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Dedicated to the memory of Esther

Abstract

It is shown in this paper that if X is a class of simple groups such
that 7(X) = char X, the X-saturated formation §) generated by a finite
group cannot be expressed as the Gaschiitz product § o & of two non-
X-saturated formations if $ # &. It answers some open questions
on products of formations. The relation between w-saturated and X-
saturated formations is also discussed.

1 Introduction

All groups considered in this paper are tacitly assumed to be finite.

Recall that a formation § is a class of groups which is closed under taking
homomorphic images and subdirect products. It is known that, if § is a
formation, each group G has a smallest normal subgroup whose factor group
is in §. Such subgroup is called the §-residual of G and it is denoted by G¥.
A formation § is said to be saturated if G € § whenever the Frattini factor
group G/®(G) is in §. A local approach to saturation is p-saturation, where
p is a prime number. We say that a formation § is p-saturated if G € §
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provided the factor group G/(O,(G) N ®(G)) belongs to §. It is clear that a
formation § is saturated if and only if § is p-saturated for all primes p. This
concept arises spontaneously when the saturation of formation products is
considered.

Given two classes ) and 3 of groups, a class product can be defined by
setting

93 := (G € € | there is a normal subgroup N of G
such that N € 9 and G/N € 3),

where € is the class of all finite groups. This class turns out to be useful in the
theory of classes of groups, especially when certain formations are considered.
However this class product is not in general a formation when ) and 3 are
formations. Fortunately, there is a way of modifying the above definition to
ensure that the class product of two formations is again a formation. If §
and & are formations, the formation product or Gaschiitz product of § and

& is the class § o & defined by
Fob:=(Xece|X®cy).

It is known that § o & is again a formation and if § is closed under taking
subnormal subgroups, then §& = Fo & (see [4; IV,1.7 and 1.8]).

The formation product of two formations does not normally yield a sat-
urated formation (see [2]). In fact, if §F and & are formations such that §o &
is saturated, then & is p-saturated for all primes p not dividing the order of
any group in § (see [9]).

A celebrated theorem, proved by Gaschiitz and Lubeseder in the soluble
universe and extended by Schmid to the general one, asserts that a formation
is saturated if and only if it is local (see [4; IV,4.6]). Partially saturated
formations can be characterised by means of a local version of the above
result: if § is a formation and p is a prime, then § is p-saturated if and only
& is p-local, that is, the smallest local formation § containing § is contained
in M, F, where N, is the class of all nilpotent p’-groups (see [11]). Moreover,
there is a way of constructing the p-saturated formations by means of p-local
definitions (see [3]).

In an unpublished manuscript, Baer gives another extension of the Gaschiitz-
Lubeseder theorem to the general universe. He uses a different concept of
local formation and obtains that the so-called Baer formations are exactly
the solubly saturated ones (see [4; IV,4.17]). Baer formations were also stud-
ied by Shemetkov, who calls them composition formations.

In [7], Skiba asked the following question:



If H = § o & is a one-generated Baer formation, where § and &
are non-trivial formations, is § a Baer formation?

In the 1999 edition of the same book [8], it is announced that Skiba has
answered the question negatively. The reader is referred to [6; page 224| for
a detailed example.

We note that in the known examples of that situation, the equalities
$H =6 and H = G, for a prime p hold, where &, denotes the class of all
p-groups. Consequently the following question still remains open:

Assume that $ = § o & is a Baer formation generated by a group
G, where § and & are non-trivial formations. Is § a Baer form-
ation provided that $ # & or $ # 6,9 for every prime p?

The main result of this paper gives an affirmative answer to that question.

Note that an analogous result was proved by Vishnevskaya in [13| for p-
saturated formations. She shows that the p-saturated formation $ generated
by a finite group cannot be the Gaschiitz product Fo® of two non-p-saturated
formations provided $) # &. This motivates us to present the most general
version of our result by using X-saturated formations, which have been in-
troduced and studied by Forster in [5]; here X is a class of simple groups
with a completeness property. Although in general there does not exist a
class of simple groups X such that the X-saturated formations are exactly
the w-saturated formations (see Example 2 in Section 3), the arguments used
in the proof of our result still hold for w-saturated formations. It leads to an
alternative proof of Vishnevskaya’s result.

Theorem 1. Let X be a class of simple groups such that m(X) = char X. Let
$H = Fo®B be an X-saturated formation generated by a group G. If § and
& are non-trivial and either ) # & or 6,9 # H for all primes p € char X,
then § 1s X-saturated.

When X = P, the class of all abelian simple groups, the X-saturated
formations are exactly the Baer formations. Therefore we have:

Corollary 1. Let $ be the Baer formation generated by a group G. If $ =
S o6& for non-trivial formations § and &, and either $ # & or &, # H for

all primes p, then § is a Baer formation.

The above result also seems to be the answer of the problem 18 of Guo’s
book [6]. Note that there is an obvious misprint in the statement of that
problem, because the example in page 224 answers that question negatively.

The paper is organised as follows: after collecting some definitions and
preliminary results in Section 2, in Section 3 we analyse the relation between



w-saturated formations and X-saturated formations. The proof of Theorem 1
is presented in Section 4.

For the fundamental concepts of the theory of formations, as well as
for the standard notations, the reader is referred to the book of Doerk and
Hawkes [4].

2 Preliminaries

We begin with the concepts of X-saturated formation and X-local formation
due to Forster [5]. These concepts arose in order to give a common extension
of the theorems of Gaschiitz-Lubeseder and Baer.

Denote by J the class of all simple groups. For any subclass Q) of J, we
put ' = F\ 2. Denote by £9) the class of groups whose composition factors
belong to ); it is clear that %) is a Fitting class, and so each group G has
a largest normal E9)-subgroup, the £Q)-radical Oy(G). A chief factor which
belongs to £9) is called a 2)-chief factor, and if, moreover, p divides the order
of a Q-chief factor H/K, we shall say that H/K is a 9),-chief factor.

In the sequel it will be convenient to identify the prime p with the cyclic
group C, of order p.

Forster’s starting point is a class X of finite simple groups satisfying

7(X) := {p € P | there exists G € X such that p divides |G|}
={pelP|C, e X} =:char X.

An X-formation function f associates to each X € (char X)U X' a formation
f(X) (possibly empty). If f is an X-formation function, then the X-local
formation LFx(f) defined by f is the class of all groups G satisfying the
following two conditions:

1. if H/K is an X,-chief factor of G, then G/ Co(H/K) € f(p), and

2. G/K € f(F) whenever G/K is a monolithic quotient of G such that
the composition factor of its socle Soc(G/K) is isomorphic to E, if
EFeX.

A formation § is said to be X-local if there exists an X-formation function f
such that § = LFx(f).

If X = J, the class of all simple groups, an X-formation function is simply
a formation function and the X-local formations are exactly the local form-
ations. If X = P, the class of all abelian simple groups, an X-formation
function is a Baer function and the X-local formations are exactly the Baer-
local ones (see [4; IV,4.9]).



Forster also introduced in [5] an X-Frattini subgroup ®%(G) for every
group GG. He defined X-saturation in the obvious way and he proved that
the X-saturated formations are exactly the X-local ones. In [1] we introduce
another X-Frattini subgroup in every group GG, which is smaller than Forster’s
one.

Definition 1. 1. Let p be a prime number. We say that a group G be-
longs to the class Ay, (B2) provided there exists an elementary abelian
normal p-subgroup N of G such that

(a) N < &(G) and G/N is a primitive group with a unique non-
abelian minimal normal subgroup, i. e., G/N is a primitive group
of type 2,

(b) Soc(G/N) e X\ €,, and

(c) Ch(N) < N, where

ChL(N) = ﬂ{Cg(H/K) | H/K is a chief factor of G below N}.

2. The X-Frattini subgroup of a group G is the subgroup ®x(G) defined
as

D4(G) = CID(OX(G)) if G ¢ Ax,(B2) for all p € char X,
e P(G) otherwise.

Note that in the case X = J, the class of all simple groups, ®x(G) = ®(G)
for every group G, and in the case X = P, the class of all abelian simple
groups, x(G) = ®(Ges), where Gg is the soluble radical of G.

We say that a formation § is X-saturated if G € § provided G/®x(G) € §.

It is clear then that if X = J, the X-saturated formations are exactly the
saturated ones, and if X = P, the X-saturated formations are just the solubly
saturated ones.

We have that ®x(G) < ®%(G) for every group G, but the equality is not
true in general (see [1]). However, we have:

Theorem 2 ([1]). For a formation § and a class X of simple groups with
7(X) = char X |, the following statements are pairwise equivalent:

1. § is X-local,
2. if G/P%(G) € §, then G € §, and

3. § s X-saturated.



This result turns out to be crucial in the proof of Theorem 1.

As usual, the X-saturated formation generated by a group G is the smal-
lest X-saturated formation containing G, i. e., the intersection of all X-
saturated formations containing G.

We finish the section noting the following fact.

Let € be a class of groups. Then there exists a unique smallest X-
saturated formation €y containing @, namely the one defined by the X-
formation function f given by

Qro(G/Cq(H/K) | G € €, H/K X,-chief factor of G)
F(X) = if X = p e n(3),
QRo € if X e X

In particular, € is X¥-saturated if and only if €y = ¢, and if ¥; and ¥, are
two classes of groups such that X; C X5, then every X,-saturated formation
is also X;-saturated.

3 Relation between w-saturated formations and
X-saturated formations

Let w be a set of primes. A formation § is said to be w-saturated if it is
p-saturated for every prime p € w. As it is proved in [12], it is possible to
characterise w-saturated formations by means of some w-local definitions.

The main goal of this section is to study the relation between w-saturated
formations and X-saturated formations.

Suppose that § is an w-saturated formation. Then if X is the class of
all simple w-groups, we have that Oy (G) = O,(G) for each group G and a
group G belongs to § if and only if G/(®(G) N 0,(G)) € §. Consequently
since Py, (A) < P(A) N O, (A) for every group A, it follows that § is X,-
saturated.

However, the family of X,-saturated formations does not coincide with
the one of w-saturated formations in general. This follows from the fact that
there exist Baer formations which are not w-saturated for any w C P.

Example 1. Let us consider the formation § := £%), where 9 := (4, |
n > 5), i. e., the formation of all finite groups whose composition factors are
isomorphic to an alternating group of degree n > 5. It is clear that § is a
Baer formation. In particular, § is X-saturated for every X C P.

Assume that § is p-saturated for a prime p. If p > 5, set k := p; otherwise,
set k :=5. As p | |Ag|, by [4; B,11.8| there exists a group F with a normal
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elementary abelian p-subgroup A # 1 such that A < ®(E) and E/A = Ay.
We have that E/(O,(E) N®(E)) = E/(O,(E) N A) = E/A € §. Therefore
E € §, a contradiction.

Therefore § is not w-saturated for any set w of primes. Moreover, by
setting X := (C3) and w := {2}, we have that § is X-saturated, but not
2-saturated.

From the above discussion, the following question naturally arises:

Let w C P. Is it possible to ensure the existence of a class X(w)
of simple groups such that char X(w) = ﬂ(%(u})) satisfying that a
formation is w-saturated if and only if it is X(w)-saturated?

The following example shows that the answer is negative.

Example 2. Consider the formation
§ := (G | all abelian composition factors of G are isomorphic to Cs).

Suppose that § is X-saturated for a class X containing a non-abelian simple
group E and 7(X) = char X. There exists a prime p # 2 dividing the order
of E. Hence p € X. Since F € §, it follows that f(p) # (). Therefore C, € F,
a contradiction.

Since § is solubly saturated, we have that § is X-saturated exactly for
the classes X such that X C IP. Since § is clearly 2-saturated, if we assume
the existence of a class X(2) fulfilling the property, it follows that X(2) C P.
This is not possible, as shown in Example 1.

However, inside the w-separable universe, the situation is clearer.

Theorem 3. Let w be a set of primes and let X, be the class of all simple
w-groups. If § is an X, -saturated formation composed of w-separable groups,
then § is w-saturated.

Proof. Let X = X, be the class of all simple w-groups. We know that § =
LFx(f), where

QRro(G/Ca(H/K) | G € §, H/K is an X,~chief factor of G)
f(E) = it B =pe€euw,
3 if B¢ X.

Let G be a group of minimal order such that G/(®(G) N O,(G)) € § but
G ¢ § for some prime p € w. Then G has a unique minimal normal sub-
group, N say, such that G/N € § and N < &(G) N O,(G). Note that
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the intersection of the centralisers of the X,-chief factors of G is actually
Oy »(G), because G is w-separable. Therefore G/ O, ,(G) € f(p) because
Oy »(G/N) =0, ,(G)/N and G/N € §. This implies that G € §, a contra-
diction. []

Corollary 2. Let § be a formation composed of w-separable groups. Then
3§ is w-saturated if and only if § is X, -saturated, where X, is the class of all
simple w-groups.

4 Proof of the main result

Proof of Theorem 1. Denote by form(G) the formation generated by G, that
is, the intersection of all formations containing G It is known that 9 form(G),
where 91 is the class of all nilpotent groups, is a saturated formation. There-
fore M form(G) is X-saturated and so § is contained in N form(G).

Assume, arguing by contradiction, that § is not X-saturated. Then there
exists a group A ¢ § and a normal subgroup N of A such that £ = A/N € §
and N < ®x(A) < P(A) N Ox(A).

Step 1: For any group 1 # U € &, the group (E1U)® is not subdirectly
contained in the base group of EQ2U, the reqular wreath product of E with U.

Let 1 # U € & and denote D = E{U. Then D® is contained in K = E,
the base group of D. Suppose that D® is subdirect in K. Then D® € §
because K € §.

Consider now Dy = A U, and if Ay < A, we write A) = {(ay,...,qu)) |
a; € Ay, 1<i<|Ul} < A" = K. Denote R = N°% By [4; A,18.2], we
have that D;/R is isomorphic to D. Assume that ®x(A) = ®(0x(A4)). In

this case, Ox(K;) = (Ogg(A))h and ®(O0x(K)) = (CD(OX(A)))h. This means
that R is contained in ®x(D;).

Suppose now that ®x(A) = ®(A). Then there exists a prime p such
that A € Ax, (B2), that is, A has an elementary abelian normal p-subgroup
T such that T < ®(A), A/T is primitive of type 2, Soc(A/T) € X\ €,
and C%(T) < T. Since A/T is a primitive group of type 2, it follows that
(A/T) U = (A U)/T* = Dy/T" is a primitive group of type 2 by [4;
A,18.5]. It is clear that 7% is an elementary abelian normal p-subgroup of
Dy contained in ®(D;). Moreover Soc(D;/T?) = Soc(A/T)% Therefore
Soc(Dy/T%) € EX \ €,. Assume that there exists x € D; such that z
centralises all chief factors of D; below T". Let H/K be a chief factor of
A below T such that H/K £ Z(A/K). Then (H/K)" is a chief factor of
D; below T% and so x centralises (H/K)". In particular, each component
of = centralises the corresponding component of (H/K)®. This implies that
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z € T%. Consequently C (T%) < T*. Therefore we have proved that D; €
Ax, (B2). In this case, x(D;) = ®(D;) and so R < ®(A)* < (D). Since
$ is X-saturated, it follows that D; € $. This implies that D? € §. Since
Dy/R = D, we have that D® is isomorphic to DY R/R. Tt follows that DY
is subdirect in K;. But hence A is an epimorphic image of D¥. Therefore
A € §, a contradiction.

Step 2: If C, were the unique simple group in § and Cy € &, we would
have 6,6 = & and $ = &. This would be a contradiction if ¢ € charX.
Therefore there does not exist any prime q € char X such that &, is contained
n &.

First of all, assume that Cj, is the only simple group in §, C, € &, and
that 6,6 # &. Let B be a group of minimal order in 6,6 \ &. Hence
C = Soc(B) is a minimal normal g-subgroup of B and 1 # B/C € &.

Consider the group D = E(B/C). From Step 1, we know that D® is not
subdirect in the base group K of D. Let E; be the first copy of F in K and
let F be the projection of D® in E;. Then F is a proper normal subgroup
of E;. Let Ey be a maximal normal subgroup of E; such that F < FEj.
Then E;/Ey is a simple group in §. Consequently E;/E, = C,. It is clear
that Ko = Ef is a normal subgroup of D and D/K, = C, (B/C) by [4;
A,18.2]. On the other hand, by [10; Lemma 1|, we have that (E,/F)(B/C)
is a quotient of D/D®. Tt follows then that C, ! (B/C) € &. Therefore
C 1 (B/C) € ro(Cy2 (B/C)) C &. Applying [4; A,18.9 and IV,1.14], B
belongs to QRg (Cq ! (B/C)) C &, a contradiction. Therefore 6,6 = &.
Let G € $, and assume that T = G® # 1. Hence O%(T) < T. Therefore
G/OUT) € 6,6 = B, a contradiction. It follows that 7= 1 and so G € &.
Consequently $ = & and so 6, = 6,6 = & = §, a contradiction if
q € char X.

Assume now that there exists a prime ¢ € char X such that &, C &.
Since § # (1), there exists a simple group S € §. Assume S % C,. Let G,
be an arbitrary g-group. Then S G; € $ C Nform(G). If S is not abelian,
then S1G; € form(G), and so G, € form(G). Assume now that S is abelian,
then S is isomorphic to C, for a prime 7 # ¢. Then G; € form(G). In both
cases, G, C form(G), a contradiction. Therefore C; is the only simple group
in § and the conclusion holds.

Step 3: G has a composition factor in X.

Denote by R the class of composition factors of G and assume that RNX =
(). Consider the class E R of finite groups whose composition factors belong
to R. Let £ be a formation contained in 8 R. Then it is rather easy to
see that £ is X-saturated. Since form(G) C R we have that form(G) is
X-saturated. Therefore § o & = form(G). By [6; 4.5.8], it follows that §



consists of nilpotent groups. Since § is subgroup-closed by [4; IV,1.16], we
have that §F C $ C e K. It follows that § is X-saturated, a contradiction.

Step 4: Final contradiction.

Let ¢ be a prime dividing the order of a composition factor of G in X. It
follows that &, C $) because §) is X-saturated. By Step 2, we have that &,
is not contained in &. By [2; Corollary| and Step 2, we have that &, C §.
Moreover, by Step 1 and [10; Lemma 3|, there exists a prime p such that
S, C s(®), that is, given a group P € &, there exists a group G(P) in &
such that P < G(P).

Assume that p # ¢. Consider Xp = C, 1 G(P) € H C Jform(G). We
have that Tp = Xp/F(Xp) € form(G). But F(Xp) is a g-group. It follows
that form(G) contains a group T with a Sylow p-subgroup containing a copy
of P. This is a contradiction. Therefore p = q.

On the other hand, by Step 2 we know that there exists a simple group S
in § such that S 2 C,. If S is not abelian, then S1G(P) € Fo® = . Hence
SU1G(P) € Mform(G), whence G(P) € form(G), a contradiction. Therefore
S is cyclic, S = C, for a prime r # ¢q. Let Y = C, 1 G(P). Then Y € $H C
Nform(G). Moreover, F(Y) is an r-group and Y/ F(Y') € form(G). It follows
that form(G) contains a group Rp with a Sylow p-subgroup containing a copy
of P, final contradiction. O

The same arguments to those used in the proof of Theorem 1 replacing
O+ (G) by (G)NO,(G) give an alternative proof of the result of Vishnevskaya
for p-saturated formations. Moreover a second condition could be added to
that result: & # 6,®. Taking into account that the w-saturated formations
are exactly the p-saturated ones for all p € w the main result of [13| can be
improved in the following way:

Theorem 4. Let w be set of primes. Let $ = § o & be an w-saturated
formation generated by a group G. If § and & are non-trivial and either
NF#SG or &9 #9H for all primes p € w, then § is w-saturated.
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