2a1/2' (B21)

As mentioned we do not use a form factor decomposition for the 3/2 — 3/2 transitions but work directly with the
matrix elements. For 3/2 — 3/2 transitions, and apart from the relations in Eq. (BI3), we further obtain that

V3 V3 V2
V—13/2—>—1/2 = 7v—11/2—>1/2 = V11/2—>3/2 = _V31/2—>1/2 = _7‘/11/2—>—1/2 = _V—11/2—>—3/2 = W V,
V3 V3 V2
V—23/2—>—1/2 = 7v—21/2—>1/2 = V12/2—>3/2 = V?,2/2—>1/2 = 7V12/2—>—1/2 = V—21/2—>—3/2 =1 % V, (B22)
Ag3/2—>—3/2 = 3A(11/2—>—1/2 = _3A(1J/2—>1/2 = _Ag/2—>3/2a
A?i?,/zafs/z = 3A371/2%71/2 = _314?/2%1/2 = _Ag/za?,/zv
V3 Y V2
A1—3/2—>—1/2 = 7A1—1/2—>1/2 = A%/2—>3/2 = A§/2—>1/2 = A1/2—> 1/2 — A1—1/2—>—3/2 = ﬁ A,
V5 VB V2

A2 —3/25-1/2 — A2 1/2—1/2 — A1/2—>3/2 = _A§/2—>1/2 = A1/2—> 1/2 — —-A2 1/2—-3/2 — W A, (B23)

where V and A stand for reduced matrix elements.

In every case we just need to evaluate three different vector and three different axial matrix elements that we take
0 3 1 0 3 1 : :
to be V1/2%1/2, V1/2%1/2, ‘/71/2%1/2 and A1/2%1/27 A1/2%1/27 A71/2%1/2 respectively. The vector matrix elements
have the general structure

Va2 = VS V2 VQE//d3Q1/d3Q2 { (@ - %Lﬁ_Ql Qs + 7[ H)} ¢P) (@1, Q2)

x\/(El<|Q1—¢|>+ml>< (G]) +me) <1+ (G llei ) (B24)
26,(1G1 - 71)2E(1G1]) (B — 1) + mu) (E(1G1]) + me)

V1/2_>1/2 - VS V2 V2E//d3Q1/d3Q2 |: (Ql m‘ﬁ_él _QQ v ‘f):| (5(3)(@17Q2)

M’ M
y \/(Elucgl — )+ m) (Ec(|Gi]) +m) < Qi Qi-ld )
261G — 7 ( |

2E.(|G1]) EQ1) +me  E(|Q1 —7]) + mu

) B25
) (B25)
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(0) (3) (1) (0) (3) (1) (0) (3) (1) (0) (3) (1)
Vsr Ve Vsp  Asp  Asp  Asp Vse Vse  Vsp  Asp  Asp  Asp
=t =0 [V SR S G TS U 0 =t A0 [V S/ S U T T O
20— Zp > 3 23 23 V3 23 =cb b 2 2 2v/3 2V3 2V3 2V3
=0 == V3 V3 I S 1 =t 30 1 1 =5 5 5 5
Seb TS 2 2 2v3  2v3 2v3 2v3 i ’ 1 1 % 5 5 :
=+ =70 1 1 -5 5 5 5 = - 1 1 =5 _5_ _5_ _5_
B — Eb 2 2 T 6 6 5 Zep = 2 Vi Vi W3 B I 5
=0 = — 1 1 =5 5 5 5 frl * 0 —1 —V2 —V2 1
_‘ib — _bo 5 5 Tl % §/§ 5 oy 7 Zb 0 0 3v3 —3 -3 3v3
= =* =1 —v2 —v2 1 —=0 *— —1 -2 -2 1
Scb = 0 0 3v2 5 3. 3 Eep = 2y 0 0 3 3 = 3
=0 =k — —1 —/2 —V2 1 —/+ 0 1 1 1 -1 —1 —1
B = 5y 0 0 357 = = 3 o A 2 3 2 =z =
=+ _, =0 1 1 1 -1 -1 -1 =+ 530 =3 =3 1 =1 =L =1
cb b 2 2 2 2 2 2 2 2 23 2v/3 23 23
oY S S S S =2 K O ks R A A
6 NG NG NG
=+ _, =0 -3 —V3 1 =1 =1 =1 =+ » 0 0 -1 -2 -2 1
Seb =b 2 2 V3 23 2v3 2v3 b T V5 V3 3 V6
=0 _y=/— =3 v 1 =1 =1 =1 =0 = -1 —2 —2 1
Seb T Sy 2 2 23 2@ 2\\73: EWE] Hep — 2, 0 0 7 7 7 7
=/ + =*0 =1 —Vv2 —Vv2 1 =k 0 —1 V2 V2 1
S 75 0 O % 5 5 w A 0 O % B A
=0y = 0 0 =1 -2 -2 1 — 30 0 0 1 —VZ -2 -1
Seb 7= I A B @ = ™ 3 3 3
=+ =0 =1 V2 v2 1 =*0 - 1 -2 —2 —1
Scb b 0 0 VY B G Eep = % 0 3 3 3 =N
=*0 - =1 V2 V2 1 =*+ _ _ 2 =1 =1 =2
Zep =y 0 0 NG V3 V3 NG cb - X 1 1 3 3 3 3
=t =0 0 L =2 =3 L o SrT —V2 —V2 B =2 =2 =22
R i S w5 VRS I R R
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B oS0 0 o5 = SR o A S R R
=50 -1 -1 2 2 2 =2 Q% —=E7 3 2 < & & 6
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TABLE V. Vs(f.;) and Ag]} spin-flavor factors for for ¢ — s (left panel) and ¢ — d (right panel) transitions.

-» mc—l—m/ o - — my o - o
Viianye = = ViIV2 V2E//d3Ql/d3Q2 { G -G~ Qo+ = )| $P(G1,G2)
)

M’ M’
X%wMQ—mwwm<<||+ma
2E,(|1Q1 — ¢)2E:(|Q1])
NTE(G D +me) = [Ee(Gr)) + me — |G — 71) —mu] @F
(Eu(1Q1 = 1) + mu)(Ee(|Q1]) + me)

The V(J ) depend on the flavor and spin structure of the baryons involved. Their values for the different transitions
appear in Table [Vl Similarly, for the axial matrix elements we have

A1/241/2_A V2MV2 /d3Q1/d3Q2 [ E(@ — wif,—@l—(%-i-%(Tﬂ o) (Q1,Q2)

(B26)

M/
X¢wu&—am~m<<@m+ma< Qi Qi-ld )7 B2
2E(1Q1 — 41)2E(|Q1l) E(|Q1]) +me  E(1Q1 —¢|) +mu

A3y s1jn = A V Mv 2E’/d3Q1 d*Q2 [ G- +,ml/ 7, ~Q1— Q2+ — (T)} 6P (G1, @)

M M’
x%@mQrwﬂ+mM o D+mﬂ<_ G1[? — 17197 — 2Q5(@5 — 1)) )
) ( )

E,(1Q1 — q1)2E.(|Q: E(|Q1 — 1) + mu)(Ee(|@u]) +

| —

(B28)
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ALy = ASPVIMV2E / B / dQs [qu)(Q %qﬁ—@l Q2+M§)l 3B)(G1,@s)

. \/u;l(@l_q'|>+ml><Ec<|Ql|>+mc> <1_ 1G1” — 17195 — 207(QF —iQY) ) (B29)

2E1(1Q1 — 7)2E:(1Q1]) (B1(1Q1 = @) + m)(Be(G1]) + me)

where the Ag}, axial spin-flavor factors can be found in Table [Vl Note that due to the symmetry properties already
discussed, the integral in 2Q7Q7
2Q7QY is identically zero.

As already said, when the final baryon has just one s quark then the (;;(B/) above should be interpreted as ngf,) or

in A£1/2ﬁ1/2 es equivalent to an integral in |@1]2 — (Q7)2, while the integral in

ngf ), for the case of ¢ — s or ¢ — d transitions, respectively.
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