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Abstract

We perform a complete analysis of isospin breaking in K — 27 amplitudes in
chiral perturbation theory, including both strong isospin violation (m, # mg) and
electromagnetic corrections to next-to-leading order in the low-energy expansion.
The unknown chiral couplings are estimated at leading order in the 1/N, expansion.
We study the impact of isospin breaking on CP conserving amplitudes and rescatter-
ing phases. In particular, we extract the effective couplings ggs and go7 from a fit to
K — 7r branching ratios, finding small deviations from the isospin-limit case. The
ratio ReAp/ReAs measuring the AI = 1/2 enhancement is found to decrease from
22.240.1 in the isospin limit to 20.340.5 in the presence of isospin breaking. We also
analyse the effect of isospin violation on the CP violation parameter ¢, finding a de-
structive interference between three different sources of isospin violation. Within the
uncertainties of large- N, estimates for the low-energy constants, the isospin violating
correction for € is below 15 %.
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1 Introduction

A systematic treatment of isospin violation in nonleptonic weak interactions is needed for
many phenomenological applications. The generically small effects induced by electromag-
netic corrections and by the quark mass difference m, — m, are enhanced in subdominant
amplitudes with Al > 1/2 because of the AI = 1/2 rule. For one, a quantitative under-
standing of the Al = 1/2 rule itself is only possible with isospin violating effects included.
Another area of application is CP violation in the K° — K0 system where isospin breaking
is crucial for a precision calculation of €' /e.

Isospin violation in K — 27 decays has already been addressed in recent works [1I, 2,
3, 4, B, ©, [0, §]. In this paper, we reanalyse the K — 7m decay amplitudes to perform
a comprehensive study of all isospin violating effects to next-to-leading order in the low-
energy expansion of the standard model. More precisely, we shall work to first order in «
and in m,, —my throughout, but to next-to-leading order in the chiral expansion. In view of
the observed octet dominance of the nonleptonic weak interactions, we therefore calculate
to O(Ggpt, Gg(m, — mq)p?, e2Ggp?) and to O(Garpt) for octet and 27-plet amplitudes,
respectively.

At this order, many a priori unknown low-energy constants (LECs) appear. With few
exceptions to be discussed in Sec. B, we adopt leading large- N, estimates for the LECs.
The advantage is that we employ a systematic approximation scheme with solid theoretical
foundation that can in principle be carried through beyond leading order. On the other
hand, the importance of subleading large-N,. effects is at present not known in general.
We shall estimate the uncertainties by varying the two scales entering those estimates:
the renormalization scale for evaluating Wilson coefficients (short-distance scale) and the
chiral scale (long-distance scale) at which the large-N, results are supposed to apply.

In performing electromagnetic corrections, a careful analysis of radiative events is nec-

essary as emphasized in Ref. [B]. We shall perform such an analysis for the new KLOE

measurement [J] of the ratio I'(Kg — 777 [7])/T(Ks — 7°7°) with a fully inclusive



mrm~[y] final state. The KLOE result influences the phase difference yo — xo of the two
isospin amplitudes strongly. Together with this phase difference, the effective weak octet
and 27-plet couplings Gg, Go7 will be the primary output of our analysis. With that out-
put, several phenomenological issues can be addressed such as the relation of the phases
X0, X2 to the s-wave pion-pion scattering phase shifts or the impact of isospin breaking on
€ /e.

The content of the paper is as follows. In the subsequent section, we introduce the decay
amplitudes and the relevant effective chiral Lagrangians. The amplitudes at leading order
in the low-energy expansion are presented in Sec. Bl The amplitudes at next-to-leading
order are investigated in Sec. B, distinguishing between 7 — n mixing and all other contri-
butions arising at that order. The amplitudes are divided into various parts depending on
the source of isospin violation. The local amplitudes of next-to-leading order are explicitly
given here. Sec. [l analyses the LECs at leading order in 1/N,. To determine weak and
electroweak LECs for N. — oo, one needs input for the strong [up to O(p°)] and electro-
magnetic couplings [up to O(e’*p?)], in addition to the relevant Wilson coefficients. We
discuss to which extent the necessary information is available. The numerical calculations
of the various amplitudes to next-to-leading order in chiral perturbation theory (CHPT)
are presented in Sec. Bl Dispersive and absorptive components of the loop amplitudes are
given together with CP-even and CP-odd parts of the local amplitudes. Those amplitudes
are then used in Sec. [ to extract the lowest-order nonleptonic couplings Gg, Go7 and the
phase difference yg — x2 from K — wm data. We compare those quantities at lowest and
next-to-leading order, the latter with and without isospin violation included. With this
information, we then analyse the relation of the phase difference yo— x2 to the correspond-
ing difference of w7 phase shifts. In Sec. B we discuss isospin violating contributions to the
parameter € of direct CP violation in K° — 77 decays. Sec. @ contains our conclusions.
Various technical aspects are treated in several appendices: next-to-leading-order effective
chiral Lagrangians; explicit loop amplitudes; an alternative convention for LECs of lowest
order; details for the analysis of the phase difference.

2 Nonleptonic weak interactions in CHPT

In this section, we define our notation for the K — nw amplitudes and we introduce the
relevant effective chiral Lagrangians.



2.1 Decay amplitudes

Using the isospin decomposition of two-pion final states, we write the K — 77 ampli-
tudes in the charge basis in terms of three amplitudes’ Ax; that are generated by the A
component of the electroweak effective Hamiltonian in the limit of isospin conservation:

1
A = Aip+ 7 (A3/2 + A5/2)
Aw = Ay — V2 (Ag/z + A5/2) (2.1)
3 2
Ay = 5 (Ag/z - §A5/2> :

In the standard model, the AT = 5/2 piece is absent in the isospin limit, thus reducing the
number of independent amplitudes to two. Each amplitude A,, has a dispersive (Disp A,,)
and an absorptive (Abs.A,,) component. In order to carry out phenomenological applica-
tions and to keep the notation as close as possible to the standard analysis in the isospin
limit, we write

AO €iX0 - .Al/z
A2 eiX2 e A3/2 ‘l— A5/2 (22)
A;_ €iX;r = A3/2—2/3A5/2 5

where we explicitly separate out the phases y;. In the limit of CP conservation, the
amplitudes Ay, A, and A are real and positive. In the isospin limit, the A; are the
standard isospin amplitudes and the phases y; are identified with the s-wave 77 scattering

phase shifts d;(y/s = M).

For the phenomenological analysis (see Secs. [l and B), we therefore adopt the following
parametrization of K — 7 amplitudes:

. 1 .
Al = Age™ 4 — Ay
—+ 0 \/§ 2
AOO = AQ 6iXO - \/§A2 eixz (23)
AJ,_() = ;A; eix; .

This parametrization holds for the infrared-finite amplitudes where the Coulomb and in-
frared parts (defined in Sec. @) have been removed from A, _.

'We shall use the invariant amplitudes .A,, defined as follows:

i [ dx L(x
<<m>n|T<e Jase )>|K> — 26D (P — P) x (=i ) .



In the absence of electromagnetic interactions As/, = 0 and therefore A, = AJ. To set
the stage, we extract the isospin amplitudes Ay, As and the phase difference xo — x2 from
a fit to the three K — 77 branching ratios [9, [10]:

Ay = (2.71540.005) - 1077 GeV
Ay = (1.22540.004) - 1078 GeV (2.4)
Xo— X2 — (486 + 2.6)0 .

These values hold in the isospin limit except that the physical pion masses have been used
for phase space. The substantial reduction in the phase difference yo — x2 (from about 58°
during the past 25 years [I0]) is entirely due to the new KLOE measurement of the ratio
D(Ks — mra=(7))/T(Ks — n°7°) [9].

2.2 Effective chiral Lagrangians

In the presence of isospin violation, the physics of K — 77 decays involves an interplay
of the nonleptonic weak, the strong and the electromagnetic interactions. Consequently,
a number of effective Lagrangians are needed to describe those transitions. We use the
well-known Lagrangian for strong interactions to O(p®) [T}, 12, [13], the nonleptonic weak
Lagrangian to O(Gpp?) [14, [T5, [T6, [I7], the electromagnetic Lagrangian to O(e*p?) [18, 1Y)
and, finally, the electroweak Lagrangian to O(e*Ggp?) [20, 2T, 22).

Only the leading-order (LO) Lagrangians are written down explicitly here. The relevant
parts of the next-to-leading-order (NLO) Lagrangians can be found in App. [A] along with
further details.

Strong Lagrangian:

F2
'Cstrong - I <DMUD“UT + XUT ‘I’ XTU>

+ Y LoV +Y X, F2or (2.5)
F' is the pion decay constant in the chiral limit, the SU(3) matrix field U contains the

pseudoscalar fields and the scalar field x accounts for explicit chiral symmetry breaking

through the quark masses m,,, mg, m;. The relevant operators O " are listed in App. [Al
The LECs X; of O(p®) will only enter through the large-N, estimates of the electroweak
couplings in Sec. Bl (A) denotes the SU(3) flavour trace of A.

Nonleptonic weak Lagrangian:
2
Locc = GsF'AD*UTD,U) + Gy F* <LM23L’f1 + gLMUfg)
+ Y GsNF?OP+Y GuD;F? O + he. (2.6)



The matrix L, = iUTD,U represents the octet of V' — A currents to lowest order in
derivatives; A = (A¢ — 1A7)/2 projects onto the s — d transition. Instead of Gg, Gar we
will also use the dimensionless couplings gg, go7 defined as

G
G8,27 = —TZ V. V s 9827 - (2'7)

One of the main tasks of this investigation will be the determination of gg, go7 in the
presence of isospin violation to NLO. The LECs N;, D; of O(Gpp?) are dimensionless. The
monomials Of, O?" relevant for K — 27 transitions can be found in App. [Al

Electromagnetic Lagrangian:
L;hn = 6223f74<62(]T62l]>
+ Y KFPO8T (2.8)

The quark charge matrix is given by ) = diag(2/3,—1/3,—1/3). The lowest-order LEC

can be determined from the pion mass difference to be Z ~ 0.8. The NLO LECs K; are
2,2

dimensionless and the relevant monomials OF ¥ can again be found in App. [Al

Electroweak Lagrangian:
EEW = enggeka6 <>\UTQU>
+ Y GsZF'OFY + he (2.9)

The value of the LO coupling gewi is discussed in Sec. The LECs Z; are dimensionless
and the associated monomials OF" are collected in App. [Al We do not include isospin
violating corrections for 27-plet amplitudes.

The low-energy couplings L;, N;, D;, K;, Z; are in general divergent. They absorb the
divergences appearing in the one-loop graphs via the renormalization

Li = Li(vy) +TiMwy)

N; = NT(VXHHZ ()
Di = DI(v)+d;Awy) (2.10)
Ki = Ki(vy)+ riMvy)

Zi = Z{(vy) + =M (vy)
where v, is the chiral renormalization scale and the divergence is included in the factor

I/d_4 1

M) = B {m _ %[log(élﬂ) L) + 1]} | (2.11)

The divergent parts of the couplings are all known [IT1], 5, 16, 19, 22] and they allow for
a nontrivial check of the loop calculation. On the other hand, many of the renormalized
LECs contributing to the decay amplitudes are not known. Our strategy will be to use LO
large- N, estimates. A comprehensive discussion of all relevant LECs will be presented in

Sec. B




3 Amplitudes at leading order [O(Grp?, e2Gsp")]

With the most general effective chiral Lagrangian of the previous section, we can now
proceed with the construction of physical amplitudes. At LO in the low-energy expansion,
the procedure is straightforward: chiral power counting tells us that the amplitudes are
obtained by summing all tree-level Feynman diagrams with one insertion from either £ eax
of O(Grp?) or Lrw of O(e*Ggp?), at most one insertion of Ly, of O(e?p®) and any number
of insertions from the O(p?) part of the strong Lagrangian (Z3).

In addition to contributions proportional to the electroweak coupling gewk, isospin
breaking occurs also in the pseudoscalar mass matrix, generating in particular non-diagonal
terms in the fields (73, 73) (7° — n mixing). Upon diagonalizing the tree-level mass matrix
one obtains the relation between the LO mass eigenfields (7° 1) and the original fields
(73, ms) (to first order in m, —my):

3 1 —® 70
= , (3.1)
g @ 1 )
with the tree-level 7° — 1 mixing angle € given by
-2 _ V3 ma — my (3.2)
4 mg—m’
where m stands for the mean value of the light quark masses,
1
m = —(my +my) . (3.3)

2

The physical amplitudes are then obtained by considering the relevant Feynman graphs
with insertions from the LO effective Lagrangian expressed in terms of the LO mass eigen-
fields.

Apart from 7% — 1 mixing, isospin breaking manifests itself also in the mass differences
between charged and neutral mesons, due to both the light quark mass difference and
electromagnetic contributions. We choose to express all masses in terms of those of the
neutral kaon and pion (denoted from now on as My and M, respectively). In terms of
quark masses and LO couplings (Bj is related to the quark condensate in the chiral limit
by (0[gq|0) = —F?By), the pseudoscalar meson masses read:

M2 = M?+2e*ZF°

M3 = By (ms+myg) (3.4)
4¢@)

M. = M} — By(ms —m) +2e*ZF?

V3
M2 = %(4M,2{—M2)—

™

]8e(2)
3v/3

—

Bo(ms — m) .




We are now in the position to write down the three independent amplitudes relevant
for K — 7 decays. In the physical “charge” basis the LO amplitudes are

A = %ﬁ G F (M} — M2) + V2GsF lM?{ — M — &F? (gow + 22)1
2
Aw = —V2GuF (M} — M?) +V2GsF (M}, — M2) <1 -7 5<2>> (3.5)

3 V3

We recall that we do not include isospin violation for the 27-plet amplitudes. In the isospin
basis, more convenient for phenomenological applications, the LO amplitudes are given by
(see Eq. (1) for the relation between the two bases)

Aijp = g G F (M7 — M?)

5 2
Ay = 5 GuF (M} — M)+ GsF [(Mf{ = M2) == e® — 2 F? (g + 22)1 .

+ V2GsF l(MI% - M?) <1 - 3%/3 5(2)> - §62F2 (Gowk + 22)1 (3.6)

1o 2 2 2 o 4 (2) 2 9.0
Ay = 5 GuF (M} — M2) + GsF l(MK - M?) N L F? (Gowr + 22)
.A5/2 = 0.

The parameter F' can be identified with the pion decay constant F, at this order. The
effect of strong isospin breaking (proportional to £?)) is entirely due to 7° — 1 mixing at
LO. Electromagnetic interactions contribute through mass splitting (terms proportional
to Z) and insertions of gewk. As a consequence of imposing CPS symmetry [23] on the
effective Lagrangian, electromagnetic corrections to the octet weak Hamiltonian do not
generate a Al = 5/2 amplitude at LO in the quark mass expansion.

4 Amplitudes at next-to-leading order [O(Grp*, e2Gsp?)]

Let us now outline the construction of NLO amplitudes. As always, chiral power counting is
the guiding principle: it tells us that both one-loop and tree-level diagrams now contribute.
In the one-loop diagrams, one has to consider one insertion from either £ cax of O(Gpp?) or
Lrw of O(e2Ggp?), at most one insertion of Ley, of O(e?p®) and any number of insertions
from the O(p?) part of the strong Lagrangian, with the LO effective Lagrangians expressed
in terms of the LO mass eigenfields. For the tree-level diagrams, one has to apply one
insertion from the NLO effective Lagrangian and any number of insertions from the LO
Lagrangian. The strangeness changing vertex can come from either the LO or NLO effective
Lagrangians. This straightforward prescription leads to a large number of explicit diagrams
for each mode, due to several topologies and several possibilities to insert isospin breaking



vertices from the LO effective Lagrangian (in the weak vertex, in the strong vertex, in
the internal propagators, in the external legs). We begin with the well-defined class of
NLO corrections to the pseudoscalar meson propagators, focusing afterwards on the other
corrections.

4.1 7% —n mixing at NLO

As in the LO case, it is convenient to first analyse isospin breaking in the two-point
functions (inverse propagators) and to define renormalized fields in which the propagator
has a diagonal form with unit residues at the poles?. At NLO two main new features arise:

e Not only the (73, mg) mass matrix acquires off-diagonal matrix elements, but also the
purely kinetic part of the propagator does so.

e Electromagnetic interactions contribute to this phenomenon, in addition to the up-
down mass splitting.

Results on NLO mixing effects induced by quark mass splitting already appear in Refs. [TT],
241, 8], while electromagnetically induced effects were considered in [25], 26]. Here we follow
the formalism outlined in Ref. [24], treating strong and electromagnetic effects simulta-
neously. In the LO mass eigenfield basis, the NLO inverse propagator (an eight-by-eight
matrix) can be written as follows:

~

A@®)™" = @1-M -TI(¢) (4.1)
(¢ = C¢+D,

where M? is the diagonal LO mass matrix and C, D are symmetric matrices, which are

diagonal except for their restriction to the (7%, 1) subspace. The relation between the LO

and NLO mass eigenfields (collected in a vector ¢,) can be summarized as follows:

~

dro = (1 + % + W) ONLO (4.2)

where W is an antisymmetric matrix, non-vanishing only in the (7% ) subspace. Except
for the reduction to this subspace, Eq. (f22) is just the familiar field renormalization, with
wave function renormalization given by Z; = 1+C;;. Focusing on the (7, 7) sector, we note
that W is characterized by a single entry called ¢ [24]. This quantity is UV finite and

represents a natural generalization to O(p*) of the tree-level mixing angle £ . Explicitly,
the relation between the (7°,7) mass eigenfields at LO and NLO is given by

~ ~

0 14 Cro50 @y Cmro 0
= g o 2 . (4.3)
U LO @ 4 —gﬂo 1+ % n NLO

2This way, no further wave function renormalization effect has to be included.



Egs. (B) and #3) give the full relation between the original fields (73, 75) and the NLO
mass eigenfields. We do not report here the factors Cop, as they are UV divergent and
make sense only in combination with other terms in the full amplitudes. We do report,
however, the expression for £ because the replacement ¢? — £® + @ in Eqs. (BHE0)
gives rise to a well defined (UV finite) subset of the NLO corrections. Breaking up ™
into contributions from strong (S) and electromagnetic (EM) isospin breaking, one gets

e® = £ 4 W
ef) = - 2e {(47r)2 64 [3L7 + Li(1y)] (M2 — M?)?
> 3(4mF)2(M2 — M32) X T
M2 M2
— M7 (My — M?)log V—; + M2(M3 — 3M?) log —
X X
M2
— 2ME (M — 2M2) log —E — 202 (M2 — Mﬁ)} (4.4)
1%
X

W = 2V3a {—9M221 Mic
TN T 08 (M2 — M2) Ko\ l08 ot

+ 2M3 (47)? [2U5 () + 3U5 ()]

+ MR 205 (3) + 305 () — 607 ()] }

The electromagnetic LECs U; are linear combinations of the K; (defined in Sec. BH).

4.2 Remaining NLO contributions: a guided tour

Having dealt with the propagator corrections in the previous section, we now describe the
remaining contributions to the K — w7 amplitudes at NLO, starting with the one-loop
terms. There are two main classes of contributions: loops involving only pseudoscalar
mesons (Fig. [l) and loops involving virtual photons (Fig. B). In the isospin limit, contri-
butions to the amplitudes arise from the topologies of Fig. [, by inserting the LO weak
vertices proportional to Gg or Gy; in the Lagrangians (26) and ([(ZJ). Given the large
suppression of Ga7/Gg, we consider in this work only isospin breaking effects generated
through the octet component of the effective Lagrangian. We are therefore interested
in the terms proportional to eé@? Gy (strong isospin breaking) and e?Gg (electromagnetic
isospin breaking).

Strong isospin breaking terms (¢Gg) at NLO come from several sources:

e Explicit terms ~ (m, — my) in the strong vertices of Fig. [l obtained by expressing
Lstrong in terms of the LO mass eigenfields.

e Mass corrections in the internal propagators, for which we use the LO diagonal form
(and the corresponding mass relations of Eq. (B4)).

10
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Figure 1: Topologies for purely mesonic loop diagrams contributing to K — 7 the filled
circles indicate AS = 1 vertices of lowest order. Wave function renormalization diagrams
are not shown.

e Mass corrections arising when external momenta are taken on-shell (using again

Eq. B4)).

The combination of these effects leads in principle to non-linear contributions in the isospin
breaking parameter. We have chosen to expand the final expressions for the amplitudes to
first order in £ .

Electromagnetic isospin breaking terms (e2?Gg) at NLO can be naturally divided into
three categories:

e ¢27(y: these arise exactly in the same way as the strong isospin breaking terms (see
discussion above).

o 2Gggewk: these arise from insertions of the gewi vertices of Lgw in the topologies
of Fig. [ keeping all other contributions (masses and strong vertices) in the isospin
limit.

e ¢2(g: these arise from the photonic diagrams of Fig. B, using the LO weak vertices
of Lyear proportional to Gg. This class of contributions to A, _ is infrared divergent.
We regulate the infrared divergence by means of a fictitious photon mass M,. The
cancellation of infrared divergences only happens when one considers an inclusive sum
of K — mmand K — w7y decay rates and we postpone details on this point to Sec. [l
At this stage, we split the photonic correction to A, _ into an “infrared component”
AR (M,) (to be treated in combination with real photons) and a structure dependent

part Agﬁ, which is infrared finite and has to be used together with the non-photonic
amplitudes in Eq. (Z1]). Clearly, an arbitrary choice appears here as one can shift

11
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Figure 2: Topologies for meson-photon loop diagrams contributing to K — 7m: the filled
circles indicate AS = 1 octet vertices of lowest order.

infrared finite terms from AS:Z to AN (M,). This also implies that the isospin
amplitudes all depend on this choice. The observables, however, are only affected by
this ambiguity at order a?. A (M) has the following structure:

AR (M) = V2GsF (M} = M2) a B (M) , (4.5)
in terms of the function By_(M,) reported in App. Bl

This concludes our description of one-loop contributions to K — 77 amplitudes. The
NLO local contributions arise from tree-level graphs with insertions of one NLO vertex and
any number of LO vertices, according to the topologies depicted in Fig.

—~ < <

Figure 3: Diagrams for NLO local contributions: the filled square denotes a NLO vertex.

4.3 Structure of the amplitudes

Having identified the various diagrammatic contributions to the physical amplitudes, we
now introduce a general parametrization that explicitly separates isospin conserving and
isospin breaking parts and allows to keep track of the various sources of isospin break-
ing. Let n be the label for any amplitude. Then, including the leading isospin breaking

12



corrections (proportional to Gg), one has:
A, = GuF, <Mf< _ Mﬁ) ACT (4.6)

+ GsFy { (Mg — M) [Aﬁf” +e® Agﬂ — 2 F? {Aﬁ? + Z AP 4 gewa A;ﬂ } .

The meaning of the amplitudes AX) can be inferred from the superscript X. A® A7
represent the octet and 27-plet amplitudes in the isospin limit. A®) represents the effect of
strong isospin breaking, while the electromagnetic contribution is split into a part induced
by photon loops A and the parts induced by insertions of Z and g vertices (A% and
AW respectively).

At the order we are working, each of the amplitudes AX) can be decomposed as follows:
o 1+ ALAY) + AcAD] i a9 #0

AX) = (4.7)
ALAD 4 ACAX) i ol —

with
a™® . LO contribution [Eqgs. (B3E0)]
AL AX) NLO loop correction

(
AcAX) . NLO local correction .

The amplitudes a(X), Ay AX) and AcAKX) are dimensionless and we have chosen to
normalize the NLO contributions to the LO contributions whenever possible. Moreover, in

Eq. (E6) we have traded the constant F for F}, the physical pion decay constant at NLO.
The relation between the two is given explicitly by [Tl 27]

4
F = F, {1 —-— ng(uX) (M2 +2M%) + Lg(uX)Mﬂ

F2
1 oy ME i
+ 2{ix) P lQMﬂlog?jLMKlo 7]
X X
2e(2) 8L, (vy) 1 M3
(M3 — M? X 14 log —X% : 4.8
V3 (a5 = 217) l F? 2(47r)2F2< T (4.8)

Both AL AX) and Ac A individually are UV divergent and scale dependent. Only in
their sum the UV divergence and the scale dependence cancel, providing a valuable check
on the calculation. The explicit form of the various loop contributions is given in App.
while the local amplitudes are reported in the next subsection.

13



4.4 Local amplitudes

The NLO K — 77 local amplitudes receive contributions from the NLO couplings L;, IV,
D;, K;, Z; in the effective Lagrangians of Sec. Following Ref. [28], it is convenient to
define the combinations

_ M3 :
Ao = _W(4LT+32U) —5 (12 L5+ 16 L)
. M3 M
ASY =~ (AL +48 L) — o7 (2015 +2417) . (4.9)

In terms of the quantities defined above, the finite parts of the NLO local amplitudes have
the form reported below. In this section we use the notation D;, N;, Z; as a shorthand for
the ratios of NLO to LO chiral couplings (gsD;)/gs, (9sN:)/gs, (9sZi)/ gs-

Al = 1/2 amplitudes

M2
AcAY) = Ao+ =5 (Dy— Dy~ 9D +4D5)
QME r r r r r
t (=6 D] — 2D+ 2 D)+ 6 Dg + D7)
~ 2 M?
AcAS), = Ac- F2K (—=NI + 2 NF — 2 N§ — Ny
2M2 r r r r T T
_ M2_M2
ACA1/2 = Ac—(KT”)(%LQJr?Q (3LL + L3))
2M2 r r r r r T
2M7% r r T r T T r T
Z A (ew 4M2 r T 2M7% T r r
AcATy = AEY — =55 (N7 — Ny — Ng) + =" (25 + 4 N7 + )

Ac~/41/2 = A(CSW)
2v/2 [ M3 M?

AcAY), = | OUI+4U; +U5) — 25 (36 U7 +22U5 +3U5 +2U))
M2 — M?
+ %( 8ZL 42475 —9ZF —6ZL +325 + 375 +220, — 225, —227,)
M? M2
+ F—§(221‘+4Z§)+F—§(4Z{+QZ§—Z(§) (4.10)

14



A0A§2/72)

Ac AL,

Ac A,

AcAY),

AcAS)

AC~’45/2 =

AC~’45/2 =

Al = 3/2 amplitudes

_ M2 2 M?
Ac + Ff (D} = D +4D7) + == (=2 D; + 2 Dy + DY)
~ 32 (ME — M?
Ac — ( }(12 )(3L + L)
2M12( T T T T T T T
77 (N5 +G6Ng = 2Ng = Ny — 4 Nj — 8 Nj, — 12N]y)
2 M?
2 (2NZ +6 Ni + Nj —2Nj, — 10 Nj, — 12 N};)
R Mic g Ny 167 4 208 + 8
+W(1Q 16 N7 420 Nj + 8 Ng)
2
5;2 (8 Ni 4+ 16 N7 4+ 10 N§ + 12 Ny)
A
2 MK r M2 r 1 T 2 T
é[—ﬁgU 7= (U gui-5u)
(M2 M2) T 24 T T T T 8 T 8 T
T( —4 7} +€Z - 37 329—2210—5211—5212>
2 2
= K zr+4z5 - Z)+ 5 (42{+22§)] (4.11)
Al =5/2 amplitudes
4 (MK Mz) r T
3 [T( 12 Nf — 24 NJ + 12 N§)
2 [(M2 — M?)
S| (—18U} Zy+ 187, +18 7] 4.12
3[15]?2 (—18U35 +36 Z; + 18 Z], + 18 Z1,) (4.12)

5 LECs at leading order in 1/N,

Owing to the presence of very different mass scales (M, < Mk < A, < My ), the gluonic
corrections to the underlying flavour-changing transition are amplified by large logarithms.

15



The short-distance logarithmic corrections can be summed up with the use of the operator
product expansion [29] and the renormalization group [30], all the way down to scales
psp < me. One gets in this way an effective AS = 1 Lagrangian, defined in the three-
flavour theory [31), B2, B3], 34],

Lo = \/—Vud ZC psp) Qi(psp) (5.1)

which is a sum of local four-fermion operators ();, constructed with the light degrees of
freedom (m < psp), modulated by Wilson coefficients C;(usp) which are functions of the
heavy masses (M > usp) and CKM parameters:

Ci(psp) = zi(psp) + 7yi(usp) (5.2)
V *
e o td‘/;fs )
Vud Vu*s

The low-energy electroweak chiral Lagrangian arises from the bosonization of the short-
distance Lagrangian (Bl) below the chiral symmetry breaking scale A,. Chiral symme-
try fixes the allowed operators, at a given order in momenta, but the calculation of the
corresponding CHPT couplings is a difficult non-perturbative dynamical question, which
requires to perform the matching between the two effective field theories.

The 1/N, expansion provides a systematic approximation scheme to this problem. At
leading order in 1/N, the matching between the three-flavour quark theory and CHPT
can be done exactly because the T-product of two colour-singlet quark currents factorizes.
Since quark currents have well-known realizations in CHPT the hadronization of the weak
operators (); can then be done in a straightforward way. As a result, the electroweak chiral
couplings depend upon strong and electromagnetic low-energy constants of order p?, p*, p°
and e?p?, respectively.

5.1 Weak couplings of O(Grp?), O(e*Ggp")

At lowest-order [O(Grp?), O(e*Ggp®)], the chiral couplings of the nonleptonic electroweak
Lagrangians (26) and () have the following large- N, values:

2 3
&= 3 Ci(usp) + £ Co(psp) + Ca(psp) — 16 Ls B(usp) Cs(psp)
3
g7 = R [C1(usp) + Ca(psp)] (5.3)
(€°gs gewk)™ = —3B(usp) Cs(usp) — = B(usp) Co(psp) € (Kg — 2K7p) -

3

The operators @Q); (i # 6,8) factorize into products of left- and right-handed vector
currents, which are renormalization-invariant quantities. Thus, the large- N, factorization
of these operators does not generate any scale dependence. The only anomalous dimensions
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that survive for N, — oo are the ones corresponding to Qs and Qg [35]. These operators
factorize into colour-singlet scalar and pseudoscalar currents, which are pusp dependent.
The CHPT evaluation of the scalar and pseudoscalar currents provides, of course, the
right pusp dependence, since only physical observables can be realized in the low-energy
theory. What one actually finds is the chiral realization of the renormalization-invariant
products m, (1, vs5)q. This generates the factors

B2\ M2 2 1602
B = (=0 = K 1— — K @Ls—L
(kso) (F) l(mﬁmd)(usn)ﬂr] [ (Ll Lo
8 M2 8(2M2% + M?)
+ 2 s + [}2 (3Ly — 4Lg) (5.4)

in Eq. (B3)), which exactly cancel [35, B6, B7, B8, B9] the pgp dependence of Cyg(usp) at
large N.. There remains a dependence at next-to-leading order.

Explicitly, the large-N, expressions imply?3

92 = (1.10%0.05(,,) % 0.08(1,) = 0.05(,))
+ 7 (0.55 £ 0.15(,0p) £ 0.20(1,) 535 )
9% = 046001, (5.5)
(95 Gewi)™ = (=137 £ 0.86u5p) % 02500, *$37 )
— 7 (217 £ 450 £ 100y 128,.)

where the first uncertainty has been estimated by varying the renormalization scale usp
between 0.77 and 1.3 GeV, the second one reflects the error on the strong LECs of order
p* and €?p?, and the third indicates the uncertainty induced by mg [H0] which has been
taken in the range [28] (ms + mq)(usp = 1GeV) = (156 £+ 25) MeV. While the CP-odd
component of gewy is dominated by the electroweak penguin contribution (proportional to
Tys(usp)), the CP-even part receives contributions of similar size from both strong (Qg)
and electroweak (Qg) penguin operators. Its large uncertainty within this approach reflects
the GIM mechanism (zg(usp > m.) = 0). For the CP-even component, there exists an
independent estimate, consistent with the one given here within the large uncertainties:

Re (gsgewt) _ | —0-99 +0.30 A o0
Re gs —1.24 4+ 0.77 () £ 0401, ) Eq. (E3)

In this work we shall always use the latter value, in order to perform a consistent analysis
at leading order in 1/N.,.

3 According to the discussion presented in the following subsections, we use here LZ(M,) = (1.0 +0.3) -
103 and (K§ — 2K70)(M,) = —(9.3 £ 4.6) - 1073,
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Finally, the large-N, matching also produces the so-called weak mass term (see Ap-
pendix [Al for notations):

Lom = GeF* (AXY) + hee. (5.7)
with
G * /
Gé = _7; vudvus Js
!\ 00 1
(95)° = —16 <L8 + §H2> B(usp) Cs(pisp) - (5.8)

We eliminate this term with an appropriate field redefinition [23, BTl T3], of the form
U — e“Ue” | (5.9)

where the chiral rotation parameters (o and ) are proportional to G§. When applied
to the strong effective Lagrangians of order p* and e?p?, the above redefinition generates
monomials of the NLO Lagrangians of order Ggp* and e?Ggp®. The corresponding con-
tributions to the couplings gsN; (of the form L, x (Ls + 1/2 Hy)) and ¢sZ; (of the form
K, x (Lg + 1/2 Hs)) need to be added to the results obtained by direct matching at large-
N.. The complete results (reported in the next section) are independent of the unphysical
LEC H, of O(p*) [1].

5.2 Weak couplings of O(Grp?), O(e*Gyp?)

The large-N. matching at the next-to-leading chiral order fixes the couplings GsN;, Go7 D;
and GgZ; of the nonleptonic weak and electroweak Lagrangians (Z8) and (Z9). The oper-
ators Q3 and Qj start to contribute at O(Grp*), while the electroweak penguin operators
Q7, Q9 and Q9 make their first contributions at O(e?Ggp?). The contributions from the
operator Qg at O(Ggp?) involve the strong CHPT Lagrangian of O(p°) [I3] (to avoid con-
fusion with the Wilson coefficients Cj, the corresponding dimensionless couplings [42] are
denoted here as X;). With the definitions

~ 2 3

Ci(psp) = —501(,MSD) + gcz(MSD) + Cy(usp)

_ 3 2

Co(psp) = +501(MSD) - ng(usp) + Cs(psp) — Cs(psp) (5.10)

the non-vanishing couplings contributing to K — w7 amplitudes are:

(927 Ds) 4 Ls go7
(gs Ns) = —2LsCi(usp) + Colpsn) Busp) [—16 X4 + 32 X17 — 24 Xys — 4 X1
(9s No) = 4LsCi(usp) + Co(usp) Blusp) [—32 X1z — 32 X1 + 32 X3y + 16 X
(gs N7) = 2LsCi(usp) + Cs(usp) Blusn) [~32 X1 — 16 X7 + 8 Xag]
(gs Ns) = 4LsCi(usp) + Colpsp) Blusp) [16 X15 — 32 X7 + 16 Xg]
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(gg Ng) = C6(MSD) B(:U’SD) [—64 L5 Lg -8 X34 + 8 X38 + 4X91] (511)
(98 Nio) = Cg(psp) Bpsp) [—48 X19 — 8 X35 — 2 Xg1 — 4 Xo4]
(98 N11) = Cg(psp) B(usp) [—32 Xog + 4 Xo4]
(9s N12) = Cs(usp) B(usp) [128 Ls Lg 4 16 X152 — 16 X351 + 8 X35 — 2 X1 — 4 Xo4]
32 4
(98 N13) = Cg(psp) B(usp) [256 Ly Lg — 3 Xig — 16 X33 + 16 X357 + 3 Xo1 + 4 X94]

Bosonization of the four-quark operators Q; in (E]) leads to the following expressions? for
the LECs Z;:

- 1 1 5
(98 Z1) = Ci(usp) (— Ky — K13> + 64 Cs(psp) B(psp) Ls | — 5 Ko + = Ko+ Ku}

3 3 3
o4 Cs(MSD)ZB(MSD) L,
e

4 - 4
(98 Zz) = g Cl(,USD) K3 — g 64 CG(,USD) B(,USD) (Klo + Kll) Lg
(98 Z3) = 61(MSD) K3 —64 Cﬁ(MSD) B(,USD) (Klo + Kll) Lg
(98 Zs) = —Ci(usp) K13+ 64 Cs(usp) B(usp) Ls (Ko + K1)

4 ~ 64 C
(98 Z5) = 3 Ci(psp) (4 K1 +3 K5+ 3 Kip) — 3 Cs(usp) B(psp) (2K7 + Kog) Ls + %

(98 Zs) = él(,uSD) (—g (K5 + Kg) + 2 (K12 + K13)>

39 C B
3 Cs(psp) B(psp) (Ko + Kig +3K11) Ls — 12 S(MSD; (tsp)

(9s Z7) = Cilusp) (8 Ky +6 K¢ — 4 K13) — 32 C(usp) B(usp) (2Ks + Ko + K11) Ls
~ 8 4/~ ~ 3
(98 Zs) = Ci(usp) <— Ks+4 K12> + 3 (Cl(,USD) + 02(,USD)) Ks + Y] (Co(psp) + Cro(psp))

Ls (5.12)

3

4 ~ 4 ,~ ~ 3C
(98 Zy) = 3 Ci(psp) (Kq+ Ko+ Kis) + 3 (Cl(,USD) + C2(,USD)) Ky — 5@
(98 Z10) = —2 él(MSD) Kis+4 (61(MSD) + éz(MSD)) Kg
(98 Z11) = 2Ch(usp) (K4 + Ki3)
(98 le) = —4 Cl(,USD) K

2 ~ 64

(9s Z13) = 3 Ci(psp) (K5 — Kia — Ki3) + 3 Cos(psp) B(psp) (Ko + K11) Ls
(9s Z1a) = le(,USD) (—2 K + 4 Ky3) — 32 Cs(psp) Busp) (Ko + K1) Ls
(9s Z15) = Ci(usp) (—2 Ke+ 4 Ki3) — 32 Cs(psp) B(psp) (K10 + K1) Ls .

We recall here that a matching ambiguity arises when working to next-to-leading order in
the chiral expansion and at leading order in 1/N,: we cannot identify at which value of the
chiral renormalization scale v, the large- N, estimates for the LECs apply. This turns out

4713, Z14, Z15 do not contribute to K — mm amplitudes.
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to be a major uncertainty in this approach. In order to account for this uncertainty, we
vary the chiral renormalization scale between 0.6 and 1 GeV. The corresponding changes
in the amplitudes are sub-leading effects in 1/, and we take them as indication of the
uncertainty associated with working at leading order in 1/N..

Finally, from the above expressions we see that in order to estimate the weak NLO
LECs at leading order in 1/N,, one requires as input several combinations of strong LECs
of order p*, p® and e?*p?. Below we summarize our knowledge of the needed parameters.

5.3 Strong couplings of O(p?)

It is well known that the limit N. — oo provides an excellent description of the O(p?)
CHPT couplings at v, ~ M, [43]. The leading-order contribution of @ involves the
LEC Ls. The large-N, value of this coupling can be estimated from resonance exchange
[T8]. Within the single-resonance approximation (SRA) [3, 44], taking [' = F, and
Mg = 1.48 GeV [45], one finds L = F?/(4M2) = 1.0 - 1073, In our analysis we assign a
30% error to this parameter so that the adopted range for Ls reaches at the upper end the
value implied by the p* fit and at the lower end the value obtained in the p° fit of Ref. [46].
The combination (2Lg — L5)* can also be determined through resonance exchange. The
only non-zero contribution comes from the exchange of pseudoscalar resonances. Within
the SRA one gets [43]:
F? F? 1

g —L:)® = ——— ~ ———— = —_[® = —0.25-1073. 5.13

The factor B(ugp) in (54) and the O(p*) corrections A, A" and AcA© introduce
additional dependences on the strong chiral couplings Ly, Lg and (3L; + Lg). At large N,
L = Lg° = 0 and

AM2 — 3M2 — M2)F2 1| .
(3L7 + Lg)™ = _{ ;{4 o 1M2)2) — 7 @Ls — L5)® = ~0.15-107.  (5.14)
n s

The same numerical estimate is obtained within the SRA, taking for L>° the known con-
tribution from 7, exchange [I§].

5.4 Strong couplings of O(p%)

A systematic analysis of the LECs of O(p®) is still missing. Resonance contributions to
some of the X; have been studied in Refs. [46, B7].

Resonance dominance (that can be justified within large-N. QCD) implies that the
LECs of O(p®) occurring in the bosonization of the penguin operator Qg are determined

by scalar exchange. The mass splitting in the lightest scalar nonet strongly influences those
LECs.
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We have estimated the relevant X; with the scalar resonance Lagrangian discussed
in Ref. 5] (setting g; = 0). The relevant resonance parameters in the nonet limit are
Cd, Cm, Mg, and €2, the latter governing the mass splitting within the scalar nonet. We use
Cm = Ccq = F, /2, as determined from short-distance constraints [43], and

Mg = 1.48 GeV, e? =10.2 (5.15)
from a phenomenological analysis of mass spectra [45] (these numbers correspond to sce-
nario A of Ref. [45]). Even within resonance saturation, this is not a complete calculation
of the relevant LECs of O(p®) but we expect it to capture the most significant physics. We
refrain from reporting explicit numerics for the individual LECs here. Numerical values
for the relevant combinations are reported in the next section.

Finally, one can include nonet breaking effects within the framework of Ref. [5]. In
the chiral resonance Lagrangian, these effects are needed in order to understand the scalar
mass spectrum (the coupling k5 and ~s of Ref. [45]). Once the resonances are integrated
out, nonet breaking effects, sub-leading in 1/N,, appear in the X; and therefore in the weak
LECs gsN;. Although this is far from being a complete analysis of sub-leading corrections it
gives already an indication of their size. For all the quantities of physical interest, inclusion
of k% and ~g produces shifts within our estimate of 1/N, corrections based on varying the
chiral renormalization scale (see discussion above).

5.5 Strong couplings of O(e%*p?)
Four combinations of the K; appear directly in the local amplitudes AgAY) of O(e2Ggp?):

Uy = Ki+ K,

Uy = K5+ Kg

Us = K,;—2K;3

U = Ky+ Ky . (5.16)

Within our large- N, estimates, also other combinations of K; appear through the couplings
J39ewk and gsZ;. The ones relevant for K — 7 decays are K7, Kg, Ko, K19, K11, K12, K13.
It turns out that all the relevant combinations can be obtained from existing estimates
M8, 19], which we now briefly review.

The LECs K; can be expressed as convolutions of a QCD correlation function with the
electromagnetic propagator. Therefore, their calculation involves an integration over the
internal momenta of the virtual photon, which makes reliable numerical estimates difficult
even at large N.. In contrast to the strong LECs L7, the dependence of the U] on the
CHPT renormalization scale v, is already present at leading order in 1/N,. In addition,
the K; depend also on the short-distance QCD renormalization scale pugsp and on the gauge
parameter £. Whenever numerical estimates are reported in the following, they refer to
the Feynman gauge (£ = 1) and psp = 1GeV.
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A first attempt to estimate the couplings K, using the extended Nambu-Jona-Lasinio
model at long distances, has found the results [48]:

BUT+ Uy (vy=M,) = (2.85+250)-107°

U7 +2K],] (vy=M,) = —(25+1.0)-107°
U(vy=M,) = (27+£1.0)-107°
Ki(vy=M,) = (4.04£1.5)-107°. (5.17)

The last two equations imply (adding the errors linearly):
Ki(vy, =M,) = —(1.3£2.5)-107%. (5.18)

Moreover, in the limit N, — 0o, one has the relation [4§]
Ur = 2Ur (5.19)

and the couplings K7, K are subleading. We therefore take K7 4(M,) = 0.

The remaining couplings needed were obtained at large N, in Ref. [49] through the
evaluation of the relevant correlation functions in terms of narrow hadronic resonances.
Within the SRA, one gets [49]:

_— 1 IS 3 v2 27 33
= s (e () (-3 () e T rEme)
P 1 3 vy #p 17 9

M2 = Ty {“‘5>1“<m>‘““(ﬁa)‘f‘fim}

3 1 1 M
Ky = 1+(1-¢|—=+=-In(=— : 5.20
o = e 009 (5 =
Taking usp = 1 GeV, v, = My and £ = 1, this gives K7, = 1.26-107%, K], = —4.2-1073
and K7, = 4.7-1073. Inserting the SRA prediction from (520) into (BIT), we get:

Ul (v, =M, = —=5.0-107%, Us(vy, =M,) = 17.9-107%. (5.21)

A direct evaluation of U] and Uj is in principle possible within the SRA [A9]. However, it
requires an analysis of resonance couplings beyond the known results of Ref. [I§].

6 Numerical results

We are now in the position to quantify the size of NLO contributions to the relevant isospin
amplitudes, due to both chiral loops and local couplings in the effective theory. The master
formulas for the amplitudes at NLO are given in Eq. ({8) and (). They are organized
in such a way as to easily identify the distinct sources of IB and to separate the LO from
the NLO contributions in the chiral expansion. In Tables [, B and Bl we report explicit
results for the isospin amplitudes A,, n = 1/2,3/2,5/2, quoting for each component the
following quantities:
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e The LO contributions a{¥).

e The NLO loop corrections AL AX) | consisting of absorptive and dispersive compo-
nents. The dispersive component depends on the chiral renormalization scale v,
(fixed at 0.77 GeV).

e The NLO local contributions to the CP-even and CP-odd amplitudes, denoted re-
spectively by [AcAM]* and [AcAX)]~. Our estimates of [AcAX)]* at the scale
vy, = 0.77 GeV are based on the leading 1/N, approximation. We discuss below the
uncertainty associated with this method.

The definition of [Ac A is:

Re (G27 AcAg?))
X =27
RG(G27)
A~A9)
[AC’ASLX)]+ _ Re (GS,geWk C’An ) X — p (61)
Re(G&gewk)
(e AA)
Re(Gg) - ) 67 /7
Im (G27 AcAg?))
X =27
Im(G27)
(9)
[AC’ASLX)]_ _ Im (G&gowk ACAn ) X — g (62)
Im(GS.geWk)
Im (Gs AcA) X =87
Im(Gg) - ) 67 fy .

The uncertainty in [Ac.A%)]* has two sources, related to the procedure used to estimate
the NLO local couplings (see Sec. H), and we quote them separately in the tables. The
first one corresponds to the short-distance input, essentially the renormalization scale used
to evaluate the Wilson coefficients. We estimate this uncertainty by varying the scale ugp
between 0.77 GeV and 1.3 GeV. The second one derives from working at leading order
in the large-N, expansion. At this order, there is a matching ambiguity because we do
not know at which value of the chiral scale the estimates apply. Therefore, we vary the
chiral renormalization scale v, between 0.6 and 1 GeV. The results show that the second
uncertainty (long-distance) dominates over the first one (short-distance) in most cases.
Moreover, one should keep in mind that the errors quoted for the [A¢ AX)]* are strongly
correlated. In phenomenological applications we shall take such correlations into account.

Some comments on the numerical results are now in order. From chiral power counting,
the expected size of NLO corrections is at the level of ~ 0.2—0.3, reflecting M% /(47 F)? ~
0.2. This estimate sets the reference scale in the following discussion.
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Table 1: Numerics for Aj o: al/z, AL.Al/z, ACA1/2

X X X
(X) ag/Q) ALAg/z) [ACAg/z)]Jr [AC'AI/Q I”
@n | 2 | 1.02+047i 0.01 £ 0 £ 0.60 0.01 £ 0 £ 0.60
(8) V2 0.27 + 0471 0.03 £ 0.01 £ 0.05 0.17 + 0.01 + 0.05
2v2 ;
() 53 0.26 + 0471 | —0.17 £0.03 & 0.05 | 1.56 £+ 0.06 4 0.05
() — — 1.38 —0.30 £ 0.05 + 0.30 | — 12.6 + 2.5 4+ 0.30
(Z) | %2 | —1.06+0.791 | — 0.08 + 0.01 + 0.18 | 0.17 £ 0.01 + 0.18
(g) | 22 | 02740471 | —015+0+0.05 | —0.15+ 0+ 0.05
Table 2: Numerics for Aj/,: a3/2, AL.Ag/Q, AC.A3/2
X X
(X) |ags | ArAg, [AcAyT [AcAs]
(27) % —0.04 —0.211 0.01 =0 4 0.05 0.01 =0 4 0.05
() 3;43 — 069 —-0211| —0.15£0.02 4+ 0.50 | 1.74 & 0.06 £ 0.50
() - — 047 0.59 £ 0.02 £ 0.10 | 1.70 £ 0.35 £ 0.10
(Z) % — 086 —0.781| 0.02+0.01 £0.30 | 0.16 &= 0.01 £ 0.30
(@) | 2 | —050—-021i| —015+0+020 | —0.15+0+0.20
Table 3: Numerics for Ajs,: a5/2, AL.AS/Q, ACA5/2
X X
(X) aé/2) AL~’45/2 [AcAé/Q)]JF [A0A5/2]
() - — 0.51 —0.20 £ 0 £ 0.10 — 0.11 £ 0.01 £ 0.10
(Z) - | —093—-1.151| —0.14 &£ 0.01 £0.40 | 0.01 £ 0.01 + 0.40

the values of LECs.

The following pattern seems to emerge from our results.
absorptive loop correction is small, the dispersive correction is dominated by the local
contribution. Therefore, it is rather sensitive to the chiral renormalization scale and to
In these cases, the size of NLO corrections is rather uncertain, at
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least within the approach we follow here in evaluating the LECs. Extreme examples of
this behaviour are provided by ACA%) (of little phenomenological impact) and Ac.,él:(,f/)2
(which is instead quite relevant phenomenologically).

On the other hand, whenever the absorptive loop correction is large, the dispersive
component is dominated by the non-polynomial part of the loops and it is relatively insen-
sitive to the chiral renormalization scale and to the values of LECs. In all relevant cases
we have checked that the absorptive component of Az AY) is consistent with perturbative
unitarity. Therefore we conclude that in these cases the size of NLO corrections is rather
well understood, being determined by the ;)hysics of final state interactions. Typical exam-
ples of this behaviour are given by A LAgzs /23 which have an important phenomenological
impact.

We conclude this section with some remarks on apparently anomalous results.

° ALA%’:) /o 18 O(1). As discussed above, the physics underlying this result is well
understood, being related to the absorptive cut in the amplitude. The key point is
that this feature is absent at LO in the chiral expansion. It first shows up at NLO,
setting the natural size of the loop corrections. NNLO terms in the chiral expansion
are then expected to scale as NLO x (0.2 — 0.3), since corrections to the absorptive
cut behave this way. Therefore A LA§§2)73 o ~ O(1) does not imply a breakdown of
the chiral expansion.

° [AC.AY/)Z3 so)~ 18 O(1). This result is determined by the large numerical coefficients
multiplying the couplings Ng ;¢ 3, which turn out to have natural size within the
leading 1/N, approximation. We observe, however, that in the case of the Al = 3/2
amplitude (phenomenologically relevant) the leading 1/N, approximation is afflicted
by a large uncertainty due to high sensitivity to v,. This uncertainty mitigates the
apparent breakdown of chiral power counting.

e Yet another surprising result is the one for [AC.AY}%]_. The underlying reason is in
the large size of the CP violating component of the Wilson coefficients Cy ;9. Again,
the operators Qg 19 only make their first contribution at NLO in the chiral expansion.

7 Phenomenology I: CP conserving amplitudes

This section is devoted to a phenomenological analysis of K — 7 decays including all
sources of isospin breaking. The theoretical parametrization of the amplitudes is based
on the NLO CHPT analysis discussed in the previous sections. Our goal is to extract
information on the pure weak amplitudes (or equivalently on the couplings gs and go7) and
to clarify the role of isospin breaking in the observed K — 7w rescattering phases. All
along we keep track of both experimental errors and the theoretical uncertainties related
to our estimates of the NLO couplings at leading order in the 1/N, expansion.
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7.1 Including the radiative modes

When considering electromagnetic effects at first order in «, only an inclusive sum of
K — mm and K — wmy widths is theoretically meaningful (free of IR divergences) and
experimentally observable.

We denote the appropriate observable widths by I'ypj(w) for n = +—,00,+0. These
widths depend in general on the amount of radiative events included in the data sample,
according to specific experimental cuts on the radiative mode. This dependence is com-
pactly represented by the parameter w. Denoting by A,, the IR finite amplitudes as defined
in Eq. (Z3), the relevant decay rates can be written as

1
_2\/5

Here /s, is the total cms energy (the appropriate kaon mass) and ®,, is the appropriate
two-body phase space. The infrared factors G, (w) are defined as

Ly (w) |-’4n|2 P, Gp(w) - (7.1)

Go(w) =1+ 2 |27 ReBo(M,) + I (M;w)] . (7.2)
T

Note that G, (w) is different from 1 only in the K° — 77~ and K™ — 77 7% modes. The
factor B, (M,) arises from the IR divergent loop amplitude (its definition for n = +— is
given in Eq. X)), while /7 I,,(M,;w) is the K — 7y decay rate normalized to the
non-radiative rate. The latter term depends on the treatment of real photons (hence on
w) and is infrared divergent. The combination of IR divergences induced by virtual and
real photons cancels in the sum, leaving the w dependent factor G, (w).

We discuss here in some detail the expression for G _(w), which plays an important
phenomenological role. On the other hand, the inclusion of G o(w) only produces an effect
of order avAs/s (or aGar) and therefore represents a sub-leading correction. Its numerical
effect will be taken into account, following the analysis of Ref. [5]. The explicit form of
By_(M,), the virtual photon contribution to G _(w), can be found in Eq. (Bl). The real
photon contribution a/7 I,(M,; w) arises from the decay K°(P) — 7% (p4 )7~ (p-)y(k) and
it has the form

2 Smax
Lo (Myw) = ————— [ ds fo (s M) (7.3)

M2 1 — Mz Js(w)

K M}%
where
s = (p-‘r +p—)2 ) Smin = 4M72 ) Smax = (MK - M’Y)2 (74)
1 1 s — 2M? X
(s M) = M? | — — — — T 1 == 7.5
.f+ (S, 'Y) 7r<X+ X_>+M[2(—S—M$ Og(X_) ( )
Lo 2\ o 1 AMZ \1/3 7 2 2

X, = 5(./\4K—3—M,Y)j:5 1—TA/(MK,3,M,Y) (7.6)
Nz,y,2) = 2 +y*+ 2" = 2@y +r2+y2) . (7.7)
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The infrared divergence comes from the upper end of the integration in the dipion invariant
mass (S ~ Smax). We have verified by analytic integration in the range My (Mg — 2w) <
$ < Smax that I (M,;w) has the correct M., dependence to cancel the infrared singularity
generated by virtual photons. For w/Myg < 1, the analytic expression of I, _(M,;w) can
be found in Eq. (21) of Ref. [5]. The corresponding function G, _(w) is plotted in Fig. 2
of Ref. [B].

Recently, the KLOE collaboration has reported a high-precision measurement of the
ratio I'y_ /Tg [9], where the result refers to the fully inclusive treatment of radiative
events. In order to use the KLOE measurement in our analysis, we need to calculate
the fully inclusive rate (no cuts on the w7y final state). We have done this by numerical
integration of Eq. ((3)) and we find

=1+ 0.67-1072. (7.8)

G,

inclusive

7.2 Constraints from measured branching ratios

CP conserving K — 7 phenomenology is based on the following input from Eq. (1) for

n = +—,00, +0:
2./s, 1, 12
|An| = <7G T ) =0, . (7.9)

It is convenient to express these equations in terms of the isospin amplitudes Ay, Ay, A3
and the phase shift xo — x2 (as defined in Eq. [Z2)). With r = (Cy_/Cy)?* one obtains®

2
Ay = 3 Co
2 2 2 5 1
éCOS(X —X2) = 7“—14.(?_3)2(27,_%)
Ao oA V2(1 + 2r)

In general, in the presence of isospin breaking, these three independent experimental con-
straints are not sufficient to fix the three isospin amplitudes (Ag, Aa, A3 or A; 2, As /2, As/2)
plus the phase difference (yo — x2). In the previous sections, we have shown how CHPT
relates the amplitude As/, to A; /s, thus effectively reducing the number of independent
amplitudes. Including also all other isospin breaking effects, we can extract the couplings

gs and go7 from Eqs. ([CI0).

7.3 CHPT fit to K — 7 data

Using Eqgs. ([CI0) as starting point, we perform a fit to gs, go7 and the phase difference
Xo — X2 In order to do so, we employ the CHPT parametrization for the A;. The detailed

5Note that in the last equation one has to use Ay and not A;r (as done in the isospin conserving
analyses). For this reason the extraction of the phase shift is related to the AT = 5/2 amplitude.
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relations between Aj/53/25/2 (presented in Secs. B, H) and Ay, As, A3, to first order in
isospin breaking, are reported in Section Bl We leave the phase difference yo — x2 as a
free parameter because one-loop CHPT fails in reproducing the strong s-wave phase shifts.

Apart from gg and go7, the amplitudes A,, depend on the LO couplings gsgewx, Z and
on a large set of NLO couplings. Given our large-N, estimates for gggewk and for the
ratios of NLO over LO couplings (gsN;)/gs, - -+ (see Sec. H), we study the constraints
imposed on gg, go7 by the experimental branching ratios. In this process we keep track of
the theoretical uncertainty induced by the use of a specific approximation in estimating
the relevant LECs (leading order in the large- N, expansion). In practice, this reduces to
studying the dependence of the amplitude (and of the output values of gs and go7) on two
parameters: the short distance scale (usp) and the chiral renormalization scale (v, ).

In summary, the experimental input to the fit is given by the three partial widths
I'y— 0040 (kaon lifetimes and branching ratios) [10] and by the new KLOE measurement
for 'y _ /T'go [@]. The theoretical input is given by the NLO CHPT amplitudes as well as the
estimates for gewi and the NLO couplings. As primary output we report Re gg, Re go7 and
Xo — X2. Derived quantities of interest for phenomenological applications will be reported
subsequently.

(1) Using the NLO isospin conserving amplitudes (IC-fit), we find

Regs = 3.665 =+0.007 (exp) =£0.001 (usp) =£0.137(vy)
Regyy = 0.297 £0.001 (exp) +£0.014 () (7.11)
Xo— X2 = 486 £2.6(exp) .

Using instead the tree-level (LO) amplitudes in the isospin limit would lead to Regs =
5.094+0.01 and Re go7 = 0.294£0.001. This result is in qualitative agreement with Ref. [50):
NLO chiral corrections enhance the I = 1/2 amplitude by roughly 30%.

(2) Using the full NLO isospin breaking amplitudes (IB-fit), we find®

Regs = 3.650 +0.007 (exp) =+0.001 (ugp) +0.143 (1)
Regyy = 0.303 £0.001 (exp) =£0.001 (usp) +0.014 () (7.12)
Xo— X2 = b4.6 +2.2(exp) +£0.9(vy) .

In the IB case, a tree-level (LO) fit leads to Re gs = 5.11£0.01 and Re go7 = 0.2704+0.001.

A few remarks are in order:

e Using NLO amplitudes, both gg and go7 receive small shifts after inclusion of IB
corrections. While this could be expected for gg, it results from a cancellation of
different effects in the case of go7 (at tree level the inclusion of isospin breaking

6The uncertainty in ¢ = (1.061 £ 0.083) - 10~2 [51] produces errors one order of magnitude smaller
than the smallest uncertainty quoted above.
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reduces go7 by roughly 10% ). Note also that competing loop effects reduce the v,-
dependence of Regq; (IB-fit) to only £0.002. As a more realistic estimate of the
long-distance error we have chosen to quote the v,-dependence induced by each one
of the competing effects (for example the isospin-conserving loops).

e The output for gg and go7 is sensitive to the input used for the strong LECs L; of
O(p*). The results of Eqs. (L) and (12 correspond to the central values quoted in
Sec. Bl We have repeated the fit with non-central input and have found the variations
in gg and gy7 to be below 5%.

e In obtaining the results in Eqs. (CI1) and ([ZI2) we have used the large- N, predictions
for the ratios (gsN;)/gs. We have also employed the alternative procedure of using
large N, directly for the couplings gs/N;. In this case we find gg = 3.99 and go7 =
0.289, reflecting the change in size of the p* local amplitudes. All other quantities of
phenomenological interest are stable under this change in the fitting procedure.

e Some derived quantities of phenomenological interest are the ratios of isospin ampli-
tudes: Redg/ReAs, ReAg/ReA7, f52 = ReAsy/ReA; — 1. From our fit we find

ReA

[ e 0] — 2033 £0.07(exp) +0.01(usp) =+0.47 (1)

R€ﬁ2 IB—fit

R

l e — 2209 £0.00 (exp) £0.01 (usp) £0.05 (1) (7.13)
ReAy |55

[f5/2LB_ﬁt = (86 +£0.03(exp) +£0.01(usp) +25(r)) 1072,

In the absence of isospin breaking, one finds instead f5;2 = 0 and ReAg/ReA; =
22.16 £ 0.009.

7.4 Isospin breaking in the phases

This section is devoted to understanding isospin breaking in the rescattering phases of
K — 7w, If isospin is conserved Watson’s theorem predicts yg — x2 = 09 — d9 ~ 45°. For
a long time this prediction has not been fulfilled by the data, as one typically encountered
Xo — X2 ~ 60°.

The situation has recently improved. Using the KLOE data [9] and working in the
isospin limit, our fit ([CI]) gives xo — x2 ~ 49° and so there seems to be no more phase
problem. However, the inclusion of isospin breaking appears to reintroduce the issue. In
order to understand what is going on, we analyse in detail the various factors determining
Xo — X2-

The last of Eqs. (LI0) can be rewritten as

A r—1+(ﬁ—§)2(2r— D
—= co0S

4, 00 ) = e o 1t o)

. (7.14)
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Let us first calculate the right-hand side without an I = 5/2 amplitude (f5/, = 0). With
the old value r = 1.1085 as input (PDG2000 [52]), one obtains
A3
N cos(xo — x2) = 0.02461 . (7.15)
0
With A /Ag = 0.045 (based on the IC-fit), this leads to the standard puzzle that xo — X2
is much bigger than 45°:
Xo — X2 = 57° . (7.16)

What could be the reasons for this discrepancy of about 30 % (cos45°/ cos 57° = 1.30)?
Let us consider several effects:

e First of all, the right-hand side of ([ZI4]) has changed with the recent KLOE result
[9) = 1.1345 to give
4
A cos(xo — x2) = 0.02987 . (7.17)
This is a sizable correction of about 18 % and it goes more than half-way in the right
direction to decrease the phase difference.

e Taking into account isospin breaking introduces an I = 5/2 amplitude via the ratio
fs/2 in Eq. (CId)). According to our results ([Z13),

fs2 = (6.5 (loops) + 2.1 (local) + 25(1,)) 1072, (7.18)

increasing again the discrepancy. This value is dominated by loop contributions.
Even if one changes the sign of the relevant combination of LECs, f5/, would still
be positive. Note that (LI8) amounts to a correction of ~ 8 % (in the “wrong”
direction). As already noted by Wolfe and Maltman [7], it seems impossible to solve
the phase problem with a reasonable choice of counterterms.

e Finally, the “infrared factor” for the +— mode must be taken into account. This is
straightforward with the inclusive measurement of KLOE. We find r = 1.127, which
increases again the discrepancy. Including also the effect of f5/2, we obtain

A3

N cos(xo — x2) = 0.02611 , (7.19)

0

leading to xo — x2 = (54.6 +2.4)°.

Before addressing the question whether this result is in disagreement with the 77 phase
shift prediction [B3] dp — d2 = (47.7 £ 1.5)°, it is mandatory to study the effect of isospin
breaking on the phases themselves. We use the general decomposition

X1 = or + (I=0,2), (7.20)

where 77 represents an isospin breaking correction. The ~; are related to isospin breaking
dynamics in 77 rescattering as well as to the presence of radiative channels [Bl, b4]. Since
the analysis of Ref. [B], new information on radiative corrections in 77 scattering has
become available, allowing for a reevaluation of vy — 7s.
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7.5 Optical theorem and vy — 7

The K — mm amplitudes at NLO in CHPT allow for a perturbative evaluation of vy 2. We
find”

v = (—0.18+0.02)°
vy = (3.0+04)°, (7.21)

where the error is obtained by varying the chiral renormalization scale v, as in the main
fit. Setting the NLO local terms to zero would lead to results within the range quoted in
Eq. (ZZ1). This evaluation incorporates the constraints of the optical theorem at leading
order in perturbation theory. In practice, this only reflects the O(e?p®) mixing between the
I =0 and I = 2 nw channels, completely missing both higher-order corrections and the
new physical effect due to the radiative channel 77y. In order to improve upon these per-
turbative results, a more general analysis of the optical theorem for K — 77 amplitudes is
required. We shall follow here the approach of Ref. [H], except for a few details. The main
novelty lies in the final stage, in which one needs an explicit calculation of isospin breaking
effects in 77 scattering: we use the results obtained at O(e*p?) in CHPT in Refs. [55, 5.

We now summarize the steps involved in the optical theorem analysis of Ref. [5], rele-
gating some technical details to App.[Dl For this section, CP is assumed to be conserved.

1. The first step is to work out the consequences of the optical theorem for K — 7
amplitudes, considering the following intermediate states: 77 =, 7%7% and 7#t7 7.
For the radiative amplitudes describing K° — 7t7n~y and 777~y — 77 we use the
leading Low parametrization, thus neglecting possible structure dependent terms®. In
this approximation the radiative amplitudes are known in terms of the non-radiative
ones. Under the assumptions listed above, and collecting the K° — 77 amplitudes
in a two-component vector A, the optical theorem has the following form:

Abs A= (T'+R) A (7.22)

where § = \/ 1 —4M?,/M}., while T and R are two-by-two matrices: 7 is related to
the s-wave projection of the 77 T-matrix, while R encodes the effect of both radiative
modes and phase space corrections induced by mass splitting.

The explicit form of Eq. ([L22) is best derived by working with 77 states in the charge
basis (777 =, 7%7%) where it is more transparent to deal properly with IR singularities
and phase space corrections. Special care is needed in removing the IR and Coulomb
singularities from the amplitudes A,_, 74 _ o and 7,_ . This step involves an

arbitrary choice, which only affects the intermediate states of the analysis but not

"The results depend on the ratio gg/go7, for which we use the IB-fit output.
8This is known to be an excellent approximation for K¢ — 7tmr .
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the final results. We adopt the following prescription®:

AK - at77) = A exp{aB,}
A7 - 7atn7) = T, o0 exp{a B} (7.23)
A(ﬂ-—i_ﬂ-_ - 7T+7T—) = T+—,+— eXp {Oé (2 B7r7r + Cwﬂ)} )

where the infrared singularity is separated in the factors B,, and C,, whose form
is reported in App. [Dl These factors depend only on the charges and kinematical
configuration of the external particles.

2. In order to make contact with standard treatments, it is convenient to represent
Eq. (C22)) in the “isospin” basis for 77 amplitudes. Explicit relations between charge
and isospin amplitudes are reported in Ref. [5]. In the isospin basis the matrices have

the form
2 * \/§ *
Too  To 3 (AT +64-) 5 (AyTgo +04-)
T = y R - )
\/§ * ]' *
[ T (B Th+0) (AT +6,)
(7.24)
where, using the notation
+1
(f) = / d(cos®) f(cosb) , (7.25)
-1
the various quantities have the following structure:
ab — 647 ab
2 M2 _ M2 2
A, = — ( E;M}{ w) + 2aRe(Brr) + q>€+_ / dd, ., fr (7.26)
o) o) ra
04— = 3o (Ty— - Crr) + 10, / APy Too - f3*0

T, is the s-wave projection of the b — a w7 scattering amplitude. The factor A,
receives a contribution from phase space corrections (pion mass splitting), one from
virtual photons (B,,) and one from real photons (fi*). Likewise, §, _ reflects both
virtual corrections (Cy,) and real photon effects (f321). The definition of the phase
space factors d®,_ and d®,_., as well as of flrf‘Qd is reported in App. Dl We remark
here that A, and §,_ are free of infrared singularities, as these cancel in the sum
of real and virtual photon contributions.

9The 77 amplitudes are functions of two of the three Mandelstam variables s,¢,u. In the following
we set s = M% and trade the other independent variable for the cms scattering angle §. Moreover, the
explicit dependence on cosf is suppressed in order to keep the expressions compact.
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3. At this point one needs a general parametrization of the matrix 7;;, the T-matrix
restricted to the dimension-two subspace of wm channels. Assuming T-invariance
(but not unitarity of the S-matrix restricted to this subspace), an explicit form is
given by

(mo € — 1)

a ei(5o +d2)
1 21
210
a et(d0+52) w
21

in terms of five parameters (two phase shifts, two inelasticities and one off-diagonal
amplitude). If one assumes that only one extra state couples to the ones considered
here (namely the m*7~ v state), then the inelasticities are correlated, as noted in
Ref. [b4]. Since our subsequent discussion does not depend on the inelasticities, we
do not elaborate further on this point.

4. The next step is to assume an ansatz for the K — w7 amplitudes of the type
Ap = At (1=0,2) (7.28)

and work out the constraints imposed upon v; by Eq. (L22). Solving for sin~y, and
sin s to first order in « and taking into account As/Ay < 1, one finds [5]

sinyy = B (Re(Roo) — tandp Im(Rgp)) >~ O(arsin &)
A 1
siny, = A—Z |T50| + P (Re(Ry) cosdg — Im(Rog) sindg)| . (7.29)
The key feature of Eq. (L29) is that in the expression for v, the isospin breaking
effects get once again enhanced by the factor Ag/Ay ~ 22.

5. The final step consists in evaluating 7po, A, and . _, for which we need an explicit
expression for the 77 amplitudes with isospin breaking [55, B6], as well as explicit
expressions of B, and C,,. The details of the calculations cannot be given in a
concise way and we report here only the results.

For 7y, we find
\/i M2 . M2 )
7, = VRO M) (1) (7.30)

Using the results of Refs. |55, b6] and their estimate of the relevant LECs K;, we
obtain

ASY = (0.78 4 0.83) +0.54 (7.31)

where we have added the various errors in quadrature.
For the radiative factors the calculation cannot be done in a fully analytic form and
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we employ Monte Carlo integration to deal with the real-photon contribution to o, _.
We find

A._ = —081-107
6, = 0.09-1072. (7.32)

Using these input values in Eq. (LZ9), we arrive at

Yo = —0.2°
v = (6+3)°. (7.33)

The conclusion is that the optical theorem estimate of 7y — 72 agrees roughly with
the perturbative estimate (IZZI]) and that it tends to worsen the discrepancy between the
theoretical prediction of d9 — d2 [A3] and its phenomenological extraction from K — =z
decays. Explicitly one has

(50_52>7r7r—>7r7r == (477 :l: 1.5)0
(0o — 02) krnr = (60.8 £ 2.2(exp) £ 0.9(vy) £ 3.0(72))° . (7.34)

Although the precise KLOE measurement [9] of the ratio of Kg — 7 rates has considerably
improved the situation we still obtain a difference of about 13° for the phase shift difference
in the isospin limit between the two determinations in Eq. ([Z34]). The theoretical error
is much bigger in the present case due to uncertainties in the NLO LECs. However, we
observe that more than half of this difference is due to the AT = 5/2 loop amplitude that
depends only on the well-established lowest-order electromagnetic LEC Z in the Lagrangian
(Z3). In order to obtain a phase shift difference in the isospin limit below 50°, the local
amplitude with Al = 5/2 would have to be more than twice as big and of opposite sign.
While such an explanation cannot be totally excluded at this time, the discrepancy in the
two entries of Eq. ([L34) certainly warrants further study.

The AI = 5/2 amplitude induced by isospin violation in the octet amplitude is small
because it only arises at NLO and it is of purely electromagnetic origin. One may wonder
whether isospin violation in the 27-plet amplitude, which occurs already at leading order,
could compete. Whereas isospin violating contributions to the Al = 1/2,3/2 amplitudes
proportional to Go7 are certainly negligible, the effect on the AI = 5/2 amplitude is worth
investigating.

It is straightforward to calculate isospin violation in the LO 27-plet amplitudes in (B.6])
due to mass differences and 7°—n mixing. We are only interested in the resulting AT = 5/2
amplitude, entirely due to the quark mass difference:

en _ 2V3

As)y = o Gor Fr (M3 — M?)e® | (7.35)

This amplitude may now be compared to the corresponding 5/2 amplitude in (E0):
Asjp = —€*GsF2 (AJ) + ZAL)) . (7.36)
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With the numerical information of Table Bl and Eq. ([ZI2), we obtain for the ratio
27
Ay
Disp A5 /2
The conclusion is that the 27-plet contribution to the AI = 5/2 amplitude is of the same
sign and only about 6 % of the octet contribution. The impact on the AI = 1/2,3/2

amplitudes is of course much smaller still. Isospin violation in the 27-plet amplitude can
safely be neglected.

~6-1072. (7.37)

8 Phenomenology II: CP violation

The main contents of this section have already been published in Ref. [57]. They are
included here for completeness.

8.1 Isospin violation and €

The direct CP violation parameter € is given by
e = _L etx2—xo0) ReA; [ImAg _ ImA,
V2 Red; Red,  ReA,

The expression (B is valid to first order in CP violation. Since ImA; is CP odd the
quantities ReA; and y; are only needed in the CP limit (I =0, 2).

(8.1)

To isolate the isospin breaking corrections in €', we write the amplitudes Ay, As more
explicitly as

AO €iX0 - .Ag(})z + 5./41/2
Ag eixz = Ag;é + 5./43/2 + A5/2 , (82)
where the superscript (0) denotes the isospin limit and 0.A4;/23/2, A5/ are first order in

isospin violation. In the limit of isospin conservation, the amplitudes Aa; would be gen-
erated by the Al component of the electroweak effective Hamiltonian.

To the order we are considering, the amplitudes Ax; have both absorptive and disper-
sive parts. To disentangle the (CP conserving) phases generated by the loop amplitudes
from the CP violating phases of the various LECs, we express our results explicitly in terms
of Disp Aar and Abs Ax;. Writing Eq. (B2) in the generic form

A = A, = A9 154, , (8.3)
we obtain to first order in CP violation:
ReA; = \/(Re[Disp A.])? + (Re[Abs A,])?
ImA; = (ReA;)™' (Im[Disp A,] Re[Disp A, + Im[Abs A, Re[Abs A,])  (8.4)
eXl = (ReA;)™' (Re[DispA,] +iRe[Abs A,]) .
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Using the second equality in Eq. ([83), one can now expand ReA; and ImA; to first order

in isospin breaking. With the notation |A©)| = \/ (Re[Disp AL))? + (Re[Abs AV])2, we
find

=

Red; = [A©]4 ]Ag))]‘l (Re[Disp A)] Re[DispdA,] + Re[Abs AL)] Re[Abs 6.A,]) (8.5)

mA; = A9 {Im[Disp A®) Re[Disp AY)] + Im[Abs AL Re[Abs AV}
+ A9 {Im[Disp 5.4, Re[Disp A + Im[Disp A Re[Disp s.A,]
+ Im[Abs 5 A,] Re[Abs AL)] + Im[Abs A”] Re[Abs 6.A,] }
— A9 {Re[Disp ALY Re[Disp 6.A,] + RelAbs AL Re[Abs 5A,]} x

{Im[Disp AV Re[Disp AV + Tm[Abs AY] Re[Abs A,&O)]} , (8.6)

where the first term in each equation above represents ReAgo) and ImAgo), respectively.

We now turn to the different sources of isospin violation in the expression (&) for €.
We disregard the phase which can be obtained from the K — 7r branching ratios. The
same branching ratios are usually employed to extract the ratio wg = ReAs/ReAj assuming
isospin conservation. Accounting for isospin violation via the general parametrization (23],
one is then really evaluating w, = ReAJ /ReA, rather than wg. The two differ by a pure
Al =5/2 effect:

W = wi (1 +f5/2) (8.7)
RGAQ
— —1. .
Jor2 ReAj (88)

Because w, is directly related to branching ratios it proves useful to keep w, in the nor-
malization of ¢, introducing the AI = 5/2 correction f5, [5.

Since ImA, is already first order in isospin breaking the formula for €’ takes the following
form, with all first-order isospin violating corrections made explicit:

: (0)
F b ie—xo) ImA, ImA,
d=—"e¢ Wi |20 (1 Ayt ) — —2 | 8.9
V2 | Rea® TR0t o) g (89)

where

ImAy ReAgO)
Ag=—FF———1. 1
0 ImA((]O) Rer (8 0)

With the help of Egs. (BH) and (BH), one obtains

-1
ImAY = ‘Ag%‘ {Im[Dz’sp.Ag%] Re[Dz’spAg%]—l—Im[AbsAg%] Re[AbsAg%]} (8.11)
mAd; = A {Im[Disp (5452 + As )] Re[Disp AL)
mA, 3/ {m[ zsp( 372 + 5/2)] e[Disp Aj ]
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+ Im[Abs (0.Asj2 + Asj2 )| Re[Abs AL} (8.12)
Ay = =2 ’Ag%’_2 (Re[Disp A&%] Re[Disp d.A, /o] + Re[Abs Aﬁ%] Re[Abs 5A1/2])
+  [Im[Disp A{))) Re[Disp A{),] + Im[Abs A{))] Re[Abs ,450/2]}‘1 x
{Im[Disp 5 A1) Re[Disp A)] + Im[Disp A, Re[Disp 5Ay o]
+ Im[Abs 0.Ay /o] Re[Abs AY))] + Im[Abs A),] Re[Abs 5 Ay o]} (8.13)
fay2 = g ‘Aé%‘_2 {Re[Disp A§),] Re[Disp As o] + Re[Abs AS)| Re[Abs As o]} . (8.14)

These expressions are general results to first order in CP and isospin violation but they
are independent of the chiral expansion. Working strictly to a specific chiral order, these
formulas simplify considerably. We prefer to keep them in their general form but we will
discuss later the numerical differences between the complete and the systematic chiral
expressions. The differences are one indication for the importance of higher-order chiral
corrections.

Although ImA, is itself first order in isospin breaking we now make the usual (but
scheme dependent) separation of the electroweak penguin contribution to ImA, from the
isospin breaking effects generated by other four-quark operators:

ImA, = ImAS™ + ImAL P (8.15)

In order to perform the above separation within the CHPT approach, we need to identify
the electroweak penguin contribution to a given low-energy coupling. In other words, we
need a matching procedure between CHPT and the underlying theory of electroweak and
strong interactions. Such a matching procedure is given here by working at leading order
in 1/N,. Then, the electroweak LECs of O(Gge?p™) (n = 0,2) in ImA5*" ™" must be
calculated by setting to zero the Wilson coefficients C7, Cg, Cy, Co of electroweak penguin
operators.

Splitting off the electromagnetic penguin contribution to ImA, in this way, we can now
write € in a more familiar way as

. (0) emp
b b ie—xo) ImA, ImA,
€ =———e wy |——= (1 — Q) — — 8.16
V2 i ReA((]O) ( ) ReAgo) (8.16)
where
Qg = Qs — Ao — f52 (8.17)
A(O) [m ARen—emp
i = Redy  ImA; (8.18)

ReAéO) ImA(()O)

The quantity .¢ includes all effects to leading order in isospin breaking and it generalizes
the more traditional parameter Q. Although Qg is in principle enhanced by the large
ratio ReA((]O) / ReAgo) the actual numerical analysis shows all three terms in ([8I7) to be
relevant when both strong and electromagnetic isospin violation are included.
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8.2 Numerical results

We present numerical results for the following two cases:

i. We calculate Q¢ and its components for a = 0, i.e., we keep only terms proportional
to the quark mass difference (strong isospin violation). In this case, there is a clean
separation of isospin violating effects in ImA,. We compare the lowest-order result
of O(m,, —my) with the full result of O[(m, — ma)p?].

ii. Here we include electromagnetic corrections, comparing again O(m, —myg, €p°) with
O[(my, — mgq)p?, €2p?]. In this case, the splitting between ImA5™” and Im A" " is
performed at leading order in 1/N..

The LO entries depend on Regg/Regor as well as on Im(gggewr ) /Imgs. Subleading effects
in 1/N, are known to be sizable for the LECs of leading chiral order. We will therefore not
use the large-N, values for Regs, Regor in the numerical analysis but instead determine
these couplings from our fit to the K — w7 branching ratios.

The other combination of interest is the ratio Im(gsgewx)/Imgs. In this case, existing
calculations beyond factorization [58] suggest that the size of 1/N, effects is moderate,
roughly —(30+15)%. As a consequence, it turns out that the dominant uncertainty comes
from the input parameters in the factorized expressions. Finally, one also needs the ratio
Im(gggew )"~ *™P /Imgs: in this case, leading large-N, implies —3.1 £ 1.8 (error due to
input parameters), while the calculation of Ref. [I] gives —1.0 & 0.5. Given the overlap
between the two ranges and the large error in the large-/N. result, we use in the numerics
the range implied by leading large- /..

At NLO the quantities we need to evaluate depend on the ratio of next-to-leading to
leading-order LECs. In Table Bl we use the leading 1/, estimates for the ratios GsN;/Gs,
... The final error for each of the quantities (215, Ay, f5/2 and (g is obtained by adding
in quadrature the LO error and the one associated to weak LECs at NLO. Moreover,
only fs5/, and ReA((]O) / ReAgo) depend on the ratio gs/gs7. In these cases we rely on the
phenomenological value implied by our fit. Some of the errors in Table @] are manifestly
correlated, e.g., in the LO column for a # 0.

The NLO results are obtained with the full expressions (8I1), ..., (814). Using instead
the simplified expressions corresponding to a fixed chiral order, the modified results are
found to be well within the quoted error bars. We therefore expect our errors to account
also for higher-order effects in the chiral expansion.

We have also employed an alternative procedure for estimating the non-leading weak
LECs. In contrast to the previous analysis, we now apply large N, directly to the LECs
GgN;, ... This amounts to assuming that the failure of large N, for Gy is specific to the
leading chiral order and that the non-leading LECs are not significantly enhanced compared
to the large-N, predictions. Of course, this implies that the local amplitudes of O(Ggp?)
are less important than in the previous case. Consequently, the fitted value for gg comes
out quite a bit bigger than in Eq. (LI2), whereas go7 gets smaller (see Sec. [[3]). However,
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a=0 a#0
LO LO+NLO LO LO+NLO

O | 117 159445 [180+65 227+7.6
Ao | —0004 —041+£005| 8730  84+3.6
fs2 0 0 0 8.3 + 2.4

Qof 11.7 16.3+4.5 9.3+£58 6.0 7.7

Table 4: Isospin violating corrections for € in units of 1072. The first two columns refer
to strong isospin violation only (m, # my), the last two contain the complete results
including electromagnetic corrections. LO and NLO denote leading and next-to-leading
orders in CHPT. The small difference between the value of f5/; reported here and the
one in Eq. (CI3) is due to higher-order effects in isospin breaking (absent in this table

according to Eq. (8I4)).

the isospin violating ratios in Table Bl are very insensitive to those changes. Not only are
the numerical values in this case well within the errors displayed in Table @l but they are
in fact very close to the central values given there.

Finally, we have investigated the impact of some subleading effects in 1/N, [45]. Al-
though this is not meant to be a systematic expansion in 1/N,, the nonet breaking terms
considered in [45] may furnish another indication for the intrinsic uncertainties of some of
the LECs. The size of those terms depends on the assignment of isosinglet scalar reso-
nances. Since nonet breaking effects are large in the scalar sector they affect most of the
entries in Table @l in a non-negligible way, although always within the quoted uncertain-
ties. Employing scenario A for the lightest scalar nonet [45], Q¢ in ([BTI6) decreases from
6.0-1072 to —1.4- 1072

The lessons to be drawn from our analysis of isospin violating corrections for € are
straightforward. Separate parts of those corrections turn out to be sizable. A well-known
example are the contributions of strong isospin violation to 7° — 7 mixing where the sum
of n and 1’ exchange generates an Qg of the order of 25 % [09]. However, already at the
level of 7 —n mixing alone, a complete calculation at next-to-leading order [24] produces a
destructive interference in (3. Additional contributions to the K — 77 amplitudes from
strong isospin violation at next-to-leading order essentially cancel out. The final result
O = (15.9 +4.5) - 1072 is consistent within errors with the findings of Ref. [§]. Inclusion
of electromagnetic effects slightly increases {4;p and generates sizable Ay and f5/5, which
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interfere destructively with Qg to produce the final result Q.g = (6.0 = 7.7) - 1072

It turns out that A, is largely dominated by electromagnetic penguin contributions.
In those theoretical calculations of € where electromagnetic penguin contributions are
explicitly included one may therefore drop Ay to a very good approximation. Finally,
if all electromagnetic corrections are included in theoretical calculations of ImAg/ReAy,
ImAs/ReAs and ReAs/ReAy, Qe is essentially given by Qp. In this case, Qo = (16.3 +
4.5) - 1072 is practically identical to the result based on 7° — n mixing only [24].

9 Conclusions

In most processes isospin violation induces a small effect on physical amplitudes. In K —
7 decays, however, it is amplified by the Al = 1/2 rule: isospin breaking admixtures of the
dominant Al = 1/2 amplitudes can generate sizable corrections to Al > 1/2 amplitudes.
Understanding isospin violation is crucial for a quantitative analysis of the Al = 1/2 rule
itself and for a theoretical estimate of €.

The theoretical description of K decays involves a delicate interplay between electro-
weak and strong interactions in the confinement regime. Chiral perturbation theory pro-
vides a convenient framework for a systematic low-energy expansion of the relevant am-
plitudes. In this paper we have performed the first complete analysis of isospin violation
in K — 77 decays induced by the dominant octet operators to NLO in CHPT. We have
reported explicit expressions for loop and counterterm amplitudes, verifying cancellation
of ultraviolet divergences at NLO.

On the phenomenological side, the main features/results of this work are:

1. We have included for the first time both strong and electromagnetic isospin violation
in a joint analysis.

2. Nonleptonic weak amplitudes in CHPT depend on a number of low-energy constants:
we have used leading large- NV, estimates for those constants which cannot be obtained
by a fit to K — 7 branching ratios (i.e., all NLO couplings and the electroweak
coupling of order e*Ggp®). Uncertainties within this approach arise from (i) input
parameters in the leading 1/N, expressions as well as from (ii) potentially large
subleading effects in 1/N.. We have discussed the impact of both (i) and (ii) on the
relevant quantities.

3. Using this large- N, input, we have performed a fit to the CP-even component of the
couplings gg and g97, both without and with inclusion of isospin breaking. We find
that in general the inclusion of NLO effects (loops and counterterms) has a significant
impact on the output. The main outcome of the NLO fit is that both gs and go7
are only mildly affected by isospin breaking (e.g., g7 gets shifted upwards by only
2%). While this result is fully expected for gs, in the case of go7 it arises from non-
trivial cancellations between LO and NLO corrections. For the ratio measuring the
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AT = 1/2 enhancement in K° decays we find ReAg/ReAy = 20.3 £ 0.5, compared to
22.2 + 0.1 in the isospin limit.

. Using as input a NLO calculation of electromagnetic corrections to 7w scattering [55],
o], we have used the optical theorem to study the effect of isospin breaking on the
final-state-interaction phases [B]. According to our analysis, isospin breaking leads
to a discrepancy between the theoretical prediction [B3] of dy — d9 from pion-pion
scattering and its phenomenological extraction from K — 7w (see also Refs. [B, 6]).
Before drawing a definite conclusion about the possible presence of an additional
Al = 5/2 amplitude, more work is necessary to understand this discrepancy.

. We have studied the effect of isospin violation on the direct CP violation observable
¢’. In this case isospin breaking affects the destructive interference between the two
main contributions to ¢’ from normal and electromagnetic penguin operators. Apart
from the traditional term )z, we have identified and studied the effect of isospin
violation in the ratio ImAy/ReAy, parametrized by the quantity Ay and the purely
electromagnetic AI = 5/2 amplitude. Both Ay and the Al = 5/2 contribution f5/
interfere destructively with Qg to yield a final value Q.g = (6.0 = 7.7) - 1072 for the
overall measure of isospin violation in €. If electromagnetic penguin contributions
are included in theoretical calculations of ImAg/ReAy, Ay can be dropped in Qg to
a very good approximation. Finally, if all electromagnetic corrections are included in
ImAy/ReAy, ImA; /ReA; and ReAy/ReAy, Qg is essentially determined by Qg and
is practically identical to the result based on 7% — 1 mixing only.
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A NLO effective Lagrangians

In this appendix we collect the relevant parts of the NLO Lagrangians.

First we recall our notation. The gauge-covariant derivative of the matrix field U is
denoted D, U, the external scalar field x accounts for explicit symmetry breaking through

the quark masses,

the matrix A = (Ag — i\;7)/2 projects onto the § — d transition and

Q = diag(2/3,—1/3,—1/3) is the quark charge matrix. For compactness of notation, we
introduce the definitions

XL =U+x'U, XU =U—x'U

Qu=U'QU . (A1)

Starting with the strong Lagrangian (ZH), we have the familiar terms [I1]

> L OV = Li(DUD"UNXY) + Ls (DU DA UXY)

+ L 0% + Ls \UXTU +xUINUT) + ... (A.2)

For the explicit form of the strong Lagrangian of O(p°®) we refer to Ref. [I3].

The electromagnetic Lagrangian (Z8) is explicitly given by [19]

Z KiOie2p2

+ o+ o+ + o+t

+

K, (D, U'D*UNQ?) + Ko (D, U DFUNQQu)

K3 ((D,U'QU)? + (D, UQU"N?) + K, (D, U'QUY(D,UQUT)

K5 ({D,U', D"UYQ*) + K¢ (D, U'D*UQUQU + D, UD*UTQUQUT)
7 <X+><Q2> + Ks <X+><QQU>

(XU +UY)Q* + (xU" + UxN@?)

= =

9

Ko (XU +UTx)QUTQU + (xU' + Ux"HQUQUT)
K (XU = U )QUTQU + (xU' — Ux"HQUQU™)
K2<D UT[D"Qr, QU + D, UD*Qp, QIUT)

Kz (

D*QRUD,QLU') (A3)

with (l, and 7, denote external spin-1 fields)

DMQL = auQ —1 [lua Q] ; uQR - uQ [Tua Q] . (A4)

Turning to the nonleptonic weak Lagrangian, we first display the octet couplings in the

notation of Ref. [I

> NO?

6l

Ns A XY, DU D*UY}) + Ng (AD, UTUNUTD*UXY)

Ny (MWD UTD*U) + Ng (AD,UTD*UY (XY

Nog (A\XY, D UTD*U]Y + Nig (A(XD)?) + Nuw (D) ()

Nz (AXY)?) + Nis O + ... (A.5)

+ 4+ +
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The corresponding 27-plet couplings [I5] are

Y D;OF = Dy tiju Nix D) Max®) + Do tijr (Mijx”) ax?)
i — Dty (NUTDLU) (MadXY, UTDFUY)
+ D5 tij (N;U' DU A [XY, UTDRU))
+ Ds tijr AigX L) (A D, UTD*U)
— Dz tiju (MU D UY AU DU (xY) (A.6)

with (Aij)ap = 0ied;5- The non-zero components of ¢;; 5, are given by (4, j, k,l = 1,2, 3)

1

ta113 = ti1321 = tag11 = 1123 = 3

1
lo223 = 12322 = t2333 = 3323 = 5 (A7)

Finally, the relevant part of the electroweak Lagrangian of O(e?Ggp?) [22] is

> ZO0P" = ZuMQuxh) + Z(0Qu) (YD) + Zs(0Qu) (X Qu)
i + ZiWINQQU) + Zs(AD,UTD*U) + Zg(MQu, DUTDU})
+ Zz(ADU'D*UNQQu) + Zs(AD, UTUY QU D*U) (A.8)
+ Zy(\DUTUNQuUTDFUY + Z1o(AD,UTUY({Q, Qu U D*U)
+ Zu(MQu, U'DUNW@QD*UTU) + Z1(MQu, U'D, U (QuD UTU) + ...

B Explicit form of NLO loop amplitudes

In this appendix we report explicit expressions for the NLO loop corrections Az A ap-
pearing in the master formulas of Eqs. (EH) and ().

B.1 Photonic amplitudes

Let us start with the terms arising from exchange of virtual photons. The amplitude A, _ is
infrared divergent and is regulated by introducing a fictitious photon mass M.,. Moreover, it
is convenient to work with a subtracted amplitude, after removing the infrared component
AR (see discussion in Sec. ). The function B,_(M,) appearing in our definition of the
infrared-divergent amplitude A (see Eq. ({@CH)) is given by

1 M2 1+ B 148
1 2 M2 2
+im < Jrﬂﬂ log ]\Z; — 6) ] : (B.1)
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where

B = (1—4M2/M})"?

1+52. 1-3
=1 1
a(f) t g e,
1+8, 1-3 1+ p-1
2
h(B) = 7r—|—log1_6log E +2f< 55 —2f 5
z 1
flo) = —/0 t 1 log|1—1] (B.2)
The amplitudes AL A are given by
V2 ] 14 4\fM2
ALAD), GET |3 M2 4+2M2 (1 +1og KA(n)  (B3)
v _ 1 14 2 4 2 § 2
8 3
+ 5F2<M]2{ + —Mﬁ)A(VX) (B.4)
o) _ 6 Mg — M M2 12(Mj — M7)
ApAyj, = 5 (UnF)? 1+ log —- v + SF2 Avy) - (B.5)

The divergent factor A(v,) is defined in Eq. ([21TI).

B.2 Non-photonic amplitudes

The mesonic loop corrections can be expressed in terms of the following basic function
(and its derivatives):

1 dk 1
2 A g2 g2y -
M) = | o
(% M2 M2) + (0, M2 M) (B.6)

The subtraction term is given by

M} T(M?) — M3 T (M3)

1 M?
T(M?) = lo . B.
(W) = g los 7 (B8)

Expansion around the neutral meson masses generates terms involving derivatives of the
function J(p?, M?, M3). In order to deal with such terms we use the notation

0

JHOO ML M) = o

— J(p*, M}, M3)
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0

j(07170)(p2aM12aM22) = OM?2 j(p2’M12’M22)
1

_ o -

JOOD(P?, MY, M) = o T (p*, MY, M) (B.9)
2

We report below the explicit form of the relevant functions. For this purpose we define

Mt 2, y) = {t — (Va+ \/5)2] {t — (Va- @)2] (B.10)

and
Then
- 1 A M2 X M.
T2 M2 M2 — T2 e 22 1200 72
(p ) 1> 2) 32W2[ + p2 g M12 A12 gM12
NN (NN )]
P? [p? — N2 (p?, M3, M3)]* — A,
- 1 o+1
2 12 a2y _ — 2/m2 N2 /m2
T ar) = s [p-otog (TE0)] o= R M) - (B2)

The relevant derivative functions are reported below (recalling the symmetry property!
JOU) (2, M2, M) = JOUD (2 M3, M) ):
1 { 2 JAND) 1 M3

7(1,0,0) 7, .2 2 2 _ =
J (p 7M17M2) - 327T2

PNV
_ (p2 Z12 - A%Z) lo Z12 _p2 - Al/z(p2>M12>M22)
(p?)2 AV2(p?, M3, M3) g — p? 4+ AV2(p?, M}, M3)

) 1 2 AL +2MPp? M3
J(O,O,l) 2 M2 M2 _ _ — 12 1 1 —2
(p7, My, M) 3272 ANTS p? AL o M?
+ P+ A 1 212—]?2—)\1/2(292aM12aM22)
0
P2 A2(p2, M2, M32) & Yo — p? + A\V2(p?, M2, M3)
_ 1 1 2 o+1
FOON (2 12 12 — E 1 ( ) . B.13
(p , , ) 3922 | M2 + p2 p og o _1 ( )

We recall here that we expand all our amplitudes around the neutral pion and kaon
masses M, and Mg to define the isospin limit (see Ref. [60] for a more general discussion
of the splitting between strong and electromagnetic contributions). This applies also to the
n mass given in Eq. (B4]). Therefore, in all (loop) amplitudes where Mg appears explicitly
it actually stands for (4M3z — M?)/3 instead of the physical value in (B]). This concerns
all loop functions in Apps. B and C.

10Tn the equal mass case we adopt the definition

. - 1
JOODGR M2 M) = Jim  JOOD (2 MZ ) =

Ma— M 2 OM? J(p*, M*, M7) .
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B.2.1 Al =1/2 amplitudes

In this section we list the one-loop corrections to the AI = 1/2 amplitude.

M? -
27 s
Mie
3F2 M2
12ME — 11 M2 M2 + 3 M2
. 3( K 2K 7r+ 7r) T(M2)+
8F2 (—Mpi + M32) K
(8 My — 35 M2 M2 + 25 M%)
8 FZ (Mf — M2)

2 _Ar2y
CM M) Jorg vz a2

Mg (M — 4 M)
AF2 02

(6 ML — 11 M2 M2)
AR} (Mj — M)
— M3 + M?
16 F2 72

T(Mg)

T(M?) +

™

(B.14)

M2 (2MZ — M?) -

18 F?2

Mic My =AM MZ) 25 2o o

—_— = J(MZ:, My, M

12 Fz Mg 4F72 Mg ( ) K> 7'()
M3 — 73 M% M? + 19 M2 M?

72 F2 (M% — M2) TR

(8 Mk — 35 M2 M2 + 25 M) —9 M2 + 4 M2
8 F2 (M2 — M2) 144 F2 72

5 M2

6 F2

(5 Mi — 6 M)
3 F2

(BMp—4AMEM2) -y

7 (
J(Mz, Mg, M) —

T(Mg)

T(M?) + (B.15)

3 M2
2 F?

™

J(Mi, My, M) +

i 2 M2 — M?) -
Jor ez a2y + BV jog )

Mije =2 Mg M) =15 3o o
F2 M2 J(M7MM7MMK)
5 M2 M2

AFY (Mf — M)

—8 My — 22 M2 M2 + 7 M?
32 F2 (A MZ — M2) 12

(22 M - T1 MR M2 + 43 M) T2 +
12 F2 (M3 — M2) "

(4 My — 11 M3 M?)

AF? (Mf — M2)

A M7 (M — M3)

T(Mg)

T(M?) +

s

+ 572 JOOV (MG, M2, M?)

Mk ?fj\;f(]\;w) [TOOD (M2, My, M) + JOMO (M2, M, M) (B.16)
A = -3 jarz ) - BHEZ I g a2 ar

2ME+5 JXL;{F%J; AMEMD) 50 a2 )
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ALAY),

(Mjc =4 Mg Mz) 500 3o 3o
4F2 M4 J(MT(" MK?MW)

M (@M = M2) e

§F2(MZ —M2) 7

(7 MZ — 18 M?)

8 F2

(2 My — 3 M2 M? + M?)
F?

(M% — 5Mj M2 + AME M?)
4 F2 M2

(M — M M)

12 F2 M2
3 M%
- 8F?

™

K
8 F2 \[2
(8 ME — 6 M2 M2 + M?)
8 F2 (Mf — M2)
(8 M% — 35 M2 M2 + 21 M%)
87 (Mf — M)

3 (7ML —7M2EM? + MY
8 1 (M — M2)

8 ML — 13 M2 M2+ 2 M2

128 F2 M2 72

T(Mg)

T(M?) +

JOM (M, M7, M)

[JOOD M, M, M2) + T (M, M, M)

[j(O,l,O)(Mg’M?{’Mg) n j(l,O,O)(Mﬁ’MI%’MS)} (B.17)

f Mz - A2

My =4 Mg MZ) =5 20 3o
4F72 ME J(MT(" MK?MW)

(2M}1<—|—7M[2{M2) 9
~~T(M

sF2 (E - az) | M)
—5 M} + 4 M?

128 F2 72

7 (
J(MZ, Mg, My) —

T(M?) +

n

T(M?*) + (B.18)

B.2.2 Al = 3/2 amplitudes

In this section we list the one-loop corrections to the AI = 3/2 amplitude.

ALASY

AL~’4:(J>E/)2

(Mg —2MZ) 5 2o 2o M
QFE J(MKvava) 24F73 Mg

Mi (5Mg —8Mz) =5 2o 3o
8F2 M2 J(M7ﬂ MKv M, )

MZ (4 M§. — M?) )

s s T M2 s TM2
sr2 (0 — ) ) g g — gz TOME)
(4 M2 — 22 M2 M2 + 29 M) M2 — 2 M2

SFZ (M2 — M2) 32 F2 2

M[2{ T 2 2 2 (M%{ _2M7%)
t52 J(Mie, M7, M) — o2z
(1M —8ME M2) = 5+ 5 2o (

24F2M2 J(MW?MK?Mn)_

J(Mz, Mi, My)

(3 My + M7 M?

T(M?) +

™

(B.19)
J(M, M2, M?)

UMY~ 16MEMZ)
8F7? Mg J(MTF’MT("MK)
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| (44 MY — 4T MR M2 +9 M) T (12 M4 — 17 M2 M2)

24F2 (M2 — A2 W T IR (00 )
4 2 172 4 2 a2
LML VGRS 15MY) ey 2MG
SF2 (MZ% — M2) 16 F2 12
M;L( (M?(_Mg) 7(0,1.0 2 2 2
+ ST 1 J(”)(MW,MK,Mn) (B.20)

T(Mg)

13 M2 — 18 M?) -
A = BB Fon )

(10 MS + 13 MEM2 — 32 MEMA+24 M) — o, .
B 120 F2 M4 J(Mz, Mig, My)

(10 MS + 3 MAE M2 — 28 M2 MY

(48 M% — 40 M2 M2 + 7 M4)
40 F2 (M2% — M2)

4 2 2 _ 4
| (BM - RMEME 2T
40 F2 (M — MZ)

2 (M —3 M2 M2 +2M?Y) -
+ ( K 5;2 ™ 7r) J(O’O’l)(M?(,Mg,Mz)

5MS — 13M3E M? + 8M2 M?) - -
(O = M W+ M) [ 70000 g2, gz, 2) 4 TOOD (2, A, 02)]

(Mj — My M)
12 F2 M2

(9 _ <M12<_2M7%)— 2 2 2 M;l(
ALy = — o (M M2 ) —

(GML—SMZMZ) .,
- 8F2 M2 '](M7H MK7 Mﬂ')
(8M§<—6M12<M72+M§) 9
T T REQR - M)
(4 ML +2 M2 M2 — 3 MY

— T(M?
sFz g - Lt

3 (21 Mk — 20 M3 M?) )
. T(M
20 F2 (M3 — M32) (M)
—ME 4+ 14 M3 M? — 10 M?
80 F2 M2 72

T(M?) —

n

{j(o’lvo)(Mﬁ,Mi,Mg) n j(l,O,O)(Mﬁ’MI%’MS)} (B.21)

J(MZ, Mg, My)

(2 M — 5 Mi M)

4 F} (Mf — M2)

M3z — 2 M?
32F27x2

T(Mg)

(B.22)

B.2.3 Al =5/2 amplitudes

In this section we report the one-loop AI = 5/2 amplitude generated by insertions of e?p"
vertices from Lgpy,.

2 (ML — M2 M2

8 (M2 — M?) - -
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T 9 n

15 F2 M?
2 (AM}E — M?) ) 4 M )
— T(ME) — T(M
5 F? (M) 5F2 (Mg — M2) (M)

2 (6 M — 19 M2 M2 + 11 M

_ ( K 2K T + 7T) T(Mﬁ) n

4 (M} —3ME M2 +2 M)
5 F2

4 (Mp — M3 M?) |- B

4 K5F2 w M7) [J(O,o,l)(Mg,Mf{,Mﬁ) + J(lvaO)(Mg,Mf{,Mﬁ)} .(B.23)

~ ML 4+ 9 M2 M2 — 10 M
40 F2 M2 72

JOOV(ME, M2, M?)

B.2.4 Divergent parts

For completeness, we list here the divergent parts of the mesonic loop amplitudes. We have
checked explicitly that they get absorbed by the independently known renormalization of
NLO chiral couplings.

—28 M7 + 17 M2

[ALATY] = Srr A

aA), = ML

AcAf,, = MBI Ay

aAg], = TR

aA) = TMETIOM: )

A, = MM

apAg) = UMM

:AL‘Ai(’ig:div - ra 2\(4)[2%—; M) A(vy)

apa) = MM

ALAT) = 48%%;]”’%) Ay . (B.24)
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C Alternative convention for LO LECs

In the effective chiral Lagrangians of Sec. [Z2 the meson decay constant in the chiral limit
F is the only dimensionful parameter in addition to the Fermi coupling constant G. This
is the original convention of Cronin [I4] for the nonleptonic weak Lagrangian of lowest order
and it is used throughout this work. It has definite advantages, e.g., for the renormalization
of the various Lagrangians.

However, this convention has a certain aesthetic drawback in that the K — 27 am-
plitudes (the K — 37 amplitudes as well, for that matter) depend at NLO on the strong
LECs Ly and Ls even in the isospin limit. These LECs account for the renormalization of
F to F, and F at NLO. The associated uncertainties propagate into the uncertainties of
the LO LECs Gy, ...Since F; and F are much better known than F', it may be useful
for phenomenological purposes to redefine the LO LECs so that they are then free of the
uncertainties in L}, Lf.

A first step consists in generalizing the convention first used in Ref. [T5], albeit with a
different notation:

68:G8F4/F4 5 627:G27F4/F;.1

™

Jowk = Gewk F2/F2 Z=ZF?*|F?. (C.1)

At lowest order, the barred quantities are identical to the original unbarred ones because
we always set F' = F at lowest order. Writing the NLO amplitudes () in terms of the
barred LECs of lowest order, the strong LEC L} disappears completely from all K — 27
amplitudes. To get rid of L. as well (at least in the isospin limit), one can introduce a
scale factor F/Fy [B0]. The amplitudes of Eq. (E6) then take the following form:

A, = GuF, (Mf( - Mz) ACD (C.2)

+ GsFr { (M3 = M2) | A 4@ AD| = ¢ F2 | AD + 2 AP + g AD) } ,

where 7
_ af) == 1+ A A+ AcAD] i ol #£0,
AX) — K (C.3)
ALA%X) + AcAgX) if CL&LX) =0.

The change in notation only affects those amplitudes that are non-zero at lowest order.

The amplitudes A are related to the original AX) as follows (only amplitudes for
n = 1/2 or 3/2 are affected):

for X =27,8¢ :

_ 24(M?2 — M?
AC’AgX) _ AC'AgLX”ZC:LZ:()_‘_ ( K 7r)

F2

™

Lg(yx)dn,l/ﬂ;X,e
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_ 3
AL.Ang) = AL.AgX) + A+ 3A, — §(EK + 3Eﬂ)5n71/2(5)(,5 ; (C4)

for X=2,g :
BoAX = AcAD g,
AL AN = ALAX) L A +5A, . (C.5)

From the definitions of F, and F+ in Ref. [27] one obtains [T'(M?) is defined in (BS)
and M7 stands for (4Mz — M2)/3 as in all loop amplitudes]

M2 M2
A, = ﬁCF(J\4§)+2—F{; (M2)

3M?2
Ag = 8F;T(M,%)+
(Mg — M7) 2y, (
E, = — K _—©ppEy—K _—r/
F2 (M) + (4m)2F2

3 M2
Ex = TT(M?) —
K 1 (M)
3(Mpz — M?)

(4m)2F2

(C.6)

As can be seen from Eqs. (C2. .. [C0), L] has disappeared completely from the ampli-

tudes A,, whereas L{ occurs only in the isospin violating amplitude Acflf}z. In spite of its
conceptual advantages, we have not used this alternative convention in this paper because
Ly, L5 reappear anyway through the large- N, relations for the NLO LECs N;, D;, Z;. More-
over, the large- N, relations for gg, go7 and gewic would also be affected. Finally, consistent
with the expansion to leading order in 1/N,, L} and Lf are set equal to their large-N.
limits as discussed in Sec. B3

D Details on the optical theorem analysis

In this appendix we report the explicit form of functions needed when studying the unitarity
condition in the presence of isospin breaking. Let us start with the IR divergent factors:

Brr = B-I——(M'y) (See EQ(IBj])) (D'l)
Con = 167|(u—2M2) Gy (u) — (t—2M2) G, _,(1)] . (D.2)

The definition of the variables ¢, u and the function G,_,(z) can be found in Refs. [25], ho].

In order to define the remaining ingredients, we need to fix the notation. The four-
momenta are denoted as follows:

K(P) — 7 (qq) 7 (q-) y(k) — 7" (py) 7~ (p-) .
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The differential phase space is then given by

d3q. d3q_ a3k
(2m)32¢Y (2m)32¢° (27)3 2k0

AP, = 2m)'6W (g +q- +k—pi—p-). (D-3)

Then, after performing the sum over photon polarizations, the radiative amplitudes in
leading Low approximation generate the following factors:

2 2
rad qy q_ 2qy - q_
- - 4 (D.4)
1 M2 M2 M2 M2
(g+ - k+7) (- k+7) (¢4-k+F)e--k+F)
rad __ P+ - G+ + - - q—
2 - M2 M2 M2 M2
k= 5)qs -k +7) (- k—F)e--k+F)
P+ - 4q- P-4+

— 5 — — 5 — . (D.5)
Dy k=g -k + 220 (0o k=) (qy -k + )
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