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We revisit the cosmological viability of the Hu & Sawicki modified gravity scenario. The impact
of such a modification on the different cosmological observables, including gravitational waves, is
carefully described. The most recent cosmological data, as well as constraints on the relationship
between the clustering parameter σ8 and the current matter mass-energy density Ωm from cluster
number counts and weak lensing tomography, are considered in our numerical calculations. The
strongest bound we find is |fR0| < 3.7 × 10−6 at 95% CL. Forthcoming cluster surveys covering
10,000 deg2 in the sky, with galaxy surface densities of O(10) arcmin−2 could improve the precision
in the σ8-Ωm relationship, tightening the above constraint.
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I. INTRODUCTION

Current cosmological observations have robustly
confirmed that the universe is expanding at an acceler-
ating pace [1, 2]. Unraveling the nature of the physics
responsible for such a phenomenon is, together with the
dark matter puzzle and the generation of the primordial
perturbations which seeded the observed structures in
our universe, one of the most important problems in
modern cosmology.

Understanding such accelerated expansion might lead
to a revolution in our knowledge of particles and/or
fields. The simplest and most minimal explanation is to
ascribe it to the presence of a vacuum energy density,
i.e. a cosmological constant Λ, dominating the energy
budget of the universe. This is the so-called ΛCDM
scenario, which corresponds to a flat universe made up of
roughly 25% of dark matter, 5% normal matter, and 70%
vacuum energy. This simple and economical scenario
is in spectacular agreement with existing observations,
however it is extremely fine-tuned [3, 4]. An alternative
possibility is to allow for a more general fluid, a dark
energy fluid, with an equation of state w different from
that of a cosmological constant, i.e. w 6= −1. Unlike
in the ΛCDM scenario, this parameter might change
during the expansion history. Scalar field models, in
which dark energy is identified with a quintessence scalar
field [5–8], are also a possible option to explain the cur-
rent accelerated expansion. However, these models have
the same fine-tuning problem of the cosmological con-
stant, as there is no symmetry in nature to explain the
tiny value of the minimum in the quintessential potential.

The third possibility, which is the one explored in this
work, relies on infrared modifications of the gravitational
sector. Modified gravity involves a modification of Ein-
stein equations on large scales, incorporating a plethora
of models with either extra spatial dimensions or with

an action which is non-linear in the curvature scalar (the
so-called f(R) theories, [9]) or higher order curvature in-
variants [10], see Ref. [11] for a complete review. Among
all the possible models, we shall focus here on f(R)
theories. Early work on the observational consequences
of these theories concluded that they are compatible
with both universe’s background measurements [12]
as well with data involving perturbed quantities [13].
However, these models may not satisfy solar system
constraints, because of the presence of an additional
scalar degree of freedom, fR ≡ df/dR, that mediates
a long-range fifth-force [14]. Hu & Sawicki proposed
a f(R) model which evades solar system constraints,
while mimicking ΛCDM at late times [15] ∗ In the
following, we shall restrict ourselves to this model and
to its observational signatures. Current cosmological
constraints as well as the expected errors from future
surveys on the parameters governing this model have
been previously addressed by a number of authors [17–
23]. Here we review the Hu & Sawicki model, paying
special attention to the B-mode signal in light of the
recent BICEP2 data [24, 25], as in Refs. [26, 27], where
f(R) theories have been analysed considering the impact
on the gravitational wave spectrum.

The structure of the paper is as follows. We start in
Sec. II with a brief introduction of the Hu & Sawicki
model, describing its general behaviour, limits, and most
important features. Section III focuses on the impact
of the model on the different cosmological observables,
such as on the Cosmic Microwave Background (CMB)
Integrated Sachs-Wolfe effect, lensing and gravitational
wave signals, as well as on cluster number counts and on
weak lensing tomography. In Sec. IV, we describe the
method and the data used in the cosmological analyses.

∗ For the required conditions in the context of chameleon theories
to have a cosmological impact, se Ref. [16].
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The constraints arising from these analyses are presented
in Sec. V. In Sec.VI, we present our conclusions.

II. THE HU & SAWICKI MODEL

The Hu & Sawicki model is described by the action

S =

∫
d4x
√−g

[R+ f(R)

2κ2
+ Lm

]
. (1)

In the above equation, Lm refers to the matter La-
grangian, κ2 = 8πGN and the f(R) is given in terms
of the Ricci scalar R by

f(R) = −m2 c1
(
R
m2

)n
1 + c2

(
R
m2

)n . (2)

The parameter m2 = κ2ρ0/3, where ρ0 is the current
mean mass-energy density and the parameters c1, c2 and
n are free parameters, to be determined by the observa-
tional constraints. These three parameters can be related
to the effective relative matter (Ω̃m) and dark energy den-

sities (Ω̃x) as

c1
c2
≈ 6

Ω̃x

Ω̃m
; (3)

and

c1
c22

= −fR0

n

(
12

Ω̃m
− 9

)n+1

. (4)

We assume in the following a flat geometry, and there-
fore Ω̃x = 1 − Ω̃m. Notice that the introduction of an
effective dark energy component with an energy density
given by Ω̃x represents only a redefinition of the param-
eters, i.e. there is no a dark energy extra component in
the universe, as the accelerated expansion is exclusively
arising from the gravitational sector.

The parameters c1 and c2 are related to the parameters
of the Hu & Sawicki model, n and fR0 ≡ fR(ln a = 0),

and to the effective matter energy density Ω̃m, as follows:

c2 = −6
Ω̃x

Ω̃m

n

fR0

(
12

Ω̃m
− 9

)−n−1
,

c1 ≈ 6
Ω̃x

Ω̃m
c2 . (5)

Notice that when n → 0, f(R) → 0, and therefore
one does not recover standard ΛCDM cosmology, since
there is no extra contribution from the gravitational sec-
tor to mimic the vacuum energy. In the limit in which
the curvature R� m2, f(R) reads:

f(R) ≈ −c1
c2
m2 +

c1
c22
m2

(
m2

R

)n
, (6)

from which we can learn that the ΛCDM limit is recov-
ered for either n → ∞ and/or fR0 → 0. As we shall
see in Sec. V, this is the parameter region preferred by
current cosmological data.

The modified Einstein equations for a generic f(R)
model are obtained after varying the action, see Eq. (1),
with respect to the metric gµν :

Gµν+fRRµν−
[
f

2
−�fR

]
gµν−∇µ∇νfR = κ2Tµν , (7)

in which fRR ≡ d2f/dR2. The resulting Friedmann equa-
tion is no longer algebraic but a second order differential
equation, which reads:

H2 − fR
(
HH ′ +H2

)
+
f

6
+H2fRRR

′ =
κ2ρ

3
, (8)

where the prime denotes derivative with respect to ln a
and H is the Hubble parameter. In order to solve the
modified Friedmann equation, we follow the treatment
of Refs. [17, 18], where two new auxiliary variables yH =
(H2/m2)−a−3 and yR = (R/m2)−3a−3 are introduced.
It follows that Eq. (8) can be expressed as

y′H =
yR
3
− 4yH , (9)

y′R = 9a−3 − 1

yH + a−3
1

m2fRR

×
[
yH − fR

(
yR
6
− yH −

a−3

2

)
+

f

6m2

]
. (10)

After solving the background equations in terms of the
new variables yH = (H2/m2)− a−3 and yR = (R/m2)−
3a−3, we obtain the Hubble parameter in the Hu & Saw-
icki model:

H(a) =

√
Ω̃mH2

0 (yH + a−3) . (11)

To analyse linear perturbations, we shall adopt the
conformal Newtonian gauge, where the line element reads

ds2 = −(1 + 2ψ) dt2 + a2(t) [(1− 2φ)δij + hij ] dx
idxj ,

(12)
where φ and ψ are the usual metric perturbations vari-
ables and hij is the physical tensor mode satisfying
hii = ∂ihij = 0 (traceless and transverse). The i − j
(i 6= j) component of the Einstein equations reads as [28]
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(1 + fR)(ψ − φ) + 2fRR

[
−12H2ψ − 6Ḣψ − 3Hψ̇ − 12Hφ̇− 3φ̈+

k2

a2
ψ − 2

k2

a2
φ

]
= −8πGNa

2Π , (13)
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FIG. 1. Top panel: Difference in the low ` CMB signal (rela-
tive to the corresponding ΛCDM model), for several possible
values of the Hu & Sawicki gravity parameters, and neglect-
ing the tensor contribution. Bottom panel: the coloured solid
lines refer to the ISW effect for the same models depicted
in the top panel, together with the ΛCDM model predic-
tion (dashed lines), with no tensor contribution. The light
green (shaded) region depicts the cosmic variance uncertainty,
while the data points are Planck low-` temperature measure-
ments [1].

where the dot refers to derivative with respect to the time
variable t and Π is the anisotropic stress tensor, present
for non-perfect fluids, satisfying Πii = ∂iΠij = 0 (trans-
verse and traceless), which includes the anisotropic stress
of both photons and neutrinos. Notice that, neglecting
these lasts, the ratio of the metric perturbations is no
longer 1. As we shall see in the following, this gravi-
tational slip between the metric perturbations is a very
distinctive feature of modified gravity scenarios, which
will help in distinguishing these models from other dark
energy schemes.

III. MODIFIED GRAVITY AND
COSMOLOGICAL OBSERVABLES

A. CMB: ISW effect and lensing

The Integrated Sachs Wolfe (ISW) effect [29] arises
from the time variation of the gravitational potentials.
The corresponding additional contribution to the CMB
temperature anisotropy (∆T/T )ISW measures the time-
dependence of the gravitational potentials along the line-
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FIG. 2. The solid lines denote the tensor power spectrum for
the Hu & Sawicki model for several possible values of af(R) =
0.03, 0.05, 0.1, 0.2 and 0.3 (from the bottom to the top) and
a tensor-to-scalar ratio r = 0.2. The dashed lines refer to
the ΛCDM model. The shaded region depicts the cosmic
variance uncertainty. The data points are the recent BICEP2
measurements [24].

of-sight, and is therefore proportional to (ψ̇ + φ̇). Modi-
fied gravity models can lead to a non-negligible signature
in the ISW effect at late times, when the effects of the
acceleration of the universe are important †. The non-
zero anisotropic stress caused by the new terms arising
in f(R) theories becomes then significant, leading to a
modification of the temperature anisotropies at low mul-
tipoles, see Eq. (13). The ISW effect in the context of Hu
& Sawicki gravity has been explored by a number of au-
thors, see Refs. [22, 30–32]. In the bottom panel of Fig. 1,
we plot the ISW effect for several possible values of the
parameters of the model, together with the ΛCDM pre-
diction (in dashed lines), the cosmic variance uncertainty
and the Planck low-` temperature data [1]. The largest
departure from the canonical ΛCDM predictions appears
at large values of |fR0| ∼ 10−2. In general, the ISW ef-
fect decreases monotonically as |fR0| increases, showing
a mild sensitivity to the value of n, in agreement with the
findings of Ref. [31]. The top panel of Fig. 1 depicts the
relative difference with respect to standard ΛCDM pre-
dictions, of the ISW effect in the Hu & Sawicki scenario,
for the same combination of parameters of the bottom
panel. As previously stated, there is always a suppres-
sion of power due to the different ISW effect in this family
of modified gravity models.

† In the following, unless otherwise stated, we shall assume that Hu
& Sawicki gravity starts operating at a scale factor af(R) = 0.1



4

CMB lensing measurements are, together with the ISW
effect, another powerful CMB probe to test the nature of
the current universe’s accelerated expansion. It was soon
realised that the CMB lensing signal will also be affected
by the non-vanishing anisotropic stress that naturally ap-
pears in f(R) theories [33, 34], as the lensing potential is
the sum of the two metric perturbations Φ = ψ + φ [35].
In f(R) theories, the lensing potential will therefore de-
pend on an anisotropic stress which arises exclusively
from the gravitational sector. More concretely, in the
quasi-static approximation, for sub-horizon modes, the
CMB lensed power spectrum will be modified with an ad-
ditional factor which scales like the square of the gravita-
tional slip between the metric perturbations (see e.g. [26]
for a recent treatment). We shall include CMB lensing
in our numerical analyses to maximise the sensitivity of
Planck data to modifications of gravity.

B. Effect of modified gravity on CMB tensor
modes

In standard general relativity, Einstein equations for
the tensor perturbations are given by

ḧij + 3Hḣij +

(
k2

a2

)
hij = 16πGNΠij , (14)

where Πij is the anisotropic stress tensor and we have
followed the notation of Ref. [36]. In modified gravity
models, as previously stated, there is an anisotropic stress
contribution from the gravitational sector, see Eq. (13).
Such anisotropic stress has been extensively explored in
the literature via different parameterisations [37, 38] ‡.
The effect of such an anisotropic stress in the B-mode
lensed signal for a particular case of modified gravity has
been recently explored by the authors of Ref. [26].

Here, we follow a different approach: rather than pa-
rameterising the anisotropic stress induced by the mod-
ified gravity model explored here (as in Ref. [26]), we
derive the evolution equations for tensor perturbations
in the presence of a generic f(R) (see also Refs. [11, 41]):

ḧij+
1

(1 + fR)a3
∂t
[
a3(1 + fR)

]
ḣij+

k2

a2
hij =

16πGNΠij

(1 + fR)
.

(15)

Using the expression of Ricci scalar, R = 6(2H2 + Ḣ),
the tensor perturbation equations in f(R) theories reads

ḧij +

[
3H + 6(4ḢH + Ḧ)

fRR
(1 + fR)

]
ḣij +

(
k2

a2

)
hij =

16πGNΠij

(1 + fR)
. (16)

Notice that in f(R) gravity scenarios, the tensor equa-
tions are modified, containing a new damping term and
an additional factor in the source term. Since f(R)
gravity models have an impact on the universe’s evo-
lution solely at late times, when the neutrino and ra-
diation energy densities are negligible compared to the
rest of the universe’s components, the modification in-
troduced by f(R) theories in the tensor equation source
term turns out to be negligible. However, the additional
damping term in Eq. (16) can affect the tensor pertur-
bation evolution, see Fig. 2 for an illustration of this ef-
fect on the predicted B-mode spectrum, for a tensor-
to-scalar ratio r = 0.2 and several possible values of
the scale at which modifications of gravity switch on,
af(R) = 0.03, 0.05, 0.1, 0.2 and 0.3 (from the bottom to
the top). We have also depicted the recent BICEP2
data [24] as well as the ΛCDM prediction (illustrated
by the dashed curve). Note that there is a suppression

‡ Modified gravity models are not the only ones inducing a non-
zero anisotropic stress. There are also some possible dark energy
models, with non-standard fluids, in which an additional contri-
bution to the total anisotropic stress may arise [38–40].

of the B-mode power spectrum with respect to the pre-
dictions for a ΛCDM scenario. The suppression grows as
the scale factor af(R) decreases, that is, the earlier mod-
ified gravity starts operating, the larger the suppression
in the tensor spectrum. This reduction in the B-mode
amplitude is independent of the Hu & Sawicki model pa-
rameters fR0 and n. This behaviour is due to the fact
that fR � 1 and both fR, fRR are proportional to |fR0|,
making Eq. (16) behave as an over-damped harmonic os-
cillator. The depletion of the gravitational wave spec-
trum appears at small multipoles ` < 10 (see Fig. 2)
i.e. at late times, where modifications of gravity start to
be relevant. However, this multipole interval is clearly
dominated by cosmic variance, making the task of dis-
tinguishing f(R) scenarios from ΛCDM through their B-
mode signature extremely difficult and challenging. This
conclusion might be avoided if the modifications of grav-
ity start to be dominant at earlier times z & 20, in which
case structure formation measurements would put severe
constraints on their viability.
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FIG. 3. Left panel: values of the σ8 clustering parameter as a function of the Hu & Sawicki parameters |fR0| and n. The light
blue (shaded) region denotes the 2σ region from Planck measurements. Right panel: The shaded cyan region represents the
3σ constraints from the PSZ catalogue measurement of the σ8-Ωm relationship. The largest solid red contours depict the 68%
and 95% CL constraints arising from Planck temperature data in the context of the Hu & Sawicki f(R) scenario, while the
smallest dashed blue regions show the equivalent after combining Planck temperature with PSZ cluster measurements.

C. The σ8-Ωm degeneracy

1. Galaxy Clusters

Galaxy clusters are by far the largest virialised ob-
jects in the universe, and therefore they provide a unique
way to probe the cosmological parameters. Cluster sur-
veys usually measure the cluster number count function
dN/dz; the number of clusters of a certain mass M within
a redshift interval (bin) z+ δz, which, for a given survey,
reads

dN

dz

∣∣∣
M>Mmin

= fsky
dV (z)

dz

∫ ∞
Mmin

dM
dn

dM
(M, z) , (17)

where fsky = ∆Ω/4π is the fraction of sky covered by the
survey and

dV (z)

dz
=

4π

H(z)

∫ z

0

dz′
(

1

H(z′)

)2

. (18)

The cluster number count function is related to the un-
derlying cosmological parameters, resulting in useful con-
straints. While the redshift is relatively easy to mea-
sure, the main uncertainty in this procedure comes from
the cluster mass, determined through four main available
methods: X-rays, velocity dispersion, SZ effect, and weak
lensing. The overall error in the cluster mass determina-
tion is usually around ∆M/M ∼ 10%. Moreover, in order
to relate the cluster number count function to the cos-
mological parameters, one has to input a mass function
dn(z,M)/dM describing the abundance of virialised ob-
jects at a given redshift. This mass function is obtained

through N -body simulations (see e.g. Ref. [42]), and de-
pends on both the matter mass-energy density and on
the standard deviation (computed in linear perturbation
theory) of the density perturbations

σ2 =
1

2π2

∫ ∞
0

dkk2P (k)W 2(kR) , (19)

where P (k) is the matter power spectrum, W (kR) the
top-hat window function,

W (kR) = 3 (sin(kR)− (kR) cos(kR)) , (20)

and R is the comoving fluctuation size connected to the
mass scale M as R = (3M/4πρm)1/3. Taking into ac-
count these inherent uncertainties, there are still some
degeneracies in the cosmological parameters probed by
cluster surveys. The most-known one is the σ8-Ωm de-
generacy, where Ωm ≡ ρm/ρc is the current dark matter
mass-energy density (normalised to the critical density)
and σ8 is the the root-mean-squared of density fluctua-
tion in spheres of 8h−1 Mpc radius, see Eq. (19).

Therefore, the cosmological parameter constraints ex-
tracted from cluster number counts are usually reported
by means of a relationship between the matter cluster-
ing amplitude σ8 and the matter mass-energy density
Ωm parameters. More concretely, cluster catalogues pro-
vide the measurement of the so-called cluster normali-
sation condition, σ8Ωγm, where γ ∼ 0.4 [43–45]. Here
we will consider the cluster number counts as a func-
tion of the redshift from the Planck Sunyaev-Zeldovich
(PSZ) catalogue [46], as we will carefully describe in
Sec. IV. In modified gravity theories, the matter power
spectrum P (k), and consequently the σ8 parameter, are
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Parameter Prior

Ωbh
2 0.005→ 0.1

Ωch
2 0.001→ 0.99

Θs 0.5→ 10

τ 0.01→ 0.8

ns 0.9→ 1.1

ln (1010As) 2.7→ 4

|fR0| 10−6 → 0.1

n 1→ 10

TABLE I. Uniform priors for the cosmological parameters
used in this work.

both modified in a non-trivial way, due to the presence of
additional contributions in the perturbed Einstein equa-
tions. The linear matter power spectrum for a generic
f(R) theory can be found in Ref. [28], while the non-
linear clustering in the case of the Hu & Sawicki sce-
nario has been explored numerically, using N -body sim-
ulations [32, 47, 48], and analytically, via modifications of
the HALOFIT § function [51]. Figure 3, left panel, shows
the values of σ8 for different values of the Hu & Sawicki
parameters |fR0| and n. We also show the 2σ allowed
region from Planck temperature data for this parameter,
σ8 = 0.829 ± 0.012 [1]. The value of the σ8 parame-
ter shows a clear departure from the 1σ allowed region
by Planck data. For a fixed value of the n parameter,
this departure increases with the value of |fR0|. Fur-
thermore, this departure is more significant for smaller
values of n ' 1, as expected from the naive analytical
analysis performed in Sec. II. The right panel of Fig. 3
shows, in the (Ωm, σ8) plane, as a shaded region, the 3σ
constraints from the PSZ catalogue measurement of the
σ8-Ωm relationship, σ8(Ωm/0.27)0.3 = 0.764 ± 0.025 (at
68% CL) [46]. The largest solid red contours depict the
68% and 95% CL constraints in the (Ωm, σ8) plane aris-
ing from Planck temperature data in the context of the
Hu & Sawicki f(R) scenario, while the smallest dashed
blue regions show the 68% and 95% CL constraints in
the same plane after combining Planck temperature and
SZ cluster measurements, as we shall describe in the fol-
lowing section. Notice that the allowed parameter re-
gion by Planck temperature data is noticeably reduced
when adding the PSZ cluster catalogue data, allowing
only small values for the σ8 parameter and therefore con-
straining |fR0| to be smaller than ∼ 10−6. These findings
will be fully explained and described in Sec. V.

§ HALOFIT [49] provides a modelling on the non-linear regime
of the matter power spectrum, and it has been revisited by the
authors of Ref. [50] to account for massive neutrinos.

2. Weak lensing tomography

Weak lensing tomography probes the matter power
spectrum P (k) via the correlations induced in the ob-
served shape of distant galaxies by large scale structure.
The observed ellipticity of a distant galaxy εobs is related
to its intrinsic ellipticity εs by means of the cosmic shear
γ: εobs = εs+γ. The 2-point shear correlation function is
then obtained after averaging over all galaxy pairs distant
by an angle θ. Therefore, the galaxy sample is divided
into redshift bins, cross-correlating the extracted shear
after summing after over all possible galaxy pairs in the
two redshift bins i and j. This estimate needs to be
compared with the theoretical prediction for the 2-point
shear correlation function, which depends on the under-
lying cosmology via the convergence power spectrum in
the i, j redshift bins

P ijκ (`) =
9H4

0Ω2
m

4

∫ χh

0

dχ′
gi(χ

′)gj(χ
′)

χ2
P

(
`

χ
, χ′
)
,

(21)
where H0 is the current value of the Hubble parameter,
χ′ is the comoving radial distance, χ is the comoving an-
gular diameter distance and χh is the horizon distance.
The factors gi(χ

′) and gj(χ
′) are the lensing weights,

which depend on the normalised galaxy distribution in
each of the redshift bins, see e.g. Refs. [52, 53]. Weak
lensing measurements alone are only sensitive to the over-
all amplitude of the matter power spectrum P (k), which
in turn depends on a combination of the σ8 parameter
and the current matter mass-energy density Ωm. Tomo-
graphic lensing surveys provide therefore additional and
independent constraints on the relationship between σ8
and Ωm.

IV. METHOD AND COSMOLOGICAL
DATASETS

The Hu & Sawicki f(R) gravity model explored here
is described by the following parameters:

{ωb, ωc,Θs, τ, ns, log[1010As], |fR0|, n} , (22)

where ωb ≡ Ωbh
2 and ωc ≡ Ωch

2 are the physical baryon
and cold dark matter energy densities, Θs is the ratio
between the sound horizon at decoupling and the angu-
lar diameter distance to the last scattering surface, τ the
optical depth to reionisation, ns is the scalar spectral in-
dex, As the amplitude of the primordial spectrum and
the parameters |fR0| and n are the Hu & Sawicki pa-
rameters, see Eqs. (2) and (4). The priors used for these
parameters are specified in Tab. I.

For numerical purposes, we have used the modified ver-
sion of the publicly available Boltzmann CAMB code [54]
for modified gravity models, MGCAMB [55, 56], extract-
ing the cosmological parameters with the Monte Carlo
Markov Chain (MCMC) package cosmomc [57]. There
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have been studies in the literature showing that the so-
called chameleon mechanism may affect the halo mass
function [47, 58–62], showing that for small values of |fR0|
the value of the σ8 parameter computed from CAMB us-
ing pure linear theory may be also inappropriate. The
change in the σ8 parameter introduced by the chameleon
mechanism could be addressed via simulations or addi-
tional fitting functions to the linear matter power spec-
trum. Indeed, the MGCAMB version that we exploit in-
cludes a modification of the HALOFIT function for the
Hu & Sawicki model from Ref. [51]. Such a non-linear de-
scription provides an accuracy below 10% provided that
|fR0| & 10−6. This justifies our choice of the lower prior
in |fR0| of 10−6, as this is the lowest value for which
MGHALOFIT has been calibrated.

Our basic dataset is the Planck CMB temperature
anisotropies data, including also the lensing likelihood,
see Refs. [63, 64], together with the 9-year polariza-
tion data from the WMAP satellite [65]. The likelihood
for the former datasets is computed by means of the
Planck collaboration publicly available likelihood tools,
see Ref. [64] for more details.

The BICEP2 collaboration, after three years of collect-
ing data, has recently reported evidence for the detection
of B-modes in the multipole range 30 < ` < 150 [24, 25],
with 6σ significance. However, as we have seen before,
the effects of the modified gravity model studied here
on the tensor spectrum appear in the ` < 10 multipole
range, region not covered by the BICEP2 data, where
cosmic variance dominates. Therefore, we shall neglect
the analysis of tensor modes in the following.

We have also considered Baryon Acoustic Oscillations
(BAO) data, which are the imprint of the competition
between gravity and radiation pressure in the coupled
baryon-photon fluid before the recombination era. The
BAO data considered here include the 6dF galaxy sur-
vey measurements at a redshift z = 0.106 [66] and the
WiggleZ Survey BAO measurements at z = 0.44, 0.6 and
0.73 [67]. These former measurements refer to the spher-
ically averaged clustering statistics, which is a function
of the angular diameter distance and the Hubble expan-
sion rate at a given redshift. However, if measurements
of the BAO signature along and across the line of sight
are feasible, a separate measurement of the Hubble pa-
rameter and the angular diameter distance are possible.
The Data Release 11 (DR11) from the Baryon Oscillation
Spectroscopic Survey (BOSS) [68] experiment, part of
the Sloan Digital Sky Survey III (SDSSIII) program [69],
provides, at an effective redshift of 0.57, DA(z = 0.57) =
1421 ± 20 Mpc× (rs(zdrag)/rs,fid) and H(z = 0.57) =
96.8 ± 3.4 km/s/Mpc ×(rs(zdrag)/rs,fid) [70], where
rs,fid = 149.28 Mpc is the sound horizon at the re-
combination period in the fiducial model and zdrag is
usually defined as the epoch in which the drag opti-
cal depth equals 1. We have also exploited the BOSS
Lyman alpha forest BAO signature [71]. The corre-
sponding effective redshift is z = 2.36, and the con-
straints are c/(H(z = 2.36)rs(zdrag) = 9.0 ± 0.3 and

DA(z = 2.36)/rs(zdrag) = 10.8± 0.4 Mpc.
As previously discussed, independent constraints on

the power spectrum amplitude σ8 and on the dark mat-
ter mass-energy density Ωm are obtained from the abun-
dance of clusters as a function of the redshift. We shall
consider here the cluster number counts as a function of
the redshift from the Planck Sunyaev-Zeldovich (PSZ)
catalogue, the largest SZ cluster sample with 189 galaxy
clusters [46]. The relationship between the matter clus-
tering amplitude and the matter mass-energy density is
σ8(Ωm/0.27)0.3 = 0.764 ± 0.025. Since the value of the
σ8 parameter is degenerate with the cluster mass bias,
fixing the bias parameter to the value obtained from nu-
merical simulations improves considerably the error on
the σ8-Ωm relationship: σ8(Ωm/0.27)0.3 = 0.78 ± 0.01.
We shall refer to the optimistic and pessimistic case as
(1) and (2), respectively.

On the other hand, other independent constraints on
the relationship between σ8 and Ωm arise from tomo-
graphic weak lensing surveys via measurements of the
galaxy power shear spectra. The CFHTLens survey
finds σ8(Ωm/0.27)0.46 = 0.774+0.032

−0.041 [53], after analysing
six tomographic redshift bins ranging from z = 0.28 to
z = 1.12.

The relationship between σ8 and Ωm from both the
PSZ clusters catalogue and the CFHTLens experiment
are added in our analyses by applying these constraints
to our Monte Carlo Markov chains. In order to do so, we
perform a post-processing of the MCMC chains obtained
from the analysis of the CMB and BAO data described
above.

We conclude this section by commenting on the com-
patibility of the datasets used in the present analysis.
The σ8 measurements from cosmic shear and cluster
counts show both a 2σ discrepancy with Planck CMB
temperature power spectrum estimates (see Sec. 5.5 of
Ref. [1]). This tension could be due to biases in the cal-
ibration of cluster masses, and including extra parame-
ters in the minimal ΛCDM model may help in reconciling
these two datasets [72–74]. In the present analysis, we
will follow as well this quite non-conservative approach,
using this additional independent σ8-measurements to
further constrain the Hu & Sawicki model parameters.

V. RESULTS

We show in Table II the 68% CL errors on the σ8 and
the Ωm parameters, as well as the upper 95% CL limits
on the |fR0| Hu & Sawicki parameter, for the different
possible data combinations explored in this study. Notice
that we do not show the limits on the n parameter, as
both the 95% CL upper and lower limits coincide with the
upper and lower priors respectively. This is related to the
fact that the effect of n on the cosmological observables
is much milder than the effect induced by fR0. Indeed,
while smaller values of |fR0| will produce cosmological
histories closer to a ΛCDM expansion model, a larger
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CMB CMB+BAO CMB+BAO CMB+BAO CMB+BAO

+SZ Clusters1 +SZ Clusters2 +CFHTLens

|fR0| < 4.8× 10−4 < 8.3× 10−4 < 3.7× 10−6 < 1.6× 10−5 < 6.5× 10−5

Ωm 0.37+0.04
−0.04 0.32+0.02

−0.02 0.291+0.006
−0.002 0.31+0.02

−0.02 0.30+0.02
−0.02

σ8 0.87+0.06
−0.04 0.86+0.06

−0.05 0.798+0.003
−0.002 0.81+0.02

−0.01 0.82+0.02
−0.02

TABLE II. 68% CL errors on the σ8 and the Ωm parameters, as well as the upper 95% CL limits on the |fR0| parameter of the
Hu & Sawicki model for the different possible data combinations considered in the analysis.
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FIG. 4. The left panel depicts the 68% and 95% CL allowed regions in the (σ8, |fR0|) plane for different possible data
combinations. In the case of the PSZ catalogue, we have only illustrated the most conservative case. The right panel shows
the equivalent but in the (σ8, Ωm) plane.

value of n will mimic the ΛCDM scenario until later in
the expansion history [15]. However, modifications of
gravity start to be important at relatively low redshift,
and therefore the impact of n is not as significant as the
one of fR0.

The 95% CL limit we get on |fR0| considering CMB
data (with lensing included) is |fR0| < 4.8 × 10−4. If
on the other hand the CMB lensing information is ne-
glected, the former bound weakens by one order of magni-
tude. Similar conclusions concerning the impact of CMB
lensing on cosmological analyses of f(R) theories have
been found in Ref. [21]. The above 95% CL constraint
of |fR0| < 4.8 × 10−4 quoted above is similar to the re-
cent limit |fR0| < 3 × 10−6 (at 68% CL) [23] and it is
milder than the one found using the WiggleZ survey [75],
|fR0| < 1.4× 10−5 at 95% CL.

However, once we add weak lensing tomography in-
formation on the σ8-Ωm relationship from CFHTLens,
we get |fR0| < 6.5 × 10−5 at 95% CL. Adopting the
pessimistic case of the PSZ catalogue, the 95% CL up-
per limit on |fR0| is 1.6 × 10−5, which is comparable to
the limit from the WiggleZ survey quoted above. On
the other hand, the PSZ optimistic scenario provides a

bound |fR0| < 3.7× 10−6 at 95% CL. This bound is sim-
ilar to the limit |fR0| < 3 × 10−6 at 95% CL found in
Ref. [76] studying strong lensing galaxy signals. How-
ever, our more optimistic case (|fR0| < 3.7 × 10−6 at
95% CL) is milder than the limits arising from galactic
physics, either from distance indicators (|fR0| < 5×10−7

at 95% CL [77]) or from the fifth-force effects on diffuse
dwarf galaxy components [78, 79].

Table II also shows that, when considering additional
cluster SZ data or weak lensing tomography measure-
ments, the mean values of σ8 are shifted towards smaller
values, and the errors on this parameter are reduced
roughly by a half.

Figure 4, left panel, depicts the 68% and 95% CL al-
lowed regions in the (σ8, |fR0|) plane for different possible
data combinations. Notice that the regions arising from
the analysis to Planck and BAO data show a degener-
acy which is identical to that shown in the left panel of
Fig. 3, indicating that |fR0| is positively correlated with
σ8. However, once that additional constraints on the σ8-
Ωm relationship are included in the analysis, the degener-
acy is broken and larger values of |fR0| > 10−6 are highly
disfavoured. The right panel of Fig. 4 shows the 68% and
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95% CL allowed regions in the (σ8, Ωm) plane. Consid-
ering CMB and BAO data only, these two parameters
show a quite large correlation, because of their very sim-
ilar effects on the power spectrum normalisation, as pre-
viously observed from the mean values and errors quoted
in Tab. II. When independent constraints on the relation-
ship between these two parameters are also considered,
as those from cosmic shear and/or counts of rich clusters,
the correlation among them is highly reduced, as well as
the errors on the clustering parameter σ8.

VI. CONCLUSIONS

Cosmological measurements of the Cosmic Microwave
Background (CMB), of type Ia Supernovae and of the
large scale structure in the universe have robustly es-
tablished that the universe is currently expanding at an
accelerating rate. The nature of the physics responsible
for such a phenomenon remains still obscure. A possible
explanation is that cosmic expansion is due to modifi-
cations in the gravitational sector at very large scales.
Among the plethora of possible models, in this work, we
explore the observational signatures of the Hu & Sawicki
model, which satisfies solar system constraints, and de-
pends on two parameters, fR0 and n. The effects of such
a model in the Integrated Sachs Wolfe effect and in the
CMB lensing have been carefully explored by some au-
thors. However, a complete study including both tensor
modes and additional constraints on the power spectrum
amplitude was lacking in the literature. Here we address
these issues, computing from first principles the modified
gravitational wave spectrum in this model. Even if there
is a modification in the damping and source terms in
the tensors equations (partially induced by the non-zero
anisotropic stress inherent to these family of models),
the effects of the modified gravity model studied here on
the tensor spectrum appear only in the ` < 10 multipole
range. Given that this region is not covered by the BI-
CEP2 experiment and furthermore it is cosmic variance
dominated, we conclude that tensor modes can not help
in distinguishing modified gravity from dark energy sce-

narios. Hence, we have neglected tensor modes in our
numerical simulations. We have carried out a Markov
Chain Monte Carlo (MCMC) analysis, using the most
recent CMB and Baryon Acoustic Oscillation (BAO)
datasets as well as independent constraints on the rela-
tionship between the matter clustering amplitude σ8 and
the matter mass-energy density Ωm from Planck Sun-
yaev Zeldovich (PSZ) cluster number counts, as well as
from the CFHTLens weak lensing tomography measure-
ments. Combining CMB, BAO and the most optimistic
σ8-Ωm relationship from the PSZ catalogue, we obtain a
bound on the parameter |fR0| < 3.7 × 10−6 at 95% CL.
This constraint is competitive with strong galaxy lensing
limits and stronger than previous estimates considering
cosmological data only [23, 75]. If we instead consider
the more pessimistic approach for the PSZ catalogue, in
which the cluster mass bias is taken as a free parameter,
we obtain |fR0| < 1.6× 10−5 at 95% CL. Concerning the
other parameter describing the model, n, it turns out to
be unconstrained, as its impact on the different cosmolog-
ical observables is much milder than the impact of the fR0

parameter. Future cluster surveys covering 10,000 deg2

in the sky, with galaxy surface densities of 10 arcmin−2

(30 arcmin−2), combined with forthcoming weak lensing
data, could reach a precision in the σ8-Ωm relationship
of . 1% (. 0.06%) [44], whereas 1.3% is the more op-
timistic error that we have considered here with current
data. This expected reduced uncertainty in the σ8-Ωm
relationship could improve further the bounds obtained
in the present analysis, provided that N-body simulations
for small values of |fR0| (i.e. |fR0| < O(10−6)) become
available in the literature.
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