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The instanton induced interaction leads to a significant enhancement of the A0 weak amplitude
determining the ∆I = 1/2 rule, through the contribution of operators with dimension d = 9, as we
show in the weak K → ππ decay.

Pacs numbers: 11.30.Hv, 12.15.-y, 12.55.Ji, 12.38.Lg, 13.25.Es

Recent experiments confirmed the large CP violation
in K → ππ decays [1,2]. One of the cornerstones of
this problem is famous ∆I = 1/2 rule [3,4]. This phe-
nomenological rule is related to the observation of a large
enhancement of the weak decays with an isospin change
of ∆I = 1/2 with respect to those decays with one of
∆I = 3/2. Several contributions have been considered
responsible for the enhancement [5–7]. One of them is
the well known perturbative QCD contribution due to
the exchange of hard gluons [8] . It arises from short dis-
tances, and large quark and gluon virtualities. Typically
the enhancement factor of these calculations is four, far
away from the data [9]. Another possible source of the
rule comes from long distance hadronic final state inter-
action (FSI) and can lead to an enhancement of the A0

amplitude which reaches about half of the experimental
value [10,11].

We propose a new large contribution to the weak am-
plitudes arising from QCD through the nonperturba-
tive multi-quark ’t Hooft interaction [12], induced by
strong fluctuations of the gluon fields known as instan-
tons, which strongly favors the rule. This interaction has
flavor properties, very distinct from those of the pertur-
bative gluon exchange, which magnify the interaction in
channels , like the I = 0 channel of the weak decays,
with vacuum quantum numbers. These properties are
instrumental in the resolution of the U(1)A problem [13]
explaining the large mass of η′ meson. We show here
that the same mechanism is relevant for understanding
the ∆I = 1/2 rule.

A multi-quark interaction arises from the existence of
quark zero modes in the instanton field. For Nf = 3 and
for zero current quark masses, mu = md = ms = 0, this
interaction is given by [14,15]:

H′tHooft =

∫

dρn(ρ)(4π2ρ3)3
1

6Nc(N2
c − 1)

ǫf1f2f3
ǫg1g2g3

{2Nc + 1

2Nc + 4
q̄f1

R qg1

L q̄f2

R qg2

L q̄f3

R qg3

L

+
3

8(Nc + 2)
q̄f1

R qg2

L q̄f2

R σµν q̄g2

L q̄f3

R σµνqg3

L

+ (R ↔ L)}, (1)

where ρ is the instanton size and n(ρ) is the density of
the instantons. In calculations we use the instanton liq-
uid model for the QCD vacuum [16,17](see reviews ref.
[18]). For quarks with nonzero virtualities, k2

i , the ver-
tex (1) should be multiplied by the product of Fourier
transformed quark zero modes in the instanton field

Z =
∏

i

F (k2
i ), (2)

which in the singular gauge has the form

F (k2
i ) = −x

d

dx
{I0(x)K0(x) − I1(x)K1(x)}, (3)

where x = ρ
√

k2
i /2 [19].

This interaction has a large quark helicity flip ∆Q =
2Nf , which comes from the definite helicity of the quarks
on zero modes. Moreover the Pauli Principle of these
quarks implies that the interaction is antisymmetric un-
der permutations of any incoming and any outgoing
quark. This property leads to a single instanton con-
tribution to the weak ∆I = 1/2 amplitude (see Fig.1).

The standard ∆S = 1 weak effective Hamiltonian is
given by

H∆S=1
eff =

√
2GF VudV

∗

us

8
∑

i=1

Ci(µ)Qi(µ), (4)

where the Qi operators, with dimension d = 6, used are
those of [8] and the coefficients Ci(µ) come from calcula-
tion of the hard perturbative gluon coupling to the weak
amplitudes. The scale µ ≈ 1GeV of these calculations
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determines the kinematical region where one can believe
pQCD, and the lower limit of the integration over the vir-
tuality of the quarks and gluons in loops created by gluon
exchanges. The matrix elements of the Qi(µ) operators
in (4) are calculated within nonperturbative approaches,
for example by bosonising the quark operators or by per-
forming lattice simulations.

d d

Instanton
L

L

R

R

R

W

s

ud

uL

I=0

I=0

Fig.1. The contribution of the six-quark instanton in-
duced interaction to the ∆I = 1/2 weak amplitude. W
denotes the W-boson exchange.

Our important observation is that there is some ad-
ditional term in the weak interaction Hamiltonian with
∆S = 1, coming from the six-quark interaction (Fig.1),
which corresponds to the operator of dimension d = 9,

Qd=9
I+Ī

=
2Nc + 1

2Nc + 4
ūRdLs̄RuLd̄RdL

+
3

8(Nc + 2)
ūRdLs̄Rσµν ūLd̄RσµνdL

+ (−1)P perm.(uR, dR, sR) + (R ↔ L) (5)

where P is number of the quark permutations and which
contributes only to ∆I = 1/2 transitions. Compared
with the gluon induced operators (4), this operator vio-
lates helicity conservation.

With respect to the scale of the new six-quark oper-
ators a comment is needed. We would like to treat the
operators in (4) as local, therefore the integration over
the quark virtualities in the loop of Fig.1 should be lim-
ited by the hadronization scale µ̃ ≈ ΛQCD ≈ 1/R ≈
m∗ = 260MeV , where m∗ = −2π2ρ2

c < 0|q̄q|0 > /3 is
the effective quark mass in the instanton vacuum.

One of the manifestations of the ∆I = 1/2 rule is
a huge enhancement of the K → ππ amplitude in the
isospin- zero state A0 as compared with amplitude to
the isospin-two ππ, A2, i.e., 22.2.

Our instanton induced weak interaction, which only
contibutes to the A0 amplitude, is shown in Fig.2, for the
K0 decays. We use the normalization for the K → ππ
amplitude of Bel’kov et al. in [4]

MK0→π+π− =

√

2

3
A0e

iδ0 +
1√
3
A2e

iδ2

MK0
→π0π0 =

√

2

3
A0e

iδ0 − 2√
3
A2e

iδ2

MK+→π+π0 =

√
3

2
A2e

iδ2 . (6)
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Fig.2. The contribution of the six-quark instanton in-
duced interaction to the K0 → ππ decay.

The calculation of the diagram in Fig.2 gives for the
induced effective Hamiltonian, responsible for the K0 →
π+π− decay and Nc = 3 ,

HK0
→π+π−

inst =
C1(µ)GF√

2
VudV ∗

us

∫

dρ
n(ρ)

2π2
(
4π2ρ3

3
)3

∫ µ

µ̃

dkkF 2(kρ/2)ūRdL{s̄RuLd̄RdL

+
3

32
(s̄RλauLd̄RλadL

− 3

4
s̄RσµνλauLd̄RσµνλadL)}, (7)

where C1(µ) is the Wilson coefficient of Q1 with I = 0 in
(4), which is related to the pQCD contribution for values
of the quark virtualities between µ and MW .

By using appropriate Fierz transformations and mak-
ing the PCAC substitutions

d̄γ5u =
−i

√
2Fπm2

π

mu + md

φπ+ ,

ūγ5d =
−i

√
2Fπm2

π

mu + md

φπ− ,

s̄γ5d =
−i

√
2FKm2

K

ms + md

φK0 , (8)

where Fπ = 93MeV , we arrive at the following matrix
element

MK0→π+π− = −C1(µ)GF VudV
∗

us

11

96π2

(
Fπm2

π

mu + md

)2(
FKm2

K

ms + md

)

∫

dρn(ρ)(
4π2ρ3

3
)3

∫ µ

µ̃

dkkF 2(kρ/2). (9)

We obtain an estimate of the instanton contribution
by using Shuryak’s instanton liquid model [16] with the
density given by

n(ρ) =
neff

(m∗ρ)3
δ(ρ − ρc) (10)
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and

neff = 1fm−4, ρc = 1.6GeV −1 (11)

In chiral limit, mu = md = ms = 0, from (9) we obtain

MK0→π+π− = −C1(µ)GF VudV ∗

us

11

12π2F 3
π

neff

∫ µ

µ̃

dkkF 2(kρc/2) (12)

where the Gell-Mann-Oakes-Renner relations

F 2
πm2

π = −mu < 0|ūu|0 > −md < 0|d̄d|0 >,

F 2
Km2

K = −ms < 0|s̄s|0 > −md < 0|d̄d|0 > (13)

have been used.
Therefore our final result for the six-quark instanton

interaction contribution to A0 amplitude is

Ad=9
0 = −

√
3C1(µ)GF√

2
VudV

∗

us

11

12π2F 3
π

neff

∫ µ

µ̃

dkkF 2(kρc/2), (14)

With the chosen value of the parameters (11) and LO
value C1(1GeV ) ≈ c1(1GeV ) − c2(1GeV ) ≈ 1.9, where

the values of c1 and c2 are given in [4] for Λ
(4)

MS
=

215MeV , we have for ratio

Ad=9
0

Aexp
0

= 0.5, (15)

where the Aexp
0 is the experimental amplitude [21].

The contribution of the instantons leads to a strong
enhancement of the A0 amplitude in weak K meson de-
cays. Let us discuss the various contributions to the final
number by using the, large NC , A0 amplitude

ANc→∞

0 = −
√

3

2
GF VudV ∗

usFπ(m2
K − m2

π) (16)

as a scale. The pQCD corrections provide us with a factor
of about 1.9, while the pure instanton contribution leads
to a factor of about 2.0. One should not forget that
additional contributions to the ratio, for example FSI,
will further increase it.

Away from chiral limit there are corrections to Eq.(15)
coming from additional terms proportional to the cur-
rent quark masses in the PCAC relations Eq.(8). More-
over there are other contributions arising also from SU(3)
breaking in K → ππ amplitude, e.g., those arising from
d = 6 instanton induced operators, others from the quark
non-zero mode contributions to the instanton field, etc.
Their analysis is beyond the skope of this paper. Anyway
we expect the chiral expansion to be relatively soft and
the ratio to change at most at the level of m2

K/Λ2
χ ≈ 25%.

The most intriguing term, because of its lower dimen-
sionality, is the one with dimension d = 6. Its corre-
sponding operators arise from the reduction of the six-
quark ’t Hooft interaction to a four-quark interaction by
closing one of the quark lines by a quark condensate. In
the SU(3)f limit and for Nc = 3 the effective ∆S = 1
lagrangian term induced by this interaction has the form
Eq.(4) with

Qd=6
I+Ī

= ūRdLs̄RuL +
1

4
ūRσµνdLs̄RσµνuL

−(uR ↔ dR) + (R ↔ L) (17)

and

C(µ)d=6 =
2C1(µ)neff

3 < 0|q̄q|0 >2 π2

∫ µ

µ̃

dkkF 2(kρc/2), (18)

The use of the vacuum insertion method [20] shows that
in chiral limit the contribution of this operator to K0 →
π+π− decay amplitude is zero.

We have shown that a novel mechanism arising from
the Nf = 3 ’t Hooft instanton induced interaction con-
tributes considerably to the empirical ∆I = 1/2 rule
found in the weak ∆S = 1 decays. This instanton in-
duced multi-quark interaction, due to its specific flavor
dependence, is able to contribute to the strong enhance-
ment of A0 amplitude in K → ππ decays. Moreover it
proclaims the importance of the contribution of higher
dimensional operators [22], in particular d = 9 in our
case, and the quantum numbers of the instanton induced
interaction, in the weak decays.

We should mention that recently an attempt to in-
corporate instanton physics into the description of weak
processes has been carried out by Franz et al. [23] within
the Chiral Quark Model of Diakonov and Petrov [17,24].
This approach takes into account only those terms of the
Nf = 2 instanton induced lagrangian which are leading
order in the 1/NC expansion and therefore does not con-
sider the mechanism we propose here, based on the full
Nf = 3 instanton induced lagrangian. Our mechanism is
an alternative to that proposed by Franz et al. which re-
quires, in order to produce a relevant ratio, anomalously
small values of the constituent quark masses at zero vir-
tuality, thus destroying the previous achievements of the
Diakonov-Petrov scheme.

Our calculation has been performed in the chiral limit.
Much work needs to be done to relax this limit. We
have discussed some of the new mechanisms one might
encounter. However, the fact that in the chiral limit our
result is quantitatively relevant signals the importance of
instanton physics in this field. One may thus conclude,
that direct instanton contributions of the type discussed
here cannot be omitted in any serious study of the non-
leptonic decays and are important in closing the gap be-
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tween the theoretical interpretation and the experimental
value.
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