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We prove that adiabatic regularization and DeWitt-Schwinger point-splitting provide the
same result for the renormalized expectation values of the stress-energy tensor for spin-1/2
fields. This generalizes the equivalence found for scalar fields, which is here recovered in a
different way. We also argue that the coincidence limit of the DeWitt-Schwinger proper time
expansion of the two-point function exactly agrees with the analogous expansion defined by
the adiabatic regularization method at any order (for both scalar and spin-1/2 fields). We
also illustrate the power of the adiabatic method to compute higher order DeWitt coefficients

in FLRW universes.

PACS numbers: 04.62.+v, 11.10.Gh, 98.80.-k, 98.80.Cq

I. INTRODUCTION

The quantization of the gravitational interaction is one of the most important and difficult
problems in theoretical physics. Quantum field theory in curved spacetime offers a first step to
joint Einstein’s theory of general relativity and quantum field theory in Minkowski space within a
self-consistent and successful framework E, |. The discovery of particle creation in the expanding
universe BQ] has revealed of fundamental importance. It implies that particles, perturbations and
gravitational waves are created out of the vacuum in the very early universe. This effect explains
the generation of primordial perturbations in the very early universe [6, 7] and also constitutes the
driving mechanism to account for the quantum radiance of black holes E] Within this framework
the quantum analysis of the expectation values of the stress-energy tensor is of major importance.
Since these and other quantities of physical interest are non-linear in the fields and their derivatives
at a single point, the corresponding expectation values diverge in the ultraviolet (UV) regime. This
requires renormalization procedures to get rid off the UV infinities in a self-consistent way. Even
for free fields, a curved space-time background introduces additional divergences that are absent in
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Minkowski space. The renormalization program gets then more involved and a number of methods
have been developed to regularize and renormalize expectation values of the stress-energy tensor
or other quantities of physical relevance.

The adiabatic subtraction method of regularization is the most efficient method to carry out the
renormalization program in homogeneous cosmological spacetimes. It is especially appropriated in
studies in which numerical methods has to be used. It was originally conceived as a way to overcome
the UV divergences in the expectation value of the particle number operator in Parker’s pioneer
work on gravitational particle creation H, u] It was later generalized by Parker and Fulling [9] to
consistently deal with the UV divergences of the stress-energy tensor of scalar fields in Fridmann-
Lemaitre-Robertson-Walker (FLRW) space-times. The adiabatic method identifies naturally the
UV subtracting terms in momentum space, since it is based on the adiabatic asymptotic expansion
of the modes characterized by the comoving momentum k. Tt involves a mode-by-mode subtraction
process, and in such a way that locality and covariance of the overall renormalization procedure
are fully respected. The adiabatic method is also particularly suitable to scrutinize the primordial
power spectrum in inflationary cosmology ﬂﬂ] (see also ]) It has also been used in the low-energy
regime of quantum gravity E], and more recently, in studies on the breaking of electric-magnetic
duality symmetry in curved space-time ]

An alternative asymptotic expansion (for the two-point function) to consistently identify the
subtraction terms in a generic spacetime was suggested by DeWitt ‘Ij], generalizing the Schwinger
proper-time formalism. The DeWitt-Schwinger expansion was implemented with the point-splitting
renormalization technique in | and it was nicely rederived from the local momentum-space
representation introduced by Bunch and Parker [17]. Furthermore, by brute force calculation Birrell
@ (see also the appendix in ]) checked that point-splitting and adiabatic renormalization give
the same renormalized stress-energy tensor when applied to scalar fields in homogeneous universes.

The extension of the adiabatic regularization method to spin-1/2 fields has been achieved very
recently , ] The main difficulty to extend the adiabatic scheme to fermion fields is that
the proper asymptotic adiabatic expansion of the spin-1/2 fields modes does not fit the WKB-
type expansion, as happens for scalar fields. However, as showed in @, ], the method has
passed very non-trivial test of consistency. One major goal of this paper is to prove that adiabatic
regularization and DeWitt-Schwinger point-splitting will give the same result for the renormalized
expectation values of the stress-energy tensor of spin-1/2 fields. We base our proof on the well-
known fact that two different methods to compute (7},,,) can differ at most by a linear combination

of conserved local curvature tensors. This result assumes that the renormalization methods obey
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locality and covariance B] Since (T),,) has dimensions of (length)™® the only candidates are
m4gw,, m2G s OH v and @f w (the last two terms can be obtained by functionally differentiating
the quadratic curvature Lagrangians R? and R, R*). It can be seen that the stress-energy tensor
needs only subtraction up to fourth order in the derivatives of the metric [, H], so that higher
order contributions need not be considered.

Therefore, the potential difference between the expectation values (T, W)“‘d, computed with adia-
batic regularization, and <TW>D S computed with the (DeWitt-Schwinger) point-splitting method,

is parametrized by four dimensionless constants ¢;, i = 1, ...4.
<T,14ud> - <T£S> = 01(1)Huy + 62(2)HW + 63m2GW + C4m4gw, . (1)

In our case, the constant ¢4 is necessarily zero since both prescriptions lead to a vanishing renormal-
ized stress-energy tensor when restricted to Minkowski spacetime. Moreover, in a FLRW space-time
the conserved tensors (2)];[W and WH wv are not independent, so we can assume without loss of

generality that co = 0. Therefore, we are left with
(T = (T1°) = et W Hpy, + c3m® Gy - 2)
Moreover, taking traces in the above relation we get
(TAYY —(TPS) = —6¢;0R — c3m’R . (3)

In the massless limit, the classical action of the spin-1/2 field is conformally invariant. The trace
anomaly calculated with the new adiabatic regularization method has been proved to be in ex-
act agreement with that obtained by other renormalization methods, and in particular with the
DeWitt-Schwinger point-splitting method. This implies that ¢; = 0. Obviously, the same argu-
ments and conclusions apply for a scalar field. The equivalence between both methods is therefore
reduced to check that the remaining parameter cg is also zero. This is actually the most subtle
point.

The comparison between (T4%) and (T'”%) can be better studied by taking into account that,

for a spin-1/2 fields, (T') = m(1¢)). The equivalence is then reduced to proof that
Wiyt = D), (4)

where () (1/;¢>Ad’DS stands for the subtraction terms, up to fourth order in the derivatives of
the metric, in the adiabatic and DeWitt-Schwinger expansions, respectively. As remarked above,
the fourth order is the order required to remove, in general, the UV divergences in the stress-

energy tensor. To prove () and achieve our goal we will make use of the (Bunch-Parker) local
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momentum-space representation B] of the two-point function. A conceptual advantage of our
strategy in comparing both renormalization methods is that it offers a better way to spell out their
equivalence. In fact, we will also show that the equivalence found at fourth order can be extended
to higher order, for both scalar and spin-1/2 fields.

The paper is organized as follows. In section II we consider a similar question for scalar fields.
As we have already mentioned, the equivalence of both methods has been checked in , 19].
We present here an alternative and simpler route that will allow us to proof the equivalence for
spin-1/2 fields. This will be done in section III. In section IV we extend our results to higher-order
adiabatic terms. We will argue that the coincidence limit of the DeWitt-Schwinger proper time
expansion of the two-point function agrees with the analogous expansion defined by the adiabatic

regularization method at any order. Finally, in section V we summarize our conclusions.

II. SCALAR FIELDS

A. Adiabatic regularization

The general wave equation for a scalar field ¢ in a curved space-time is (0 +m? + £R)¢ = 0,
where m is the mass of the field and £ is the coupling of the field to the scalar curvature R. If
the field propagates in a FLRW space-time (for simplicity we shall assume a spatially flat universe

with metric ds? = dt? — a?(t)d#?), it can be naturally expanded in the form
o) = [ @k [Ags@.t) + AL )] 5)

where the field modes f; are

[, 7) = —mme=lu (1) - (6)

These modes are assumed to obey the normalization condition with respect to the conserved
Klein-Gordon product. This condition translates to a Wronskian-type condition for the modes:
hth — hth = —2i, where the dot means derivative with respect to proper time ¢t. Adiabatic
renormalization is based on a generalized WKB-type asymptotic expansion of the modes according

to the ansatz



which guarantees the Wronskian condition. One then expands W} in an adiabatic series, in which

each contribution is determined by the number of time derivatives of the expansion factor a(t)
Wi(t) = wOt) + w@(t) + W (t) + ..., (8)

where the leading term w(© (t) = w(t) = \/W is the usual physical frequency. Higher
order contributions can be univocally obtained by iteration (for details, see Appendix A), which
comes from introducing (7)) into the equation of motion for the modes. This adiabatic expansion
([®) is basic to identify and remove the UV divergences of the expectation values of the stress-energy
tensor.

The adiabatic expansion of the modes can be translated easily to an expansion of the 2-point

function (¢(z)p(z")) = G(z,2’) at coincidence z = 2’
Coaale, o) = ;/d?’ﬁ[w‘lJr(W‘l)(z)+(W‘1)(4)+ ] )
Ad(z, SEn)a 2

As remarked above the expansion must be truncated to the minimal adiabatic order necessary to
cancel all UV divergences that appear in the formal expression of the vacuum expectation value
that one wishes to compute. The calculation of the renormalized variance (¢?) requires only second

adiabatic order, given by

w-ny@ - e ma smlat 3 — (@ +ad) (10)
202wW5 T dawd  8a2wT a2w3 '

The renormalization of the vacuum expectation value of the stress-energy tensor needs up to fourth
adiabatic order subtraction. The corresponding fourth-order contribution (W~1)(*) has 30 terms
and can be found in [9]. Therefore, the adiabatic subtraction terms, truncated to fourth adiabatic

order, can be rewritten as

1+(%—§)R m2a?2  m2a 5mta?
w 23 2a2w5  dawd  8a2w7

+ (W HW | a1

1 -
(4)GAd(ZE,ZE) = W/d3]€

where we have taken into account that R = 6[a?/a? + d/a] in FLRW universes.

We note that only the first two terms in (III) are divergent. The remaining terms can be inte-
grated exactly in momenta producing well-defined finite geometric quantities. Taking into account
that w = (EQ /a® + m?)'/2 the integration of the second-order adiabatic terms is independent of

the mass and gives

(12)

1 /3~ m?a? +m2d 5m*a’] R
2(2m)3a3 202w5  4awd  8a2w’ | 28872



The integration of the fourth-order terms turns out to be also a well-defined geometrical quantity

1 37 —1\(4) _ az
2(2m)3a3 /d BW)T = 16m2m?2 ’ (13)
where
1 117 , 171 1 W s
a2:§ 6—6 R —6 g—g DR—@(RW/R _R,uwych ) N (14)

is just the coincident point limit as(x) = lim, . az(x, 2') of the second DeWitt coefficient ag(z, z")
]. (We note that, for our conformally flat space-times, we have R,,,,sR*/7° = 2R,,, R" — %RQ).

Summarizing, the two-point function for a scalar field at coincidence and at fourth-adiabatic
order is given by

R a9

1 (g-9R
28872 + 1672m?2 7

;—i_ 2w3

DGy, 7) = — / dkk? (15)
0

4203

where the formal divergent term can be understood, for future purposes, as the point-splitting

limit

1 = 2 % —OR
47r2a3/0 dkk

L

w 2w3

. 1 1 (§-9R
= 1 — Z 46~
|A;‘c*]\qi>0 4m2a3 /0 dk k|AZ|

w 2w3 (16)

B. Local momentum-space representation and DeWitt-Schwinger expansion

An alternative asymptotic expansion of the 2-point function in momentum space was introduced
by Bunch and Parker in [17]. It was proposed aiming at extending to curved space the standard
momentum-space methods of perturbation theory for interacting fields in Minkowski space. This
way the standard Minkowskian propagator of a scalar free field in momentum space (—k? +m?)~!
is replaced by a series expansion. The Fourier transform leading to local-momentum space is
crucially performed with respect to Riemann normal coordinates y* around a given point 2/, which
constitutes the best possible approximation in curved space to the inertial coordinates of Minkowski
space. In contrast to the adiabatic regularization, the method is valid for an arbitrary space-
time. It does not serve to (adiabatically) expand the mode functions, which are otherwise highly
ambiguous in a general background. The method works directly with the two-point functions,
which are regarded as the basic buildings blocks of the renormalization process.

The covariant expansion of the 2-point function Gpg(x,x’), obeying the equation

(O +m?* + ER)Gps(a,a') = —|g(a)| 26z — "), (A7)



is defined in the local-momentum space

—ila(z)|~Y -
GDg%xq:-J%#%if/ﬁﬂmmwxm, (18)

where ky = koy® — kij (note that y#(2’) = 0), by the series

o 1 (5 — &R i(F—¢) 0 1 1 9 0 2 2\—2
OO = T TR mE T 2 ok, R w3 ok, ok ™)
1 2,2 1
g o [ 1
+ (6 g) B+ 30| e T (19)
where
1
1 1 1 1 1 1
Aap = € 6)R;a5 + 5o Riap — —URap — _Ra)\RAﬁ + _RROMBRH)\ + _R)\MHOJRAW@B - (20)

2 120 40 30 60 60

To compare this local-momentum expansion with the adiabatic one introduced in section [T Al
we have to convert the momentum-space four-dimensional integrals into three-dimensional inte-
grals. After performing the kY integration in the complex plane, where the poles in G(k) at
ko = £V k2 + m2 has been displaced in the same way as the analogous Green function in Minkowski
space-time, one gets tridimensional integrals. Since all Green functions have the same UV diver-
gences we can perform the contour £? integration using, for instance, the Feynman prescription for

displacing the poles. The result is, up to fourth adiabatic order

(4)GDs(a:,a;’) = M /d3/<; e—i(Eg—\/myO)

2(2m)3
ao ar(z,2")(1 — iy'w) n 3ag(x, ") (1 — iy’w — (y°)%w?) (a1)
(k2 + m2)1/2 2(k2 4 m?2)3/2 4(k2 4+ m?2)5/2
—1/4 0o =
= % dk ksin(k|y)) eV k2 +m2y
2m)2lgl Jo
_ ao N al(azla;’)(l —iy'w) N 3a2(az,x’)(£ —iyw — (y°)%w?) (22)
(k2 + m2)1/2 2(k2 + m?2)3/2 A(K2 + m?2)5/2
where ag = 1 and, to fourth adiabatic order,
ay(z,2') = E — {] R(2") + % [% — 5} R.o(2)y® — %aaﬁ(x’)yayﬁ ,
11 2 1
aloa) =3 |- €| B+ o). (23)

turn out to be the first DeWitt coefficients. The integrals can be worked out analytically and (21)

gives the first three terms in the DeWitt-Schwinger expansion of the two-point function [2]

z)|~/ m ay(x, o as(z, o’
@ Gps(z,a') = |9(4)7T|21 4 [\/__%Kl(m —20) + %Ko(m\/—%f)—l—%\/—%ﬂﬁ(m —20)] ,(24)



where o(x,x’) is half the square of the geodesic distance between x and 2/, i.e., o(z,2') = %yuy“ =

((y°)? — #%)/2, and K are the modified Bessel functions of second kind.

|—1/4

It is also important to note that the factor |g(x) in the above expressions is evaluated in

‘—1/4

Riemann normal coordinates with origin at 2’. The biscalar that reduces to |g(x) in arbitrary

coordinates is AY2(x,2), where A(z,z’) is the Van Vleck-Morette determinant, defined as
Az, ') = ~|g(a)| 7/ det[~ 0,0, 0 (w, )] |g(«")|71/? (25)

These expressions fit identically with the conventional definition of the DeWitt-Schwinger expan-

sion, as first stressed in B], which is usually written as

AYV2(z, 2!y [ ids . 9 o ,
Gps(z,z') = = / (is)? exp (—zm s+ %> F(x,2';is) , (26)
with
F(x,2'5is) = ag + a1(z, 2')is + ag(z,2')(is)? + ..., (27)

where ag = 1, a1, as, ... are the DeWitt coefficients. To sum up, the Bunch-Parker local momentum-
space expansion turns out to be the momentum-space version of the DeWitt-Schwinger expansion

of the two-point function.

C. Comparison between VG 44(z,7) and DG ps(z,7)

To compare the expression ([24]) for Gpg(z,2’) with the result of adiabatic regularization we
have to take the coincident limit = 2’ and restrict our analysis to a spatially flat FLRW universe
ds? = dt?> — a?(t)dz?. The comparison is not trivial since in the DeWitt-Schwinger formalism the
point-splitting is studied in terms of the geodesic distance o. As a first approximation, the normal
Riemann coordinates in our FLRW space-time are i ~ aAZ. To rigorously compare with the
adiabatic expansion we need the higher order relations between the physical coordinate@t, Z) and

]

the normal Riemann coordinates (y°,%). The following relations (with H = a/a) hold

1 1
Y0 = At + §a2A£’2H + gazAg:ﬂAt <1—}; - H2> +.., (28)
. . 1 At2
y' = al2' |1+ HAt + 6a2Af2H2 + Tt (% - H2> - ] . (29)

Moreover,

a* A7t
12

1 R
— 20 = ~ A2 + 2AFP + A2AFPHAL + ga%:ﬁ?m? (E — H2> + H*+ ..., (30)



where, in order to compare to our previous result using the adiabatic regularization, we can just
take At = 0 without loss of generality and remain the point splitting in AZ.

A useful identity for our purposes, using ([B0]) at temporal coincidence At = 0, is

1 1 H? 9
e T AR 13T O(AZ?) . (31)

Note also that the factor |g(x)|~"/* in (24 is evaluated in Riemann normal coordinates with origin
at 2’ so we can expand |g(z,2’)| /4 = AY2(z,2") = 1 — 5 R y"y” + ... . Another useful relation

can be derived using this with formulas (28)-([29) [note also that Roy = 3%; R;; = —a® (£ + 2H?)],
—1/4 4 2, 4|0 3/2
lg(z)] =1- [2H" + i +O(c??) . (32)

Taking into account (BI) and (3Z), the zeroth order contribution to MG pg(z,z) can be re-

expressed as

I %KW =) = lim,lo(o)| |- o+ Ollos(—o1)] )
= g2 A g Ko (malAT) (34)
- gt g ) OGS @
Furthermore, the second order contribution is
s SO ) e 50—t (g x Ot (36)
~ im L L9 g g &
s [T

while the fourth adiabatic term is given by

i J9@) " as(w, 2')
rz—x’ 47‘(’2 4dm

VI3 (my/ 2o = 22l (39)

1672m?
To sum up, we finally get

R as(x)

. 40
28872 16m2m?2 (40)

Waps(z,z) =

lim
|AZ|—0 4m2a3

>~ in(k|AZ]) |1 (5-9R
dkk@L — 6
/0 k|AZ| w * 2w3

By direct comparison with (I5]) and (6] we obtain

(4)GAd($7$) = (4)GDS($7:E) . (41)
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D. Equivalence for (7),,)

For the sake of simplicity it is now convenient to restrict ourselves to the case £ = 1/6. The
reason for which we focus on this particular case is because the spin 1/2 case turns out to be
completely analogous, so that it is an illustrative example. In this situation the trace of the stress-
energy tensor can be expressed as (T') = m?(¢?). The equivalence (T)A? = (T)P% and hence
(Tw)A = (T,,)P9 (ie., c3 = 0, according to the definitions and arguments given in section [I),

comes directly from the equivalence WG 44(z, z) = DGps(z, z), since
(1A~ (1P5) = m? | VGps(2,2) — DGaalz,2)] =0. (42)

For a general £, one can compute the stress-energy tensor by acting on the symmetric part of

G(z,z') — @ Gﬁjﬁ with a certain non-local operator, (T}, (z)) = limgy_; Dy (z,2")[G(x,2") —
WaG(z, )] B, ,116]. In section V we have shown the equivalence G 4(z,2') = DG pg(x, '),

which immediately implies (7}, )4? = (T},,)P¥ for a general ¢.

ITII. SPIN-1/2 FIELDS

A. Adiabatic regularization

The first step in the adiabatic regularization is to define an asymptotic expansion of the field
modes. The expansion can be regarded as definitions of approximate particle states in an expanding
universe in the limit of infinitely slow expansion. S‘jin-l /2 fields obey the Dirac equation. In a

,%

general background it is given by (see, for instance
((y"Vy—m) =0, (43)

where /() are the spacetime dependent y-matrices satisfying the condition {y#,7"} = 2¢" and
V, = 0, — I, is the covariant derivative associated to the spin connection I',. Let us assume
a spatially flat FLRW space-time, with line element ds? = dt? — a?(t)dz?. The y-matrices are
related with the constant Dirac y-matrices in Minkowski spacetime by the simple relations: 10 =
7%, 4%(t) = 7*/a(t). The Dirac equation takes the form

3ia

a

5 F-V-—m|y=0. (44)

. i
79 + p
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For our purposes it is convenient to work with the Dirac-Pauli representation for the Minkowskian

Dirac matrices

I 0 0
0 -1 —7

; (45)

S Q

where the components of ¢ are the usual Pauli matrices. For a given comoving momentum k, the

basic independent (normalized) spinor solutions are

ug, (v) = < . ; (46)

vy (@) = , (47)
where k = \/2] and &, are constant and normalized two-component spinor ﬂf » = dya. They are
chosen to be helicity eigenstates ‘;—EQ(E) = (A\/2)&x(k), where A/2 = +1/2. In this decomposition,
hé and hil are two particular time-dependent functions obeying the following coupled differential

equations

(0, + im)hL. hl = %(at —im)hil . (48)

1a

17 _
hk_k‘

The following self-consistent expansion for the field modes was found in @]

w+m ot qunar w—=m _;t o
hi(t) ~ (| e SO R ) ~ e SO G (19)

0=

where w = w (k/a(t))? + m? is the frequency of the mode and the time-dependent functions

Q(t), F(t) and G(t) are expanded adiabatically as
Q) =Y W), Fi)y=) FM@). Gt = ¢"@). (50)
n=0 n=0 n=0

W™, FM) and G™ are functions of adiabatic order n, which means that they contain n derivatives
of the scale factor a(t). We impose F(©) = G(0) =1 at the zeroth order to recover the Minkowskian
solutions for a(t) = 1. We can solve w(™, F(™ and G™ for n > 1 by direct substitution of the
ansatz ({9) into (@8] and solving the system of equations order by order. We also have to impose,
as an additional order by order requirement, the normalization condition |hl(¢)|? + [RIL(t)]? = 1.
For details, see , ] The adiabatic series obtained in this way contain an ambiguity, which do

disappear in the adiabatic expansion of physical vacuum expectation values. It is very convenient,
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for the sake of simplicity, to impose at all adiabatic orders the additional condition [/ mG™ (m) =
—ImF™ (m). It implies that F(™(—m) = G™(m) and removes all the ambiguities. Explicit
expressions for the series expansion up to fourth adiabatic order are displayed in @, E] The
algorithm to obtain systematically w(™, F(™ and G for any nth adiabatic order is shown in
Appendix B.

In parallel to the scalar field, the adiabatic expansion of the spin-1/2 field modes can be trans-
lated to an expansion of the two-point function (¥ ()g(z')) = Sas(z,2’) at coincidence z = z'.
Moreover, since we are mainly interested to study the stress-energy tensor we will restrict our anal-
ysis to the trace of the two-point function (¢(2")(z)) = trS(z,2’). Evaluating this at coincidence,

the adiabatic expansion up to fourth order is

11
0V Spslo.) = s [ Pllal R~ 1P (51)

where

w+m v 4
) =1/ 5 ZF(" ) exp —z/ Nat'|
w—m ¢ 4
=4/ 50 ZG(" exp —z/ thdt'| . (52)

Taking into account that the trace of the stress-energy tensor can be expressed as (T') =

m{¢(x)p(x)), it is very convenient for our purposes to rewrite (5I) in terms of the expansion

for the energy density and pressure ]

(4) 3 (2Z
NS aa(w.2) = G [ k:z (53)
where,
o) = 2w, (54)
4:2 2.2
9 m*a m-a
pl(c)_ 4502 | dwdal (55)
wla 4w a
2
0 _ 2w 2m 56
2.9 2. 4. 4.2 6:2
m-a m-a m=a m-a 5mPa
p,(f)— 52 3. T To5 53 7.2 (57)
12w2a 6w a  6w’a 2w’a 12w’a

and the contribution of the fourth adiabatic order is itself finite and gives

1 trA
= | BEI,® (4) 2
(27T)3a3m/ =] = 167m2m ’ (58)
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where Ay turns out to be one of the DeWitt coefficients for spin 1/2 fields at coincidence H, H]

(see next subsection)

Ay(z) = ag(€ = 1/4)1 + — 2[aﬁ]2h§]R“5 R, (59)

48

In this equation ay(§ = 1/4) is the DeWitt coefficient for a scalar field with curvature coupling
§=1/4, and

1
Zlag) = [7 Vg~ Lﬁa] : (60)
Taking into account that
tr {Z1ag1 210} = 9698y — Gy 986 > (61)

the term (B8] accounts for the trace anomaly in the massless limit

© 1672 2880m2m

trAs 2 [ 11

-5 <RWR’“’ 3R2> +3DR] . (62)

Let us analyze with detail the lower orders. The zeroth order contribution is easy to handle

3 0 0 —-m 2 1

However, the second adiabatic order is more subtle. Using the stress-energy tensor conservation

[which is equivalent to impose the condition p,g") + 3H p,(fn) = 0], and dimensional regularization,

one can eventually arrive at the following expression

1 3 2) 2)7 _ —mR 1 4
(2m)3acm /d klp 3l = Tlln_q}}l 2472 |n—4 '3 log2| - (64)
Using now the identity
4m > s R . —mR 1
4r2a3 ) di k 24wd Jire, 2472 [n —a" 1—log 2} ’ (65)
([64]) can be finally expressed as
1 mR m o R
[ PE[p? —3p?) = 4 | — - —— dk k> ——| . 66
(2m)3aPm / P = 3] 28872 4n2dd J, 2403 (66)
Summing up we have
R AmR trA
tr@) 2 _ 2
Sadl, ) / dk L 24w3] 28872  167°m

tTAQ

= —4mP G ag(w, T)|¢=1/4 + 16m2m
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B. Local momentum-space representation and DeWitt-Schwinger expansion

Following B, ], one can construct an asymptotic expansion for the two-point function
(Y(z)(x")) = S(z,2") as follows. Introduce the bispinor G(z, ') as

S(z,2') = (IV"Vu + m)G(x, ') . (68)
This way we have, as desired,
(Z'ZMV“ — m) S(x,2") = <D +m?+ iR) [—G(z,2")] = |g(:13)|_1/25(:17 -z’ (69)

where we used the identity, (zﬂvu)Q =0+ %R H] We can perform a Fourier expansion in Riemann

normal coordinates around z’, as in the scalar case,
|—1/4

G(z,2") = _Z|£é(2i))4

The local-momentum expansion for spin 1/2 fields is basically that one for spin 0 fields taking

/ dk G (k) . (70)

Eﬁjél, except for additional spinorial contributions. The detailed expansion can be looked up in
, 17]

, and up to fourth adiabatic order reads

o I RI I 1 ap x| 0 1
Glk) = {—k2 +m? 12(-k2 +m2)? [24R;“ T g lea ?A] ko (—k% +m?)?
]I 1 Q afSA oS\ 1 QU 5 QU 5
+ [gaaﬁ(é‘ =1/4) - 4_82[0c6](RR B;w +R B,u;)\y + R ﬁu;)\u) + %E[QB}E[’Y(S}(R Bi\lRﬁf wt R B)I\JRW )\u)
9 0 2 2\—2
X o 8/4:5( kE* +m?)

The above expression for the spinor matrix S(z,z") provides an asymptotic expansion of the
two-point function (1(x)1(z’)), which also turns out to be equivalent to the DeWitt-Schwinger
expansion [17]. Since we are mainly interested in (¢(z)y)(x))DS we take the trace of S(z, ') in
the above formulas. Taking into account that tr (y#...~yH2t+1) = 0, and after performing the

contour kU integration, as in the scalar case, we obtain
tr (4)SDS(ZE ) = _4m’9(x)‘_1/4 /d3ke—i(l§zj—\/ E24+m2y0) 1 _ R(1 - iy'w)

(
22 w22 oA Ly
(72)

Restricting now the analysis to a spatially flat FLRW spacetime with metric ds? = dt? — a?(t)dz?

and proceeding in parallel to the scalar case we get, at coincidence x = 2/,

trAs(x)

1672m (73)

tr (4)SDS(x,x) = —4m (Q)GDS(x,x)\§:1/4 +

(71)
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C. Comparison between tr (Y S(z,2)ps and tr Y S(z,2) 44 and equivalence of (7),,)

It is clear from our previous results that we have a complete agreement between tr 4§ (z,2)ps

and tr M S(z,2) 4q

o0

tr (4)5(33,33)[)5 =tr (4)S(a:,a:)Ad =———

(74)

d k2 [1 R ] AdmR  trAx(z)

w  24w3] 28872 ' 167m2m
As argued in section I, and taking into account that (T') = m (%)), the equivalence (T)4¢ = (T)PS
for spin-1/2 fields, and hence (7)) = (T},,)P°, can be simply derived from (74).

IV. EXTENSION TO HIGHER ORDERS

The results obtained in previous sections suggest that the equivalence may go beyond the fourth
adiabatic order, i.e., the order required to prove the equivalence for the renormalized expectation
values of the stress-energy tensor. We have checked by computed assisted methods that our fun-
damental relations MG aq(z, z) = DGpg(z, x) and tr B S(x, x) 49 = tr Y S(x,z)ps are also valid
at sixth adiabatic order. In the former case we have

1 (§—9R

R a as
w + 2uw3

288712 16m2m? + 1672m4 ’
(75)

1 [ee]
O gq(z,2) = ©OGps(z,z) = e / dkk?
0

where the value obtained for the purely sixth adiabatic order contribution matches exactly with
the third order DeWitt coefficient a3. The general expression for the coefficient ag, which has 28
terms, was first obtained in M, Q], and can also be found in H (see chapter 3, section 3.6). We
note that the above agreement is consistent with that found in E}, E] in terms of the sixth order

adiabatic approximation for the renormalized stress-energy tensor for scalar fields.

We have also tested the equivalence at sixth adiabatic order for spin-1/2 fields

& 1 R 4mR trAs trAs

tr ©g —tr ©g = akk| - - - .

r S a)ps = tr WS x)aa = — 25 | w 2403 28872 | 16m2m | 1672m3
(76)

The adiabatic method produces the result

e — _3@_4§+§ﬁ§_ 4a° +3a_3g_gad'a'_ a? _a2"d‘+ Q' +2aa<5>+@ (77)

57 "2la%a 21a2a? 45a® 21ada 5 a3 210a® 1503  105a2  35a2  70a
where we have used the obvious notation (a(™ = i—la). We have checked that (7)) agrees with
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the third order DeWitt coefficient for fermions @],

R 1 . . 1 . .
— — _ yablsafed] | _ZY 1224 = Y Nej - ) vio
Ag(l’) a3(§ 1/4)]I 2 |:576 Rab;wR + 720 Rab;w cdaf3 + 120 Rab,uu Rcda
1
"‘ﬁsORabuu;aR 4+ 7 RaﬁRab aRcd,uﬁ — mR‘waﬁRabuyRcdoﬁ}
1 ab]y[cd] s [e v
—I—%E[ IaledIyl ’f]Rab;chd ’YRef T (78)

We have also checked that this contribution is consistent to the urely sixth adiabatic order for

1] (see also ])

the renormalized stress-energy tensor that has been reported in

Taking into account all this, it seems natural to argue that relations (78l and (76l are also
valid for an arbitrary nth order, since both adiabatic and DeWitt-Schwinger methods provide a
series expansion in which each contribution is univocally derived from some well-defined recursion
relations using the first order terms as seeds for iteration. We have explicitly seen that the leading
six order contributions agree, so it is very likely that higher order terms will agree as well. The
calculation of the fourth and higher order DeWitt coefficients has been an elusive problem for a
long time. The formal solution, given by a very involved recursion mechanism, was given in [2§].
To show the power of the adiabatic method for cosmological spacetimes, and also as an illustrative
example, we have easily worked out the explicit form of the fourth DeWitt-Schwinger coefficient

as(z) using (A3). It is given in Appendix C.

V. EXTENSION TO SEPARATE POINTS

Finally, we would like to analyze the two-point functions, expanded up to a given adiabatic
order, at separate points. The calculations are much more involved. We illustrate here explicitly
the equivalence found at fourth adiabatic order for scalar fields. The adiabatic scheme provides

the following result

1 Lol B—OR m2a2 m2i 5mia? _
(4) — AN 37 kAT | © 6 _ 1\(4)
Gaa((t,2), (1, 7)) 2(2m)3a3 /d ke o s 2025 | dawh | Balwl W)

m (5 —9R .

= rE PR Ki(am|AZ|) + (SSTKO(ameD

bRl A#) Ky (am| A7) — T2 (aml AF) Ko(am|A)
288 D) ma xr Lam X 96 D) am X olam xr

1 g iﬂ 7 —

+ W/d%e’*cA (Ww—H (79)
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where

1 37 iRAZ v —1\(4) _
2(27r)3a3/dke W= =

Ky(am|AZ|) {_7|A:17|4a4H4 B 11m?|AZ)*a* H?G B |AZ|?>CaH?%a N 43|AZ|2a’ H?d

2 5760 5760a 4a 960a
3|AT|%a2  |ATR¢a? TIAT)? a |ATPEH G |ATPaa
52022 16 960 @ 16a 960a }

+K1(am|A3_§|) {H4 [|Af|a _ 3¢|AZa N 9¢2|Ala B m|AZPa? N m|AZPa3¢ N m3|Af|5aT

2 32m 8m 8m 180 32 4608

o [m|A:ﬁ|3a3 mé|AZPa®  29|AZ|la  17|AF|a& N 9|AF|ag?
a 2880 32 240m 16m 4m

% [3]Aa‘:’]a ~ —5¢|AZ]a N 9|AT|ag? N m[Aa‘:’]3a3§] N EH [3]Aa‘:’]a N 3|AZ|al n m\Af]‘gaT

a* | 160m 16m 8m 640 a 80m 16m 480
(e ety

a 80m 16m

On the other hand, the DeWitt-Schwinger calculation provides (24]). To compare it with the
above result just expand it to fourth adiabatic order [for the following identities we shall use the
auxiliary parameter T to denote the number of time-derivatives that are present|. Use

1
3

L
90

1 _
Ry, 5" R 51 + —Raw] vy "y’ + 0T

1 1
Rapyy® + ERag;»yyayﬁy” + | == RapRys — 50

—1
g=1+ 18

(82)

and relations (28)-(30) including the fourth adiabatic contributions ] (for simplicity we only

show here, without loss of generality, the corresponding expressions for At = 0)

1 1
y' = “Ha’A2? + ——a*Az*HR + O(T7P) | (83)
2 144
, , 1 1 ¢
yl = aA:L‘Z {1 + EazAZEzHZ + EG4AZE4H2 |:I_I2 + 3%:| } + O(T_5) 5 (84)
1 1 a
9 A2,2 AN A2 60,6772 772 22 -5
20 = Az“a + 159 Ax*H +360a Ax°H [H +3J+O(T ) - (85)

Using all these auxiliary expressions we can prove that the adiabatic scheme generates the same

two-point function as the DeWitt-Schwinger one up to fourth order in the derivatives of the metric,
Waps(e,a’) = WG aale,a’) . (86)

We believe that one might extend this identity up to any order by induction. We note in passing
that the result (80 implies the equivalence of the renormalized stress-energy tensor for £ # 1/6
[see Sec. II. DJ.
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VI. CONCLUSIONS AND FINAL COMMENTS

The main motivation of this paper is to show the equivalence of the renormalized expectation
values of the stress-energy tensor for spin-1/2 fields using either adiabatic and DeWitt-Schwinger
methods. This is a very natural question since the adiabatic renormalization scheme for Dirac
fields has been introduced very recently in the literature. The employed strategy to achieve our

oal has led us to show the equivalence for scalar fields as well, in a simpler way to that used in
E, |. Moreover, we were naturally led to investigate the equivalence for the two-point function
at coincidence for both DeWitt-Schwinger and adiabatic series expansion at any order. We have
checked explicitly that the equality hold at sixth adiabatic order and we have argued that the
equivalence must hold at an arbitrary order. This way, the adiabatic regularization method will
offer a very efficient computational tool to evaluate the higher order DeWitt coefficients in FLRW
space-times for both scalar and Dirac fields. This may be relevant to capture non-perturbative
aspects of the effective action in cosmological space-times, as those found in @Q] Finally, we
would like to remark that these results suggest that the equality "G 4(x,z) = WG pg(z,z) , n =
0,2,4,6,... (an the analogue for Dirac fields) could even hold for separate points. This is actually
supported by the fact that ({l), (74]), extended to separate points, coincide at least up to the fourth

adiabatic order.
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Appendix A: Adiabatic Expansion for Klein-Gordon fields

In this section we show the generic expression for the nth contribution in the K-G adiabatic
expansion given by (). Introducing the ansatz (7)) into the equation of motion for the modes, one
finds the following equation |1, 2],

. 2 .
3 Wy 1 Wy

W2 — o 2 Pk Al
fi w+0+4W,3 3, (A1)
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where

XCHORCE B

Equation (AI) can be solved algebraically by iteration for initial value w®) = w = /(k/a)? + m2.

Performing the calculation up to nth adiabatic order it can be shown,

(A3)

1 n/2—1 n/2—2
n) _ 2 n 2 n—i) (n/2— 1 n—2—
w()_ﬁ w? | (w™/?) +2Z w! +o | (W +2Z wl
3 n/2—2 1 n/2—2
3| n/2-1)32 ) n=2—) | _ L | sm/2-1), (nj2-1) (i), (n=2—1) _, (i) (n—2—0)
+4(w )+2;ww 5 |© w +i§:%(ww + W@ >
n/4—1 n/2—1 n/2—k—1 n/2—1 n/2—k—1
— 6 Z (w(i))2(w(n/2—i))2 +4 Z (w(k))2 Z O‘)(i)w(n—i—2k) +4 Z (w(k))2 Z O‘)(i)w(n—i—2k)
1=0 k=0 1=2 k=2 1=0
n/4—2  nj2—2-i n—j—2i—2 n/4—3/2 n/2—k—1

18 Y w® Y W Y WMk g 3 ()2 ST i) (/s

i=0 j=i+2 k=j+2 k=0 i=k+2
with w(®) = 0 for s < 0 or s being a fractional number. With this formula we can recover w(®) = 0,

for s being an odd integer, and the corresponding expressions for orders 2 and 4 from |1, B],

1 d? 1
(2 _ 1 -1/2 -2, 4 1 A4
w 5% okl + 5W T (A4)
1 d? 1 1 d?
@ _ 2t @,,-32% 12 L -1, (22 _ L —1/20" [ -3/2 (2)
w W W 5% (W) v [w w } , (A5)

as well. In general, (A3) allows us to obtain any w(™ in terms of lower order adiabatic terms and

its derivatives.

Appendix B: Adiabatic Expansion for Dirac fields

In this section we present the generic expressions for the nth contribution in the Dirac adiabatic
expansion given by ([@9)-(B0). Introducing these expressions into the equation of motion for the
modes, (@8], one gets a set of coupled algebraic equations [20)]

1MW

(w—m)G:(Q—m)F+z‘F—mF+(w—m)F, (B1)
(w+m)F = (Q— m)G+zG+%G+(w+m)G, (B2)
2w=(w+m)FF*+ (w—m)GG" , (B3)

which can be solved algebraically by iteration for initial values F(©) = GO =1 and w® = w. The

general algorithm to compute the three fundamental objects [notice that G(—m) satisfies the same
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equations as F(m), so we take G(—m) = F'(m)] is provided by

__m (=) | jpn-1) _ MW o)
= F F B4
w{zw i 2w(w +m) } (B4)
. n—1 . .
m T [ . 1 1MW F("_l) G("_l)
L™ ey aen] LT L0 [ o 1)
+< w){ 2[ - } 2;0‘) [ e ]+4w (w+m)+(w—m) ’
S n—1

Re F™(m) = =20 * [FU)F*W—”(w +m)+GOG Dy — m)} + %Im FO=D ()

2 4w
1=1
1 & mw
LN O Re FD () T o) B
2w Wi fie (m) 4% (m + w) mn (m) , (B5)
I F)(m) = Im G (m) — —— {3 w0 1 PO 4 e 00 "9 pla-) (B6)
w—m | = 2w(w +m) ’

with F' = Re F(m) + iIm F(m) and G = ReG(m) + iIm G(m). Notice that there is an inherent
ambiguity in the formalism reflected in the choice for Im G(m), but it can be explicitly seen that
it does not affect the observables such as (1)) or (T,) E] The simplest way to remove the
ambiguities is to assume I'm G (m) = —Im F (m). Detailed expressions for the first adiabatic
contributions can be found in B D In general, (B4)-(BE) allows us to obtain any Dirac adiabatic

contribution in terms of lower order adiabatic terms and its derivatives.

Appendix C: a4 coefficient.

We give here the result for the ays DeWitt coefficient for a spatially flat FLRW spacetime, as
obtained with the adiabatic regularization method ([A3]).
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