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Abstract

We discuss a way of producing anisotropies in the spectrum of superheavy Dark matter, which

are due to the distortion of the inflationary space time induced by the recoil of D-particles upon

their scattering with ordinary string matter in the Early Universe. We calculate such distor-

tions by world-sheet Liouville string theory (perturbative) methods. The resulting anisotropies

are found to be proportional to the average recoil velocity and density of the D-particles. In

our analysis we employ a regulated version of de Sitter space, allowing for graceful exit from

inflation. This guarantees the asymptotic flatness of the space time, as required for a consistent

interpretation, within an effective field theory context, of the associated Bogolubov coefficients

as particle number densities. The latter are computed by standard WKB methods.
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1 Introduction and Summary

A plethora of recent astrophysical data, ranging from direct evidence on the acceleration
of the Universe using supernovae Ia data [1] to measurements of the cosmic microwave
background anisotropies (CMB) to an unprecedented precision by WMAP [2], support
strongly two important characteristics for our observable Universe [3]: (i) inflation [4], i.e.
a phase with an exponentially expanding scale factor in the Robertson-Walker space-time
seems to be an integral component of the (early) evolution of our Universe, (ii) 70% of the
Universe energy content consists of a yet unknown substance, termed dark energy.

Inflationary dynamics is supported by the spatial flatness of the Universe, corroborated
by the CMB data. In the standard field theoretic implementation such a phase requires
the presence of a scalar field mode, the inflaton field, whose nature is still unknown. The
WMAP data are still too crude [5] to determine the precise shape of its potential. The
dark energy, on the other hand, may be either a cosmological constant, or a relaxing to zero
component of the ‘vacuum’ energy, due to a non-equilibrium situation, e.g. a quintessence
field [6], or in general some excitation of our Universe due to an initial cosmically catas-
trophic event. WMAP has measured the equation of state p = wρ, p being the pressure and
ρ the energy density, of such a quintessence field, and found w < −0.78 (for comparison
the cosmological constant model has w = −1).

In the modern context of string theory [7], the presence of a cosmological constant (de
Sitter Universe) is an unwelcome feature, due to the complications produced by the exis-
tence of an event horizon when attempting to define proper asymptotic states, and thus
an S-matrix [8]. Indeed, a non-trivial but constant vacuum energy density in a Friedman-
Robertson-Walker (standard) cosmology will eventually dominate the evolution of the Uni-
verse, which will re-enter into an accelerating inflationary phase, thus failing to reach an
asymptotically flat domain. Given that string theory, at least as we understand it today, is
based on S-matrix elements, such backgrounds appear problematic from this point of view.
On the other hand, relaxation or quintessence-like scenarios, despite fine-tuning drawbacks
related to the shape of the scalar-mode potentials, allow the possibility of an asymptotic
S-matrix, and hence they may be solutions of some versions of string theory.

Such a situation has been discussed in the context of string theory in ref. [9], and in
the modern context of brane cosmology [10] in ref. [11], in a model involving colliding
brane worlds. In addition, colliding-world scenaria of the “ekpyrotic” type have been
discussed in the recent literature [12], where it was suggested that an inflationary phase
were absent and unnecessary. This point of view appears to be in direct conflict with the
above-mentioned recent evidence for inflation. Moreover, this approach has been criticized
in a stringy context [13], by arguing that classical string equations of motion (conformal
invariance conditions) do not lead to expanding Universes but rather to contracting ones 1.

In this respect, a different point of view has been advocated in [11], where the collision
of the brane worlds has been viewed as a non-equilibrium stringy process, quantified within

1This last point has been refuted, however, in [14] based on the existence of a hypothetical (non-
perturbative) stringy phase-transition.
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a non-critical (Liouville) string theory [15, 16] upon the identification of target time with
the Liouville mode [17, 16]. The ‘catastrophic cosmic event’ of the collision of the brane
worlds leads to a central charge deficit in the pertinent σ-model, which describes in a
perturbative way the stringy excitations of our (brane) Universe after the collision.

An important consequence of this departure from critical string theory, and thus from
the standard conformal invariance conditions used in [13], is the presence of an exponen-
tially expanding inflationary phase for the four-dimensional scale factor. Moreover, such
models, asymptotically lead to a current era with a relaxing to zero quintessence-like dark
energy component of the Universe, scaling with the cosmic time as 1/t2 2. It is important
to notice that such a scaling is computed using (logarithmic [18]) conformal field theory
methods. The inflationary as well as the accelerating (late) phases of the Universe in
such models occur dynamically, without the introduction of extra scalar fields (inflaton or
quintessence). In non-critical string theory such inflationary phases are obtained [19] upon
the identification of the target time with the Liouville mode [17, 16]; the consistency of
this procedure has been checked in several models so far. Here this approach is reviewed
in the Appendix, for the colliding world scenario of [11].

In this work, we adopt the above scenario, and proceed further to discuss particle
production during the inflationary era, in an extended brane model, where the three-
dimensional brane worlds are punctured by D-particles [7]. This situation is viewed as the
simplest case of intersecting branes; it may occur naturally in M-theory scenaria, where
the branes are viewed as defects in a bulk space-time. It is the purpose of this article to
argue that the presence of D-particles on the brane worlds 3 leads to anisotropies in the
spectrum of the heavy particles emitted. Such anisotropies can be cosmologically relevant
if the masses of the emitted particles are of order 1013±4 GeV [20].

In view of scenaria [21] in which such heavy particles may be the sources of ultra-high-
energy cosmic rays, the present model provides a way of obtaining anisotropies in their
spectra. Although at present there is no experimental evidence for such anisotropies [22],
the situation is far from being conclusive, due to the scarcity of the available ultra-high-
energy cosmic ray events. In fact, it is expected that in the near future the experimental
precision will improve significantly. Should anisotropies be eventually detected, the present
model could provide a possible explanation for their origin. In the contrary situation, since
such anisotropies constitute a concrete prediction of the current model, one will be able
of placing strict bounds on the density of (primordial) D-particles on our brane Universe,
a parameter of central importance in this specific model. Moreover, this model seems

2We note in passing that in the model of [11] such relaxing-to-zero dark energy component at the
current era can be made compatible with standard supersymmetry breaking models, with the symmetry
breaking scale within the range of a few TeV.

3We note that in general the density of D particles in our brane Universe may be bounded from
above by the requirement that their presence should not affect the current upper limits on the value
of the cosmological constant, which stem from the requirement of the large-scale validity of Newtonian
mechanics. However, supersymmetry in target space may play a subtle rôle, resulting in zero ground state
energies, should one view the punctured (by D-particles) three-brane as a ground state of some (initially)
supersymmetric M-theory configuration. Such issues, however, fall far beyond the scope of the present
article and will not be discussed further here.
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realistic from the M-theory point of view, where intersecting brane situations might be a
natural possibility, with interesting cosmological implications [23], and hence we consider
it as worthy of being explored further.

The structure of the article is as follows: in section 2 we present the non-critical string
formalism describing the recoil of D-particles in a brane Universe, due to scattering of
string matter propagating on the brane. In sections 3 and 4 we use world-sheet renor-
malization group methods to compute the back-reaction effects on the inflationary space
time Geometry from a recoiling D-particle. We pay particular attention to discussing the
range of parameters that guarantee a perturbative σ-model treatment. Specifically, we can
compute such effects via conformal field theory methods only for times 0 < t << 1/H ,
where H is the Hubble parameter (assumed constant) during inflation. As a consistency
check of the approach, we find that the back-reaction distortion indeed attenuates expo-
nentially as time progresses. In section 5 we discuss particle production in the inflationary
universe, due to the presence of these D-particle-recoil-induced distortions. Using approxi-
mate (WKB) methods [20], standard in such kind of problems, we compute the associated
massive particle number density by means of the relevant Bogolubov coefficient. In section
6 we discuss the particle spectrum so obtained. We find that the effect of the space-time
distortion induced by the D-particle is to make the momentum spectrum for massive parti-
cles non-Gaussian, and non-thermal, with angular dependence leading to anisotropies. The
estimates of [20] on the mass of such particles M > 1013 GeV, in order for their density
to be cosmologically relevant, and thus to act as superheavy dark matter candidates, are
still valid in our case. The anisotropies we find in the production spectrum will imply
corresponding anisotropies in the ultra-high-energy cosmic ray spectrum, should the latter
be produced by such heavy particles, according to some scenaria [21]. Conclusions and
outlook are given in section 7. Finally, in an Appendix we review briefly how one can
obtain inflationary space-times as consistent σ-model backgrounds of a non-critical string
model.

2 Geometry fluctuations due to D-brane recoil: Non-

critical String Formalism

Consider the single scattering event of a closed string with a D-particle defect embed-
ded in a D-dimensional space time of metric Gµν . Long after the scattering the induced
disturbance of the neighboring space time (around the recoiling defect) is determined by
world-sheet methods [24, 25]. Specifically, the recoil of a D-particle, under its scattering
off a (closed) string state in a metric background Gµν is determined, at a σ-model level,
by the deformation vertex operator [25]:

V =
∫

∂Σ
Gijy

j(t)Θǫ(t)∂nX i (1)
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with Θǫ(t) the regularized Heaviside ‘impulse’ operator:

Θǫ(t) ∼
1

i

∫ +∞

−∞

dω

ω
eiωt (2)

where ǫ → 0+, Gij denotes the spatial components of the metric, ∂Σ denotes the world-
sheet boundary, ∂n is a world-sheet derivative normal to the boundary, X i are σ-model
fields obeying Dirichlet boundary conditions on the world sheet, and t is a σ-model field
obeying Neumann boundary conditions on the world sheet, whose zero mode is the target
time. The quantity yi(t), i being a spatial index, denotes the trajectory of the D-particle.

This is the basic vertex deformation, which we assume to describe the motion of a
D-particle in a curved geometry at least to leading order, when space-time back reaction
and curvature effects are assumed weak 4. Such vertex deformations may be viewed as a
generalization of the flat-target-space case [24].

For times relatively long after the event, where the use of σ-model perturbation theory
is a valid approximation, the trajectory yi(t) will be that of free motion in the curved
space-time under consideration. In the flat space-time case, this trajectory was a straight
line [24], and in the more general case here it will be simply the associated geodesic. Let
us now determine its form, which will be essential in what follows.

For our purposes we shall consider Minkowski signature space-time backgrounds of
Robertson-Walker (RW) form:

ds2 = −dt2 + a(t)2(dX i)2 (3)

where a(t) is the RW scale factor.
An important discussion is in due order at this point. In order for the basic confor-

mal field theory formalism to be applicable in curved target space-times, which has been
used in [25], it is imperative that these space-times be at least an approximate solution
to σ-model conformal invariant conditions (i.e. a vacuum solution to Einstein’s equations
to leading order in α′ expansion, where α′ = 1/M2

s is the Regge slope, and Ms is the
string scale). This is the case for RW backgrounds at large times t → ∞, presented in
[25], where target space curvature effects have been ignored. In the present paper we are
interested in inflationary metric backgrounds. Unfortunately, such backgrounds are not
vacuum solutions to any string theory, at least in an ‘unregulated’ form, because in this
case they are hampered by event cosmological horizons, and hence are not compatible
with a consistent S-matrix. The latter is a cornerstone of the first-quantized formulation
of string theory, and hence consistent string theory backgrounds should allow for a graceful

4Perhaps a formally more desirable approach towards the construction of the complete vertex operator
would be to start from a T-dual (Neumann) picture, where the deformation (1) should correspond to a
proper Wilson loop operator of an appropriate gauge vector field. Such loop operators are by construction
independent of the background geometry. One can then pass onto the Dirichlet picture by a T-duality
transformation viewed as a canonical transformation from a σ-model viewpoint [26]. In principle, such a
procedure would yield a complete form of the vertex operator in the Dirichlet picture, describing the path
of a D-particle in a curved geometry. Unfortunately, such a procedure is not free from ambiguities at a
quantum level [26], which are still unresolved for general curved backgrounds.
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exit from an inflationary phase, and approach asymptotically a solution of the conformal
invariance σ-model conditions. Such situations have been argued to characterize realistic
non-critical string cosmologies under the identification of time with the Liouville mode [9].
As mentioned previously, for our purposes in this work we discuss briefly such a case in
the Appendix, specifically the colliding brane model of [11].

Once we assume such regulated versions of de Sitter space-time, we may proceed by
adopting the same spirit as in [25], i.e. concentrate in regions of time for which one may
safely neglect space-time curvature effects and thus apply standard conformal field theory
world-sheet methods. Contrary to the case studied in [11], in the inflationary situation,
studied here, curvature effects are weak compared to Gµν in the time regime 0 ≪ tH ≪ 1,
where the event of the collision of the string with the D-particle is placed at t = 0. We stress
once more that the left inequality is necessary for the validity of the boundary world-sheet
σ-model perturbation theory [24].

The geodesics of a massive point particle in de Sitter space (a(t) = a0e
Ht, a0 a constant

whose size will be fixed later on) are given by:

yi(t) = ci
3 −

ci
1

|c1|H

(

a−2
0 e−2Ht +

2c2

|c1|2
)1/2

(4)

where ci
α, α = 1, 2, 3 are constants determined by the boundary conditions.

We shall be interested in values of H ∼ 10−5MP , where MP ∼ 1019 GeV, is the
four dimensional Planck scale, not to be confused with the string scale Ms which may
be different. This is the value of the Hubble parameter during the inflation era. For the
validity of our perturbative analysis we shall also be interested in times far from the end of
inflation t ≪ te ∼ 109tP (where tP ∼ 10−43sec is the four-dimensional Planck time), such
that Ht ≪ 1, where space-time curvature effects of order H2 ∼ 10−10M2

P can be safely
neglected. However, as we shall discuss in the next two sections, we shall be interested in
ranges of the parameters of our cosmological model such that

1 ≫ H2

M2
s

≫ Ht > 0 . (5)

It is terms of order H2/M2
s that will determine the distortion of the inflationary space time

due to the recoil of the D-particles. We easily see that a natural set of parameters satisfying
(5) is Ms = 10−4MP ∼ 1015 GeV (i.e. intermediate string scale), which implies that our
perturbative treatment in this article is rigorously valid for times t < 103tP (beginning of
inflationary period).

This will be a sufficient, and mathematically self-consistent, procedure for computing
the global effects of the recoil-induced distortion of space-time, which, as we shall discuss in
the next section, depend on the world-sheet violations of conformal invariance, quantified
by the anomalous dimension of some operators of order H2 (in string Ms = 1 units) which
therefore should be kept in our analysis. As we shall show, Such space-time distortion
effects diminish with time as e−4Ht, and hence become even more suppressed toward the
end of inflation (where Hte ∼ 104).
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Working in the above regime of parameters, therefore, will guarantee : (i) the validity of
the σ-model perturbation theory; (ii) the presence of a smooth extension of de Sitter space,
such that asymptotically one can define flat space-time regions and a proper S-matrix. The
latter requirement is necessary for a proper definition of particle production number via
the Bogolubov coefficients [27, 20, 28, 29]; it may be satisfied provided that the constant
a0 ≪ 1, for instance of order 1/Hte in Planck units. Physically, this last condition on
a0 implies that the inflationary era started at t = 0 (when the recoil occurred), at which
moment the spatial size of the universe a0 was considerably smaller than the Planck length.
This situation corresponds physically to a smoothened version of the ‘big bang singularity’,
which we adopt for our purposes here. It is worth stressing that in this way one may apply
world-sheet perturbation theory at the early stages of inflation, viewing the latter [19] as
an example of non-critical (Liouville) σ-model [15], with the identification of time with (an
appropriate function) of the Liouville mode [17, 16].

We next remark that the non-relativistic nature of the D-particles, appropriate for the
validity of our σ-model formalism [24, 25] imply small initial (t = 0) recoil velocities,

defined by: ui = dyi

dt
|t=0, which yields (from eq. (4)):

ui =
ci
1

|c1|a2
0

(

a−2
0 + 2

c2

|c1|2
)−1/2

≪ 1 (6)

As mentioned earlier, in the regime of parameters we are working, one must have a0 ≪ 1,
in which case non relativistic velocities ui ≪ 1 are guaranteed by the condition

2a4
0c2 ≫ |c1|2, (7)

which, in turn, implies

ui ≃ ci
1

a2
0

√
2c2

(8)

An additional requirement, not usually imposed in standard inflationary scenaria of
cosmology [27], is that of the continuity of the various results as H → 0. As will be
explained in the next section, this last requirement is motivated by the fact that, during
the exponential expansion, the Hubble parameter H acts as an anomalous dimension of
world-sheet operators. To be specific, in the Liouville treatment we shall impose finiteness
of results as H → 0+, in order to guarantee a connection with the (world-sheet RG fixed
point of) flat space-time with metric ds2

∗ = −(dϕ)2 − (dt)2 + a2
0(dX i)2 (with ϕ = −t) 5. In

fact, in this approach we shall regard the inflation as a smooth interpolating RG trajectory
between two asymptotically flat regimes of space-time, which are fixed points of the world-
sheet of the string. What differentiate these two regimes is the size of a0. We shall return
to this point later, when we discuss the interpolating metric between such fixed points,

5Notice that the Liouville mode always exist in a σ-model path integral, but decouples from the back-
ground fields at the fixed points. However, as a target-space coordinate is always there, and thus contributes
an overall normalization factor of 2 to the time component of the flat fixed point metric ds2

∗
; this guarantees

the smoothness of the limit H → 0+.
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including an inflationary era, followed by a “graceful exit” from it, so that an S-matrix can
be properly defined, as expected in a string theory reaching its critical status asymptotically
in time.

Requiring finiteness of yi(t) in the limit H → 0+ is equivalent to setting

ci
3 =

ci
1

|c1|H

(

a−2
0 +

2c2

|c1|2
)

+ H − independent parts . (9)

For simplicity we assume the H-independent parts to be zero, which essentially amounts
to choosing the initial position of the D-particle to be the origin of the coordinates and of
our (inflationary) Universe. These considerations imply the following approximation for
the geodesic (for the time t regime Ht ≪ 1 we are interested in):

yi(t) ≃ ci
1

2a2
0H

√
2c2

− ci
1

2a2
0H

√
2c2

e−2Ht (10)

Thus the recoil operators for the D-particle (1) can be split in two types of σ-model
deformations, assuming that the moment of impact of the closed string state with the
D-particle defect takes plays at t = 0:

C = c̃i

∮

∂Σ
Θǫ(t)∂nX i

D = c0,i

∮

∂Σ
Θǫ(t)e

2Ht∂nX i (11)

where c̃i = −c0,i ≡ − ci
1

2
√

2c2H
= −a2

0
ui

2H
. Notice that, in general, the validity of our weak

coupling σ-model formalism requires c̃i, ci
0 < 1, which in view of (7) is satisfied.

3 Renormalization Group Relevance of the recoil De-

formations: Operator Product Expansion Analysis

The Liouville approach to recoil-induced space-time distortions [24, 16, 25] require the
relevance of the recoil operators (11) under world-sheet renormalization group (RG) trans-
formations; in turn, this would imply the need for “Liouville dressing”. The fact that
the recoil operators are indeed RG-relevant can be confirmed by considering their Opera-
tor Product Expansion (O.P.E.) with the stress tensor of the σ-model, as well as among
themselves.

Working with time regimes 0 ≪ Ht ≪ 1, and also with parameters satisfying (5),
which, as discussed above, guarantee the validity of our perturbative σ-model method,
justifies the use of the following formula for the world-sheet propagator of the Xµ = (t, X i),
i = 1, . . .D−1 (spatial index) coordinate fields (from now on we shall be working in string
units for which Ms = 1):

< Xµ(z)Xν(z′) >≃ Gµν ln|z − z′| (12)

7



Gµν is the target-space metric in the σ-model frame, which is assumed of the form (3) with
a de-Sitter type exponentially expanding scale factor a(t) = a0e

Ht. The (approximate)
formula (12) will be subsequently used when computing the various OPE of the σ-model
operators.

To begin with, the stress tensor assumes the form:

2T = −(∂zt(z))2 + a2(t)(∂zX
i)2 ; a(t) = a0e

Ht (13)

We now consider the O.P.E. of T with the deformation operators C, D (11).
The computation of the time-dependent parts of T , 2Tt ≡ −(∂zt)

2, and of the space-
dependent ones, 2TX ≡ a2(t)(∂zX

i)2, may be carried out separately [25]. The basic ingre-
dients are Eq.(12), together with the standard representation (2) of the Heaviside operator,
as well as the expansion

(∂Xj(z))2 ⊙ ∂nX i(w) ∼ Gii 1

(z − w)2
∂nX

i ∼ a−2
0 e−2Ht

(z − w)2
∂nX i, (no sum over i) (14)

The analysis is straightforward, and yields:

2Tt(z) ⊙ C(z′) ∼ 1

|z − z′|2
(

−ǫ2

2

)

C(z′) ,

2TX(z) ⊙ C(z′) = c̃iΘǫ(t − 2H ln|z − z′|) ∂nX i

|z − z′|2 = c̃iΘǫ(t)
∂nX i

|z − z′|2−2Hǫ
,

2Tt(z) ⊙D(z′) ∼ 1

|z − z′|2
(

−ǫ2

2

)

D(z′) ,

2TX(z) ⊙D(z′) = c0,iΘǫ(t − 2H ln|z − z′|) ∂nX i

|z − z′|2+4H2
e2Ht(z) =

c0,iΘǫ(t)
∂nX

i

|z − z′|2+4H2−2Hǫ
e2Ht(z) , (15)

where ǫ → 0+, and we used Taylor expansion in the arguments of the Heaviside operators,
and the property dΘǫ(t)/dt = −ǫ Θǫ.

Thus we arrive at the following result to leading order in world-sheet divergences as
z → z′:

2T (z) ⊙ C(z′) ∼ 1

|z − z′|2C(z) ,

2T (z) ⊙D(z′) ∼ 1

|z − z′|2+4H2
D(z) , (16)

Notice that the Minkowski signature of the target space-time is crucial to the effect of yield-
ing positive anomalous scaling dimension for the D operator, proportional to H2 (notice
that the operator C is conformal in the limit ǫ → 0+). Due to the non-renormalizability of
the world-sheet stress tensor in two dimensions, T , one infers from (16) that the operator

8



D has anomalous scaling dimension 4H2 in string units (Ms = 1), i.e. 4H2/M2
s in arbitrary

units. We therefore observe that, in the regime of parameters (5) we are working with,
such terms doninate over space-time curvature effects that are neglected in (12).

For consistency, one should verify the above result by computing the O.P.E.’s of the
operators C, D with themselves. The computation confirms the conformal nature of C,
while for D one obtains:

D(z) ⊙D(z′) ∼ 1

|z − z′|2+4H2
D(z′) (17)

implying its anomalous dimension 4H2, and hence its world-sheet renormalization group
relevance. The appearance of the anomalous dimension implies that the recoil process has
spoiled the conformal invariance of the σ-model, which now needs Liouville dressing [15]
to restore it.

It must be noticed at this stage that above we have considered the de Sitter space-time
as a valid stringy σ-model background, and concentrated on the effects of recoil, assuming
the latter to be the only source of (boundary) world-sheet violation of conformal invari-
ance. In the Appendix of the current article we discuss a model in which the de Sitter
space-time itself is viewed as a solution of generalized conformal invariance conditions of a
non-critical Liouville string [19], expressing the restoration of the conformal invariance by
the Liouville mode [15]. In this more complete picture the recoil deformation constitutes
one of the possible non-critical deformations of the specific Liouville σ-model under con-
sideration, whose deficit Q2 causes inflation in the way explained in the Appendix. The
formalism described above remains intact for this (mathematically complete) case. As will
be discussed in the next section, this is so because the effects of the recoil on the space-time
are such that they may be removed by means of an appropriate coordinate transformation;
thus, the space-time emerging after the recoil (written in the new coordinates) retains its
de-Sitter form.

4 Liouville Dressing and Recoil-Induced Space-Time

Distortions

As discussed in [25], there are two equivalent ways of performing the Liouville dressing:
one is to dress the boundary operator D as it stands, and restore conformal invariance on
the boundary world-sheet theory, and the other (which we shall follow here) is to write first
the operator D as a total world-sheet derivative bulk operator (using Stoke’s theorem), and
then dress the bulk operator. In particular, in this latter case we have:

VL,bulk =
∫

Σ
eαiϕ∂α

(

yi(t)∂
αX i

)

= c0,i

∫

Σ
eαiϕ∂α

(

Θǫ(t)e
2Ht∂αX i

)

,

c0,i = a2
0

ui

2H
, αi = −Q

2
+

√

Q2

2
+ (2 − ∆i) (18)
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where ϕ(z) is the world-sheet Liouville field, ∆i is the conformal dimension of the bulk op-
erator, with 2−∆i its anomalous dimension, and αi is the so-called gravitational anomalous
dimension. The central charge deficit Q2 is the one responsible for the initial inflationary
phase, and may be estimated as follows: one may consider various scenaria for departure
from criticality, as necessary for inflation in stringy σ-models [19]; for example, in [25] this
was due to “catastrophic” cosmic events, such as the collision of two brane worlds. In such
a scenario, which is discussed briefly in the Appendix, it is possible to obtain an initial
supercritical central charge deficit (and hence a time-like Liouville mode [30]) of order

Q2 = 9H2 > 0 , (19)

where the Hubble parameter H can be fixed in terms of other parameters in the theory;
for instance, in the specific model of [25] on colliding branes, Q (and thus H), is found to
be proportional to the square of the relative velocity of the colliding branes, Q ∝ u2 during
the inflationary era. As we show in the Appendix, in a phase of constant Q, one obtains
an inflationary de-Sitter type Universe 6.

The specific normalization in (19) is imposed because, as discussed below and in the
Appendix, (i) one may identify the time t with a Liouville mode −ϕ of the supercritical
σ-model: the minus sign is justified below both mathematically, due to properties of the
Liouville mode, and physically by the requirement of a relaxation to zero of the recoil-
distorted space-time deformation. (ii), under this identification, the Liouville equation for
the modes/σ-model background couplings [16]:

g̈i + Qġi = −βi(g) = −Gij∂C[g]/∂gj , (20)

where the dot denotes derivative with respect to the Liouville world-sheet zero mode ϕ,
and Gij is an inverse Zamolodchikov metric in string theory {gi} space, when applied to
scalar (e.g. inflaton-like) string modes would yield standard field equations for scalar fields
in de Sitter (inflationary) space-times provided the normalization (19) is valid. This would
imply a ”Hubble” parameter Q = 3H (notice that the gradient flow property of the β
functions makes the analogy with the inflationary case even more profound, where the
running central charge C[g] [33] plays the rôle of the inflaton potential in conventional
inflationary field theory).

As discussed in the Appendix, there are consistent solutions of the generalized conformal
invariance conditions with the above described desired properties 7.

6We note in passing that cosmically catastrophic non-critical string scenaria, as the one of ref.[11],
allow for a relaxing to zero deficit Q2(t) in such a way that, although during the inflationary era Q2 is
(for all practical purposes) constant, as in (19), eventually Q2 decreases with time so that, at the present
era, one obtains compatibility with an accelerating Universe phase, as suggested by a variety of recent
astrophysical observations. As already mentioned, such relaxation (quintessence-like) scenaria [25, 9] have
the advantage of properly definable asymptotic states (as t → ∞) and string scattering S-matrix. Other
scenaria for inducing de Sitter Universes in string theory may be envisaged, where the inflation space-time
is obtained as a result of string loops (dilaton tadpoles) [31], but in such models a string S-matrix cannot
be properly defined.

7At this stage we remark that, since in general the non-critical string scenario produces inflationary
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We now remark that the relations (20) replace the conformal invariance conditions βi =
0 of the critical string, and serve in expressing the necessary conditions for the restoration
of conformal invariance by the Liouville mode [15]. In fact, upon interpreting the latter as
an extra target dimension, the conditions (20) may also be viewed as conformal invariance
conditions of a (D+1)-target-space dimensional critical σ-model (D is the target dimension
of the non-critical σ-model before Liouville dressing). In most Liouville approaches one
treats the Liouville mode ϕ and time t as independent coordinates. In our approach [16,
9, 11], however, we take one step further, and provide dynamical arguments which imply
the restriction in this extended (D+1)-dimensional space time of lying on a hypersurface
determined by the identification ϕ = −t. This means that, as the time flows in our
Universe, we are forced to lie on this D-dimensional subspace of the (D+1)-dimensional
Liouville extended space time 8.

From (17), (19), (18), and using that 2 − ∆i = 4H2 one has:

αD = H (21)

Then, after performing a world-sheet integration by parts in (18), it is straightforward to
obtain a non-diagonal deformation in the Liouville-extended (ϕ, t, X i) target space metric:

Gϕi = −Hc0,iΘǫ(t)e
H(ϕ+t) , c0,i = a2

0

ui

2H
. (22)

The resulting extended space-time distortion then is given by the following line element

phases dynamically, due to the presence of the Liouville mode [19, 9, 11], without introducing extra inflaton
fields, there is no need for the requirement that the equations (20) for scalar string modes be formally
identical to those of an inflaton field in conventional cosmology. The precise proportionality coefficient
between Q2 and H2 is actually physically unimportant in our framework, as long as it is non-zero. Indeed,
such a constant will only affect the precise expression for the Liouville anomalous dimension αD (21) (c.f.
below) αD = γH , where γ 6= 2 for any Q2 6= 0, and γ = 2 if and only if Q = 0 (no central-charge deficit).
Such constants γ 6= 2 do not affect qualitatively our results and can be absorbed in normalization factors.
Thus, the above normalization (19) between Q2 and H2 can actually change, and is model dependent.
What is model independent (within the class of models that yield string inflation), though, is that the
deficit Q2 is always proportional to the square of the Hubble parameter H appearing in the exponential
of the Universe scale factor a(t) = a0e

Ht. However, it is comforting (from a phenomenological viewpoint
at least) that a normalization (19), which is in agreement with conventional inflationary cosmology, as far
as the inflaton field is concerned, can be found consistently in our approach.

8For instance, in the work of [11], involving brane-world collisions as a source of departure from criti-
cality, this restriction was imposed because the potential of massive particles, in an effective field theory
context, was found to be proportional to cosh(t + ϕ), which is thus minimized at ϕ = −t. In fact, such
an opposite flow of the Liouville mode as compared to that of target time may be given a deeper mathe-
matical interpretation. It may be viewed as a consequence of a specific treatment of the area constraint in
non-critical (Liouville) σ-models [17, 16], which involves the evaluation of the Liouville mode path integral
via an appropriate steepest-descent contour. In this way one obtains a ‘breathing’ world-sheet evolution,
in which the world-sheet area starts from a very large value (infrared cutoff), shrinks to a very small one
(ultraviolet cutoff), and then inflates again towards very large values (infrared cutoff). Such a situation
may then be interpreted as a world-sheet ‘bounce’ at the infrared, implying, following the reasoning of
ref. [32], that the physical flow of target time is opposite to that of the world-sheet scale (Liouville zero
mode).
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(for times t ≫ 0, i.e. long after the scattering event):

ds2 = −(dϕ)2 − (dt)2 + e2Ht
(

a2
0(dX i)2 + 2Hc0,ie

HϕdϕdX i
)

, c0,i = a2
0

ui

2H
. (23)

Upon the identification ϕ = −t one then obtains an expression for the distorted space-time
due to D-particle recoil, for t > 0:

ds2 = −2(dt)2 + e2Ht
(

a2
0(dX i)2 + 2Hc0,ie

−HtdϕdX i
)

(24)

This result is consistent with our perturbative (world-sheet) treatment of inflation, which
we consider to start at t = 0, in the sense that as Ht becomes larger the distortion effects
become considerably smaller (exponentially suppressed). Thus, the distortion effects will
be washed out completely by the exponential expansion, as expected. However, as we shall
discuss in the next section, global effects due the presence of D-particles will leave their
trace through small angular modifications in the particle production,

To study such effects, we first observe that the distorted space-time (24) can be cast in
a conventional de Sitter inflationary form

ds2 = −(dt′)2 + e
√

2Ht′(a2
0dX̃)2 (25)

upon changing coordinates (t, X i) → (t′, X̃ i):

t′ =
√

2t − H

2
|c0,i|2e−2Ht =

√
2t − a4

0

8H
|ui|2

(

e−2Ht − 1
)

,

X̃ i = X i + a2
0

ui

2H

(

e−Ht − 1
)

(26)

where smoothness of the limit H → 0+ has been guaranteed by imposing appropriate
boundary conditions. Thus, one arrives at the following two space-time geometries, before
and after the D-particle collision:

(dsIN)2 = −2(dt)2 + a2
0(dX i)2 ,

(dst>0)
2 = −(dt′)2 + a(t′)2(dX̃ i)2 , (27)

where then IN vacuum occurs at t → −∞, while (t′, X̃ i) occur for t ≥ 0 and are given in
(26). In the next section we will use the above modification in the two geometries in order
to compute the corresponding particle production: one will seek an appropriate (smooth)
interpolating function a(t) between the IN flat space-time (which is assumed to occur from
t = −∞ till t = 0) and the OUT space-time, which should include inflation in the regime
0 < Ht ≪ 1 consistent with our σ-model considerations (we stress again that the moment
of impact of the string with the D-particle is at t = 0). Before closing this section we
would like to mention that the effects of D-brane recoil in flat background space-time have
been considered in [34], and a non-thermal, non-isotropic particle production has also been
demonstrated in that case.
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5 Particle Production in D-particle-recoil-Distorted

Inflationary Universe

For the benefit of the reader we would like first to outline the general method for computing
particle production in Robertson-Walker space-times [20].

Consider for definiteness a massive scalar field X, of mass MX , on a curved Robertson-
Walker (RW) background, in the conformal frame (η, X i) which is defined as [27]:

ds2 = a2(η)
(

−(dη)2 + (dX i)2
)

(28)

This frame is related to the RW (cosmological comoving) frame (t, X i) used in the previous
sections by:

dη =
dt

a(t)
(29)

For the inflationary case of a(t) = a0e
Ht, we have that the corresponding conformal time

is given by

η = − 1

H

(

1

a0

e−Ht − 1
)

(30)

where the integration constant has been chosen such that η → t as H → 0.
One may expand the field X in Fourier modes hk, defined through the Klein-Gordon

equation that X obeys in such metric backgrounds. In particular, in the comoving frame
(t, X i):

X =
∫

d3k

(2π)3/2a(t)

[

ake
i~k· ~Xhk(t) + a†

ke
−i~k· ~Xh∗

k(t)
]

(31)

where the vectors denote spatial components of four vectors. In the conformal time frame
one arrives at the following equation (stemming from the Klein Gordon equation):

h
′′

k(η) + ω2
k(η)hk(η) = 0 (32)

where the prime denotes differentiation with respect to η, and the energy (positive fre-

quency) is given by ωk = +
√

k2 + M2C(η), where C(η) = a2 (1 + interactions) is an ef-

fective scale factor [20] including the effects of interaction of the X field with the inflaton
background etc.

After casting hk in the form

hk =
αk√
2ω

e−i
∫ η

ωkdη′

+
βk√
2ω

ei
∫ η

ωkdη′

(33)

one obtains a system of differential (first order) equations for αk, βk, which are Bogol-
ubov [27] coefficients connecting the two vacua (IN and OUT) satisfying α2

k − β2
k = 1:

α′
k =

ω′
k

2ωk
βkexp

(

−2i
∫ η

ηp

ωk(η
′)dη′

)

β ′
k =

ω′
k

2ωk

αkexp

(

−2i
∫ η

ηp

ωk(η
′)dη′

)

(34)
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As mentioned earlier, for a consistent interpretation of |βk|2 as a particle density, it is
imperative [29] that, asymptotically in the (conformal ) time η → ±∞, the space-time be
flat . This is so because, it is only in this case that the modes used in the expansion of the
field X can be put in a suitable relation to the known modes of Minkowski space-time. This
will be assumed in what follows, which will necessitate viewing the inflationary epoch of the
Universe only as a specific era, occurring in a space-time which interpolates smoothly (in η
time) between two asymptotically flat regions. From our world-sheet (Liouville σ-model)
point of view this means that the inflationary (non-conformal) space-time background con-
nects (in the sense of a running along a world-sheet renormalization group (RG) trajectory)
two asymptotic fixed points of the RG flow (flat space-time regions). Upon our identifi-
cation of the RG flow with the actual target-space time flow of the σ-model [16], the RG
evolution becomes in this way a cosmological evolution, implying graceful exit from the de
Sitter (inflationary) era, and thus allowing for the definition of an S-matrix.

In our considerations in this article we shall use some simplified interpolating metrics
appearing in the literature, which may not be exact solutions of (Liouville) string theory.
Their main advantage is that they can be treated analytically. For more detailed studies
within the context of realistic (Liouville) string models, allowing for a graceful exit from
inflation, see [9]; such metrics, however, can only be studied numerically.

Assuming the above, one can apply WKB (essentially derivative expansion) meth-
ods [20, 28] to approximate the Bogolubov coefficient βk as [20]:

βk ≃
∫

dη
ω′

k

2ωk

exp

(

−2i
∫ η

ηp

ωk(η
′)dη′

)

(35)

to leading order, with the boundary conditions αk(ηp) = 1, βk(ηp) = 0. In deriving the
approximate expression of Eq.(35) one has to make sure that the conditions for the validity
of the WKB approximation are satisfied at all times; this in turn leads to restrictions, which
are discussed in detail in ref. [20], where we refer the interested reader.

To evaluate the integral approximately, one can apply a steepest-descent method, by
complexifying the time η, and then approximating the value of the integral by a sum of
values of the integrand at the branch-cut points of a steepest-descent contour, which can
be appropriately constructed. The starting points η̃j of the branch-cut in the complex η
plane are defined as:

ωk(η̃j) = 0 = k2 + M2C(ηj) (36)

There are two approximations involved [20]: one is the above-mentioned approximation
of the integral over η in (35) as a sum over branch-cut contributions, and the second is a
derivative expansion of the integral over η′ in the exponent near each branch-cut point. To
lowest order in derivatives one may write:

∫ η

ηp

ωk(η
′)dη′ ≃

∫ η̃j

ηp

ωk(η
′)dη′ +

2MX

3

√

C ′(η̃j)δ
3/2 + . . . (37)

with δ ≡ η − η̃j .
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complex η plane

x

x

Figure 1: Steepest descent contour and branch cut structure for the integral (35).

In this way one may approximate the coefficient βk (35) as a sum over branch cut points:

βk ≃
∑

j

Uj , Uj ≡ exp

(

−2i
∫ η̃j

ηp

ωk(η
′)dη′

)

∫

Cj

dδ

δ
exp

(

−4i

3
MX

√

C ′(η̃j)δ
3/2 + . . .

)

(38)
where Cj is a steepest descent contour. In the examples considered in [20], and also
here, the appropriate contour is the one that encompasses the branch cuts that lie in
the lower half plane (see fig. 1). This is associated with the fact that one chooses the

sign
√

C ′(η) > 0, due to the positive frequency requirement; the branch cuts have been
chosen to go towards ±∞, and a steepest descent contour must have an “incoming” and
an “outgoing” direction [20].

An important approximation in the WKB analysis of [20], which as we shall see remains
valid in our case here, is that only one pole dominates the integral (38). Let the value of
η̃j in this dominant pole be split in real (r) and imaginary (µ) parts: η = r + iµ. This,
then, yields

|βk|2 ≃ exp



−4
[

(k/aeff(r))2

MX

√

H2
eff(r) + Reff(r)/6

+
MX

√

H2
eff(r) + Reff(r)/6

]



 (39)

up to irrelevant proportionality constants of order O(1), with aeff =
√

C, Heff the effective
Hubble parameter, and Reff(r) the effective scalar curvature (which in our case may be
neglected). The density of the X particles [20], created at time t in comoving frame, is
given by

nX(t) =
∫ ∞

0

dk

2π2a3(t)
k2|βk|2 (40)
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If we now assume, as in [20], that most of the support of the integral comes from
(k/MX)2 ≪ 1, where the k-dependence of r may be neglected, we arrive at

nX ≃ a2
eff(r)

8π3/2a3(t)
exp





−4MX
√

H2
eff(r) + Reff(r)/6



×
(

MX

4

√

H2
eff(r) + Reff(r)/6

)3/2

(41)

The above considerations pertain to the standard RW cosmology, including a de Sitter
phase, provided one connects the latter smoothly to asymptotically flat regions [29].

After these general considerations, we now turn to estimate the effects on the particle
production due to the distortion in the underlying metric induced by the initial D-brane
recoil. To accomplish that we must first determine the modifications produced to the
corresponding Bogolubov coefficient βk, due to the presence of the terms proportional to
ui in the coordinate transformation of (26).

Keeping only terms linear in ui, and introducing the conformal time η, (26) becomes

t′ =
√

2t

X̃ i = X i − 1

2
a2

0u
iη (42)

Then, under the influence of the recoil, the corresponding Bogolubov coefficient, to be
denoted by β

(u)
k , reads

β
(u)
k ≃

∫

dη
ω′

k

2ωk

exp

(

−2i
∫ η

ηp

ωk(η
′)dη′

)

exp
[

− i

2
a2

0(uik
i)η
]

(43)

Under the same WKB assumptions, the branch cut contributions Uj of (38) are now mod-
ified to

U (u)
j = exp

(

−2i
∫ η̃j

ηp

ωk(η
′)dη′ − i

2
a2

0(uik
i)η̃j

)

×
∫

Cj

dδ

δ
exp

(

−4i

3
MX

√

C ′(η̃j)δ
3/2 − i

2
a2

0(uik
i)δ . . .

)

(44)

Notice at this point that the additional contribution due to the recoil does not alter the
branch-cut structure of our problem, which is still determined by (36) and by the sign of
√

C ′(η); the latter may still be chosen positive as in [20]. It turns out that, under the

assumptions of [20], the additional term in the integral over δ does not change the result of
[20]. This is so because the value is determined solely by the angular integration, since the
steepest descent contour evades the beginning of the branch point in such a way that [20]
δ = ǫeiθ, ǫ → 0+ and θ ∈ (−2π

3
, 4π

3
), along the semicircle around it (c.f. figure 1). On

the other hand, the imaginary part of η̃j in the first exponential gives a non-vanishing
contribution, whereas its real part contributes only a phase; the latter does not contribute
in the physically relevant |βk|2. Thus, setting η̃j = r̃j + iµ̃j , and assuming again one
dominant pole we have

|β(u)
k |2 = |βk|2exp

[

a2
0(uik

i)µ̃
]

(45)
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In the case that C(η) is purely of inflationary origin, i.e. C(η) = (Hη − 1)−2, the solution
of (36) gives η̃± = H−1(1 ± iM/|k|); choosing the lower half plane, we have that µ̃ =
−H−1(M/|k|). Then, setting uik

i = |u||k| cos θ, where θ is the angle between the velocity
of the original D-particle and the emitted (produced) particle, (45) yields a k-independent

correction term to |β(u)
k |2 of the form

|β(u)
k |2 = |βk|2exp

(

−a2
0|u|H−1M cos θ

)

(46)

which in turn modifies the particle number production from (40) to

n
(u)
X (t) = nX(t) exp

(

−a2
0|u|H−1M cos θ

)

(47)

Notice that in the absence of inflation, i.e. if H → 0, the additional effect vanishes
exponentially. The above result seems to persist once one takes into account interpolating
metrics, with asymptotically flat regions, as required for the proper interpretation of the
square of the Bogolubov coefficient |βk|2 as particle number. For example, consider the
RW metric with effective scale factor [35]

C(η) = A + B
Hη − 1

√

(Hη − 1)2 + 1
(48)

which, for appropriate choice of the parameters (A = −B > 0) contains a region of stan-
dard inflationary evolution, i.e. 1/(Hη − 1)2, for (Hη − 1)2 ≫ 1, and interpolates between
asymptotically flat metrics. To ensure that the inflationary phase of this interpolating
metric coincides with our time regime 0 ≪ Ht ≪ 1 for the validity of the σ-model per-
turbation theory, one must impose the condition a0 ≪ 1 in the relation (30) connecting
the conformal time η with the Robertson-Walker time t. In practical terms, a0 can be
taken to be two to three orders of magnitude less than unity (in Planck units), yielding
|Hη − 1| ∼ 103 during inflation, for times 0 < Ht ≪ 1. It goes without saying that the
metric (48) is used only for illustrative purposes, and is not directly related to any realistic
string model. At present, within the context of the non-critical string approach to inflation,
interpolating metrics including inflation at an early stage of their evolution have only been
obtained numerically for realistic (Liouville) string theories [9].

The branch cut structure of the metric (48) leads again to two branch cuts, with the

(relevant) one lying in the lower half plane being given by: η̃ = 1
H
− i

√
k2+AM2

H|k| . Then, the

corresponding |β(u)
k |2 displays a k-dependence,

|β(u)
k |2 = |βk|2exp

(

−a2
0|u|H−1

√
k2 + AM2 cos θ

)

(49)

If k2 can be neglected next to M2, which is what one usually assumes, then the results
with and without interpolating metrics coincide.

Before turning into the discussion of the possible physical implications of the above
results, we would like to comment on an additional point. Returning to (18), we see that
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in the case of a critical Liouville string, i.e for Q2 = 0, the corresponding αD would be
αD = 2H instead of the one given in (21). In that case, the corresponding X̃ i in (26) would
then become

X̃ i = X i + a2
0

ui

2H

(

e−2Ht − 1
)

= X i + a2
0u

iη
(

Hη

2
− 1

)

(50)

Then, the contribution due to the recoil in the expressions of (44) would be

U (u)
j = exp

(

−2i
∫ η̃j

ηp

ωk(η
′)dη′ + iL

(u)
η̃j

)

∫

Cj

dδ

δ
exp

(

−4i

3
MX

√

C ′(η̃j)δ
3/2 + iL

(u)
δ . . .

)

(51)

where the δ-dependent factor L
(u)
δ and the δ-independent factor L

(u)
η̃j

are given by

L
(u)
δ = a2

0(uik
i)
[

H

2
δ2 + (Hη̃j − 1)δ

]

L
(u)
η̃j

= a2
0(uik

i)η̃j

(

Hη̃j

2
− 1

)

(52)

Again, only the imaginary parts of L
(u)
η̃j

, to be denoted by ℑmL
(u)
η̃j

, give a non-vanishing
contribution, whereas its real part contributes only a phase, i.e.

U (u)
j = Ujexp

(

−ℑmL
(u)
η̃j

)

(53)

and after setting again η̃j = r̃j + iµ̃j we have (assuming again one dominant pole)

U (u)
j = Ujexp

[

−a2
0(uik

i)µ̃(Hr̃ − 1)
]

(54)

Then for the purely inflationary part of the metric, η̃± = H−1(1 ± iM/|k|) and therefore
Hr̃−1 = 0; thus, when the string is critical, the bulk of the effect from the recoil vanishes,
as it should. This result persists as long as r̃ = H−1, as is the case of the interpolating
metric of (48). We consider this as a non-trivial self-consistency check of both our method
and of the integration techniques developed in [20].

6 Analysis of the Particle Spectrum

In this section we will explore some of the possible physical consequences of the spectrum
(49), incorporating the back-reaction effects of the D-particle recoil onto the inflationary
space-time. First of all, the spectrum is non thermal, due to the presence of the cosθ term.
This will induce anisotropies into the spectrum of the emitted Dark matter particles (c.f.
figure 2), which, in principle, may be observable.

As discussed in [20], and is valid also in our case, the produced particles will be cosmo-
logically abundant, and thus relevant, i.e. will have densities of order one, if and only if
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Figure 2: The ratio of the Bogolubov coefficient (49) over the unperturbed one u = 0 (39)
versus the angle θ ∈ [0, 2π] for two characteristic momentum scales k1 (dashed) and k2

(continuous), with k2 >> k1 (in units of H during inflation).

their masses are at least of order of the Hubble parameter during inflation, H ∼ 10−5MP .
Thus, as suggested in [20], such heavy particles can be candidates for Dark matter. This
conclusion survives in our case, given that the bulk effect of particle production is still
due to the exponential expansion of the Universe (the distortions due to D-particle recoil
are sub-dominant effects). Therefore the anisotropies in our case, inferred from (49), will
in general imply anisotropies in the superheavy dark matter spectrum, which could have
phenomenological significance.

The effects leading to (49) stem from single scattering events between a string and a
D-particle. In general, one encounters a distribution of D-particles in the Early Universe,
characterized by a density ρD. Assuming for simplicity uniform densities, one can incor-
porate the effects of such ensembles of D-particles by replacing u in the metric (23) by
ρDu, where the bar indicates average quantities over the ensemble. In addition, one should
integrate (49) over all possible angles θ. Setting

zk = a2
0|u|H−1

√
k2 + AM2 , z̄k ≡ a2

0|u|H−1
√

k2 + AM2 , (55)

the integral over angles, for uniform D-particle densities and distributions, can be per-
formed analytically [36], and yields:

|β(u)
k |2 = |βk|2

∫ 2π

0
dθ exp (−z̄kρD cos θ) =

2π|βk|2I0(z̄kρD) , (56)

where |βk|2 is the unperturbed inflation spectrum (39) of [20], and I0(z) is the modified
Bessel function, which in our case can be expressed in terms of the Bessel function J0(z)
as: I0(z) = J0(e

i π
2 z). For small arguments, as is the case above due to the smallness of u,
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we may use the perturbative expansion [36]:

I0(x) =
∞
∑

k=0

x2k

22kk!Γ(k + 1)
, (57)

which to order u2 yields from (56):

|β(u)
k |2 = |βk|2

(

1 +
1

4
ρ2

D
z̄2

k + . . .
)

(58)

Another quantity of interest is the total number of emitted particles, from a single
scattering event of a string colliding with a D-particle. This is obtained upon integrating
(49) over momentum scale vectors d3k = k2dk sinθ dθ dφ, where we selected the axis of the
recoil velocity ~u to coincide with the kz axis. The result is (c.f. (40)):

nu
X(t) =

∫ ∞

0

d3k

(2π)3a3(t)
|β(u)

k |2 =
∫ ∞

0

k2dk

2π2a3(t)

1

zk
sinh(zk)|βk|2 ; (59)

Expanding for small u, and keeping terms up to order u2, we obtain:

nu
X(t) − nX(t) ≃

1

6
a4

0|u|2H−2
∫ ∞

0
dkk2(k2 + AM2)|βk|2 ≃

A

6
a4

0|u|2
M2

H2
nX(t) (60)

where nX(t) is the unperturbed total particle density (u = 0) (41), and in the last (ap-
proximate) equality on the right-hand-side of (60) we have considered for simplicity the
case of low momenta k << M .

7 Conclusions and Outlook

In this article we have presented a brane-inspired model of anisotropies (49) in the spec-
trum of superheavy (masses M > 1013 GeV) Dark matter particles. This may also imply
an anisotropic spectrum of ultra-high-energy cosmic rays, should the latter be the prod-
uct of decay of such superheavy particles, according to some scenaria [21]. Although at
present there seems to be no experimental evidence for such anisotropies [22], however,
the experimental situation is far from being conclusive, mainly due to the scarcity of the
ultra-high-energy cosmic ray events available to date. The situation is about to be im-
proved significantly in the near future, whereby the launch of experiments such as the
Piere Auger will improve the available statistics by several orders of magnitude (provided
the ultra-high-energy cosmic ray events are actually there).

On the other hand, if anisotropies are not detected in such improved facilities, one
should be able to place strict upper bounds on parameters of models like the one presented
here, for instance on the quantity uρD entering the spectrum (49), (58). Such bounds, if
combined with progress in the theoretical understanding of D-brane theory and cosmology,
may be instrumental in seriously constraining non-critical string theory models of the type
employed here.
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We have arrived at the above conclusions using perturbative σ-model conformal field
theory methods, which we expect to be applicable at some regime of the parameters of an
inflationary Universe. We are fully aware of the possibility that non-perturbative string
Physics may be responsible for the inflationary background, on which our calculations have
been based, and we have therefore also provided arguments on how one could tackle the
problem using perturbative σ-model methods, at the cost, however, of departing from crit-
ical string theory. We demonstrated the mathematical consistency of such an approach, at
least within a given time range. In fact, the non-critical string theory approach to inflation
has many phenomenologically desirable features, including the possibility of accelerating
phases of the Universe [9], and thus non-zero dark energy components in agreement with
standard (TeV scale) supersymmetry breaking scenaria [11].

There are many avenues for improving the results presented in this article. First of all,
one should use realistic string Universe brane models, by taking into account the standard
model fields on the brane and/or including supersymmetry and its breaking in a consistent
way (e.g. through compactification of extra dimensions in five-branes on magnetized tori,
as in [11]: such models are known to have instabilities, but in a cosmological context this
may be a desirable feature that needs to be explored). Second, one should improve on the
effective field theory computation of particle production presented in this article by using
as interpolating metrics realistic space-time metrics obtained from the above non-critical
string models. At present the situation is only known numerically [9], but we may not be
far from obtaining some analytic results, given the increasing recent interest towards issues
like inflationary physics in the context of string theory from various viewpoints [37, 35].

Finally, in this context, we stress the preliminary conclusions of [35], on the potentially
important rôle of strings at the end of inflation towards reheating and other related issues.
It would be interesting to place the last issue in the framework of non-critical strings
discussed here. As argued above, such a framework appears to provide a viable treatment
of inflationary dynamics within the context of perturbative string theory, with the potential
of providing us with experimentally testable (in principle) predictions.
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Appendix: Inflation as a Liouville String σ-model Back-

ground

A Concrete Example of Non-critical Strings: Colliding Brane Worlds

In this Appendix we discuss briefly how an inflationary space-time may be derived as a
consistent background of a non-critical string theory. Although the approach is general,
and can be applied to many non-critical string models, for definiteness we shall concentrate
here on one particular case [11], where the non-criticality is induced by the collision of two
brane worlds.

In what follows we shall first discuss the basic features of this scenario, and then proceed
to demonstrate explicitly the emergence of inflationary space-times from such situations.
Following [11], we consider two five-branes of type II string theory, in which the extra two
dimensions have been compactified on tori. In one of the branes (assumed to be the hidden
(not our) world) the torus is magnetized, with a magnetic field intensity H. Initially our
world is compactified on a normal torus, without magnetic fields, and the two branes are
assumed on collision course in the bulk, with a small velocity v ≪ 1. The collision produces
a non-equilibrium situation, which results in electric current transfer from the hidden to
the visible brane. This causes the (adiabatic) emergence of magnetic fields in our world.

The associated instabilities that accompany such magnetized-tori compactifications are
not a problem in the context of cosmological scenaria we are discussing here. In fact, as
discussed in [11], the collision may also produce decompactification of the extra toroidal
dimensions, which however takes place at a rate much slower than any other rate in the
problem. As discussed in [11], this is important for guaranteeing an asymptotic equilibrium
situation and a proper definition of an S-matrix for the stringy excitations on the observable
world.

The collision of the two branes implies, for a short period after it, when the branes
are at most a few string scales apart, the exchange of open string excitations stretching
between the branes with their ends attached on them. As argued in [11], the exchange
of such pairs of open strings in the type II string theory considered in that work result
in an excitation energy on the visible world. The latter may be estimated by computing
the corresponding scattering amplitude of the two branes, using string-theory world-sheet
methods [38]. Essentially the time integral for the relevant potential yields the scattering
amplitude. Such estimates involve the computation of appropriate world-sheet annulus
diagrams, due to the existence of open string pairs in type II string theory. This implies
the presence of “spin factors” as proportionality constants in the scattering amplitude,
which are expressed in terms of Jacobi Θ functions. For small brane velocities v ≪ 1 we
are considering in our case, the appropriate spin structures start at quartic order in v, as
a result of mathematical properties of the Jacobi functions [38]. This in turn implies [11]
that the resulting excitation energy on the brane world is of order V = O(v4), which may
be thought of as an initial (approximately constant) value of a supercritical central-charge
deficit for the non-critical σ-model describing stringy excitations on the observable world
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after the collision:
Q2 = O

(

v4
)

> 0 (61)

The supercriticality of the model is essential [30] for a time-like signature of the Liouville
mode.

As we discuss below, such constant Q2 can produce inflation with a scale factor varying
exponentially with the Robertson-Walker time: a(t) ∼ eQt (up to proportionality numerical
constants in the exponent, of order one, which can be fixed by normalization, c.f. below).
The duration of the inflationary era is therefore of order t∗ ∼ 1/Q, which matches the
conventional cosmology estimates of 109tP for non-relativistic brane velocities v2 ∼ 10−9.
These small velocities are consistent with our perturbative σ-model formalism of recoil [24]
we follow here.

For times long after the collision, the central charge deficit is no longer constant but
relaxes with time t. In the approach of [11] such a relaxation has been computed by means
of logarithmic conformal field theory world-sheet methods [18, 24], taking into account
recoil (in the bulk) of the observable-world brane and the identification of target time
with the (zero mode of the) Liouville field. This late-time varying deficit Q2(t) has been
identified [11] with a ‘quintessence-like’ dark energy density component of our world:

Λ(t) ∼ R2(H2 + v2)2

t2

(

Ms

MP

)4

M4
P , (62)

where R is the compactification radius. In our model, for the validity of the σ-model
perturbative formalism the constraints (5) apply, which lead naturally to Ms ∼ 10−4MP .

We next remark that the presence of the magnetic field H is responsible for a breaking
of target-space supersymmetry [39], due to the fact that bosons and fermions on the brane
worlds couple differently to H. The resulting mass difference between bosonic and fermionic
string excitations for our problem, where the magnetic field is turned on adiabatically, is
found to be [11]:

∆m2
string ∼ 2Hcosh (ǫϕ + ǫt) Σ45 (63)

where Σ45 is a standard spin operator on the plane of the torus, and ǫ → 0+ is the regulating
parameter of the Heaviside operator (2) appearing in the D-brane recoil formalism [24].
¿From (63) we observe that the formalism selects dynamically a Liouville mode which
flows opposite to the target time ϕ = −t, as a result of minimization of the effective
field-theoretic potential of the various stringy excitations.

By choosing appropriately H we may thus arrange for the supersymmetry breaking scale
to be of order of a few TeV. It turns out that the so-chosen magnetic field contribution is
subdominant, as compared with the velocity contribution v2 ∼ 10−9, in the expression for
the current era dark energy (62). The model, therefore, is capable of reproducing naturally
a current value of the dark energy (i.e. for t ∼ 1060tP ) compatible with observations [1, 2],
provided one chooses relatively large compactification radii R ∼ 1017ℓP ∼ 10−18 m, which
are common in modern string theories 9. However, we cannot claim at this stage that this

9For models where the compactification involves higher-dimensional manifolds than tori a volume factor
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(toy) model is free from fine tuning, since the final asymptotic value of the central charge
deficit has been arranged to vanish, by an appropriate choice of various constants appearing
in the problem [11]. This is required by the assumption that our non-critical string system
relaxes asymptotically in time to a critical string. In the complete model, the identification
of the Liouville field with target time [16, 24] would define the appropriate renormalization-
group trajectory, which hopefully would pick up the appropriate asymptotic critical string
state dynamically. This still remains to be seen analytically in realistic models, although
it has been demonstrated numerically for some stringy models in [9]. Nevertheless, the
current toy example is sufficient in providing a non-trivial, and physically relevant, concrete
example of an inflationary Universe in the context of Liouville strings, a demonstration of
which we now turn to.

Inflation from Liouville Strings

Consider a non-critical σ-model in metric (Gµν), antisymmetric tensor (Bµν), and dilaton
backgrounds (Φ), with the following O(α′) β-functions (α′ the Regge slope) [40]:

βG
µν = α′

(

Rµν + 2∇µ∂νΦ − 1

4
HµρσHρσ

ν

)

,

βB
µν = α′

(

−1

2
∇ρH

ρ
µν + Hρ

µν∂ρΦ
)

,

β̃Φ = βΦ − 1

4
GρσβG

ρσ =
1

6
(C − 26) (64)

where Greek indices are four-dimensional, including target-time components µ, ν, ... =
0, 1, 2, 3 on the D3 brane worlds of ref. [11], and Hµνρ = ∂[µBνρ] is the field strength.

We consider the following representation of the four-dimensional field strength in terms
of a pseudoscalar (axion-like) field b:

Hµνρ = ǫµνρσ∂σb (65)

where ǫµνρσ is the four-dimensional antisymmetric symbol.
Choose the linear in time axion background [30]:

b = b(t) = βt , β = constant (66)

which yields a constant field strength with spatial indices only: Hijk = ǫijkβ, H0jk = 0.
This implies that this background is a conformal solution of the full four-dimensional
antisymmetric tensor O(α′) β-function.

We also consider a dilaton background linear in time t [30]

Φ(t, X) = const + (const)′t (67)

Rn, with n > 2 the number of extra dimensions, appears in (62), and thus in such cases the compactification
radii are significantly smaller.
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This background does not contribute to the antisymmetric tensor and metric β-functions
of (64).

Suppose, now, that only the metric is a non conformal background, due to some initial
quantum fluctuations or catastrophic events, like the collision of two brane worlds discussed
above and in [25], which result in the presence of an initial central charge deficit Q2 (61),
constant at early stages after the collision. Let

Gij = eκϕ+Hctηij , G00 = eκ′ϕ+Hctη00 (68)

where t is the target time, ϕ is the Liouville mode, ηµν is the four-dimensional Minkowski
metric, and κ, κ′, c are constants to be determined.

According to the discussion in the text, following (20), we require:

Q = −3H (69)

which partially stems from [17, 16]
ϕ = −t (70)

This restriction will be imposed dynamically [25, 16] only at the end of our computations.
Initially, one should treat ϕ, t as independent target space components.

The Liouville-dressing induces [15] σ-model terms of the form
∫

Σ R(2)Qϕ, where R(2)

is the world-sheet curvature. Such terms lead to non-trivial contributions to the dilaton
background in the (D+1)-dimensional space-time (ϕ, t, X i):

Φ(ϕ, t, X i) = Q ϕ + (const)′t + const (71)

Upon choosing (const)′ = Q, we observe that (70) implies a constant dilaton background.
We now consider the Liouville-dressed equations (20) for the β-functions of the metric

and antisymmetric tensor fields (64). For constant dilatons that we assume, the dilaton
equation yields no independent information, apart from expressing the dilaton β function
in terms of the central charge deficit as usual. For the axion background (66) only the
metric yields a non-trivial constraint (we work in units of α′ = 1 for convenience):

G′′
ij + QG′

ij = −Rij +
1

2
β2Gij (72)

where the prime indicates differentiation with respect to the (world-sheet zero mode of the)
Liouville mode ϕ, and Rij is the (non-vanishing) Ricci tensor of the (non-critical) σ-model

with coordinates (t, ~x): R00 = 0 , Rij = c2H2

2
e(κ−κ′)ϕ.

One should also take into account the temporal (t) equation for the metric tensor (for
the antisymmetric backgrounds this is identically zero):

G′′
00 + QG′

00 = −R00 = 0 (73)

where the vanishing of the Ricci tensor stems from the specific form of the background
(68).
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Moreover we seek metric backgrounds in Robertson-Walker inflationary form (de Sit-
ter):

G00 = −1 , Gij = e2Htηij (74)

Then, from (74), (68), (67),(66) and (69), and imposing (70) at the end, we do observe
that there is a consistent solution with:

Q = −3H = −κ′, c = 3, κ = H, β2 = 5H2 (75)

It is in such backgrounds that we consider the (back reaction) effects of recoiling D-
particles, by employing again Liouville dressing techniques and the identification [25, 24]
(70). As discussed in the text, we consider the effects only for times 0 < Ht << 1 for
the validity of our σ-model perturbation theory. As a consistency check of our approach,
we find that the identification (70), with opposite flows of Liouville and target time fields,
implies the decay of the back reaction effects as the time elapses (c.f. (24),(26)).
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