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Resumen

Esta tesis trata sobre espacios miiltiples de aplicaciones holomorfas fini-
tas entre variedades complejas. Nuestro enfoque es el de la teoria de
singularidades, y las aplicaciones seran consideradas bajo la relacién de
A-equivalencia, es decir, salvo cambios de coordenadas en partida y lle-
gada. Nos centramos en relacionar propiedades de los espacios de puntos
multiples con propiedades como la A-estabilidad y la A-determinacion
finita. El trabajo esta organizado de la siguiente manera:

El Capitulo 1 contiene los fundamentos béasicos necesarios para el resto
del trabajo. El tinico resultado original es el Lema 1.2.6.

En el Capitulo 2 definimos los espacios de puntos multiples de una apli-
caciéon. En la Seccion 2.1 demostramos que solo hay una manera de definir
estos espacios de forma que satisfagan ciertas propiedades. Si denotamos
D¥(f) el espacio de puntos k-miltiples en cuestion, estas condiciones son:

e M1) Si f es estable, entonces D*(f) es la clausura de los puntos
k-multiples estrictos

{2y | 2@ £ 20 fa®) = f(z0)}.

e M2) La construccién de D¥(f) se comporta bien por deformaciones.

En [Gaf83] Gaffney introduce un método para calcular estos espacios de
puntos multiples. Este método, aunque tedricamente realizable, es ha-
bitualmente impracticable. En la Secciéon 2.2 introducimos los ideales
de Mond, que nos permiten obtener facilmente los puntos miltiples de
gérmenes de corrango 1. La idea es que estos gérmenes cualquier germen
f:(C™,0) — (CP,0) se puede llevar a la forma

(@,y) = (2, (2, 9), -, fo(2,9)),

con z € C" !,y € C. Una vez en esta forma, la diferencia entre los puntos
que forman un punto k-multiple de f debe residir en las coordenadas v,
asi que podemos eliminar las copias innecesarias del resto de coordenadas
y trabajar con puntos de la forma

(:my(l),y@), L ,y(k)) c 1« Ck.

iii



iv RESUMEN

El ideal de puntos dobles de Mond esta generado por las diferencias divi-

didas
fj (xa y(2)) - fj(x7 y(l))
y(Q) — y(l) ’

Para obtener el ideal de puntos triples de Mond, anadimos a las diferencias
divididas las diferencias divididas iteradas

iy — i@y i@y —f@y™)
2@y 7@ =y

Y3 — 4@

En general, el ideal de puntos k-multiples de Mond se obtiene anadiendo
a los generadores del ideal de puntos (k — 1)-multiples nuevas diferencias
divididas iteradas. En las secciones subsiguientes introducimos otros tipos
de espacios de puntos miltiples, definidos en espacios ambientes diferentes
de X*. Sin entrar en detalles, para una aplicacion estable f: X — Y estos
espacios son:

e El espacio DY¥(f) € X de puntos k-multiples en la partida (Sec-
cion 2.3), definido como la clausura de los puntos € X tales que

[fH (@) = k.

e El espacio My (f) CY de puntos k-multiples en la llegada (Seccion
2.5), que es la clausura de los puntos y € Y tales que |f~1(y)| > k.

e El espacio D*(f)/Sy de puntos k-miltiples cociente (Seccion 2.4),
que se obtiene al identificar todas las permutaciones de los puntos
k-multiples (™), ... z(®)) € D*(f).

Por tdltimo, en la Seccién 2.6 obtendremos un diagrama que relaciona los
espacios recién expuestos.

El capitulo 3 esta dedicado enteramente a los puntos dobles. Primero
introducimos .#2(f), el haz de ideales de Mond de una aplicaciéon f: X —
Y con puntos de cualquier corrango (Seccién 3.1). La construccion corres-
pondiente para un germen f: (C",0) — (CP,0) es la siguiente: Como las
funciones f;(x) — f;(2’) se anulan si x = 2’, entonces podemos encontrar
una matriz «, con entradas en Os,, tal que

f(@) = (') = a(z,2")(z - 2').
Dada una tal matriz, el ideal de puntos dobles de Mond es
P(f) = (;(2) — (') | 1 < j < p) + (minors 0 x 1 of a).

Como veremos, esta estructura también define los puntos multiples intro-
ducidos en el capitulo 2. La clave es el Teorema 3.1.11: Si los puntos
dobles tienen la dimensién adecuada, entonces son espacios de Cohen-
Macaulay. En la seccion 3.2 demostramos algunas propiedades algebraicas
de los puntos dobles, ligadas a la estabilidad y la determinacion finita. Por



ejemplo, del Corolario 3.2.5 se deduce que, si f es finitamente determi-
nada y dim(D?(f)) > 0, entonces D?(f) es reducido. También probamos
que el conjunto singular del espacio de puntos dobles de una aplicacion
estable es

Sing D*(f) = {(z,r) € X x X | corank f, > 2}.

En la dltima seccién probamos que una estructura alternativa para los
puntos miltiples, dada por unos haces de ideales 7% (f), no satisface las
condiciones M1 y M2 del capitulo anterior.

En el Capitulo 4 introducimos otro espacio de puntos dobles, esta vez
definido en el blowing-up de X x X a lo largo de su diagonal. Este espacio,
que ya habian sido estudiado por Ronga [Ron72|, Kleiman y otros, resulta
muy interesante en el caso de corrango > 2. Como el blowing-up es una
construccion local, basta que describamos el caso C™ x C", consistente en
los puntos (z,z’,u) € C* x C" x P*~! tales que para algiin A € C se tiene

(x —2') = .

Dada una matriz o como en el Capitulo 3, el espacio B?(f) de puntos
dobles de f en el blowing-up, es el subespacio dado por los puntos (z, 2/, u)
del blowing-up que satisfacen

a(z,z)u = 0.
Existe una proyeccién propia
m: B2(f) = D*(f),

la cual estudiamos en la Secciéon 4.4. Como veremos, los espacios B2(f)
y D?(f) son biracionalmente equivalentes bajo condiciones genéricas y, si
f es estable, entonces : B%(f) — D?(f) es una resolucién.

En el Capitulo 5 estudiamos gérmenes de aplicaciones (C2,0) — (C3,0).
En las Secciones 5.1 y 5.2 extendemos a corrango 2 algunos resultados ya
conocidos en corrango 1. En la primera caracterizamos la determinacién
finita de un germen (C2,0) — (C3,0) en términos de la finitud del nimero
de Milnor de su espacio de puntos doble en la partida, u(D(f)). En la
segunda demostramos las formulas de Marar-Mond, que relacionan los
niumeros de Milnor de diversos espacios de puntos dobles con el ntimero
de puntos triples y cross-caps que se hallan acumulados en el origen. Estas
férmulas son

o u(D(f)) = u(D*(f)) + 6T,
o u(D2(f)) = 2u(D*(f)/S2) + C -1,

o u(D(f)) =2u(f(D(f))) +C —2T ~ L



vi RESUMEN

En la Seccion 5.3 estudiamos los ‘double folds’, una familia de gérmenes
que contiene multitud de ejemplos interesantes. Los double folds no son
mas que los gérmenes f: (C% 0) — (C3,0) de la forma

('T7 y) = ($27y2, f3(l‘,y))

Lo interesante de esta familia es que podemos comprender su geometria
en relacion con la accién del grupo generado por las reflexiones (z,y) —
(—x,9)y (z,y) = (x,—y). Enlaseccion 5.4 relacionamos la A-equivalencia
de double folds con la clase de la funcién fs, respecto a una relacién de
equivalencia de contacto definida ad hoc.

El Capitulo 6 contiene las conclusiones del trabajo e incluye una lista
de problemas abiertos. Por tltimo, los Apéndices A y B contienen re-
sultados sobre espacios complejos y édlgebra. Solo una pequena parte del
material en ellos expuesto es original.
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Introduction

This thesis is about multiple point spaces of finite holomorphic maps be-
tween complex manifolds. Our approach comes from singularity theory
and we study our maps under A-equivalence, that is, up to changes of
coordinates in source and target. We focus on the relation between these
spaces and properties such as A-stability and A-finite determinacy. Mul-
tiple point spaces are well known for maps without corank > 2 points,
hence our contribution belongs mainly to the corank > 2 case.

Given a map f: X — Y between manifolds, we have an intuitive
idea of what a k-multiple point of f should be: a tuple (z(), ... 2®)) of
different points x(V) € X, such that f(z(*)) = f(2(®), for all 4. If we are
to define a k-multiple point space, we would like it to satisfy the following
natural properties:

a) To be a closed complex subspace of X%,

b) To behave well under deformations: for any unfolding F' of f, the
k-multiple point space of F' is a deformation of the k-multiple point
space of f.

It is clear that the set of multiple points (as defined above) does not
satisfy condition a):

Example A. Let f: C?> — C? be the Cross-Cap, given by

(,y) = (z,9°, 2y).

The pairs of points (0,t¢) and (0, —t),t # 0 form a curve of double points
that collapse to the diagonal point ((0,0),(0,0)), which is not a double
point.

One might try to solve the failure of a) taking the analytic closure of
the double points, but then condition b) does not hold:

Example B. Take the family of curves f,: C = C?, t € C, given by
z s (22, 2° + ta).

ix



X INTRODUCTION

Figure 1: Image of a cross-cap.

Figure 2: Images of fy and f;,t # 0, respectively.

The curve fo is a parameterized cusp x + (2%, 2?), which is injective

and, thus, has no double points. For ¢ # 0, f; has a double point in
(x,2") = (v/—t,—+/—t). Therefore, the unfolding F': C x C — C x C?,
given by

(ta :U) = (t’ ft(x))v

contains the double points ((¢,z), (t',2")) = ((t,vV/—1),(t,—v/—t)). The
closure of these points contains the point t = ¢ = 0,z = 2’ = 0, but we
just said that fy has no double points.

As we will see, to avoid the problems in Examples A and B, the mul-
tiple point spaces have to include extra points and, sometimes, they have
to be to be non-reduced.

Several authors have studied multiple point spaces (Altintas, Gaffney,
Houston, Jorge Pérez, Kleiman, Laksov, Lipman, Marar, Mond, Nuno
Ballesteros, Pellikaan, Ronga, Ulrich and Wik Atique, just to mention
the ones who appear throughout the text). They work in different set-
tings, and thus imposse different conditions on the map they study. Some
authors assume Y.-genericity, some assume that the map f is generically
one-to-one and some assume that there are no points of corank > 2. Some
work locally, studying germs and multigerms. Even more, the authors
from the context of algebraic geometry assume that f: X — Y is a finite
morphism between algebraic projective schemes over a field of arbitrary
characteristic. As a consequence, the relations between all these author’s
multiple point spaces are sometimes unclear. In this thesis we will show
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that, in the case of holomorphic maps, there is only one possible definition
of multiple point spaces satisfying some natural conditions. The main def-
initions of multiple point spaces that we consider, namely Gaffney’s and
Mond'’s, satisfy them, thus they agree.

The idea behind Gaffney’s construction is simple: If we want the multi-
ple point space of f to behave well under deformations, we have to include
the multiple points coming from all possible unfoldings of f. The remark-
able property that makes this possible is that we do not need to consider
all unfoldings of f, but just a stable one. The result will not depend on
the chosen stable unfolding, and no new points will come from non stable
unfoldings. The truth is that we can only do this locally but, if we ignore
the problem for a moment, the procedure to compute the k-multiple point
space of f: X — Y looks like this:

1. Take a stable unfolding F': S x X — S x Y of f.

2. Let DE(F) C (S x X)* be the closure of the k-multiple points of F
(in the sense above).

3. The k-multiple point space of f is the slice
D*(f) = Dg(F) n ({0} x X)*.

The construction above has two problems. The first is the difficulty of
the computations. To put it simply, some maps only admit very compli-
cated stable unfoldings. The second is that it yields little insight on the
algebraic structure of the multiple point spaces. These are two problems
that Mond’s approach does not have. Mond’s multiple point spaces, when
defined, are given by closed formulas, which can be always computed eas-
ily, and they provide good information about the algebraic properties of
the multiple points. Hence, the fact that these constructions agree is key
to understand multiple point spaces.

Until now, we have only mentioned multiple points consisting on tuples
(x(l), . ,x(k)) € X* but there are further multiple point spaces, defined
in ambient spaces other than X*. Roughly speaking, and for a stable map
f: X =Y, their definitions are the following:

e The source k-multiple point space D¥(f) C X is the closure of the
points z € X, such that |f~1(f(x))| > k.

e The target k-multiple point space My (f) C Y is the closure of the
points y € Y, satisfying |f~1(y)| > k.

e The quotient k-multiple point space D¥(f) /S is obtained by identi-
fying all permutations of k-multiple points (z(1), ..., z(*)) € DF(f).
For double points we have one more space:

e The blowing-up double point space B?(f) is what we obtain if, in
addition to the points x,2’ € X, with x # 2’ and f(z) = f(2'), we
keep track of the direction from x to z’ as well.
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Outline of the thesis

Chapter 1 is an expository chapter containing conventions and the back-
ground needed for the rest of the work. Except from Lemma 1.2.6, all
results are well known and we do not claim originality on them.

In Chapter 2 we give the definitions and show some properties of mul-
tiple point spaces. In Section 2.1 we show that there is only one way
to define multiple point spaces satisfying some (slightly more demand-
ing than a) and b) above) natural conditions. Roughly speaking, these
conditions for multiple point spaces D*(f) are:

M1) If f is stable, then D¥(f) is the closure of its strict k-multiple
points.

M2) The construction of D*(f) behaves well under deformations.

As we will see, the satisfactory construction of multiple point spaces cor-
responds to Gaffney [Gaf83]. In Section 2.2 we introduce Mond’s multiple
point ideals for corank 1 maps, which Marar and Mond show that agree
with Gaffney’s construction (Proposition 2.2.2). These ideals give us a
nice way to compute the multiple point spaces of corank 1 map germs.
They are constructed as follows: First of all, corank 1 map germs can be
assumed to be of the form

(z,y) = (2, fulz,y), - (T, 9),

with £ € C*~! and y € C. For such a germ, the difference between the
different points which form a k-multiple point in X* must relay entirely
on their y coordinates, so we can throw away the unnecessary copies of
the x coordinates. Thus, we consider points of the form

(x7y(1)7y(2), o ,y(k)) e (Cn—l > (Ck.

Mond’s double point ideal is generated by the divided differences

fj(xa y(2)) - f](xuy(l))
@ — ) '

Mond’s triple point ideal is obtained by adding to the previous one the
iterated divided differences
Fi@y®)—fi@y™)  filey®) 1@y D)
E ey 7@ —y D
y3 —y@

In general, Mond’s k-multiple point ideal is obtained by adding to the
(k — 1)-multiple point space some further iterated divided differences.
In the following sections we introduce the source multiple point space
(Section 2.3), the quotient multiple point space (Section 2.4) and the
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target multiple point space (Section 2.5). Finally, in Section 2.6 we show
a diagram relating these complex spaces.

Chapter 3 is devoted to double points. In Section 3.1 we introduce
Mond’s double point ideal sheaf .#2(f) for maps with points of arbitrary
corank. The corresponding local construction for germs f: (C",0) —
(CP,0) is as follows: Since the functions f;(z)— f;(«") vanish when z = 2,
we can find a matrix with entries in Os,, satisying

f(@) = f(@) = a(z,2)(z — 2).
Mond’s double point ideal is
I2(f) = (f3(&) - £;(&') | 1 < j < p) + (minors n x n of a).

We will show that the space it defines is precisely the double point space
in Chapter 2. The key to the proof is Theorem 3.1.11: if the space defined
by .#2(f) has the right dimension, then it is Cohen Macaulay. In Section
3.2 we show algebraic properties of the double point space D?(f). For in-
stance, from Corollary 3.2.5 it follows that if f is finitely determined and
dim D2(f) > 0, then D?(f) is reduced. As another example, in Proposi-
tion 3.2.3 we show that, for any stable map f: X — Y, the singular locus
of its double point space is

Sing D*(f) = {(x,2) € X x X | corank f, > 2}.

Finally, in Section 3.3 we introduce an alternative multiple point ideal
sheaf 7% (f) and show that it fails to satisfy the conditions M1 and M2.
However, we will also show that under mild conditions the structure yields
the right double point space.

In Chapter 4, we introduce the blowing-up double point space B2(f),
which is an interesting tool in the corank > 2 case. This space was defined
first by Ronga [Ron72| and it had been studied by Kleiman and others
in the context of algebraic geometry. However, our approach is different
and we give new proofs of several properties. Locally, B2(f) is a subspace
of the blowing-up of C™ x C" along its diagonal. This blowing-up can be
seen as the space of points (z,2’,u) € C" x C" x P*~! satisfying

(z — ') = \u, for some X € C.

For any matrix « as above, B2(f) is the subspace of the blowing-up defined
by the equations
a(z,z")u = 0.

As we will see in Section 4.4, the space B2(f) is equiped with a proper
projection
r: B2(f) > D(f).

The morphism 7, which briefly speaking forgets the direction u € P*1,
is an isomorphism off the set of diagonal points (z,z) with corank f > 2.
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Under generic conditions, the spaces B?(f) and D?(f) are birrationally
equivalent and, if f is stable, then 7: B%(f) — D?(f) is a resolution.

In Chapter 5 we study map germs (C2,0) — (C3,0). In Sections 5.1
and 5.2 we extend to corank 2 some properties already known in corank
1. In the first one, we show that a map germ (C2,0) — (C3,0) is finitely
determined if and only if the Milnor number p(D(f)) of its source double
point space is finite. In the second one, we prove the so called Marar-
Mond formulas, relating the Milnor numbers of the different multiple point
spaces and the number of cross-caps and triple points collapsed at the
origin:

o 1u(D(f)) = w(D2(f)) + 6T,
o 1w(D2(f)) = 21(D2(f)/S2) + C — 1,
o u(D(f) = 2u(F(D(f))) +C —2T 1.

In Section 5.3 we introduce a family of corank 2 map germs, the double
folds, of the form

(.13, y) = (-1327?/27 f3(l‘,y))

This family contains several interesting examples, such as finitely deter-
mined homogeneous maps of corank 2. We study these germs in relation
to the reflection group generated by the reflections (z,y) — (—z,y) and
(z,y) = (z,—y). In Section 5.4, we study the A-equivalence of double
folds in terms of the equivalence class of f3 under a specially adapted
contact equivalence relation.

Chapter 6 contains contains a summary of the goals of the thesis and
related open problems. Finally, Appendices A and B are about complex
spaces and algebra, respectively. Some results are new, but mostly they
contain concepts for which our terminology is substantially different from
that in the original source, or where there is no standard convention, and
some results which are not so well known, or whose proof we have not
been able to find in the literature.



Methodology

The research procedure for this thesis has been the usual in the field of
mathematics. We started looking for adequate bibliographical resources,
both general and specific of the subject of our studies, and have extended
these materials as needed for our goals. For the computations we have
made use of the software SINGULAR [WGPS15], implementing some algo-
rithms specially adapted to our purposes.

XV
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Chapter 1

Preliminaries

This is an expository chapter containing the background needed for the
rest of the work. Except from Lemma 1.2.6, all results are well known
and we do not claim originality on them. We assume familiarity with the
basics of differential topology, complex analytic geometry and commuta-
tive algebra. Altough all the spaces considered are constructed over the
complex numbers, we will always draw real pictures.

1.1 Previous conventions

Throughout the text, we assume:
1. f: X — Y is a holomorphic map between complex manifolds.

2. The complex manifolds X and Y are assumed equidimensional, and
its dimensions are n and p, respectively.

The previous assumptions do not apply to maps and germs denoted by
letters other than f. Be aware that some further conventions apply from
Section 1.6 onwards.

1.2 Holomorphic maps between complex ma-
nifolds

Notation on products

In order to work with products of copies of X, we fix some notation: We
write elements in X* as tuples w = (z(M, ..., 2®) of points z(!) € X, each
(11), o2 Fork =23, weusex = 2V, 2/ =

= 23 and denote the coordinates by z; = mgl),x’i = 371('2) and

one with local coordinates x

CC(Q), 2
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z] = 2 The small diagonal of X* is the subset

AX k) ={(@W, ... a®)ye xF|2M =... = 20,
The big diagonal of X* is the subset
D(X, k) ={(zW,...,2®™) e x* | 2 = 20 for some i # j}.

Finally, we write
X® = X*\ D(X,k).

Rank and corank

Definition 1.2.1. A map f: X — Y has rank r at a point z € X
(denoted by rank f, = r) if the differential df, of f at z has rank r.
We also say that f has corank k (denoted by corank f, = k), where
k = n —rank f,. We say that x is a regular point of f (or that f is
regular at z) if corank f, = 0. Otherwise, we say that z is a singular
point of f (or that f is singular at x).

Definition 1.2.2. We say that f: X — Y is a finite map if it is closed
and finite-to-one (i.e. all the sets f~1(y),y € Y are finite).

Definition 1.2.3. Given f: X — Y, we define
YF(f) = {x € X | corank f, = k}

and . 4
sS4 =UT0).
i>k
Proposition 1.2.4. For any map f: X —-Y
1. The subsets ¥*(f) C X are locally analytic.
2. The subsets XF(f) C X are analytic.

Proof. Let d = min(dim X, dimY’). Given some local coordinates of X
defined at an open subset U, let Zj be the set of points x € U where
the minors of size d — k of the differential df, vanish. Then we have
SF(H)NU = Z,NU and SF(f)NU = (Zi,\ Zrs1) NU. We conclude that
both spaces are locally analytic. Moreover, X is covered by the coordinate
open sets U; coming from any atlas, and f]k( f) is closed in any of those,
so it is closed in X. O

Remark 1.2.5. The closure of YF(f) is always contained in the space
YF(f). The equality does not hold in general, as the following map, which
we called the Double Cone (Figure 3.1), shows:

(x,y) = (2%, 4%, 2y).
An easy computation yields X1(f) = () and ‘21(]‘) = ¥2(f) = {0}.
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Lemma 1.2.6. Let f: X — Y be a finite-to-one map and let n = dim X .
Then .
dimXF(f) <n —k,

for alll1 <k <n. As a consequence, we have dim Ek(f) <n-—k.

Proof. We proceed by induction on k: Assume first dim f]l( f) =n, then
there exists a proper analytic space Z C X, such that f has constant rank
d<mnat X\ Z. For any point € X \ Z, by the constant rank theorem,
we can perform some local changes of coordinates in source and target to
obtain a map of the form (z1,...,24,0...,0), which is not finite. This
proves the case k = 1.

Assume dim 3¥(f) > n — k4 1. Then, since ¥ C S+=1(f), for all
k > 1, by induction we have dim 2k(f) < n—k+1, so the dimension
of F(f) equals n — k 4+ 1. Let  be a regular point of $¥(f) where the
dimension of $*(f) is n — k4 1. Then, there exists an open neighbohood
U C X of z, such that the restriction g = f|2k(f)nU is a holomorphic map
defined on a manifold of dimension n — k 4+ 1. Being a restriction of f,
the map ¢ is finite-to-one. Since the restriction is done precisely at f)’“( ),
it is obvious that g has rank < n — k at all source points. This means
dim i]l(g) =n — k + 1, contradicting the induction hypothesis. O

Example 1.2.7. The previous bound is accurate, since it is exact for the
map C" — CP given by

(z1,...,20) = (23,...,22,0,...,0).

1.3 Transversality and jet spaces

Definition 1.3.1. Let f: X — Y and let W be a submanifold of Y. We
say that f is transverse to W at a point x € X if either

1. f(z) ¢ W, or
2. Tj(a)Y = Ty W + dfu (T, X).

The map f is transverse to W (denoted by f M W) if it is transverse to
W at every point x € X.

Definition 1.3.2. We say that a map f: X — Y has normal crossings
if, for any k > 2, the restriction of f* to X(¥) is transverse to A(Y, k).

Lemma 1.3.3. [GG86, Lemma 4.6] Let F: Sx X —'Y be a holomorphic
map and, for any s € S, let fo: X — Y be the map given by fs(x) =
F(s,x). If F is transverse to some submanifold W of Y, then the subset

Z=1{seS|f MW}

1s residual in S.
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Proposition 1.3.4. [GG86, Thm. 4.4] Let f: X — 'Y be transverse to
some submanifold W of Y. Then f~=Y(W) is a submanifold of X of the

same codimension as W.

Definition 1.3.5. Two maps f, f': X — Y define the same k-jet at a
point x € X if f(x) = f/'(z) and their k-th Taylor expansions —for some
local coordinates— j* f(x) and j* f’(x) agree. This defines an equivalence
relation. The equivalence class of f is called the k-jet of f at x and,
by abuse of notation, we denote it by j*f(z). The set of k-jets of maps
f: X =Y with f(x) =y is denoted by J*(X,Y),,. The k-jet space is
defined as the disjoint union

FXY)= || THX Y )y
(z,y)EX XY
We have a source map
a: JHNX,Y) = X,

which maps a jet o € J*(X,Y),, to x. For each f: X — Y we have its
k-jet extension map

P X = JNXY),

given by z +— j* f(z).
The k-jet space J¥(X,Y) can be given a manifold structure [GGS86,
Thm. 2.7], so that a and j* f are holomorphic.

Definition 1.3.6. Given two manifolds X,Y and an integer s > 2, we
call the s-fold k-jet space to the manifold

JHX,Y) = (ax - x o) H(X®).
Given a map f: X — Y, we have a holomorphic map
S X = JEXY),

given by (z(, ..., 2()) = (¥ (M), ..., j%(2(*))). The points of the space
JF(X,Y) are called multijets and j*f(z™®),... x(9)) is called the mul-
tijet of f at (z(),...,z()).

Definition 1.3.7. For any k-jet o € J*(X,Y),,, with k£ > 1 we define
corank o = corank f,, for any representative f of o. We write

S, ={o € JHX,Y) | coranko = k}.
Obviously, we have XF(f) = (1)~ (Sk).

Proposition 1.3.8. [GG86, Thm. 5.4 If n < p, then Sk is a submani-
fold of JH(X,Y) of codimension k(p —n + k).
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Definition 1.3.9. We say that a map is Y*-generic if j' f h S,. A map
is called X-generic if it is Ek—generic foralll1 <k <n.

Remark 1.3.10. Let f: X — Y be a X*-generic map and assume n < p.
By Proposition 1.3.4, the set X¥(f) is empty or a submanifold of X of
dimension n — k(p — n + k).

1.4 Germs

Definition 1.4.1. Given a subset S C X, we say that two subsets
Y1,Ys C X define the same germ along S if there exists an open neigh-
bourhood U of S in X, such that

YinU=Y,NU.

This defines an equivalence relation on the set of subsets of X. An equiva-
lence class is called a germ (along S) and the germ represented by ¥ C X
is denoted by (Y,S). When S is a discrete set, germs along S are called
germs at S. We omit unnecessary brackets and denote germs of the form
(Y. {a}) by (V;2).

We say that a germ (Y,.S) is contained in a germ (Y’,S) (denoted
by (Y,S5) C (Y’,9)) if there exist representatives Z and Z’ of (Y,S) and
(Y',S) respectively, satisfying Z C Z’. We define (Y,5) N (Y',5) =
(Y NY’',S) and (YV,S)U (Y, S) = (Y UY’,S). These operations do not
depend on the representatives.

Definition 1.4.2. Given a subset S C X and two maps f1: Uy — Y and
f2: Uy = Y, with Uy, Us open neighbourhoods of S, we say that f; and
f2 define the same germ along S if there exists some open neighbourhood
U C U, NU;y of S, such that

filo = falu-

Again, this defines an equivalence relation on the set of maps U — Y
defined around S. An equivalence class is called a map germ (along
S) and the map germ represented by f is denoted by (f,S). A germ
of homeomorphism (or germ of biholomorphism, submersion, etc) is a
germ which admits a homeomorphism (biholomorphism, submersion, etc.)
as a representative. Observe that any map germ (f,S), represented by
f: X =Y yields a well defined subset f(S) CY.
A morphism of germs

f(X,8) = (Y, T)

is a map germ f along S such that f(S) C T. Germs and morphisms of
germs form a category. The isomorphisms are the germs of biholomor-
phism f: (X,S) — (Y, T) with f(S)=1T.
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A map germ at a finite set S, satisfying f(S) = {y} for some y € Y,
is called a multigerm. A monogerm at x is a map germ of the form
(f,{z}), which we denote by (f,z).

1.5 A-equivalence and stability

Definition 1.5.1. Two multigerms f: (X,S) — (Y,y) and f': (X', 5") —
(Y',y') are A-equivalent if there exist multigerms of biholomorphisms
v: (X,8) = (X',8) and ¢: (Y,y) — (Y',y), such that the following
diagram commutes:

f

(X,5) Y.y)

<X'h'> S (J:/)

Observe that a multigerm f: (X, S) — (Y, y), with S = {1, ... 2()}
determines (after ordering the elements of S) a unique multijet

JE() e P IHXY a0y
i=1

Since any multigerm f: (X,S5") — (Y, y) is A-equivalent to one of the
form f: (C",S) — (CP,0), we shall give our definitions for multigerms of
this form.

Definition 1.5.2. A multigerm f: (C™,S) — (CP?,0) is k-determined
if any germ satisying j*f = j¥g is A-equivalent to f. A multigerm is
finitely determined if it is k-determined for some k.
Definition 1.5.3. An unfolding of a multigerm f: (C",S) — (C?,0) is
a multigerm

F:(C"xC" {0} xS)— (C" xCP0),
of the form F(s,z) = (s, fs(z)), with fo(x) = f(z).

Two unfoldings F' and F’ as above are A-equivalent if there exist
unfoldings of the multigerms of the identity on C™ and CP?

®: (C" x C", {0} x §) — (C" x C", {0} x §)

and
¥: (C" x CP,0) — (C" x CP,0),

such that the following diagram commutes:

(€ x €, {0} x §) T— (C" x C»,0)

X |

(€ x €, {0} x §) L— (C" x C»,0)
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An unfolding F' of f is called trivial if it is A-equivalent to the constant
unfolding id x f.

A multigerm f: (C™,S) — (CP,0) is stable if every unfolding of f is
trivial.

Example 1.5.4. From Whitney’s classification of stable monogerms C"* —
C?7~! [Whid4| and Mather criterion for stability of multigerms [Mat69,
Prop. 1.6], it follows that the only stable multigerms of maps from com-
plex surfaces to complex 3-manifolds are:

1. Regular points: (x,y) — (z,,0)
2. Transverse double points: Given by the branches

(z,y) = (z,9,0)
(z,y) = (2,0,y)

3. Transverse triple points: Given by the branches

(z,y) = (z,9,0)
(z,y) = (2,0,9)
(z,y) — (0,2,y)
4. Cross-caps: (z,y) — (z,y?, xy)

SRS

Figure 1.1: Regular point and transverse double point.

& D

Figure 1.2: Transverse triple point and cross-cap.

Proposition 1.5.5. Every finite multigerm admits a stable unfolding.
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Proof. If f is finite, then f is K-finite and hence, has finite singularity
type in the sense of Mather (see [GWAPL76]). The result follows since
any multigerm of finite singularity type admits a stable unfolding. O

Now we define A-stability of maps. In the literature, our definition is
sometimes called local stability, to avoid confusion with a different notion,
called global stability. Since we do not use the global notion, there is no
risk of confusion.

Definition 1.5.6. We say that a finite map f: X — Y is stable (or
A-stable) if, for any y € f(X), the multigerm of f at f~!(y) is stable.

Definition 1.5.7. A one-parameter unfolding F': (C x C*,0) — (C x
C?,0) of the form (¢,x) — (¢, fr(x)) is called an stabilization of f = fj
if there exist open neighbourhoods D C C and U C C" of the origin and
a representative of F' defined on D x U such that f;: U — CP is stable for
allt € D\ {0}.

Lemma 1.5.8. If (n,p) are nice dimensions in the sense of Mather
(see [GWAPL76]), then every finitely determined map germ f: (C",0) —
(CP,0) admits an stabilization.

Proof. Tt is well known that every finitely determined map germ admits a
versal unfolding. Fixed such unfolding, the bifurcation set (that is, the set
of values of the parameters which produce non-stable germs) is analytic.
In the nice dimensions the bifurcation set must be proper, and the result
follows immediately. O

Proposition 1.5.9. Any stable map has normal crossings.

Proof. Fix some k and take any point y = f(x(()l)) =... = f(xék)), for
some different points () € X*. Let Uy, ..., U be pairwise disjoint open
coordinate neighbouhoods of xél), e ,xék). Let Aq,..., A be then x p
matrices containing the coordinates of CN = C™ x ...* x C™ and let
A = (Ay,..., A). Now define the map ¢: U; x --- x Uy x CN — Cp
given by

(2, A) = (f(M) 4+ Az® L f(@®) + Apz®).

This map is clearly a submersion. Therefore, there exists a curve v: D —
CY, defined on an open neighbouhood D C C of the origin, such that, for
all t € D\ {0}, the map ¢;: Uy x ...U — C*P given by

Pi(x) = ¢(z,7(1))

is transverse to A(Y, k).
Let F': D x U — D x C? be the unfolding of f of the form F(t,z) =
(t, fe(x)), where f; is given at any U; by

felu, () = f(z) + Asx.
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It is obvious that f; x -+ X f; = ¢ on Uy X --- x Ug. Therefore, the
above mentioned transversality of ¢; means that (f;)* = ¢; is transverse
to A(Y,k) on Uy X --- x Ug. The stability of f implies that the family
f¢ is locally trivial. Then, since the transversality of f* to A(Y,k) is
preserved under A-equivalence, we have that f* is transverse to A(Y, k)

at (mél),...,xék)). O

Proposition 1.5.10. [GG86, Prop. 3.12] For p = 2n, a finite map
X =Y is stable if and only if it is an immersion with normal crossings.

A similar argument to that of Proposition 1.5.9 shows the following
well known result:

Proposition 1.5.11. Any finite stable map f: X = Y is X-generic. In
particular F(f) is empty or a manifold of dimension n—k(p—n-+k+1).

Theorem 1.5.12 (Mather-Gaffney criterion of finite determinacy [Wal81]).
A finite germ f: (C™,0) — (CP,0) is finitely determined if and only if it
admits a representative f: U — V', such that f is stable on U \ {0}.

Definition 1.5.13. We say that two maps f: X - Y and f': X' — Y’
are A-equivalent if there exist two biholomorphisms ¢: X — X’ and
1¥:Y — Y’ making the following diagram commutative:

X*f>Y

P,k

X/ L_ Y/
Definition 1.5.14. Given a map f: X — Y, we call an unfolding of
f over a pointed manifold (S, sg) to any map F: X — Y, endowed with
two embeddings i: X — X,j:Y — Y and two submersions a: X —

S,8:Y — S, satisfying:

1. The following diagram commutes:
Y
|
F

1i
N

2. Let X, = a7 !(s) and Y; = B71(s), for any s € S. Then i and j
map X and Y isomorphically to X, and Yj,.
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For any s € S, we write fs = F|x,: Xs — Y;. We will call a local
unfolding (at a subset A C X) to any unfolding F' of the restriction of
f to some open neighbourhood U C X of A.

Remark 1.5.15. Some comment are due:

1. If F is an unfolding of f, then f and fs, are A-equivalent. Indeed,
every A-equivalence can be seen as an unfolding where S consists
just on one point.

2. If F'is an unfolding of f over (S,sg) and .Z is an unfolding of F
over (T, tp), then .7 is also an unfolding of f over (S x T, (so,%o))-

3. Every unfolding admits the following local form: take local co-
ordinates so that the maps i,j,«, are given by i(x) = (z,0),
ily) = (y,0), a(s,x) = s and B(s,y) = s. The map F is writ-
ten in such coordinates as F(s,x) = (s, fs(x)), with fo = f. Hence,
the definition of unfolding can be seen as a global coordinate-free
version of the local Definition 1.5.3.

Definition 1.5.16. With the notations above, we say that F': X — ) is
a A-trivial unfolding if there exists an open neighbourhood S’ C S of sq,
an open neighbourhood U € C™ of 0 and two biholomorphisms ®: X’ —
X xUand ¥:)Y — Y x U, where X' = o71(5) and )’ = 371(9),
satisfying:

1. The diagram

X/ F’ Y

id
xxu %y v
commutes, where F’ is the corresponding restriction of F'.

2. The biholomorphisms ® and ¥ map respectively X, and Y;, to
X x {0} and Y x {0}.

1.6 Further conventions
In what follows, in addition to the conventions in Section 1.1, the maps

f: X = Y and the multigerms f: (C",S) — (CP,0) are assumed to be
finite. In particular, this implies n < p.



Chapter 2

Multiple points

The aim of this chapter is to stablish the definitions and some proper-
ties of multiple points of finite holomorphic mappings between manifolds,
without any extra assumptions.

In the first section we show that there is only one way to define multiple
point spaces satisfying some natural conditions (the conditions M1 and
M2 in Definition 2.1.4, slightly more demanding than a) and b) in the
introduction). As we will see, the satisfactory construction of multiple
point spaces corresponds to Gaffney [Gaf83]. Section 2.2 is devoted to
Mond’s multiple point ideals, which give us an easier way to compute the
multiple point spaces of corank 1 map germs. (Proposition 2.2.2). In
Section 2.3 we introduce the source multiple point space and show how
to compute it in some cases. In Section 2.4 we study the quotient of
the multiple point space by the action of permutation groups. We give an
effective way to compute the quotient and we explain the difficulties which
arise in corank 2. In Section 2.5 we introduce the target multiple point
space. We show an improvement of a method by Mond to compute some
presentation matrices, which is more efficient for computational purposes.
Finally, in Section 2.6 we show a diagram relating the above complex
spaces.

2.1 The multiple point space

Definition 2.1.1. Given amap f: X — Y, we say that (z(1), ... () ¢
XF is a strict k-multiple point of f if f(z(V) = f(2()) and 2 # 20),
for all i # j. We denote by D.(f) the analytic closure of the set of strict
k-multiple points of f, that is,

D§(f) = (f5) (A, k) \ D(X, k).

We regard D’g( f) as a complex space with the reduced structure. If we
denote by Fa(x r) and Fpx i) the ideal sheaves in XP* of the small and

11
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big diagonal respectively, then the ideal sheaf of D*(f) is

\/W(ﬁ k) : jD(X,k)Ooz

where Z(f, k) = (fk)*fA(y,k) and A : B> stands for the saturation of A
with respect to B.

We have local versions of the above definitions as well: For any finite
multigerm f: (X, A) — (Y, y), we take a representative f of f, defined at a
small enough neighbourhood U of A. Then, we define D%( f) as the multi-
germ in A of D¥( f ) (see Section A.2 for the definition of germs of complex
spaces). We fix some particular notation for the case of monogerms: we
denote by A(n, k) and D(n, k) the germs of A(C™, k) and D(C", k) at 0.
The ideals in Oy, defining these two space germs are

k
In(ng) = Z(xgl) — xgl) li=1,...,n),

1=2

l m .
Ipnk = ﬂ @ = 2™ i=1,... n).
1<i<m<k

As in the global case, we have DE(f) = (f*)~1(A(p,k)) \ D(n k) and its
defining ideal in Oy, is \/P(f, k) : Ip(nr)™, with P(f7 k) = (f*)*1

Example 2.1.2. Take, as in Example B, the family of curves f;: C — C?
given by
x i (2223 + tr).

The map fy is just a usual cusp and, since it is a injective map, the space
Dg (fo) is empty. For ¢t # 0, a straightforward computation shows that
DE(fy) is the zero set of (22 +t,z + /).

Take the ideal I = (22 +t, 2+ 2') in O3 (variables x, 2" and t) and let
I, be the ideal in Oy (variables x and z’) obtained by the substitution
t =tg in I. We observe

1. the ideal Iy does not define D(fy), and
2. the ring O3 /I is not reduced.

The previous example shows that the closure of the set of strict multi-
ple points does not define a satisfactory multiple point space. As we will
show soon, a satisfactory definition of multiple point spaces has to include
more points (not just the ones in the closure of the strict points) and has
to sometimes yield non-reduced spaces. Before getting into the details,
we need the following lemmas:

Lemma 2.1.3. For any multigerm f: (C", A) — (CP,0).
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1. If F = (s, fs) and F' = (s, f!) are A-equivalent unfoldings of f,
then
DE(F)N{s =0} = DE(F') N {s =0}.
2. If f is stable, then for any unfolding F = (s, fs) of f,

D§(F) N {s =0} = D§(f)-

3. If F = (s, fs) and F' = (¢, f{) are stable unfoldings of f, then

DE(F)N{s =0} = DE(F")n{t =0}.

4. Let F = (s, fs) and F'(t, f]) be stable unfoldings of two germs f, f’,
respectively. If f' = o fo¢™L, where ¢, are biholomorphisms,
then

¢*(DE(F) N {s = 0}) = DE(F) N {t = 0}.

Proof. 1) By hypothesis, we have F’ = W o F o ®~! where ®, ¥ are un-

foldings of the identity in C", CP respectively. On one hand, ®(DE(F)) =

DE(F"). On the other hand, we write ® = (s, ¢;) with ¢ = id, so
DY(F) 1 {s = 0} = B(D5(F)) 1 {s = 0} = DS(F) N {5 = 0}.

2) Since f is a stable map and F is an unfolding of f, then F is
A-equivalent to the constant unfolding (id x f). From (1), it follows

DE(F) 0 {s = 0} = DY(id ) 1 {s = 0} = DE(F).

3) Let F be the germ given by F(s,t,z) = (s,t, fs(x) + fi(x) — f(2)).
This is an unfolding of both F' and F’. Since F' and F’ are stable, (2)
implies

DE(F)N{s=0}=DE(F)n{s=t=0} = DE(F')n {t =0}.

4) Let G be the unfolding of f’ given by G(s,z) = (s, 0 fs 0 ¢~ 1).
We have that U o F o ®~! = G, where ® = id x¢ and ¥ = id x%), hence
G is also stable. From (3) we obtain

DE(G)N{s =0} = DE(F)n{t =0}.
On the other hand, ®*(D%(F)) = D%(G) and thus,

O (DE(F) N {s = 0}) = B*(DE(F)) N {s = 0} = DE(G) N {s = 0}.
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To be precise about our scheme-theoretic requirements for multiple
point spaces, we need to introduce some definitions. We call a multiple
point space structure to any rule, denoted by D*, which associates to
any finite map f: X — Y a closed complex subspace D*(f) of X*. The
space DF(f) is called the k-multiple point space of f. Since we ask
D¥(f) to be a closed subspace of X*, the structure sheaf Opr(yy is defined
by some coherent ideal sheaf .#*(f) in Ox«.

Definition 2.1.4. For any multiple point space structure D*, we define
two conditions:

M1. If f is a stable map, then D*(f) = DE(f).

M2. For any local unfolding F' of f at an open neighbourhood U C X
(Definition 1.5.14), the map i* sends D*(f) N U* isomorphically to
D*(F)n (Us,)*.

Condition M1 may be thought as D* being a simple choice for the
multiple point structure. Condition M2 means, first, that D* behaves
well under deformations and, second, that D¥(f) is determined by the
multilocal behaviour of f at every collection of points. Now we show that
this two conditions determine D* uniquely.

Proposition-Definition 2.1.5. There exists a unique multiple point
structure DF satisfying M1 and M2. For any map f: X — Y, we call
D¥(f) the k-multiple point space of f. For any point w € X*, the
space DF(f) is given locally around w by

D*(f) = (") H(DE(F) N (Xs0)"),
where F' is any local stable unfolding of f at w.

Proof. First of all, we set D*(f) N (X*\ (f*)"Y(A(Y,k))) = 0. Now let
e 2R e (fF)7L(A(Y, k)) and take the finite multigerm f: (X, A) —
(Y,y), where A = {z( ... 2} and f(2?) = y. Taking local co-
ordinates in X and Y, we have biholomorphisms ¢ and % such that
f =1ofog !l for some f': (C" A") — (CP,0). We define D*(f)
in a neighbourhood of (z(,..., ") as

D*(f) = ¢"(D§(F") n {s = 0}),

where F’ is any stable unfolding of f’. By Lemma 2.1.3, D*(f) is well
defined and does not depend on the choice of ¢, 1 and F’. Therefore, these
spaces can be glued together to get a complex space defined globally. We
will denote it by D*(f) and its defining ideal sheaf by .#%(f). It follows
from the definition that D*(f) is given by

D*(f) = (") TH(DE(F) N (Xs)"),
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where F' is any local stable unfolding of f.

If f is stable, then we can take F' = f and hence D*(f) = D%(f), so
condition M1 is satisfied. Condition M2 is obvious as well. Taking local
coordinates, it suffices to prove the claim for a multigerm f: (C", A) —
(CP,0). Given any unfolding F' = (¢, f;) of f, we take F(s,t, fs+) a stable
unfolding of F'. Then,

D*(f) = D§(F) n{s =t =0} = (D§(F) N {s = 0}) N {t = 0}
= D*(F)n {t =0}.
Finally, we show the unicity. Let DF be another k-multiple point structure

satisfying M1 and M2. For any map f and for any local stable unfolding
F of f, we have locally the following equalities:

D*(f) = (i*)"H(Ds(F) N (Xs,)*) = (i) 71D (F) N (X)*) = DH(S).
O

Example 2.1.6. We are going to compute the double point space of the
cusp f: (C,0) — (C2,0) given by

x> (2%, 2%).

Take the family of curves of Example 2.1.2 as an unfolding, that is, take
the map germ F': (C2,0) — (C3,0), given by

(t,x) — (t, 22, 23 + tz).

Let ¢ and ¢ be the local changes of coordinates (t,z) — (t — 22, 2)
and (X,Y,Z) — (X —Y2Y,Z). The map ¢ o F o) is a cross-cap, and
therefore F is stable. The strict double point space D%(F) is defined by
the ideal

\/P(F, 2) : Ip(nay™ = (t—t\ o+t +2%).
The substitution ¢ = 0 yields the double point space

D(f) = V(z+2',2).

Example 2.1.7. Let A4,,: (C,0) — (C,0) be the germ given by = — z**1.
To compute its multiple point spaces, we need to take a stable unfolding
F of A,. One can check (see [Gib79| for details) that the map germ
F: (C* 1 xC,0) — (C* ! x C,0), given by

+1 -1
(ury ety @) = (Ur, e Uy, T a2 4w ),

is a minimal (in the sense of the number of parameters u;) stable unfolding
of A,.
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N\

Figure 2.1: Image of the cross-cap, as an unfolding of the cusp.

For any k, the ideal P(f, k) is generated by the germs ul(j) - ugl)

and ), u (20))i — > uD(2M)i, for j =2,... k, The first generators
allow us to eliminate the unnecessary copies u/) to produce an isomorphic
space, embeeded in C*~1 x CF, given by

Zuz'((:v(j))i — (@)

Now the ideal defining the k-multiple point space is obtained by, first,
computing the saturation of this ideal with respect to the ideal Ip; ),
and then radical of the resulting ideal. A much easier way to obtain to
this ideal is given by Proposition 2.2.2

As the previous example shows, the previous construction of multiple
point space forces us to study maps between manifolds of arbitrarily big
dimension. For double points in any corank and for k-multiple points of
corank 1 map germs, this problem is adressed by Mond’s ideals (Section
2.2 and Theorem 3.1.12).

Proposition 2.1.8. Let f: (C*,0) — (CP,0) be a rank r map germ.

1. If f is of the form (s,x) — (s, fs(x)),s € C",xz € C* ", then
the projection P: C™ — C" x CF"=") which forgets the variables
s@ s induces an isomorphism

DE(f) = {(s,w) € Cr x CEm=") | w is a strict multiple point of fs}.

2. D*(f) embeds into C" x CF=7),
Proof. 1) Let Z = {(s,w) € C" x C*" | w is a strict multiple point of f,}
and observe that 1) is a set theoretical question, since both D%(f) and Z

are reduced. It is obvious that P restricts to a bijection

{strict k-multiple points of f} — Z.
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Therefore, P(D%(f)) € Z. Let v: D — Z be a curve defined in a neigh-
boohood of the origin of C, satisfying v(D \ {0}) C Z. Let ~; be the
coordinate functions of v and let

0 = (717 cee 7’77’) and w = (%"Jrla s 7’7r+k(n—r))~

Let v/: D — X* be defined by

with o repeated k times. It is obvious that +/(¢) is a strict k-multiple
point of f, for all t € D\ {0}. Therefore, we have 7/(D) C D%(f). Since
Po~' =+, we obtain Z C P(D(f)), as desired.

To show 2) take F': (C! x C",0) — (C! x CP) a stable unfolding of f of
the form F(t,s,x) = (t,s, fi.s(x)). By 1), we can eliminate the variables

t@ . t*) and ) ... () 0 obtain an isomorphic image of D% (F) into
CH™ x CH=7). Now, since D*(f) = DE(F) N {t) = 0|1 <i <k}, the
claim follows immediately. O

Lemma 2.1.9. If f: X — Y is a stable map, then the set of strict k-
multiple points of f is empty or a manifold of dimension kn — (k — 1)p.
In particular, D*(f) is empty or a reduced unmived space of dimension
kn — (k — 1)p (see Definition A for unmizedness).

Proof. The statement follows directly from Proposition 1.5.9 and Propo-
sition 1.3.4. O

Proposition 2.1.10. For any f: X — Y, any integer k > 2 and any
point w € D*(f), all non embedded irreducible components of the germ
(D*(f),w) have dimension > kn — (k — 1)p. In particular, the k-multiple
point space D*(f) is empty or has dimension greater than or equal to

kn — (k- 1)p.

Proof. Let F(s,x) = (s, fs(x)),s € C" be a local stable unfolding of f, so
that D*(f) = D¥(F)N{s = 0}. By Lemma 2.1.9, D*(F) is empty or has
dimension k(r+n)—(k—1)(r+p) = kn—(k—1)p+r. Let w € D*(f), then
(0,w) € D¥(F). By Lemma 2.1.9, all the irreducible components of D*(F)
have dimension exactly kn— (k—1)p—+r. Obviously, {s = 0} is a manifold
of dimension r. Thus, at every point, it consists of just one component of
dimension r. Now the result follows directly from Proposition A.0.7. O

We finish this section with an example of a corank 2 map germ (ex-
tracted from [MNBOS§]), to which we will come back several times in order
to illustrate different constructions.

Example 2.1.11. Let f: (C?,0) — (C3,0) be given by

(z,y) = (z%,9%,2° + y* + ay).
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Figure 2.2: Image of the map germ in Example 2.1.11.

Computing the double point space of f as explained in Proposition-
Definition 2.1.5 can be quite difficult. However, as we will see in Theorem
3.1.12, there is a straightforward way to calculate double point spaces (the
details for this particular map are given in Example 3.1.2). The resulting
ideal I%(f) is generated in O, by

gn=@+a)e—2a"), gi=(y+y)(22*+222"+ 22" +y+7y),

g2=W+y)y—v), g5 =(@+a")(z+a2"+2°+ 2y +2y?),

gp=(z+2)y+y), go=(v—a") (2> +2z2" + 2" +y+y)+
+(y — )z + 2" + 207 + 2y’ + 24%).

The reason why we factorize the generators this way will become clear in
Example 2.4.4.

2.2 Multiple points of corank 1 monogerms

In [Mon87] Mond introduces some ideals I*(f) for corank 1 map germs
which define the multiple point spaces. These ideals are obtained directly
from the original map, with no need to take any unfolding. Moreover,
in [MM89] Marar and Mond show that stability and finite determinacy of
corank 1 map germs f: (C™,0) — (CP,0), n < p, can be characterized by
the geometry of the multiple point spaces.

Let f: (C™,0) — (CP?,0) be a corank 1 map germ with n < p. Up to
A-equivalence, f can be written in the form

(@,y) = (2, (@, 9), -, fo(2,9)),

with z € C"! and y € C. We can think of f(x,y) as a (n — 1)-parameter
family of functions of one variable f,(y) = (fu(z,v),..., fp(z,y)). Em-
bedding D?(f) in C"~! x C? (see Proposition 2.1.8), a point (z,y,y’) is
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a double point if and only if the coefficients of the Newton interpolating
polynomial of degree 1 for the points (y, f;..(v)), (v, f;.2(¥')) are equal to
0, for all n < 5 < p. These coefficients, the generators of Mond’s double
point ideal I?(f), are the divided differences
/
fj,m[y7y/]: f]('r7y) fz(x’y)
y—y

Similarly, the triple points are (z,y,y’,y") € C"~1 x C3 such that every
coefficient of the Newton interpolating polynomial of degree 2 for the
points (4, fi.0(1)s (s F50(0')): (4" F3.2(4"")) are equal to 0 for every n <
j < p. These coefficients are the divided differences f;.[y,y’] and the
iterated divided differences

. A . 7
Fialysds o] = fy,z[y,y}/ fg;z[y,y ]
Yy -y

Hence, Mond’s triple point ideal is

P(f) = fialy,v'] fiely ' 9" [ n < 5 < p).
Higher order k-tuple ideals I*(f) are defined analogously.

Remark 2.2.1. As observed by Marar and Mond [MM89], the coefficients
of the Lagrange interpolation polynomial provide another set of generators
for the ideal defining the k-tuple points, with the advantage that they are
invariant under the action of the symmetric group Sj.

Proposition 2.2.2. [MM89, Prop. 2.16] For any corank 1 map germ
f:(C™0) — (CP,0), the ideal I*(f) defines D*(f).

Theorem 2.2.3. [MM89, Thm. 2.14] Let f: (C™,0) — (CP,0) be a
finite corank 1 map, with n < p. Then

1. f is stable if and only if D*(f) is empty or smooth of dimension
p—k(p—n), for every k > 2.

2. f is finitely determined if and only if D*(f) is empty or an ICIS of
dimension p — k(p — n), for all k satisfying p — k(p —n) > 0, and
DH(f) C {0} for p— k(p —n) < 0.

We will show in Proposition 3.2.3 that the double point locus of a
stable map may contain singularities, provided that the map has some
corank > 2 points. Thus, we can not expect a criterion so simple for the
corank > 2 case.

The previous theorem motivates the following definition, due to Kevin
Houston [Hou94]:

Definition 2.2.4. For any f: X — Y the k-multiple point space D*(f)
is dimensionally correct if it is empty or has dimension kn — (k — 1)p.

The following is still, to our knowledge, an open question: Is it true
that the multiple point spaces are Cohen Macaulay if they are dimension-
ally correct? See the Open Problem 3 for a more detailed explanation.
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2.3 Source multiple points

Definition 2.3.1. Let f: U — V and let p: D*(f) — U be the restriction
to D¥(f) of the projection U¥ — U on the first coordinate. The source
k-multiple point space is the complex space defined by the 0-Fitting
ideal sheaf (Definition A.3.1) of the push-forward module p.Opx sy, that
is:

DY(f) = V(Fo(pOpr(p))-

In the case k = 2 we write D(f) = D?(f). From Proposition B.1.2, we
obtain the set-theoretical equality

DY (f) = p(D*(f)).

The definition goes analogously for multigerms f: (C",S) — (CP,0),
that is, DY(f) = V(Fo(p«Opr(y)). For any map f: U — V and any
point z € U, we have D(f), = D(f.).

Remark 2.3.2. Computing the ideal Fy(p«Opr(s)) which defines the
source double points of a map germ f: (C*,0) — (CP,0) can be quite
involved. However, for double points in the case p = n + 1, if D?(f)
is dimensionally correct, then p: D?(f) — C™ is a map from a Cohen
Macaulay space of dimension n — 1 to C" (Lemma 3.1.10). Then we can
proceed as explained in Section 2.5.

Example 2.3.3. Let f: (C?,0) — (C3,0), as in Example 2.1.11, be given
by

(z,y) — (22,92, 23 + y3 + 2y).
The projection p: D?*(f) — (C2%,0), is just (z,y,2’,y") — (z,y). The
ideal Fo(p«+Op2(ysy) is generated by the determinant of the following pre-
sentation matrix of p.Opz (s, obtained by means of the SINGULAR libary
mentioned in Remark 2.5.8 :

Y -1 0 0 0 0

0 Y 0 0 -1 0
2xy + 23 0 y—2a2 x-—2% —x? -2

0 z2 0 y + 22 1 0

0 2%y 0 2%y Yy 1

x2 —2? x4 2%y —xy —z+2%y 2y+2?

Thus, the source double point space of f is the zero set of

Fo(p«Op2(p)) = (2 + %) (@ + 1*) (y + 2%)).

In Corollary 3.2.9 we will show that for generic maps germs f: (C",0) —
(C™*1)0), the space D(f) is a reduced hypersurface. This will pro-
vide a useful criterion of finite determinacy for corank 2 map germs
f:(C%,0) — (C3,0) (Corollary 5.1.3): f is finitely determined if and
only if D(f) is a reduced curve.
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Remark 2.3.4. There is another way to define multiple point spaces
in the source, which consists in taking the preimage by f of the target
multiple point space My(f) (Section 2.5). This is the approach used
by Kleiman [Kle81| and others (notation caution: Kleiman denotes our
My (f) by Ny, and denotes by M, the space f~1(M(f))). We make use
of this space in Section 5.3. The relation between both structures is, to
our knowledge, still unclear (see Open Problem 6).

2.4 Quotient multiple points

Let Sy, be the permutation group of k points, acting on X* coordinatewise.

Lemma 2.4.1. For any map f: X — Y, the ideal sheaf #*(f) is S-
tnvariant.

Proof. Let F: S x X — Y be an unfolding of f of the form F(s,z) =
(s, fs(z)), then h € #*(F) if and only if h vanishes on all points

(s, 2 s 20y e (§ % x)R)

satisfying F(s(), (1)) = F(s®, 2®), for i = 2,...,k. It is obvious that
F*(F) is Sg-invariant. The claim follows, since the ideal #*(f) is ob-
tained by adding to #*(F) the ideal (s() ... s®) which is also Sj-

invariant. O

Definition 2.4.2. For any map f: U — V, we define its quotient mul-
tiple point space as the quotient space D*(f)/Sj of the complex space
D¥(f) by the action of the permutation group Sy (see [Fis76, 1.26]). The
definition extends to germs taking representatives.

The underlying space of D*(f)/S}, is the quotient, as a topological
space, of D¥(f) by Si. The structure sheaf Opr(r),s, is given locally at
a class [w] € D¥(f)/Sk by the invariant subalgebra:

Opi(py/suiwl = (D Oprpyuw)
w’ €[w]

Observe that since Ox/g, (] is a subalgebra of @w’e[w] Opr(F)w > then
X /S5 is reduced at [w] if X is reduced at all w’ € [w].

How to compute D*(f)/Sy

Let D*(f) = V(I*(f)) be the k-multiple point space of a monogerm
f:(C™,0) = (CP,0). To embed D?(f)/Sk in some C™, we have to express
the invariant algebra

Opr(py 0.0 = Ot [(TF(f)%).

as an analytic algebra O,,/J. This can be done as follows:
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1. Find a system of invariants o;,1 < ¢ < kn, and some funtions
Bj,1 < j <1, such that

Onk = @ Bja*Okna

where a: C** — CF™ is the map with coordinate functions a1, . . ., g,
(see Theorem B.2.3). Let m = kn + [ and define

¢: CFn 5 ™
as the map with coordinate functions a; and §;. It is immediate
that v*: O, — (9,“37’; is an epimorphism.

2. Obtain the ideal (I*(f))% = I*(f) N O,f;; If I%(f) is generated
by hi,...,h, then, from Lemma B.2.8 it follows that (I*(f))% is
generated in (’),‘i’; by the elements

Bih)*, j=1,...,0, i=1,...,m

3. Now ODk(f)/Sk = Om/J, with J = (w*)_l((lk(f))Sk)

In the following examples we compute the embedding of D?(f)/Ss for
two given monogerms, one of corank 1 and the other of corank 2.

Example 2.4.3. Let f: (C%,0) — (C3,0) be the corank 1 map germ
given by

(z,y) = (z,2y +y°,2y° + ey*),c € C.
As we saw in Section 2.2, D?(f) embeds in C x C? (variables z,y,y’) and
the ideal I?(f) is generated by

g1 =2 +y*+yy +y? and
g2 =x(y+y) + P+ vy +yy? +y®).

Observe that after the embedding in C x C2, the permutation group
S5 acts only in the variables y,4’. Since g; and g are both Ss-invariant,
from Lemma B.2.8 we get that I?(f)? is precisely the ideal generated by
91,92 in 032, Let : (C3,0) — (C3,0) be given by

(xvya y/) = (l’,y + y/a (y - y,)Z)'

From Example B.3.4 it follows that ¢*: O3 — (93“? ? is an isomorphism.
Therefore J = 9*(I%(f)%2) is just the ideal generated by the expressions
of g1 and g in the variables 2,01 = (y +¢') and o3 = (y — ¢')?. That is,
D?(f)/Ss =2 V(J), where

J = (4x 4 3037 + 09,2201 + c(0F + 0102)).
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Example 2.4.4. Let f: (C%,0) — (C3,0), as in Example 2.1.11, be given
by

(z,y) = (2,92, 2% + y° + 2y).
I%(f) is generated by the germs g, ..., gs given in Example 2.1.11. The
germs g3, g4 and g5 are symmetric whereas g1, g2 and gg are antisymmetric.

Thus, from Example B.3.9 it follows that I%(f)“? is generated by g1, 92, g6
and (z — )9, (y — y')gj, 7 = 3,4,5. Let ¢p: C* — C® be given by

(z,y,2",y) = (x+2, (x— 2"+, (y—y) (-2 )y —v)).
From Lemma B.3.2 and Lemma B.3.3, it follows that morphism
P*: 05 — 032
is an epimorphism with
ker * = (riy, — ri17r92),

where s1, 82,711,712 and 79y are the variables in Os. To compute J =
*(I%(f)°2) we have to add ker¢* to the ideal generated by the expres-
sions of the generators of I2(f)% in the variables s; = x4+ 2/, so = y+v/,
ri1 = (x—2")2%, r2 = (x —2")(y —9') r22 = (y — )% and . Therefore,
D?(f)/Ss =2 V(J), where J is the ideal generated by

hi = 51711, he = 28% + s1729,
hy = 5189, hy = 28% + S2T11,
hz = 81712, hs = 1%, + roar12 + 2711 52,
hy = 82722, ho = T35 + T11712 + 281722,
hs = sa712, hio = 155 — T11722.

The explicit method to compute D*(f)/Si given above yields the next
result:

Proposition 2.4.5. Let f: (C",0) — (CP,0) be a corank 1 map germ. If
dim D¥(f) = kn — (k — 1)p, then D*(f)/Sk is a complete intersection.

Proof. By Proposition 2.1.8, D*(f) embeds in C"~! x C* and the action
S, induces by permutation of the coordinates in C*. The group Sy acting
on CF by permutation of coordinates is a reflection group (i.e. generated
by reflections). Therefore, Shephard-Todd’s Theorem B.2.5 implies that
C* /Sy is a manifold of dimension k. From Remark 2.2.1, it follows that
the ideal defining D*(f) in C"~! x C* can be generated by exactly (k —
1)(p — n + 1) Sg-invariant germs g¢; in Op_14;. From Lemma B.2.8 it
follows that D¥(f)/S), is isomorphic to the subspace of C*~1 x CF/S
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given by the vanishing of the expressions of g; in the symmetric variables.
We have (k—1)(p—n+1) generators in regular ring of dimension n—1+k,
and the claim follows. O

Remark 2.4.6. In the corank > 2 case the situation is more complicated.
We can not embeed D*(f)/S) in C"~! x C¥, where the group acts as a
reflection group. Therefore, the ambient space C*™ /Sy, where we embeed
D¥(f)/Syk, is not smooth anymore (it is, however, a Cohen Macaulay
space of dimension kn, by Corollary B.2.4). Moreover, we can not expect
the generators of I¥(f) to be Si-invariant. Thus, when we apply Lemma
B.2.8, the number of generators of (I¥(f))S* grows substantially (see Ex-
ample 2.4.4, were we obtained 9 generators of (I*(f)) from a collection
of 6 generators of I*(f)).

2.5 Target multiple points

The definition of the target multiple point space we use is due to Mond
and Pellikaan [MP89| and also Kleiman [Kle81|. This definition, unlike
the source and quotient multiple point spaces we introduced before, is
independent of the multiple point structure D¥(f). As a matter of fact,
the relations between these two approaches are not well known (see Open
Problem 6). The idea is simple: Given a map f: X — Y, a k-multiple
point in the target is a point y € Y which has at least k preimages
(counting with multiplicity). As Proposition A.3.2 shows, the adequate
tool for this definition are the Fitting ideal sheaves of the pushforward
module f,Ox.

Definition 2.5.1. The k-multiple point space of f: X — Y in the
target is the complex space

My (f) = V(Fr-1(f:O0x)).

In the case k = 2, we write f(D(f)) = Mz(f). For a multigerm f: (C",S) —
(CP,0), the k-multiple point space in the target is My (f) = V (Fx—1(f+Ocn.s)).
Of course, this space agrees with the germ at 0 of the k-multiple point

space in the target of any representative defined in a small enough neigh-
borhood of S.

Observe that the terminology f(D(f)) is just a notation, we are not
exactly taking the scheme-theoretical image of the complex space D(f)
by the finite morphism f. However, we will see that the underlying set (or
set germ) of f(D(f)) is precisely the image of D(f) by f (Remark 2.6.1).

Proposition 2.5.2. [MP89, Thm. 8.4 If p=n+1 and f is a generi-
cally one-to-one, then f(D(f)) is determinantal (in particular, it is Cohen
Macaulay).
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Algorithms to compute presentation matrices

Here we discuss how to compute the presentation matrix of the module
f+Ox for a finite map f: X — C"*!, when X is a Cohen Macaulay space
of dimension n. First we explain an algorithm, due to Mond and Pel-
likaan [MP89], to compute such a presentation matrix. It turns out that
the algorithm has some issues when restricted to work with polynomial
data. We introduce a slight improvement of the algorithm, obtained in
collaboration with M. E. Hernandes and A. J. Miranda, which behaves
better for computational purposes.

Mond-Pellikaan’s algorithm consists briefly on this: Let fi,..., fnt1
be the coordinate functions of f. After a generic linear change of coordi-
nates in the target, we may assume that the map

f=f, - fa): X = (C™,0)
is finite. If g1,...gn are generators of f,Ox, then they are generators
of f.Ox as well. Therefore, we obtain an epimorphism ¢: O}, — Ox
mapping the canonical vector e; to the generator g;. For any 1 < i < h,
there exist germs a;; € O, 1 < j < h satisfying

h
forr9i = Fraijg;.
i=1

If we denote by Xi,..., X1 the variables in C"™! and §;; is the Kro-
necker’s delta function, then the matrix M (f) with entries

aij (Xl, SN 7Xn) - 5inn+1
is a presentation matrix for f,Ox.

Example 2.5.3. Let f: (C2,0) — (C3,0), as in Example 2.1.11, be given
by

(z,y) = (2%, 9% 2° +y° + ).
We have f(z,y) = (22, %) and the pushforward module f, O, is generated
by g1 = 1,91 = x,93 = y,94 = zy. If we denote by X,Y, 7 the target
coordinates, then the presentation matrix of f,Os obtained by Mond-
Pellikaan’s algorithm is

-7 X? Y? XY
X —-Z Y Y?
Y X -7z X?
1 Yy X -Z

We obtain the following Fitting ideals:

1. Fo(fe02) = (X?Y?2 —2XYZ? + Z* — 2X1Y — 2XY* —8X?Y?%Z —
2X372% —2Y37% + X6 — 2X3Y3 + Y©), which defines the image of
I
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2. Fi(f.02) = Y2+ XZ, Z+ XY, - Y+ X)) (X+Y -2, Y2 -YZ+
ZHNY +Z,X+2)N(—X+Y?% Z+ XY, X% +YZ), which defines
the target double point space of f.

3. F3(f«02) = (X,Y, Z), which defines the target triple point space.

The rest of this section is a collaboration with M. E. Hernandes, A.
J. Miranda [HMPS15|. We call a Mond-Pellikaan matrix (M-P matrix for
short) the matrix M (f) with entries a;;(X1, ..., X,) — 0;; Xn41 of Mond-
Pellikaan’s algorithm. It is obvious that, if f is finite, then a M-P matrix
with entries in 0,41 can be obtained. However, to make an computer im-
plementation of Mond-Pellikaan’s algorithm, we have to face the fact that
most commutative algebra software (for example SINGULAR [WGPS15])
only deal with polynomial data. The problem, as the following example
shows, is that certain maps do not admit a P-M matrix with polynomial
entries (even if they do admit very easy polynomial presentations!).

Example 2.5.4. Let be f: (C2,0) — (C3,0) the map germ given by
(z,y) = (zy, @ +y +a?,x).

We have f(m, y) = (vy,x +y+ 2?). A minimal system of generators of
frO2is g1 = 1,92 = y. If f.Oy admits a polynomial M-P matrix, then
there exist polynomials aj,as € C[X7, X5], satisfying

x = fuar-gi+ fraz-go = ar(zy, 2 +y+2°) - 1+as(zy, v +y+a?)-y. (2.1)

Since {1,Z,7} is a basis for the C-vector space Clxz,y]/f*m, then = does
not belong to the submodule of f.C[z,y] generated by ¢g; and g2. We con-
clude that the equation above cannot be satisfied by polynomial elements
a1 and ag, and thus there is no M-P type presentation for f.Os.

Although the previous example does not admit a polynomial M-P ma-
trix, one can check (or just wait to Theorem 2.5.6) that the following
polynomial matrix is, with respect to the generators 1 and y, a presenta-

tion of f,Oa:
\ Y- 1+4Y)-X, 1
- -X4 Y )°
Thus, we must consider a different, wider than M-P, class of matrices
for our presentations.

Definition 2.5.5. Let f: X — (C"*1,0) be map germ, with X = V(1)
a germ of n-dimensional Cohen Macaulay space and let g1,...,gn be a
minimal set of generators of f,Ox. For any h x h matrix A with entries
in O,,4+1, we define the following conditions:

h
CL > fAj-g;i=0 mod I, j=1,... h

i=1
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C2. det (A0, Xps1) — A(0,0)) = X, - u(Xps1), w(0) #0.
Observe that C1 and C2 hold for all M-P matrices.

Theorem 2.5.6. In the conditions above, every matriz A satisfying C1
and C2 is a presentation matriz of fiOpi1.

Proof. We follow the steps in the proof of Mond-Pellikaan algorithm.
Consider A : OF nl — OF',, the homomorphism associated to the
matrix A and ¢ : O, — Ox such that ¢(e;) = g; where {e;; i =
1,...,h} is the canonical basis for O" ;. It is immediate that C1 1mp11es
Im A C Ker 9. Since v is surjective, it suffices to show Coker A =2 Oy to
prove the desired exactness.
We embed X C X x (C,0) and define the map germ

F: Xx(C0) — (€1, 0)
(2,8) > (frrees fag1 +1).

Since ¢q,...,gn generate the module f,O,, it is immediate that they
generate F, O, 1 as well. For j =1,..., h, we have

Y Fhiogi = X A(fire fara +1) - g
= Z?:l(Aij(fla"'afn-‘rl))'gi+
+2?:1( el T aa;/\ij (f1oeo oy fagr)tR) - gi
= tZz}'L:l( Zozl kl‘ 831[};7 (flv SRR fn+1)tk71) i
Let R be the h X h matrix with entries
S " Aij
— kz'(f 8Y’f]

Rij = et

We claim that R is invertible in Oy (c,0). This is equivalent to say that
det(R) does not vanish at the origin of X x (C,0). By construction of R,
and since f is a finite map taklng the origin of X’ to the origin of C"*1!,
this is equivalent to say that det( %i1(0,0)) # 0. The claim follows, since
condition C2 tells us

DA Aj(0,Y) — Ay;(0,0
5y (0,0)) = det( hin0 ( )Y ( )) = u(0) # 0.

Since Oy (c,0) is Cohen Macaulay, it is generated freely by g1,...,gn
via F'. Therefore, we can define a map

det(

©: Oxxco — Oxx (o),

by extending g; — 2?:1 F*A;j - gi linearly. By construction, we have the
matrix equality

w(g1) Ry -+ Ry 9

©(gn) Rpy -+ Rpn 9h
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Since R is invertible and g1, ..., g5 generate Oxy(c,0) as a ring, we
obtain Im(yp) = (t) C Oxx(c,0)- Since {g1,...,gn} is a free Oy, 1-basis,
we have an isomorphism 7 : OZH — Oxx(c,0) given by

h
(a‘lv' . 'aah) = ZF*G”LgZ
i=1

The following diagram comutes:

OZJrl A OZJ”I Coker )\ —>0
..
OXX(C,O) — OXX(C,()) — Coker p —— 0.
Thus, we obtain Coker A = Coker p = Oxxco _ Qxxwo) o ) as
7 ¥ im(p) {t) (x,0)>
desired. -

The following easy proposition shows that, in a computationally rea-
sonable setting, matrices satisfying C1 and C2 exist. We assume that f
is a polynomial map taking the origin to the origin, restricted to a vari-
ety X = V(I) which contains the origin. Assume that I is generated by
polynomials, and let C[X] be the affine coordinate ring of X and m its
maximal ideal at the origin. We denote by C[X], the localization of C[X]
at m.

Proposition 2.5.7. With the previous notations, if g1, ..., gn are rational
functions generating f.(C[X]w), then f admits a matriz with polynomial
entries satisfying C1 and C2.

Proof. The procedure is very similar to the construction of a M-P matrix:
Denote by X7, ..., X, ;1 the variables in C"*!. By hypothesis, there exist
a;; € C[Xy,...,X,] and b;; € C[Xy,...,X,] \m,1 < j <h, satisfying

h
S ;i

frn+19i = Zf (#)gj
j=1 Y

Now let B; = []}_, bij € C[X1,...,X,] \ m and let M(f) be the matrix
with entries
aij(Xl, e ,Xn) — 57;jBan+1,

The matrix M(f) satisfies C1 and C2 immediately. O

Remark 2.5.8. At the webpage of A. J. Miranda [Mir| one can find a
SINGULAR library to compute presentation matrices based on these re-
sults.



2.6. A DIAGRAM OF MULTIPLE POINTS 29

2.6 A diagram of multiple points
For any f: X — Y, there is a commutative diagram

D*(f) —— D*(f)/Sk

with arrows as follows:

The top arrow DF(f) — D¥(f)/S is the quotient map. It is always
surjective and it is generically k!-to-one whenever the k-multiple points of
f are dense in D*(f).

The left arrow p: D¥(f) — D¥(f) is the restriction of the projection
on the first coordinate (see Definition 2.3.1). It is always surjective and
it is generically (k — 1)!-to-one whenever the strict k-multiple points of f
are dense in D¥(f).

The bottom arrow f: D¥(f) — My(f) is the corresponding restriction
of f. It is generically k-to-one whenever the strict k-multiple points of f
are dense in D¥(f). Observe that the fact that the target of this restriction
is My (f) needs a proof: Assume first that f is stable. Therefore the space
D¥(f) is the closure of the projection of all strict k-multiple points of f.
For every k-multiple strict point 2 € X, we have dimc Ox ./ f*ms(,) > 0.
Since there are at least k different points in f~1(f(z)), the claim follows
by Proposition A.3.2. If f is not stable, then we take, around f~*(f(z)), a
local stable unfolding of the form F'(s,z) = (s, fs(z)). The claim holds for
F and, since all these spaces behave well under deformations, the result
follows.

The right arrow D*(f)/Sx — f(D5(f)) is the map that the Sj-
compatible map f op induces on the quotient. It is generically one-to-one
whenever the strict k-multiple points of f are dense in D¥(f).

Remark 2.6.1. If £k = 2, then the bottom and right arrows are also
surjective. This follows immediately from the first item of Theorem 3.2.1
and Proposition A.3.2, just counting multiplicities: At singular points
r € X, we have multiplicity dimc Ocn o/ f*mp) > 2. At strict double
points, there are at least two different preimages of f(z), and every one of
them has multiplicity > 1. For k& > 2, the situation is more complicated
(see Open Problem 5).
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Chapter 3

Double points

In the previous chapter we have shown that there is a unique multiple
point structure satisfying some reasonable conditions. We have also shown
how to compute these structure by taking a stable unfolding and slicing
its strict k-multiple point space. However, since stable unfoldings may
need a big number of parameters (see Example 2.1.7), this is not a prac-
tical approach for the computation of k-multiple points, and has to be
considered just as an existence and unicity property. This chapter is de-
voted to double points, which we do know how to compute in an effective
way. In [Mon87], Mond gives an explicit, easily computable set of genera-
tors of a double point ideal for any map germ f: (C™,0) — (CP,0). This
structure can be obtained without unfolding the map f.

In the first section of this chapter we show: a) How Mond’s local
construction glues to a global scheme for holomorphic maps. b) The dou-
ble point structure obtained satisfies conditions M1 and M2, and thus it
agrees with the double point structure of Section 2. This extends previous
results about the relation of Mond’s structure and the standard one (see
Proposition 2.2.2 and also [Alt11, Section 2.1.2]).

In the second section we use the insight provided by the explicit struc-
ture to obtain properties of the double point space of a map.

In the third section we consider an alternative multiple point structure.
We give criteria for the two structures to agree and, finally, show that the
new structure does not satisfy condition M2.

3.1 The double point ideal sheaf
The following definition is due to Mond [Mon87]:
Proposition-Definition 3.1.1. For any map germ f: (C",0) — (CP,0),

the germs f;(z) — f;(2"),1 < j < p vanish on the diagonal A(n,2). There-
fore, they are contained in the ideal generated by x; — 2,1 <i <n. In

31
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other words, for all j < p, there exist some function germs a;; € Oay,
satisfying

Filx) = fi(a') =) agile,2) (@i — ).
i=1
This can be expressed as the matrix equality
fl@) = (@) = a(z - ),

where « represents the p x n matrix («;) and o — 2’ and f(z) — f(z') are
taken as column vectors of sizes n and p respectively. Mond’s double
point ideal I?(f) is the sum

I*(f) = P(f,2) + (n x n minors of a).

The matrix o may not be unique, but I%(f) does not depend on the choice
of & [Mon87, Prop 3.1].

Example 3.1.2. Let f: (C?,0) — (C?,0), as in Example 2.1.11, be given
by

(z,y) = (2%,9%,2° + y* + 2y).

A solution for the equation f(z) — f(2’) = a(x — ') is

22 _ 32
G G y2_y‘/2 5 =
z3+y3+xyf:c’3fy’3—z’y’
x+ 2 0 v
(T T [F=7)
yry y—

x2+xx’+x’2—|—y y2+yy’+y’2+x’

The ideal generated by the 2 x 2 minors of o and the germs f;(x) —
fi(x'),i=1,2,3 is precisely the ideal I*(f) in Example 2.1.11.

Remark 3.1.3. There are multiple ways to obtain a matrix o as above.
Besides the ones given here, in Section B.3 we give further expressions for
«, with the advantage of providing the expression of « in terms of some
given symmetric functions (see Definition B.3.1 for details).

a) Let w' = (z1,...,@p—i,¥})_j11,---,2})i = 0,...,n. We can add
and subtract terms to obtain f(x) — f(2') = f(w°) — f(w!) + f(w') —
v — flwm Y + f(wmT) — f(w™). Since z; — o) divides f(w'T1) — f(w?)
we can take the holomorphic functions

Oéji(ﬂf, x/) _ fj (wl;l)__xfj (wl) .
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b) From the sequence of equalities

1
fe) = K@) = [ G+ 0= 0a)ar

—/1 Y fi(tm+(1—t)x’)(:ci—fr§)dt
0

follows that we can take

0 81’7]

aji(z,a") = (tz + (1 — t)a)dt.

Lemma 3.1.4. Let f: (C",0) — (CP,0) be a map germ and let o be any

matriz satisfying f(x) — f(2') = alz,2')(x — o), then a(z,x) = df,.

Proof. Let e; be the i-th vector of the canonical basis of C™. Then
B~ e e) 95

aji(z,x) = )1\13%) aji(z, x4+ Ne;) = lim

Now we show that I%(f) behaves well under A-equivalence.

Lemma 3.1.5. Let f and g be A-equivalent map germs with f = ogop.
Then, (¢ x @)*(I*(f)) = I*(9).

Proof. We proceed in two steps. First we show that if f = ¢ o g, then
I%(f) equals I?(g). On one hand we have

P(f,2) = (fxf) a2 = (9x9)" (WX0) Inp2) = (9%9) Ia@p2) = P(9,2).
On the other hand, take a matrix « satisfying

9(z) — g(a’) = a(z,2")(z — )
and a matrix M satisfying

Y(y) —v(y) = My, y)y—y).
We obtain

f(@) = f(a) =¥ og(x) —vog(a’) = M(g(z),9(z"))(g(z) — g(z))
= M(g(z),9(z"))a(z,2")(z — 2) = B(z,2)(z — '),

where = (M o (g x g)) - @ The matrix M o (g x g) is locally invertible,
since M (0, 0) is just the differential of 1) at the origin. It follows that the
n X n minors of o and [ generate the same ideal.
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Second, assume f = go ¢, then obviously (¢ x ¢)*(P(f,2)) = P(g,2).
Let @ be a matrix satisfying

p(x) = p(2') = Qz,2")(z — ).

We obtain

f@) = £@) = ale(x), o(2")(p(2) — ()
= a(p(z), o(@)(Q(z,2")(x — 2")) = Bz, 2")(z — '),

where 8 = (a0 (¢ X ¢)) - Q. Since Q(0,0) is the differential of ¢ at the
origin, the matrix @ is locally invertible. Therefore, the ideal generated
by the minors of 8 equals the ideal generated by the minors of o (¢ X ¢),
which is the image under (¢ x ¢)* of the ideal generated by the minors of
«, as desired. O]

Given amap f: X — Y and a point € X, we take local coordinates
so that the germ f, of f at z is f, = 1o f op~!, for some biholomorphisms
©, 1 and some map germ f’: (C",0) — (CP,0). We define the ideal I%(f,)
in OXXX,(:D,w) as

P(fe) = (0 x )" (I2(f))
Lemma 3.1.5 ensures that this definition does not depend on the choice

of ¢ and 1. The following lemma allows us to extend the local definition
of I?(f) to a global ideal sheaf of double points.

Lemma 3.1.6. Given a map f: X — Y and a point x € X, denote by
fu the germ of f at x. There exists an open neighborhood U of (x,x), and
some representatives of the generators of I*(f), defined in U, such that
the ideal sheaf #2(f) on U defined by such representatives satisfies:

1. j2(f)(w’,w’) = IQ(f:E’)} fO?” any (xlvx/) € A(U72)
2. Jz(f)(z,@u) = P(f,2) (@ ar), for any (2',2") € U\ A(U,2).

Proof. By Lemma 3.1.5 we can assume X = C" and Y = CP, taking
local coordinates. To show (1), we just need to shrink U so that we have
representatives of the germs f;(z) — f;(2") and of the entries of the matrix
a defined on all U. Therefore, the germs of these representatives at (2/, 2")
produce the corresponding germs and the corresponding matrix around
(a',2").

To show (2) we need to show that the ideal generated by the germs
at (z',2") of the n x n minors of a is contained in Z(f,2) 4. Let A
be the submatrix of a obtained by picking the rows ji,...,j, of a. Let
b be the vector with entries f;, (z) — f;,(2'),..., f;, () — f;, (2'). Since
(2’,2") is not a diagonal point, there exists ¢ < n such that z} # x/. Let
A’ be the matrix obtained by substitution of the i-th column of A by b.
By Cramer’s Rule we obtain |A| = |A'|/(z] — ) € P(f,2) @ o) O
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The second item of the previous lemma is equivalent to [Alt11, Lemma
2.1.17]

Definition 3.1.7. The sheaf of double points .#%(f) of amap f: X —
Y is defined as the glueing of the following local structures: Off the diag-
onal, .#2(f) is just the restriction of the sheaf 2(f,k) to X2\ D(X,2).
If (z,x) is a diagonal point, then at a neighbourhood of (x,x) the sheaf
is locally given by the double point ideal I?(f) of the germ of f centered
at x.

To glue these local structures, we need to check that, if we compute the
structure locally around some point, then the stalk of this local structure
at any other close enough point agrees with the structure computed at
this other point. This is precisely Lemma 3.1.6

Lemma 3.1.8. Set theoretically, V(.72%(f)) is the union of the strict dou-
ble points of f and the pairs (x,x) such that f is singular at x.

Proof. Let (z,2'),x # 2’ a non diagonal point in X?2. Locally, .#2(f)
equals Z(f,2), which vanishes if and only if (z,2’) is a strict double
point of f. Let (x,x) be a diagonal point in X x X, then &(f,2) vanishes
trivially at (z,x). Moreover, if « is the matrix in the definition of I?%(f,),
by Lemma 3.1.4 a(z, x) equals the differential matrix of f at . Therefore,
the n X n minors of « vanish at x if and only if f is singular at x. O

The following lemma can be obtained easily from results about Cohen-
Macaulay modules contained in [Mat89] (details in [BAO1, Lemma 2.5.1]).

Lemma 3.1.9. Let ¢: (C™,0) — (C",0) be any map germ. Let I be
an ideal in Op and let J = ¢*(I). If O,./I is Cohen-Macaulay and
codim V' (I) = codim V' (J), then Oy, /J is Cohen-Macaulay.

With a trivial modification of the proof of [Alt11, Prop. 2.1.11], we
obtain

Lemma 3.1.10. Let f: (C*,0) — (CP,0) with n < p. Then
1. If Og,/I?(f) # 0 then dim Oq, /T?(f) > 2n — p.
2. If dim Os,, /T?(f) = 2n — p, then Oq, /I?(f) is Cohen Macaulay.

Proof. We identify the space of n x p matrices A = (a;;) and n x 1 vectors
(d1,...,d,)T with C" x C". Let I be the ideal in Oy, generated by
the entries of Ad and the n x n minors of A. Write D = V(I) C C"? x C™.
It turns out that D is a Buchsbaum-Eisenbud variety of complexes (more
precisely D = W(n — 1,1), with ng = p,n; = n and ny = 1, in the
notation of [dCS81]). By [dCS81, Thm 2.7, Lemma 2.3] D is a Cohen
Macaulay subspace of C™ x C™ of codimension p.
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Now given a matrix « satisfying f(z) — f(2') = a(x — '), we take the
map ¢: C" x C™ — C"P x C" given by

(,2") = (a(x, 2, (x1 — 2, ..., 20 — 20,)).

We obtain I?(f) = ¢*(I), and the result follows directly from Lemma
3.1.9 O

We can patch the local results above to obtain the following

Theorem 3.1.11. For any map f: X — Y, if V(Z2(f)) has dimension
2n — p, then it is a Cohen Macaulay complex space.

Proof. This is a local question at X x X. Let Z = V(.#2(f)). At strict
double points (z,z’) of f, the stalk JQ(f)(m,z/) agrees with 2(f,2) .21
which is generated locally by the p function germs f;(z)—f;(z'),1 <j <p
(where f; is the composition of f with the j-th coordinate function of Y’
around f(z)). Thus, Z is locally a complete intersection. Let (z,x) €
X x X be a diagonal point and denote by f, the germ of f at x. Then,
I2(f) () = I*(f2) and the result follows directly from Lemma 3.1.10.

O

Theorem 3.1.12. .#2(f) defines the double point space D?(f).

Proof. By Proposition 2.1.5, we only need to show that .#2 satisfies con-
ditions M1 and M2. To show M1, let f be a stable map and denote by
Z the zero set of #2(f). By Theorem 3.1.11, Z is a Cohen Macaulay
space of dimension 2n — p. Now we claim that Z is smooth out of the set
C = {(z,z) | = € 22(f)}. By Lemma 3.1.8, Z consists of strict double
points of f and diagonal points (z,x), such that f is singular at .

If (x,2) is a diagonal point with 2 € X!(f), then the stalk #2(f), .
is the double point ideal I%(f,) of the corank 1 map germ f, defined by f
at « and the claim follows by Proposition 2.2.2. If (z,2’) is a strict double
point of f, then .#2(f) agrees with Z(f,2) locally at (z,2’) by Lemma
3.1.6. The claim follows since Z(f,2) = (f x f)*-Fa(v,2) and, for every
stable map f, the restriction of f x f to X x X \ A(X,2) is transverse to
A(Y,2) (Proposition 1.5.9).

By Proposition 1.5.11, the dimension of C is less than or equal to
n—2(p—n+3) < 2n—p. Hence, Z is a generically smooth Cohen
Macaulay space and, thus, reduced. This reduces M1 to show that 7 is,
set theoretically, the closure of the strict double points of f. In other
words, it suffices to show that there are no irreducible components of Z
consisting of points (x,x) with f singular at x. Assume that there is
such a component. Then, since Z is Cohen Macaulay (and hence equidi-
mensional), the dimension of this component is 2n — p. Therefore, the
dimension of the set of singular points of f is at least 2n — p, which
contradicts Proposition 1.5.11.
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To show M2, first notice that, by Lemma 3.1.5, we can take local
coordinates and assume X = C”, Y = CP and that the unfolding is given
by F(s,z) = (s, fs(x)), s € C", with fo = f. Therefore it suffices to show,
for any point (x, '), the equality

eﬂ2(f)(nc,ac’) + <si73; | 1 S i S T> = fQ(F)(O,z,O,m’) + <Si,82 | 1 S i S ’I">7

where both stalks are seen as ideals in Ozt (0,2,0,2/)-
If x # 2/, then

I (F) 0,000 = P(F,2) (0,000 = (si — si) + ((fs);(x) — (fs);(2)),
]Q(f)(x,x/) = f@(fa2)(m,a:’) = <f](3?) - fj(‘r/)>a

so these two ideals agree modulo (s;, s).
If © = 2/, #%(F)(0,2,0,) 18 given by the sum of P (F,2)( 40, and
the ideal generated by the n + r-minors of some matrix A, satisfying

F(s,z) — F(s',2) = A(s,z,8,2") (s — §',x — 2').

The local form of the unfolding F' forces A to be of the form

A(s,z, 8" 2") = < L] 0 ) :

* 01873/
Taking s, s’ = 0 we see that the submatrix «; ¢ satisfies
f(x) — f(z') = ago(z, 2")(z — 2').

Therefore JQ(f)(w,w) is the sum of Z(f,2)s,,) and the ideal generated by
the n-minors of (g ), which are exactly the n +r-minors of A(0,z,0,2’).
Again the equality modulo (s;, s;) is immediate. O

The first two items of the followin theorem can also be found in [Lak77]
and [Ron72].

3.2 Properties of the double point space

Putting together Theorem 3.1.12, Theorem 3.1.11, Lemma 3.1.8 and Propo-
sition 2.1.10, we obtain the following

Theorem 3.2.1. Forany f: X =Y

1. Set theoretically, D*(f) is the union of the strict double points of f
and the pairs (z,x) such that f is singular at x.

2. D*(f) has dimension > 2n — p at every point. In particular, D*(f)
is empty or dim(D?(f)) > 2n —p

3. If dim D?(f) = 2n — p, then D?(f) is Cohen Macaulay.
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Let (X,Ox ) be a germ of complex space and let m be the maximal
ideal of Ox ;. We define the embedding dimension of X as

edim X = dimc m/m?.
It is well known that a germ X is regular if and only if dim X = edim X.
Lemma 3.2.2. Let f: (C",0) — (C?,0), with corank f = k > 2, then
edim D?(f) =n + k.

Proof. We may assume that f is of the form

(l',y) = (xvfnfk+1(xay)7 . ‘vfp(xay))v

withz = 21,...,Zpnk, ¥y = y1,...,yx and f; € m?, where m stands for the
maximal ideal of Oy,. Then, the ideal P(f,2)+ m? is generated by n — k
linearly independent elements in m/m?. Now let  be a matrix satisfying
f(z) — f(a') = a(z — 2'). The rows corresponding to the coordinate
functions f;,n —k 4+ 1 < j < p have all entries in m. Since there are
only n — k remaining rows, it follows that all the n x n minors of a are
contained in m* C m2. We obtain edim D?(f) =2n— (n—k) =n+k. O

Proposition 3.2.3. Let f: X — Y be stable. Set theoretically, the sin-
gular locus of D?(f) is

{(z,2) € X* |z e 22(f)}.

Proof. Let C = {(z,z) € X? | z € £%(f)}. In the proof of Theo-
rem 3.1.12 we have shown that V(.#2(f)) is smooth out of C. Since
D2(f) = V(#2(f)), the singular locus of D?(f) is contained in C. Now
let (20, %0) € C and let k = corank f,, > 2. By definition, I2(f)(z.20) =
I%(fs,), where f,, stands for the germ of f at zg. From 2.1.9 we obtain
dim D?(f) = 2n — p, and from Lemma 3.2.2, since 2n —p < n < n + k,
the statement follows. O

Corollary 3.2.4. If f is stable, then p: D*(f) — D(f) is a normaliza-
tion.

Proof. By Proposition 2.1.10, D?(f) is dimensionally correct. Thus, by
Theorem 3.2.1, it is a Cohen Macaulay space. By Proposition 1.5.11 and
Proposition 3.2.3, the singular locus of D?(f) is empty or has dimension
n—2(p—n+2). Hence dim D?(f) —dim Z > p—n+4 > 4. Thus D?(f) is
a normal complex space by Serre’s criterion [Mat80, Thm. 39]. Since f is
stable, the strict double points are dense in D?(f) and p is genenerically
one-to-one (see Section 2.6). O

Corollary 3.2.5. Let f: (C",0) — (CP,0) be finitely determined, then
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1. If 2n — p > 2, then D?(f) is a normalization of D(f).
2. If 2n — p > 1, then D?*(f) is reduced.

Proof. By Mather-Gaffney Criterion 1.5.12, there exists a representative
of f defined on a open neighbourhood of the origin U (denoted also by
f), such that f~1(0) = {0} and such that the restriction f|; (o} is stable.
Then, we have D?(f) = D?(f|unf03) U{(0,0)} and D?(f|in\ f01) is normal
by Corollary 3.2.4. Moreover, D?(f) has dimension 2n — p and is Cohen-
Macaulay by Theorem 3.1.11. By Serre’s criterion [Mat80, Thm. 39, if
dim D2(f) > 1 then it is reduced, and if dim D?(f) > 2 then it is also
normal. O

The first item of the previous corollary can be found for n = 3,p =4
in [Alt11, Prop. 4.3.1]. The two following examples justify the conditions
in the previous corollary:

Example 3.2.6. Let f be any non-stable finitely determined map germ
(C2,0) — (C3,0). We claim that D?(f) is not normal. By Mather-Gaffney
Criterion 1.5.12, f is stable out of the origin and thus, from Example
1.5.4, it follows dim D?(f) = 1. Now it suffices to show Sing D?(f) = {0}.
Assume first corank f = 1, then the claim follows from Theorem 2.2.3,
taking into account that f is not stable. If corank f > 2, then the claim
follows by Lemma 3.2.2.

Example 3.2.7. Let f: (C2,0) — (C%,0) be the map given by
(@, y) = (2%,4% 2% + 2y, y° + zy)

In Example 4.2.4 we will justify that f is finitely determined and dim D?(f)
0. But edim D?(f) = 4, by Lemma 3.2.2. It follows that D?(f) is singular
and, since it has dimension equal to 0, it must be non-reduced.

The case p=n-—+1

Proposition 3.2.8. Let f: X — Y withp =n+ 1. If f is generically
one-to-one, then D?(f) is empty or a Cohen-Macaulay space of dimension
n—1.

Proof. If f is finite and generically one-to-one, then the dimension of the
set of strict double points of f is < n—1. By Lemma 1.2.6, the dimension
of the space of pairs (z,x) with f singular at z is < n — 1. The claim
follows immediately from Theorem 3.2.1. O

Corollary 3.2.9. Let f: (C",0) — (C**1,0) be generically one-to-one.
Then D(f) is reduced if and only if D*(f) is reduced and the projection
p1: D?(f) — (C™,0) is generically one-to-one.
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Proof. If f is generically one-to-one, then D?(f) is Cohen-Macaulay by
the previous proposition and the statement follows by Lemma A.3.3. [

Lemma 3.2.10. Let F' be an r-parametric unfolding of a finitely deter-
mined map germ f: (C",0) — (C"T1,0). Then, the projections of D(F),
D*(F), D*(F)/S2 and F(D(F)) to the parameter space C" are flat defor-
mations of D(f), D?(f), D*(f)/S2 and f(D(f)), respectively.

Proof. Ifw: (X,0) — (C,0) is a deformation of (Xy,0), with (X, 0) Cohen-
Macaulay, dim(X,0) = d + r and dim(Xo,0) = d, then the deformation
is flat [Mat89, Thm. 23.1]). This applies to D(F), D*(F) and F(D(F)),
since they are Cohen-Macaulay (see Proposition 2.5.2) of dimension n —
1+ and D(f), D?(f) and f(D(f)) have dimension n— 1. For D?(F)/Ss,
just observe that Opzry/s, is a subalgebra of Opz(r). If there is no
element in Ope2(py killing t1,...,%,, then there is no such an element in
Op2(r)/s, neither. O

3.3 Another multiple point structure

The present section is devoted to the study of a different approach to
the computation of multiple points. This alternative structure, was in-
troduced for double points by Mond in [Mon87], where he shows that it
agrees with the usual double point structure I?(f), provided that f has
corank 1. We will give some criteria for the equality of both structures of
double points and show one example where they disagree. Therefore, we
conclude that the new structure does not satisfy the properties M1 and
M2.
Recall that the ideal sheaf Z2(f, k) defines the locus of points

(D, .. 2™y e X*,

such that f(z(®) = f(z®) for all | < k. It is clear that the zeros of
P(f, k) may contain contain some points which are not what we defined
as k-multiple points. Indeed, for any (:C(l), . ,x(kfl)) belonging to the
zeros of 2(f,k—1), the point (2, ..., 2* =1 z(*k=1) belongs to L2(f, k)
without imposing further conditions. For instance, the zero set of Z(f, k)
contains always the small diagonal A(X, k). It seems a good idea to erase,
taking multiplicities into account, the trivial copies of the diagonal which
appear in the zeros of Z(f, k). Locally, given two subspaces A = V(I) and
B =V(J) of (C",0), to erase B from A corresponds to take the zeros of
the ideal I : J ={h € O,, | hJ C I'}. This local definition extends to the
corresponding operation between sheaves which, furthermore, preserves
coherence.

Definition 3.3.1. For any map f: X — Y, we define

«%ﬂk(f) = «@(f, k) : jD(X,k)~
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We denote by D*(f) the complex space defined by f%fk(f) If f is a map
germ, then we define H”(f) = P(f,k) : Ip(x k) and D*(f) = V(H*([)).

Lemma 3.3.2. [Mon87] For any map germ f of corank k:

1. I*(f) € H*(f),
2. H*(f)F C I*(f).
In particular, if corank f = 1, then I%(f) = H?(f).

Corollary 3.3.3. For any f: X — Y, the spaces D?(f) and Dz(f) agree
set-theoretically. At the level of schemes, the ideal sheaf Z2(f) is a sub-
sheaf of %(f) and they both agree out of the space

{(z,2) € A(X,2) |z € Z2(f)}.

Proof. Out of the diagonal, both J#2(f) and .#2(f) agree with Z(f,2).
Let (z,z) € D(X,2) be a diagonal point and let f, be the germ of f at
z. We have the equalities I2(f)(, o) = I(f2) and H2(f) (z,2) = H?*(f2).
The result follows directly from the previous lemma. O

Lemma 3.3.4. Let I,J be ideals in a noetherian ring R and let be I =
ﬂle q; be a minimal primary decomposition, so that the associated primes
of R/I are Ass(R/I) = {\/q,.--,+/4,}. Then, the associated primes of
R/(I:J) satisfy:

Ass(R/(I: 7)) C{Va | ] € ai}-

Proof. We claim that, if q is a primary ideal, then q : J = R if J C q and
vq:J = ,/q otherwise. From this we obtain the (possibly non minimal)
primary decomposition I : J = mJZqi q; : J. The result follows, since
this decomposition can be refined to obtain a minimal one, which will
determine the associated primes of I : J. Now we show the claim. If
J C q, then q : J = R obviously. On one hand, /q C v/q : J by monotony
of the radical and colon ideal operators. Now assume that there exists an
element a € J\q. Let b € v/q: J, then b"a € q. Since q is a primary ideal
and a ¢ q, it follows that 0" € ,/q and, thus, b € /g, as desired. O

Example 3.3.5. The inclusion is strict in general. Let q; = (22, y?) and
g2 = (z2,2y?,93, 2) be primary ideals and J = (z,y). The associated

primes of I = q; Nqz are J = /41 and (z,y,2) = /2, since q; ¢ q2 and
q2 ¢ q1. Moreover, we have J ¢ q2. However, the only associated prime
of I:JisJ.

Theorem 3.3.6. If f: X — Y satisfies
1. dim D?(f) = 2n — p,
2. dim¥2(f) < 2n —p,
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then F2(f) = H°2(f).

Proof. By Corollary 3.3.3, the stalks of .#2(f) and #2(f) agree out of
the space {(z,z) € U x U | = € 32(f)}, which is a space of dimension
< 2n —np.

Again by Corollary 3.3.3, we have #2(f) C #2(f). Therefore, the
space Z where .#2(f) and J#%(f) disagree is

Z = {(z,2") € UxU | () @) G H*(f) (@} = supp(S>(f)/T*(f)).
Since the sheaf J##2(f)/.#2(f) is coherent , we have

Z =V (ann(H*(f)] 7))
The stalks of this sheaf are

(A ()] T () @y = A A (D e /() .0)
=7 (Nwan : (o)

Since the zero set of a sheaf depends only of its stalks, we have the equal-
ity Z = V(F2(f) : #%(f)). We already know that Z is contained in
the diagonal. By hypothesis, D?(f) has dimension 2n — p and thus,
by Theorem 3.1.11 and Theorem 3.1.12, D?(f) is Cohen-Macaulay, and
hence equidimensional. The germ of Z at any point (z,z) € A(X,2)
is V(2o ¢ H2()n) = V(L) : H(f,)) and, by Lemma
3.3.4, all the associated primes of I%(f,) : H?(f,) are associated primes of
I%(f.). Tt follows that Z is equidimensional of dimension 2n —p or empty.
Since we have shown before that Z is a subspace of a space of dimension
< 2n — p, we conclude that Z is empty. O

Corollary 3.3.7. Assume dimX = dimY. Then J2%(f) = H#2(f) for
any f: X =Y .

Proof. If D?(f) is empty, then the result is trivial. Otherwise, let n =
dim X. Since f is finite, then dim D?%(f) = n and, by Lemma 1.2.6, we
have dim %2(f) < n — 2. O

Corollary 3.3.8. AssumedimY =dim X+1. If f: X — Yis generically
one-to-one, then I*(f) = H*(f).

Proof. As in the previous corollary, if D?(f) is empty, then the result is
trivial. Otherwise, let n = dim X. If the map f is finite and generically
one-to-one, then dim D?(f) = n—1. By Lemma 1.2.6 we have dim ¥2(f) <
n—2. O

Corollary 3.3.9. Any stable map f satisfies I2(f) = H#*(f).
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Proof. If D?(f) = (), then the statement follows trivially from Lemma
3.3.2. If D?(f) # 0, then the stability of f implies dim D?(f) = 2n —p
(Lemma 2.1.9) and we have dim¥2(f) = n —2(p —n+3) < 2n —p
(Proposition 1.5.11). O

Corollary 3.3.10. If f: (C™,0) — (CP,0) is a finitely determined germ
and p < 2n, then I*(f) = H?(f) and both ideals are reduced.

Proof. By the Mather-Gaffney criterion 1.5.12, we can find a represen-
tative f which is stable out of {0}. Then, D?(f) is reduced and, by
the previous corollary, #2(f) and J#2(f) agree out of {0}. Moreover,
O3, /I%(f) is Cohen Macaulay and, thus, equidimensional of dimension
2n —p > 0. As we saw in the proof of Theorem 3.3.6, these sheaves can
only differ on some zeros of associated primes of .#2(f), which are spaces
of dimension > 0. Therefore .#2(f) = 52(f) O

Example 3.3.11. Let be f: (C2,0) — (C?,0) the ‘Double Cone’, given
by
(z,y) = (2%, 2y).

Figure 3.1: Image of the Double Cone

A straightforward computation with SINGULAR yields I%(f) = AN B,
and H?(f) = AN Ba, where

A= (z+2y+y),
By = (2%, za! zy, 22, 2y, y? gy yP Y + 2y),
BQ - <332>33y7y2,$/ay/>-

The ideal A defines a reduced plane, while V(B;) = {0}. Therefore,
dim D?(f) = 2 and Theorem 3.3.6 doesn’t apply here. Indeed, D?(f) has
an embedded component, namely V(B;), and thus it is is not a Cohen-
Macaulay space.
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Now we show that in this situation H2(f) may not behave well under
deformations: Take the unfolding F': (C?,0) — (C*,0) given by

(t’w7y) = (t’ ft(m7y))7 ft(x7y) = (mQ,y2,$y+t(y3 +.CC3)).

For sufficiently small ¢ # 0, f; is A-equivalent to the map in Example
2.1.11. Since f; is generically one-to-one, for all ¢ # 0 , we conclude
that the map F' is generically one-to-one. From Corollary 3.3.8 it follows
I*(F) = H?(F) and, since I?(f) behaves well under deformations, we
have H2(F) + (t) = I2(f) # H2(f).



Chapter 4

Blowing-up double points

The properties of the double space of maps change, depending on the
existence of points of corank > 2. For instance: The double point space
D?(f) of a stable map f: X — Y is smooth if and only if f has no
corank > 2 points (Proposition 3.2.3). If the double point space of a
corank 1 map is dimensionally correct (Definition 2.2.4), then it is locally
a complete intersection (just count the number of generators provided in
Section 2.2). On the other hand, it is easy to find corank 2 map germs
(for instance Example 2.1.11) whose double point space is dimensionally
correct, but not a complete intersection.

In this chapter we introduce a different double point space that sat-
isfies, for any corank, some of the nice properties of double points spaces
of corank 1 maps. This space was introduced first by Ronga [Ron72]
and Laksov [Lak77]. In the context of enumerative geometry, the corre-
sponding space has been studied by Kleiman, Lipman and Ulrich [Kle81,
KLU92, KLU96| for finite morphisms f: X — Y between projective al-
gebraic schemes over a field of any characteristic. Our goal is to give
a different, more explicit approach to the construction of the mentioned
space (only in the holomorphic case). We obtain some new results and
transparent proofs of some of the ones that the authors above had ob-
tained before.

4.1 The space B*(f)

Throughout this chapter, B(X) represents the blowing-up of X x X along
the diagonal A(X,2) and 7: B(C") — X x X its associated projection.
The notation we use and necessary background can be found in Section
Al).

Definition 4.1.1. Let f: (C™,0) — (CP,0). We define

Ky ={0} x {0} x P(kerdfy) C B(C").

45
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As in Proposition-Definition 3.1.1, let o be a p X n matrix with entries in
Os,, satisfying

f@') = f(2) = oz, ) (2 — a).
We denote by K?2(f) the ideal sheaf in Op(x),x; generated by the germs
at K of the functions

n
Zozji(x,x’)ui, 1<j<p.
i=1

We define B2(f) as the germ of complex space defined by K?(f), and call
it the blowing-up double point space of f.

Remark 4.1.2. Some comments are due:

1. The space B?(f) does not depend on the choice of a (this will follow
from Lemma 4.1.8, simply because there is no « in the statement).

2. Since «(0,0) = dfy (see Lemma 3.1.4), the subspace Ky is exactly
the intersection of B?(f) with the fiber 7=1(0,0).

3. In general B%(f) is a germ of complex space along a subset (see
Section A.2). More precisely, B(f) is a germ along the subset
K; =2 PF1 where k = corank f. Therefore, B%(f) is a usual germ
of complex space at a point if and only if corank f = 1.

Remark 4.1.3. The blowing-up double points behave well under the
following operation: Let f and g be maps X — Y. Let (f,9): X > Y xY
be the map given by  — (f(x), g(z)). It is immediate that the blowing-up
double point spaces satisfy:

B*((f.9)) = B*(f) N B*(g)-
In other words, we have K2(F) = K2(f) + K*(g).

Observe that the property just mentioned does not hold for usual dou-
ble point spaces D?(f). Although the remark is trivial, it has nice conse-
quences. For instance, it makes blowing-up double points of map germs
of the form f: (C™",0) — (CP?,0), with p < n, into useful mathematical
objects, as the following examples show:

Example 4.1.4. Let p?: (C*,0) — (C",0),r < n, be the projection
(x1,...,2n) > (21,...,2.). Then, there is an isomorphism

B2(p) = C" x B(C""),

given by the identification of C" x B(C"~") with the space of points
(x,2', [u]) € B(C"), satifying 2} = 1,...,2, =2, andug = --- = u, = 0.
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Example 4.1.5. Let f: (C",0) — (C?,0) be a corank 1 map germ of the
form

(xla" -7-,1777,717:(/) — ('rl?"'7$n71>fn(x7y)u"'7fp(x7y))'

Then B?(f) is isomorphic to D?(f).

We have B?(f) = B*(p"_;) N B*(fn,.-., fp). Thus K?(f) is given
by KQ(fn,...7fp) at the subspace B2(pn 1) of B(C™) given by ) =
T1y.. 2 4 = Tp_y and u = (0 : --- : 0 : 1). Modulo K2(p?_,),
the functions f;(z},...,2,_1,y’) — fi(z1,...,Tpn-1,y) are equivalent to
filz1, .. xn—1,y) — fj(z1,...,2n-1,y). Therefore, the function germs
S aji(z,2")u;, n < j < p are precisely the divided differences. The
claim follows eliminating the variables =, ..., 2] _; and w.

Remark 4.1.6. Let ¢: (C™,0) — (C™,0) be a germ of biholomorphism.
Let P be a matrix, with entries in Os,, satisfying

p(z) — p(a') = Plx,2")(x — 2).

Then, for any vector subspace K < C", ¢ induces a germ of biholomor-
phism ¢: By — Bs, given by

(z, 2, [u]) = (p(2),0(2"), [P(z,2")u]),

where B is the germ of B(C™) at {0} x {0} x K and B is the germ of
B(C") at {0} x {0} x dgpo(K)

Proposition 4.1.7. If f, g: (C™,0) — (CP,0) are A-equivalent map germs
with f =1 o gop, then the spaces B2(f) and B?(g) are isomorphic via
the map germ ¢ above, induced by ¢ at K = ker dfy.

Proof. We divide the proof in two steps. First, assume f = ) o g.
Let g(z) — g(2') = a(z,2’)(x — 2’). With the notations above, we ob-
tain f(z) — f(z') = ¢(g9(x)) — ¥ (9(2")) = P(g(x), g(x"))(g(z) — g(z)) =
P(g(x), g(z'))(e(z,2"))(z — a’). Taking

B(x,a") = P(g(x), g9(z'))(a(z, "))

we have f(z) — f(2') = B(z,2")(x — z’). The result follows in this case
since a(z,z')u = 0 and B(x,z")u = 0 are equivalent systems of equations.
Now, we can assume f = go p. Let g(z) — g(2’) = a(z,2')(x — 2'),
for some matrix a. With the notations above, we have f(z) — f(2') =
a(p(z),o(a))P(x,a’)(x — 2’). Taking the matrix

Bz, a') = a(p(x), ¢(2")) Pz, z")

we obtain f(x)— f(z') = B(x,2")(x —2'). Therefore B2(f) is generated by
the germs at K of the functions Y., Bji(z,2")u;, for j = 1,...,p. These
germs are precisely the images under the pullback (¢)* of the germs of
functions ;" | aji(x, 2" )u;, which define B?(g), and the claim follows. [
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Lemma 4.1.8. With the notations in Fxample A.1.3, the chart ¢; yields
an isomorphism between B2(f)NU; and the zero set of the ideal in Oa,¢,(K)s
generated by the germs

_ file+ Aa) — f(z)

hh(2, X, a) = A , 1<j<p.

Proof. This is just

file +Aa) = fj(z)
A

Dy ozz'j(a:/,\x + )\a)/\ai) _ ; S

O

i ( ) =i (

Example 4.1.9. Let f: (C?,0) — (C?,0) be the Folded Handkerchief,
given by
(2,9) = (2%, 5°).

<

Figure 4.1: Image of the Folded Handkerchief.

Following the definition of B2(f), the first thing to do is to solve the
equation f(z) — f(2’) = a(x,2’)(x — 2’). In this case, it is just

2 — 2 x+a 0 x—a
2 02 = 0 o .
Yy Yy y+y y—y
Thus, B?(f) is the germ along {0} x {0} x P! of the space of points

((z,y), (2,9, (u1 : up)) € C? x C? x P!, satisfying the equation

(x —2")ug = (y — y')us,
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which defines B(C?), and the equations
(z+2)ur =0, (y+vy)uz =0,

which determine the ideal K2(f).

Now we compute B2(f) piecewise, by means of Lemma 4.1.8:

The chart ¢, maps B?(f) N U; to the space of points (z,y,\,a) € A4,
where the functions hi and hi vanish. Taking into account that for this
chart we have a = (1,a), the functions hi, h} yield the equations

A+2x=0, a(2y+ Aa)=0.

This space consists on two irreducible components {\ = —2z,a = 0}
and {A = —2z,y = za}. We can take these components back to U; as
the space of points ((z,y), (z',y'), P)) with (’,y") = (z,y) + A(1,a) and
P = (1:a). The corresponding components are the subsets

Z) = {(($7y)7 (_mvy)’ (1 : O)) | T,y € C}

and
Z2 = {((xay)’ (—.’E, _y)v (1 : a)) | ar =y, T,y € (C}

of B(C?), both with reduced structure. Observe that Z5 is not a projec-
tive, but a quasi-projective variety. This is because the points

((x7y)’ (—Z‘, _y)v (1 : a’))7

with ax = y and x # 0, accumulate at points

((0, y)7 (07 _y)v (0 : 1))7

which simply do not belong to U;. This is not in contradiction with B2(f)
being a projective space. As we will see shortly, these boundary points
belong to B2(f) N Us.

Now we deal with B2(f)NUsy. We are only interested in (B2(f)NUs)\
U;, since we have computed the rest of B2(f) already by means of ¢;.
Therefore, the only point @ = (a,1) we have to consider is (0,1). After
some computations analogous the previous ones, we obtain the component

Z3 = {((xvy)a ((E, _y)a (0 : 1)) | T,y € (C}a

also with reduced structure. It is obvious that Z3 contains the points
((z,0), (—z,0),(0 : 1)) € B(C") in the boundary of Z,, making B?(f) =
Z1 U Zy U Z3 into a projective space.

There are three different kinds of points in B?(f) (Figure 4.2), namely:

1. Non diagonal points: Their image by 7 is not contained in A(X, 2).
They consist of
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e points ((x,y), (—z,y), (1 :0)), with « # 0. These belong to Z1,
and also to Z5 if y =0,

e points (z,y), (x,—y), (0 : 1), with y # 0. These belong to Zs,
and also to the boundary of Z5 if z =0,

e points (z,y), (—x,—y), (0 : 1), with x,y # 0. These belong to
Zs \ (Z1 U Z3).

2. Diagonal corank 1 points: Their image by 7 belongs to A(X!(f),2)
They consist of

e Diagonal points ((0,y), (0,y), (1 :0)), with y # 0. These points
belong to Z1,

e Diagonal points ((z,0), (z,0), (0 : 1)), with  # 0. These points
belong to Zs.

. Diagonal corank 2 points: Their image by 7 belongs to A(X2(f),2).
They are of the form ((0,0), (0,0), P), with P € P!. They belong
to Zs, and also to Z; and Z3 in the respective cases of P = (1 :0)
and P = (0 : 1). The space B?(f) is a germ along the set of these
points.

(

Figure 4.2: Blowing-up double points of a Folded Handkerchief.

Lemma 4.1.10. Let F(t,z) = (¢, fr(x)) be an r-parametric unfolding of
f = fo, then:

1. BAF)NU =0, forl=1,...,r.
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2. For any | < n, the space B*(F) N Uy, is isomorphic to the zero set
of the germs along {0} x ¢;(Ky,) of the following functions, defined
m C" x A:

(f2);(x + Aa) = (f1);(x)
)\ )
where (fi);(x) is the j-th coordinate of fi(x).

1<j<p

Proof. To show the first item, let 1 < [ < 7. The space B?(F)NUj is
isomorphic to its image via ¢;. We make use of Lemma 4.1.8 to compute it.
We have to consider points of type (¢, z, A\, a), with a = ay, ..., ap4pn—1 and
a = (ay...,1,...,an—1), where we have added a coordinate with value
1 at the [-th position. The equations defining the space are hlj = (0, for
j=1,...,7 +p. In particular, since Fj(t, ) = t;, we have hl(t,z,\,a) =
(t; + X —t;)/X\ = 1. This forces B2(F) N U, = ().

Now we show the second item. If we assume [ > r and proceed as

before, we will obtain functions hé(t,x,)\,a) =tj—aj forj=1,...,r
The claim follows eliminating the variables a;, 1 < j < r, and labeling the
remainig variables a,y1,...,Gr+n—1 as new variables ay,...,an_1. O

Lemma 4.1.11. Glven f: (C",0) — (CP,0), let .F be the ideal sheaf
defined by some representatives of the generators of £ 2(f) at some open
neighbourhood U of K. Let f be a representative of f defined in U. Then
(possibly shrinking U ) the following hold for every point w € U:

1. If w = (x,z,[u]) € 771(A(C",2)), then the stalk F,, equals the
germ at w of #2(f.), where f, is the germ of f at x.

2. If w € B(X)\ m ' (A(C™,2)), then Zyy = P(f,2)x(w), via the
homomorphism m, induced by m on the stalks.

Proof. 1) follows shrinking U so that we can find representatives of the
germs Y ., aj;(z,z")u; defined on all U. To show 2) we use Lemma 4.1.8.
Let w = (z,2',u) € B(C™)and take a chart ¢; making ¢;(z,2',u) =
(20, a0, A0). The ideal %, is generated by the germs hé (z,\,a). Since
w ¢ A(C™,2), we have Ag # 0, so the generators hé- can be changed by
fij(xz 4+ Aa) — f;(z). These germs are precisely the image by the pullback
of ¢~ o7 of the generators f;(z') — f;(z) of 2(f, 2) 1 (w)- O

Definition 4.1.12. Given f: X — Y, the blowing-up double point
ideal sheaf of f is the ideal sheaf JZ2(f) of Op(cny, given locally by:

1. 2(f) =7 (2(f,2)) on the open subset B(X)\ 7 }(A(X,2)).

2. For any point w = (z,z,u) € 7~ 1(A(X,2)), the stalk #2(f), is
the germ at w of K2(f,), where f, is the germ of f at x.

We define B2(f) as the zero set of #2(f), and we call it the blowing-up
double point space of f.
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Proposition 4.1.13.

1. If f and g are A-equivalent, then the spaces B2(f) and B?*(g) are
isomorphic.

2. The space B2(f) is locally isomorphic to D*(f), out of the subspace

7 ({(2,2) € AX,2) | w € £2())).

3. B2(f) behaves well under deformations: If F(t,z) = (¢, fi(x)) is an
unfolding of f, then

B*(f) = B*(F) na~'({t = 0}).

Proof. Off the fiber 771(A(X,2) of the diagonal, the spaces B?(f) and
B?(g) are isomorphic to D?(f) and D?(g), so 1), 2) and 3) hold. On
7 1(A(X,2) 1) follows directly from Proposition 4.1.7. To show 2), it
remains to show the isomorphism on diagonal points of corank 1. Around
this points, the map can be taken to the form

(:Ela ey In—1, fn(x,y)v .. '7fp(x,y))a

and the result follows from Lemma 4.1.10. To be precise, the first assertion

of the lemma forces @ = (0,...,0,1) and thus the generators given on the
second item are exactly the divided differences (see Section 2.2). On
diagonal points, 3) follows directly from Lemma 4.1.10. O

The following proposition can also be found in [Ron72| and [Kle81]:

Proposition 4.1.14. If f: X — Y satisfies dim B%(f) = 2n — p, then
B2(f) is locally a complete intersection.

Proof. This is a local question at points w € B%(f). If w ¢ 771 (A(X, 2)),
then K?2(f),, is isomorphic to the stalk Z(f, 2) x(w), which is generated by
the germs f;(x) — f;(a’) € Oz, 1 <j <pin Oq,, where f; are local co-
ordinates of the function f at f(z). If w = (z,2,u) € 7~ 1(A(X,2)), then
A %(f)w is locally generated by the germs at w of Y1 | aj(z, " )u;, 1 <
j < p. In both cases, #2(f),, is generated locally by p function germs in
a smooth space of dimension 2n. O

4.2 B?(f) and stability and finite determinacy

The next result follows from a result due to Ronga [Ron72, Corollary 2.3],
because any stable map is Y-generic and has normal crossings.

Theorem 4.2.1. If f: X — Y is a stable map, then B*(f) is empty or
a complex manifold of dimension 2n — p.



4.2. B?(F) AND STABILITY AND FINITE DETERMINACY 53

Proof. We proceed locally and in two cases. First, assume that w € B2(f)
is not contained in the diagonal fibre 7=1(A(X,2). Then, locally at w,
B?(f) is isomorphic to the zero set of Z(f,2), and then the result follows
directly from Proposition 1.3.4 and the fact that every stable map has
normal crossings (Proposition 1.5.9).

Now let w = (2, z,u) € 77 1(A(X,2)). By definition, the stalk #2(f).,
equals the germ at w of K2(f,). Therefore, it suffices to show that K?2(f)
is a germ of smooth space, for every stable map germ f: (C",0) — (CP,0).
Let f be such a stable germ and define, for every pxn matrix M € L(n, p),
the map germ fy;: (C™,0) — (CP,0), given by

z = f(z)+ Mx.

Identifying L(n, p) with C™ we define an unfolding F': (L(n,p)xC™,0) —
(L(n,p) x CP,0), given by (M,z) — (M, far(z)). Let w = (0,0,u) € Ky.
By Proposition 4.1.7, we can perform a change of coordinates and assume
u=1(1:0:--:0). From Lemma 4.1.10 and item (3) in Proposition
4.1.13 it follows that the space B?(fyr), at the neighbourhood U; of w, is
isomorphic to the zeros of the functions

fr(e+2a) = fu(z)
A

for some representative F' and every matrix M close enough to the zero
matrix. Therefore, for any fixed matrix M close enough to 0, the space
B2(f) is regular of dimension 2n — p around w if the map

hM = (hl)M,...,hp)M)Z A—C?

hjm(z, A a) = = h;(x, A\ a) + Ma,

is transverse to 0 at all points of the form (0,0,a) € A. Let H: L(n,p) x
A — CP be the map given by

H(M,z, )\ a) = hp(z, A a).

If we label the coordinates in L(n,p) as mﬂ, 1<i<mn,1<j<p,then
it is immediate that the partial derivative am = | (M,z,0a) €quals the i-th
coordinate of a. In particular, since the first coordlnate of a is 1, we have
{?TIZRM,%A@) = 1. Thus, the p x n(p + 2) matrix dH 74 x,q) contains
the identity matrix of size p X p as a submatrix. It follows that H is
a submersion at all points (M, x,\,a) € L(n,p) x A. By Lemma 1.3.3,
the map (hi,ar,...,hpar): A = CP is transverse to 0, for all M out of
a proper subspace Z C L(n,p). Thus, we can produce a family of maps
ft = fur,, with M, € L(n,p)\ Z and My = 0, so that B2(f;) is smooth of
dimension 2n — p, for all ¢ # 0. Since f = fy is stable, the unfolding must
be trivial. Therefore, from the first item of Proposition 4.1.13, it follows
that B2(f) is smooth of dimension 2n — p. O

Corollary 4.2.2. Let f: (C",0) — (CP,0) be a finitely determined map
germ and corank f =k > 1, then:
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1. B%(f) is smooth of dimension 2n —p out of K.
2. If2n —p—k — 1 >0, then the space B%(f) is normal.

3. B2(f) is locally a complete intersection of dimension 2n — p if and
only if2n —p—k+12>0.

Proof.

1) Follows directly from Theorem 1.5.12 and Theorem 4.2.1.

2) Since B?(f) is not empty, we have dim B?(f) > 2n — p. By 1), the
singular locus of is contained in K; = P! and the result follows from
Serre’s criterion [Mat80, Thm. 39].

3) Since K?(f) is generated by 2n — p elements, B%(f) is not a locally
complete intersection of dimension 2n — p if and only if it contains an
irreducible component of dimension > 2n —p. By 1) this component must
be K; = PF-1L, O

Corollary 4.2.3. A map germ f: (C",0) — (C2",0) is finitely deter-
mined if and only if B2(f) is contained in 7=1(0,0).

Proof. Assume f is finitely determined. By Proposition 1.5.10, a small
representative of f has to be an immersion with normal crossings. Thus,
we have B?(f)\ K equals D?(f)\ {0} which consists on isolated points.
Shrinking our reprensentative, we obtain B?(f) = Ky C w1(0,0). If we
assume B2(f) C 771(0,0), then there exists a representative of f which an
injective immersion out of the origin. Thus, again by Proposition 1.5.10,
this representative is stable off the origin. O

Example 4.2.4. Let f: (C2,0) — (C%,0) be the map germ given by
(x,y) = (2%, 9% 2% + 2y, y° + 2y).

Due to the symmetric role played by the variables x and y at this example,
it suffices to compute B2(f)NU;. According to Lemma 4.1.8, this space is
isomorphic to the zeros of the ideal H generated by the germs hl(x,y, A, a):

o hi=2x+ )

o hi=a(2y+ \a),

o hi =322 +3zA\+ A\ +za+y+ A,

o h} =3y%a+3yra® + N\2a® + za + y + Aa.

A straightforward computation shows H = (23, y + z(x — a), A + 2, az?).
We conclude that B?(f) equals {0} x {0} xP!, set theoretically. Therefore,
f is a finitely determined map germ. Observe that dim B2(f) = 1, while
dim D?(f) = 0. This justifies the need of condition 2n — p — k + 1 in the
third item 3 of Corollary 4.2.2.
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Corollary 4.2.5. A map germ f: (C*,0) — (C*~=1,0), n > 2 is finitely
determined if and only if D3(f) C {0} and B*(f) is a reduced curve out
of m1(0,0).

Proof. Assume f is finitely determined. By Mather-Gaffney criterion
1.5.12, the map is stable off the origin. By Proposition 1.5.11 f has
corank 1 at all these stable points, and thus B2(f) \ 7—%(0,0) is isomor-
phic to D?(f) \ {0,0}, by Proposition 4.1.13. Therefore, by Theorem
2.2.3, B%(f) is a smooth curve out of 771(0,0). Off the origin, D3(f) is
empty or a manifold of dimension 2 — n, by Lemma 2.1.9. Thus, we have
D3(/) C {0}.

Assume that B2(f) is a reduced curve out of 771(0,0). For any point
x of corank k, we have a fiber 7~ (x, z) = P*~!. Hence, points x € 32(f)
must be isolated. Thus, we can find a representative of f defined at a
neighbouhood U not containing corank two points and such that B2(f)
is a smooth curve at U \ 7=1(0,0). Since B2(f) is isomorphic to D?(f)
off the origin and D3(f) C {0}, from Theorem 2.2.3 it follows that f is
stable at U \ {0}. Now the result follows from Mather-Gaffney criterion
1.5.12. O

An equivalent criterion, in terms of D?(f) and D3(f), can be found
in [NBJP09, Proposition 3.

Example 4.2.6. Let F = (¢, f;): (C3,0) — (C®,0) be the unfolding of f
given by

(t,z,y) = (t, 2%, y% 2% + 2y + ty, y° + 2y + t).

By Lemma 4.1.10, we consider B%(F) as a deformation B2(f;) of the space
B2(f), with parameter t. As for f, the roles of the variables z and y are
symmetric for ', and thus we only need to compute B2(f;)NU;. The ideal
H defining the family B?(f;)NU; is generated by the germs h}, 1<j5<4,
given by

j A a) — ,
hjl-(t,x7y7)\7a) = (ft)j(x+ 7y+/\ a) (ft)J($7y)
A primary decomposition is given by H = (\i_, H; N .J, with

[ ] J: <t,{1}2’y _$a7A+2$,J)2a>,
e Hy= (x2 —t,y+t, A+ 2x,a),

o H; = (2> —7;t,y—7;w, \+2x,a—7;), where 71, .. ., 74 are the different
fourth roots of the unity in C.

If we write Z; = V(H;), it turns out that Zj is a non-reduced curve con-
tained in w~1(0), whereas Z, ..., Z4 are reduced curves. After checking
that F' has just one triple point, we conclude that F' is a finitely deter-
mined map germ.
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4.3 Strict blowing-up double points

Now we show that B2(f) can be obtained in an analogous way to the def-
inition of D?(f) in Proposition-Definition 2.1.5. That is, we can compute
B2(f) by slicing the closure of the ‘strict double points’ of an unfolding
F of f.

Definition 4.3.1. Given f: X — Y, the strict blowing-up double
point space BZ(f) of f is the closure of the preimage by 7 of the set of
strict double points

{22 € X x X | £ 2/, () = f(z")}.
The following result is equivalent to [Ron72, Corollary 2.4]
Proposition 4.3.2. If f is a stable map, then B%(f) equals B2(f).

Proof. Observe that this is a set theoretical question, since BZ(f) is re-
duced by construction and B?(f) is reduced by Theorem 4.2.1. B%(f) C
B2(f) is obvious. Assume BZ(f) # B?(f). Then B?(f) contains an irre-
ducible component Z contained in the closure of the union of the fibers
7~ Y(z, ), with f singular at . On one hand, the fiber 7! (2, x) of a point
x € XF(f) is a projective space of dimension k—1. On the other hand, if f
is stable, then X¥(f) is a complex manifold of dimension n — k(p —n +k).
Thus, the dimension of Z cannot exceed the maximum of the numbers
k—14+n—k(p—n-+k),1 <k < n. However, we have the inequality
2n—p—((k—1)+n—k(p—n+k)) > k—p—((k—1)—kp) = 1—p+kp > L.
It follows dim Z < dim B2(f), which is in contradiction with Theorem
4.2.1. [

As a consequence of the previous property, we obtain necessary condi-
tions for finite determinacy in terms of B%(f). For instance, from Corol-
lary 4.2.3 and Corollary 4.2.5 we get the following

Corollary 4.3.3.
1. If a map germ f: (C",0) — (C2",0) is finitely determined then
Bi(f) =0.
2. If a map germ f: (C",0) — (C?"~1,0) is finitely determined then
B2(f) is (the germ along K¢ of) a reduced curve.

Proof. Assume f is finitely determined, then from Proposition 4.3.2 and
Mather-Gaffney criterion 1.5.12 follows the equality

BE(f)\7~1(0,0) = B*(f)\ 7~ (0,0).
Since (0,0) can not be a strict double point, we have
B3(f) = B2(f) \ 7~ 1(A(X, 2)).

Now 1) and 2) follow immediately from Corollary 4.2.3 and Corollary
4.2.5, respectively. O
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Corollary 4.3.4. Let f: (C",0) — (CP,0) be a finitely determined map
germ of corank k. If 2n —p — k > 0, then B%(f) = B*(f) as schemes.

Proof. If 2n —p — k > 0, then B?(f) is locally a complete intersection of
dimension 2n — p by Corollary 4.2.2. Since dimK; =k — 1 < 2n —p, we
conclude that there is no component of B?(f) contained in 71(0,0). Now,
from Proposition 4.3.2 and Mather-Gaffney criterion 1.5.12, we obtain
BZ(f)\71(0,0) = B2(f) \ #~(0,0) and the result follows. O

4.4 The morphism 7: B?(f) — D?(f)

For any complex manifold X, we let 7* be the morphism Ox xx — Opcn)
given by h +— ho.

Lemma 4.4.1. For any map f: X — Y, the morphism ©* takes #2(f)
into %(f)

Proof. Since 7 is an isomorphism out of 7~1(A(X,2)), it suffices to show
the equivalent claim for a germ f: (C™,0) — (C?,0). Moreover, we can
check this locally using the atlas {¢;: U; — A | 1 <i < n}. Thus, we need
to check, for any i < n, the inclusion (¢; ' o 7)*(I2(f)) C (¢; ")* (K2(f)).
Recall that the ideal (¢~')*(K?(f)) is generated by the germs k'’ (z, X, a)
given in Lemma 4.1.8, while I?(f) is generated by the germs f;(z)— f;(z)
and the n X n minors of any matrix « satisfying f(x)— f(2') = a(z, 2’) (z—
2'). On one hand, we have (¢; "orm)*(f;(z)— f;(z')) = fi(z)—f;(z+Xa) =
Ah%, which is clearly contained in (¢~ ')*(K?(f)). On the other hand, let
A be the image by (ap;l om)* of an n X n submatrix obtained by choosing
some rows ji,...,jn of a. By Cramer’s rule, it follows

[AJA(@); = | A,

where A} stands for the matrix obtained by substitution of the i-th column
of A by the elements f;,(x) — f;,(x + Aa),¢ = 1,...,n. Since the -
th coordinate of @ equals 1, we obtain |A| = |A|/X\. Expanding the
determinant |A}| by the i-th column, we obtain

Z (f5. (@) = f3.(z + Xa))|AY | = th

i=1

Al =

>/\)—‘

for the corresponding submatrices A7 of Aj. Hence [A] € (¢ 1)*(K?(f)).
O

From the previous lemma and Lemma 3.1.8, it follows that the restric-
tion of m: B(X) — X x X yields a proper and surjective morphism of
complex spaces B2(f) — D?(f), which, by abuse of notation, we denote
also by

m: B*(f) — D*(f).
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The following property is very similar to [Lak77, Proposition 25]

Proposition 4.4.2. For any map f: X — Y, if the space
{(z, ) € A(X,2) | € 322(f)}

does not contain an irreducible component of D*(f), then the complex
spaces B2(f) and D?(f) are birationally equivalent.

Proof. The statement follows directly from Proposition 4.1.13. O
Corollary 4.4.3. If f: X — Y satisfies:

1. dim D%(f) = 2n — p,

2. dim22(f) < 2n —p,
then B2(f) and D*(f) are birationally equivalent.

Proof. If dim D?(f) = 2n — p then, by Theorem 3.2.1, D?(f) is Cohen
Macaulay and, hence, ummixed. Therefore %2(f) can not be an irre-
ducible component of D?(f), since its dimension is < 2n — p. O

Corollary 4.4.4. If f: (C™,0) — (CP,0) is a finitely determined map
germ and p < 2n, then B2(f) and D*(f) are birationally equivalent.

Proof. If f is finitely determined then, from Mather-Gaffney criterion
1.5.12 and Proposition 1.5.11, it follows dim(22(f)\ {0}) < n—k(p—n+
k + 1), and therefore dim32(f) < 2n — p. The claim follows since, by
Theorem 3.2.1, all the irreducible components of D?(f) have dimension
>2n —p, O

Corollary 4.4.5. If f is a stable map, then 7: B?(f) — D?(f) is a
resolution of D*(f).

Proof. If f is stable then, by Lemma 2.1.9 and Proposition 1.5.11, it satis-
fies the hipothesis of Corollary 4.4.3. Hence, 7 is a birational equivalence
and the claim follows, since B?(f) is smooth by Theorem 4.2.1. O



Chapter 5

Map germs (C?,0) — (C3,0)

Stability and finite determinacy of corank 1 map germs (C™,0) — (CP,0)
are characterized by some algebraic properties of its multiple point spaces
(Theorem 2.2.3). To achieve such a result, we need to have a good under-
standing of the algebraic structure of these spaces. For instance, we know
a explicit set of generators of their defining ideals (Section 2.2), and it is
immediate that the k-multiple point space of a map of corank 1 is a com-
plete intersection, if it is dimensionally correct. In the corank > 2 case, we
must face the fact that in this setting we do not know much about the al-
gebraic properties of the spaces Dk( f). However, as we will see in Section
5.1, stability and finite determinacy of map germs (C2,0) — (C3,0) can
be determined by looking just at double points, which we do know well
even in corank two (see Chapter 3). In Section 5.2 we extend to corank
2 some nice formulas relating the Milnor number of double point spaces
to the number of crosscaps and triple points collapsed at the origin in a
finitely determined map (C2,0) — (C3,0). In Section 5.3 we introduce
the Double Fold family of map germs, which provides interesting exam-
ples. Finally, in Section 5.4 we relate the A-equivalence of double folds
(indeed, of a much greater class of map germs) to a new equivalence re-
lation defined ad hoc. The results contained in Sections 5.1 and 5.2 have
been published in [MNBPS12], the ones in Sections 5.3 and 5.4 have been
published in [PS14].

5.1 Mond number and finite determinacy

Theorem 5.1.1. Let f: X2 — Y3. Then f is stable if and only if D*(f)
is a smooth curve and the projection p: D?(f) — U is an immersion with
normal crossings.

Proof. Assume f is stable, then f has corank 1 (Example 1.5.4). By
Theorem 2.2.3, D?(f) is a smooth curve, D3(f) is smooth of dimension 0

59
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and D*(f) = (). From [Alt11, Proposition 2.4.6] we have D*(f) = D¥~1(p)
as schemes, for £k = 3 and k = 4. Since p has corank 1 at any point, this
implies that p: D?(f) — U is stable. From Proposition 1.5.10, we have
that p is an immersion with normal crossings.

Conversely, assume that D?(f) is a smooth curve and the projection
p: D?(f) — U is an immersion with normal crossings. Then triple points
are isolated. First we show that f is finitely determined at any point. By
Theorem 2.2.3, it suffices to show that f has corank < 1 at all points.
Since D?(f) is a regular curve, we have edim D?(f) = dim D?(f) = 1,
and thus the claim follows from Lemma 3.2.2. Now, since f is finitely
determined and has corank 1, again by [Alt11, Proposition 2.4.6], we have
D¥(f) = D¥=1(p) as schemes for k = 3 and k = 4. Since p is an immersion
with normal crossings, Example 1.5.10 implies that D3(f) = D?(p) is
smooth. Now the result follows from Theorem 2.2.3. O

Theorem 5.1.2. A germ f: (C?,0) — (C3,0) is finitely determined if and
only if D*(f) is a germ of reduced curve and the projection p: D*(f) —
(C2,0) is generically one-to-one.

Proof. If f is finitely determined, by Mather-Gaffney’s criterion 1.5.12,
there is a finite representative of f: U — V, such that f~1(0) = {0}
and f = flp: U — V is stable, with U = U \ {0} and V = V \ {0}.
By Theorem 5.1.1, D2(f) is a smooth curve and p: DQ(f) — U is an
immersion with normal crossings and hence generically one-to-one. Since
D2(f)\ {0} = D2(f) is a smooth curve, the germ D2(f) has dimension
1 an is generically reduced. From Proposition 3.2.8 it follows that D?(f)
is Cohen Macaulay and, therefore, unmixed. Since D?(f) is generically
reduced and unmixed, we conclude that D?(f) is reduced.

Conversely, assume that D?(f) is a germ of reduced curve and the
projection p: D?(f) — (C2,0) is generically one-to-one. We can choose
a finite representative f: U — V, such that f~1(0) = {0}, D?(f) \ {0}
is a smooth curve and p is an embedding on D?(f) \ {0}. As above, we
write f = fl;: U — V, with U = U\ {0} and V = V \ {0}. Then,
D2(f) = D2(f) \ {0} and hence, f is stable by Theorem 5.1.1. Finally,
from Mather-Gaffney’s criterion 1.5.12 follows that the map germ f is
finitely determined. O

Corollary 5.1.3. A germ f: (C2,0) — (C3,0) is finitely determined if
and only if its Mond number u(D(f)) is finite.

Proof. The statement follows immediately from Theorem 5.1.2 and Corol-
lary 3.2.9. O
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5.2 Geometric invariants

Let f: (C%,0) — (C?,0) be a finitely determined map germ. By Mather-
Gaffney’s criterion 1.5.12, there is a representative f: U ¢ C?2 — V c C3
such that f~1(0) = {0} and f is stable on U \ {0}. By shrinking U if
necessary, we can assume that there are no cross-caps nor triple points in
U. Then, since we are in the nice dimensions, we can take a stabilization
(see definition 1.5.7) of f, F: D x U — C*, F(s,2) = (s, fs(2)), with D a
neighbourhood of 0 in C. We define

o C = # cross-caps of fs,
e T = # triple points of f;,

for s # 0. These are analytic invariants of f which can be computed as
follows [Mon87,MP89]:
. 02 . 03
C =dim¢ —, T =dim¢c——-—-——,
Jf F5(f.02)

where Jf is the ramification ideal of f, generated by the minors of df,
and Fy(f.O3) is the defining ideal of the space of target triple point space
discussed in Section 2.5. These formulae also imply the independence of
the invariants C' and T with regards to the choosen stabilization and to
the (small enough) parameter s.

Example 5.2.1. Let f: (C?,0) — (C3,0), as in Example 2.1.11, be given
by
(z,y) = (2,97, 2° +y° + ay).

The computation of the ramification ideal Jy is straightforward and, to-
gether with the calculations in Example 2.5.3, we obtain:
. 02 . 03
O—dlm([:m—3, T—dlm(:m—l

We claim that these are the lowest possible values of C' and T for corank
2 germs. For C, the claim is straightforward. If f has corank 2, then
all entries of the differential of f are in the maximal ideal m, and there-
fore its 2 x 2 minors are in m?. For triple points, the statement follows
from Proposition A.3.2. If f has corank 2, then f*m C m?, and thus
dimg(Oz/ f*m) > 2. Therefore, the triple point space of f is non empty,
and T > 1.

The reader can find in Figure 5.1 a real stabilization of this map germ
which exhibits the three cross-caps and the triple point.

We are going to show formulas relating C,T and the Milnor numbers
of the double point curves. Observe that the double point curves may be
non complete intersection. We use the definition of Buchweitz and Greuel
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[BG80] of Milnor number of a germ of reduced curve. Given a reduced
space curve (Xp,0) C (C™,0) its Milnor number is denoted by u(Xjg,0).
All we need to know for our purposes are the following properties:

1. Milnor formula: p(Xy,0) =25 —r + 1, where ¢ stands for the delta
invariant and r is the number of branches of Xj.

2. If m: (X,0) — (C,0) is a flat deformation of (X, 0), then there is a
representative m: X C D x U — D such that, for any t € D,

w(Xo,0) — u(Xy) =1 — x(Xy),

where X; is the fibre X; = 77 1(t), u(X;) = > vex, H(Xt, ) is the
global Milnor number and x(X;) the Euler characteristic.

The following construction will allow us to apply properties (1) and
(2) to our double point curves: Let F'(s, z) = (s, fs(z)) be a stabilization
of a finitely determined map germ fo: (C2,0) — (C3,0). Let X be any of
the double point curves D(fs), D(fs), D*(fs)/S2, fs(D(fs)), with s # 0.
Let X! be the complex space obtained by removing all the points in X,
that are related to cross-caps or triple points (that is, cross-caps in the
source, or pairs (z,z) in the lifting, with 2 a cross-cap, etc.). Then X! is
a smooth complex curve and we have the following relations among the
Euler characteristics of the spaces:

X(D(fs)) = x(D(fs)!) + C + 3T,
X(D2(fs)) = x(D2(f:)") + C + 6T,
X(D*(f4)/S2) = x((D*(fs)/S2)") + C + 3T,
X(£s(D(£.))) = X (fs(D(f)}) + C +T.
Take the diagram
D2(fs)' ——— (D?(fs)/S2)!
D(if — fs(D(ifs))l,

obtained by restriction of the diagram in Section 2.6 corresponding to f
(see also Remark 2.6.1). Obviously, the vertical arrows are homeomor-
phisms and the horizontal ones are unramified double covers, hence:

X(DQ(fs)l) = 2X((D2(fs)/52)1)a X(D(fs)l) = 2X(fs(D(fs))1)a
X(D*(f)') = x(D(fs)").

Finally, we can easily compute the global Milnor number p(X;) in
each case. Since the only singularities of D(fs) are Morse points (3
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for each triple point), then u(D(fs)) = 37T. Analogously, fs(D(fs)) has
just ordinary triple points, so u(fs(D(fs))) = 2T, and M(DQ(fS)) =
1(D?(fs)/S2) = 0 because they are smooth.

Now we are ready to obtain formulae relating these invariants. See
[MM89] for corank 1 analogue.

Theorem 5.2.2. If f: (C2,0) — (C3,0) is finitely determined, then
w(D(f)) = p(D*(f)) + 6T,

u(D*(f)) =2u(D*(f)/82) +C - 1,
w(D(f)) = 2p(f(D(f))) +C —2T - 1.

Proof. The proofs of the three equations are analogous. For the first one,
from the system

X(D*(fe)) = x(D*(f1)") + C + 3T
X(D*(f)) = x(D*(fi)') + C + 6T
X(D2(f0)') = x(D*(f)")

we obtain X(ﬁQ(ft))—%( (EQ (ft)/S2) = —C. Taking into account u(D?(f;)) =
3T and M(D2(ft)) = 0, from the Milnor formula p(Xo,0) =20 —r+1 we
obtain the system

n(D*(f)) = 3T +1 = x(D*(f1))
n(D*(f)) =1-x(D*(f)
X(Dz(ft)) - 2X(D2(ft)/52) =-C

Putting everything together, we get M(DQ (f)) = u(Dz(f)) + 6T
For the second equation, the system is

x(D%(£1)) = x(D*(f:)') + C + 6T
X(D2(f:)/S2) = x (( (f/82)") +C +3T
V(D21 =2 x((D*(1)/52)")

and we obtain X(Dz(ft)) - 2X(D2(ft)/52) = —C. From u(Dz(ft)) =
1(D?(f)/S2) = 0 we get

n(D*(f)) = 1= x(D?(£))
n(D2(f)/S2) = 1 = x(D*(f1)/5z)
X (D?(f)) = 2x(D*(f:)/S2) = —=C

which implies 1(D?(f)) = 2u(D?(f)/Ss) + C — 1.
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For the last equation, we take the system

x(D(fs)) = x(D(fs) )+C+3T
x(fs(D(fs )=x(f N +C+T
X(D(fs)') = 2x(fs(D )

and obtain x (D?(fs)) —2x(fs(D(fs))) = —C +T. From pu(D?(f)) = 3T
and p(fs(D(fs))) = 2T we get

u(D(f)) =3T +1-x(D(fs))
n(F(D(f)) = 2T +1 = x(fs(D(£,))))
X(D(£2) = 2x(f«(D(f.))) = =C +T

From this it follows p(D(f)) = 2u(f(D(f))) + C — 2T — 1.
O

Example 5.2.3. Let f: (C%,0) — (C3,0), as in Example 2.1.11, be given
by
(z,y) = (2%, 9%, 2 +y° + ay).

In Example 2.3.3, we computed the double point curve

D(f) = V((z +y*)(2* + y)(® + 7)),

which has Milnor number p(D(f)) = 16.

Now we compute the Milnor number of D?(f) (its defining ideal was
computed in Example 2.1.11). To do this, we compute the ¢ invariant
and use the formula above to obtain the Milnor number. We use the
same notation as in [BG80]. If C; = V(I;) and Cy = V(I3) are two
curves (non necessarily irreducible) intersecting only at xo € C™, then we
write

C1 - Cy = dimg O(C”,wo/(ll + IQ).

As a particular case of a lemma due to Hironaka [BG80, Lemma 1.2.2],
we have

3(CLUCy) =6(C1) +6(C) + Cy - Cy.

The curve D?(f) has 5 smooth branches, namely 2 parabolas P; =
V(I1), P, = V(I3), and 3 coplanar lines L = Ly ULy U Ly = V(I3), where

Il = <$_$lvy+y/7$+92>7
IQ = <x+x’,y—y’,x2+y>,

L=x+2,y+y,23+9%).



5.3. DOUBLE FOLDS 65

Its obvious that 6(P; U Py) =1 and §(L) = 3 and we also have

Os

PLUP) L =dimg — =% —
(PrUP) TN 1 I

By the lemma mentioned above, we have §(D?(f)) =1+ 3+ 3 =7, and
hence u(D?(f)) =26 —r + 1 = 10.

Analogously, D?(f)/S, is composed by the five lines (the ideal is com-
puted in Example 2.4.4)

LoUL1=V(J1), Ly=V(h), L3=V(J3), Li=V(J),
where,
= (81,592,711 + 22 — 712,75y — T22T12 + T1a),
= (81,52, 111 + 712,722 + T12),
= (51,282 + 711,722, T12),
Ju = (52,281 + 122,711, T12).
We have (Lo U L1) = 1 and by Hironaka’s lemma:
S(LoU Ly ULy)=0(LoULy)+6(Ly) + (LoULy - Ly) =14 0+1.
S(LoULiULyULs)=2+06(Ls) + (LoULi ULy - Lg) =24+0+1.
S(D2(f)/S2) =34 6(La) + (LoU Ly ULy ULs-Ly) =3+0+1=4.

Then p(D?(f)/S2) = 25 — r + 1 = 4. Finally, we use the computation of
Fi(f«O3) in Example 2.5.3 to obtain u(f(D(f))) = 8 in the same way.
Since C = 3 and T' = 1, we can easily check that the formulas in Theorem
5.2.2 hold.

5.3 Double folds

Here we study the geometry of a particular family of singular map germs
(C2,0) — (C3,0) called double folds. As we will see, these family pro-
vides interesting germs, such as finitely determined homogeneous corank
2 germs. Our family is created by analogy to David Mond’s fold maps
(see [Mon85]), which we explain next:

A map germ f: (C2,0) — (C3,0) is a fold map if its first two coordinate
functions form a Whitney fold T': (C2,0) — (C2,0), given by

(z,y) = (z,9°).

The image of a fold map f(z,y) = (x,%2, f3) looks like the graph of the
function f3 ‘folded’ along the OX axis. The third coordinate function of
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a fold map can be any but, under A-equivalence, we can assume that it is
of the form yp, where p = T™ P for some germ P € 5. Hence, the normal
form of a fold map is

flz,y) = (x, 9%, yp).

A remarkable thing about fold maps is that they are related to the action
of the group G = {1,i}, generated by the reflection i(z,y) = (z, —y). For
instance, it is immediate that all double points of a fold map are of the
form (z,i(z)), for some z = (z,y) € C%

To produce a family of corank 2 maps related to a reflection group,
we are going to ‘fold’ twice, once through OX and once through OY axis.
Let a: (C%,0) — (C2,0), as in Example 4.1.9, be the Folded Hankerchief,
given by

(z,) = (@%,5%).

Take the reflections 41 (z,y) = (—=z,y) and iz2(z,y) = (x,—y) and the
rotation i3(z,y) = (—x, —y). We write G for the group {1,i1,42,i3}. The
orbit of any z € C? is Gz = a~(a(z)) and z is a singular point of « if
and only if z belongs to Fiz(i;) U Fiz(iz) = OX UOY. Now, related to
the group G, we have the following family of maps:

Definition 5.3.1. A map germ f: (C%,0) — (C3,0) is a double fold
(DF for short) if it is of the form

(z,y) = (2%, 9% fa(z,9))-
The function germ f3 € Oy can be written in the form
fa(z,y) = Po(a®,y%) + aPi(2?,y%) + yPa(a?, y*) + ayPs(a?, y%),

for some P; € Oy. Under A-equivalence, we can eliminate Py. Then we
obtain a double fold in normal form

f(‘ray) = (932792717101 + yp2 + Iyps),

with p; = a*P;, for some P; € O5. We call special double folds (SDF
for short) the double folds in normal form satisfying ps = 0.

Remark 5.3.2. Fold and double fold families are not mutually exclusive.
The cross-cap is usually parameterized as a fold in normal form

(z,9) = (z,y%, 2y),
but it can also be regarded (Lemma 5.3.9) as double fold

(z,y) = (2%, 9%,z +y).
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Target multiple points of double folds

Given a double fold f(z,y) = (22, 9%, xp; +yps +xyp3), we use the method
explained in Section 2.5 to find a presentation matrix M (f) of f.Os: Take
g1 =1,90 =x,93 =y, 94 = xy as generators of a,Oy. For i = 1, we have

fagr = xp1 +yp2 +a2yps = 0- g1 + & Piga + a* Pags + o P3ga.

Therefore, the elements of the first column of the matrix are —Z, Py, Ps, Ps.
After computing f3g; for i = 2,3,4, we get the matrix

—7Z XP YP, XYP;
B P —-Z YP; YP
M=\ p xp, -z xp |
Ps P P -7
where P; represents P;(X,Y).

Observe that, since M(f) has size 4 x 4, f has no points with mul-
tiplicity greater than 4. For special double folds, the space of quadruple
points in the image is given by the ideal F5(f) = (P (X,Y), P»(X,Y), Z)
and Fy(f) = (F3(f))?. Hence, triple points of special double folds appear
concentrated at quadruple points.

Source multiple points of double folds

We denote by No(f) the germ of complex space defined by the pull back
F*(F1(f+O3)). For a double fold in normal form, we have

Na(f) =V ((pr +yps)(p2 + zp3) (zp1 + yp2)).

Observe that, even though D(f) and No(f) agree set-theoretically (Re-
mark 2.6.1), it is not clear that they agree as schemes (see Open Problem
6, and observe that, indeed, both structures agree for Example 2.3.3). We
factorize f*Fi(f«O2) as the product of the ideals

I = (p1 + yps3),
Iy = (p2 + xp3),
I3 = (zp1 + ypa).

The analogous alternative source triple point space V(f*(Fa(f.02)) is
given by the two minors of the presentation matrix above. Set theoreti-
cally, it decomposes as the union of the zero sets of the ideals

I 2 = (p1 + yp3, p2 + Tps3),
I 3 = (p1 + yp3, p2 — Tps3),

Iy 3 = (p2 + xp3, p1 — Yps3)-
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Finally, quadruple points (again with the structure induced by the target)
are defined by

I1,2,3 = <plap23p3>'

Observe that, in the special double fold case, all triple points appear
collapsed into quadruple points: If ps equals zero, then the radical of
I 211 315 3 is (p1, p2), which is the ideal defining the quadruple point locus.

Definition 5.3.3. Given a double fold f = (a,xp1 + yp2 + xyps), we
decompose the source double points as the union of D;(f),1 < i < 3,
with
Di(f) = V(1)
and the triple points as the union of D; ;(f),1 <i < j < 3, with
Di;(f) =V ij)
Finally, the quadruple points are
Dips(f) =V(Li23).
Remark 5.3.4. It is immediate that:

1. A point w belongs to D;(f) if and only if ¢;(w) does so. Moreover
f(w) = fir(w)).

2. A point w belongs to D; ;(f) if and only if 4;(w) and ix(w) do so.
Moreover f(w) = f(ir(w)) = f(ir(w)).

3. A point w belongs to Dy 2 3(f) if and only if i1 (w), i2(w) and iz(w)
do so. Moreover f(w) = f(i1(w)) = f(iz(w)) = f(iz(w)).

Example 5.3.5. Take the family
(z,9) = (2, 9% Az + Aoy + Azzy), \; € C.
Assume A3 # 0, then its double points are the following (see Figure 5.1):
e Di(f) = V(A +yAs3) is the iy-invariant line y = —A; /3.
e Dy(f) is the is-invariant line z = —\y /A3,

e Ds(f) is the ig-invariant line Aoy + Mz = 0, if A; # 0 or A2 # 0.
Otherwise, we have D3(f) = C? and the map is not generically
one-to-one (see the Double Cone in Example 3.3.11).

We find the triple points where these lines meet:
i D172(f) = {(_)‘2/>\3a _Al/)\?))}a
o Di3(f) ={(A2/X3,=A1/A3)},
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° D273(f) = {(_)\2/)\&)‘1//\3)}'

In the case A3 = 0, we have a special double fold. Thus, its triple points
should appear collapsed at quadruple points, with equations p; = ps = 0.
Since we have p; = Ay and py = Ay for this example, the appearance of
quadruple point forces A\; = Ay = 0 and hence, the map is the Folded
Hankerchief, seen as a map germ (C2,0) — (C3,0).
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Figure 5.1: Image and double points of a double fold (see Example 5.3.5).

Double fold stability

In this section we study the singularity types which are characteristic of
double fold map germs. By a singularity type we mean an A-equivalence
class of multigerms f: (C%,S) — (C2,y). We know that the stable types
C? — C? are transverse double points, transverse triple points and cross-
caps. Our goal is to make a version of the concept of stability adapted
specifically for double folds. The idea is that some types, despite not
being stable, are preserved by deformations within the double fold world.
We call them DF-stable types and these deformations DF-deformations.
This concept can be adapted to the special double fold case and we shall
use the notation (S)DF to refer respectively to both, the double fold and
the special double fold case.

Definition 5.3.6. A (S)DF-deformation of fy is a germ F: (C? x
C,0) — (C3,0) of the form F(x,t) = f;(x), such that the germ f;: (C2,0) —
(C3,0) is a (special) double fold for all t. A (S)DF-unfolding is a map germ
F: (C? x C,0) — (C? x C,0) of the form F(z,t) = (¢, fi(x)), such that
fi(x) is a (S)DF-deformation.

Definition 5.3.7. A multigerm f is (S)DF-stable if any (S)DF-unfolding
F of f is trivial. A (special) double fold f: U — C3 is (S)DF-stable if all
its multigerms at f~!(f(w)),w € U are (S)DF-stable.

Remark 5.3.8. Every stable type is (S)DF-stable.
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A vpriori, it might seem difficult to identify all possible (S)DF-stable
maps, but a better understanding of the map a will help us to do so.
The map « is the invariant map associated to the Coxeter group G (see
[Hum90| for Coxeter group theory). For any Coxeter Group there is a
Coxeter complex, in this case C = {C?\ (OX U OY),0X \ {0},0Y \
{0},{0}}. The Coxeter complex stratifies the space in a way such that
the behavior of the group, and thus that of «, changes whenever we go
from a facet to another. Consequently, much information about a double
fold is contained in the way its multiple point spaces meet the Coxeter
complex. The following proposition is an example of this.

Lemma 5.3.9. The germ of a double fold f(x,y) = (22,42, xp1 + yp2 +
xyp3) centered at a point w € C? is a cross-cap if and only if one of the
three conditions is verified:

i) w € OX\{0} and the restricted function (p2+xps)|ox has a simple
zero at w.

i) w e OY \{0} and the restricted function (p1 +yps)|loy has a simple
zero at w.

iii) w =0 and p1(w) # 0 # p2(w).

Proof. From Theorem 5.1.1, a singular monogerm of map from C? to C3
is a cross-cap if and only if its source double point space is smooth. Since
cross-caps are singular monogerms, they lie on OX U OY. Assume first
that w € OX \ {0}. Looking at the 2 x 2 minors of the differential of f
at w it follows that f is singular at w if and only if ps + xps vanishes at
w. Now the source double point space of the germ of f at w is Da(f),
given by the zeros of pa + zps (notice that, by Remark 5.3.4, the branches
of double points D1 (f) and Ds(f) at OX \ {0} produce multigerms, not
monogerms). Therefore, the double point space of the germ of f at w is
smooth if and only if the Milnor number of the germ of function ps + yps
at w equals 0. This happens if and only if at least one of the partial
derivatives sza'; 2P and 2 2(;; L83 does not vanish at w. Since py and p3
Opataps
Oy

are functions of 22 and y2, we deduce that vanishes at OX. Hence,
f has a cross-cap at w € OX \ {0} if and only ps + zps vanishes at w
and % does not, that is, if and only if the restriction (p2 + zps)|ox
has a simple zero at w. The case w € OY \ {0} is analogous. Assume
now w = 0. The source double point of f is the germ of complex space
given by the zeros of (p1 + xps)(p2 + p3)(zp1 + yp2). The non vanishing
of p; and py at 0 is a necessary and sufficient condition for this germ of
complex space to be smooth. O

Points where the source double point space meets the facets of the
Coxeter complex in a generic way are called (S)DF-generic. We shall
determine the different possible (S)DF-generic singularities and then show
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that they are exactly the (S)DF-stable singularities. Let us state the
(S)DF-genericity conditions rigorously:

Definition 5.3.10. Let f = (a, zp1 + yp2 + xyp3): U — C? be a double
fold. We say that a point w € C?, that belongs to a facet C' € C, is a
DF-generic point if:

1) (p1+wyps)le, (p2 + zps)lc and (zp1 + yp2)|c are transverse to {0}
at w, with the exception (zp1 +yp2)|{0} (notice that no double fold
in canonical form could verify this transversality condition).

2) (p1+yps, p2+ps)|c, (p1+yp3, p2—2ps)|c and (p2+xps, p1—yps)|c
are transverse to {(0,0)} at w.

3) w is not a quadruple point of f.

A double fold f: U — C? is DF-generic if all points w € U are DF-
generic

Conditions 1) and 2) adapt to the special double fold case just taking
ps = 0 but, since quadruple points are more likely to appear at special
double folds (they are the zeros of just two equations in C2), the SDF
genericity conditions don’t include condition 3).

Definition 5.3.11. Let f = (o, xp; + yp2): U — C3 be a special double
fold, we say that a point w € C2, that belongs to a facet C' € C, is a
SDF-generic point if:

1) pile, p2lc and (zp1 + yp2)|c are transverse to {0} at w, with the
exception (zp1 + yp2)|10}-

2) (p1,p2)|c is transverse to {(0,0)} at w.

A special double fold f: U — C? is SDF-generic if all points w € U are
SDF-generic

Remark 5.3.12. It is immediate from its defining ideals that every point
belonging to D1 (f)NOX or to Dy(f)NOY must belong to D3(f) too. It is
also immediate that D3(f) always crosses the facet {0}. Apart from these
exceptions, which are inherent to the double fold family, the genericity
conditions imply the following more geometric assertion: Given a regular
stratification of D(f), the strata have their expected dimension (double
points have dimension 1 and triple (quadruple) points have dimension 0)
and are transverse to the strata of the Coxeter complex C.

Now we introduce our new candidates to be (S)DF-generic multigerms.

Definition 5.3.13. We call a standard self tangency the multigerm
formed by two smooth branches with Morse contact. We call a stan-
dard quadruple point the multigerm formed by four smooth branches
such that every three of them meet transversally. These singularities are
depicted in Figure 5.2.
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Figure 5.2: A standard self tangency and a standard quadruple point.

Proposition 5.3.14. All standard self tangencies are A-equivalent. All
standard quadruple points are A-equivalent.

Proof. In [WAO0Q] it is shown that the A-class of a bigerm with smooth
branches is determined by the contact type of its branches. Since there is
only one contact class of Morse type, all standard self tangencies are equiv-
alent. Let f be a multigerm of standard quadruple point. Any three of its
branches form a triple point and there is only one A-class of triple points.
Therefore, there exists a change of coordinates that takes f to a multi-
germ whose branches send (z,y) respectively to (z,y,0), (z,0,y), (0,z,y)
and g(z,y) for some regular monogerm g with

Img = {U]_X + U2Y + UgZ = 0},
U; € O3. The plane tangent to Im g is determined by the equation
1t X +tY +t3Z2 =0,

with ¢; = U;(0,0). If we assume ¢; = 0, then the intersection of the tangent
plane with the branches {Y = 0} and {Z = 0} is the line {Y = Z = 0}.
This contradicts the transversality of these three branches. We deduce
t1 # 0 and, analogously, to # 0 # t3. The change

(XY, Z) = (U1 X, UnY, Us Z)

defines a germ of diffeomorphism that takes our multigerm to the one with
image {XYZ(X +Y + Z) = 0}. Now the four branches of our multigerm
are given by

i (I,y) = (U1I7UQy,O)7
i (xay) = (u1x70au3y)7

o (z,y) — (0,uzw,usy), and
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o (z,y) = (a1 + by, asx + bay, —(a1 + b1)x — (a2 + b2)y),

where u; = U; o f, and aq,as,b1,by are some function germs in Os.
We take germs of diffeomorphisms at the source, at the four different
points where our multigerm is centered. The first three diffeomorphisms
send (z,y) respectively to (z/u1,y/uz2), (x/ui,y/us) and (z/ua,y/us).
The fourth diffeomorphism is the inverse of the germ (z,y) — (a2 +
b1y, asx + boy). These four source coordinate changes take the multigerm
to one multigerm defined by four branches sending (x,y) respectively to
(z,9,0),(x,0,y), (0,z,y) and (z,y, —z — y). Hence, all germs of standard
quadruple point are equivalent. O

Lemma 5.3.15. The (S)DF-generic points are regular points, transverse
double points, cross-caps, standard self tangencies and triple points (resp.
standard quadruple points).

Proof. Given a (special) double fold f and a point w = (zg,y0) € C2
satisfying the (S)DF-genericity conditions, we shall determine the type of
singularity of the multigerm of f at f~1(f(w)). First of all, notice that
singular points lie in OX U OY and the genericity condition 2) implies
that all triple points belong to the facet C?\ (OX U OY). Hence, from
genericity condition 1), together with Lemma 5.3.9, it follows that all
points where f is singular are cross-caps.

Now assume that f is regular at w and the point w belongs to D;(f),
1 <1 < 3. Take the vector fields along f defined by the cross product

of _of
n=4-X45"
dr Oy
and
nl:noila l:172a3

The branches of the multigerm of f at w and #;w are transverse unless
1 X m; or, equivalently,

&= n—m)xn+m)

vanish at w. We study the different cases a), b) and c), where w belongs
to D1(f), D2(f) and Ds(f) respectively.
Case a) Let w belong to D;(f), then we have:

O(xp1 + zyps)

O(xp1 + xyps) |
ax w

w =4z 4x
&1l oyo( 0 9
(5(xp1 + :vyps)| dyp2 hy — d(xp1 + wyp3) |

’ Oy Yoo Ox Y Oy

Assume first w ¢ OX U OY, then & |,, vanishes if and only if

|wa 43]0

Op1 + yps = 9p1 + yps
ox v Jy

‘wzoa
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that is, if and only if p; + yps is not transverse to {0} at w. This is
in contradiction with the first genericity condition. Now assume w €
OXUOY and notice w ¢ OY, because it would be a singular point. Thus,
we have w € OX \ {0}. We claim that the bigerm of f at (£z¢,0) forms
a standard self tangency at (Xo,0,0), where Xq = x3. The genericity
conditions imply that P; has a simple zero at (Xy,0) and P, does not
vanish at (Xo,0). Let the germ of f: C? — C? at x¢ parameterize one of
the branches and let ¢: C* — C be the germ at (Xg, 0, 0) which defines the
other branch implicitly. Then, following Montaldi [Mon86|, the contact
between the branches is given by the K-class of the composition ¢ o f.
The branches are given by

(Z*+£VXP)? —YP}+2YVXP,Ps — XY P2 =0.

After choosing the preimage (x0,0) and composing, we get the function
4x(p1 + yps)(xp1 + yp=2), which is of Morse type in (xg,0). Therefore, the
multigerm of f at (+xg,0) is a standard self tangency.
Case b) is symmetric interchanging indices 1 and 2, and OX and OY.
Case ¢) If w € D3(f), then we can assume w € D3(f)\ (OX UQOY)
because otherwise w € Dy (f) U D2(f), by Remark 5.3.12. We have

O(xp1 + yp2) O(xp1 + yp2)

w = 4 4 ws —4 wH
&l xoyo( Lo dy \ Yo o |
(5(xp1 + yp2)| 3%/2?3‘ _ O(zpy +yp2)‘ 3xyp3| ))
which vanishes if and only if
9zp typ dzp1 type
Oz w 6y w )

that is, if and only if xp; + yps is not transverse to {0} at w.

As we have seen before, all triple points (and therefore all quadruple
points) belong to the facet C2\ (OX N OY), where the second gener-
icity condition implies that the branches are transverse. Therefore, all
triple points are transverse (respectively, all quadruple points are stan-
dard quadruple points). O

Lemma 5.3.16. Every (special) double fold admits a (S)DF-deformation
fi defined in a neighborhood U x V of (0,0) € C? x C such that, for every
teV, fi is (S)DF-generic.

Proof. Let f = (o, xp1 + yp2 + xyps) be a representative defined at some
neighborhood U of the origin. we consider DF-deformations of the form
fape = (a,z(p1 + a) + y(p2 +b) + zy(ps + ¢)). Let Z be the analytic
space consisting on points (a, b, ¢) € C? such that, for some point w in U,
the map f, .. does not satisfy all genericity conditions. We claim that Z
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is a proper subspace of C3. Take the first function, p; + yps, of the first
condition and any facet of the Coxeter complex C' € C. We consider the
map ¢: C x C3 — C, given by ¥ (w,a,b,c) = p1(w) + a + y(p3s(w) + ¢).
This is clearly a submersion. Therefore, Lemma 1.3.3 tells us that, for
almost every (a,b,c) € C3, the map f,p. is transverse to 0. We can
proceed analogously for all the maps given by the DF-genericity conditions
to finally show that, for almost every (a,b,c) € C3, all the genericity
conditions hold at every point in U. Thus, Z is a proper subspace. Hence,
we can find some particular (a,b,c) € C* and some neighborhood V' of
0, such that t(a,b,c) ¢ C3, for all t € V. If we take the DF-deformation
filx,y) = (2%, 9%, 2(p1 + ta) + y(p2 + tb) + xy(ps + tc) defined at U x V
then, for any ¢ € V, the map f; has only DF-generic points at U. The
special double fold case is analogous. O

Theorem 5.3.17. (S)DF-stable and (S)DF-generic points are the same.
As a consequence:
The DF-stable singularities are

e Transverse double points, cross-caps and triple points.
o Standard self tangencies.
The SDF-stable singularities are
e Transverse double points and cross-caps.
e Standard self tangencies.
e Standard quadruple points.

Proof. By Lemma 5.3.16, the DF-stable singularities must be DF-generic.
Now take a DF-generic point w of a double fold f. If w is a transverse
double point, a cross-cap or a triple point, then it is stable and, hence,
DF-stable. Suppose w is a standard self tangency and Let F = (f;,t) be
a DF-unfolding of f. Assume w € D;(f). Then, as we have seen in the
proof of Lemma 5.3.15, the point belongs to OX \ {0}, (p1 + yp3)|ox has
a simple zero at w and the functions ps + xp3 and xp; + yps don’t vanish
at w. Therefore, there exist a neighborhood U x V of (w,0) and a curve of
points wy € UNOX \ {0}, with ¢t € V and wo = w, such that (p1 +yps)|ox
has a simple zero and the functions ps 4+ zps and xp; + yps don’t vanish at
wy. All this points are also standard self tangencies and, since they are all
A-equivalent by Proposition 5.3.14, they are DF-stable. The proof holds
in the special case and is analogous for standard quadruple points. O

Counting (S)DF-stable points

A usual way to study germs is to count the number of stable 0-dimensional
points of each type which appear in a stabilization of the original germ.



76 CHAPTER 5. MAP GERMS (C2,0) — (C3,0)

One can show that these numbers can be obtained as the dimension (as
C-vector space) of certain local algebras related to the different stable
0-dimensional types. We adapt these techniques specifically to (S)DF-
deformations and to (S)DF-stable points.

Definition 5.3.18. We call (S)DF-stabilization any (S)DF-deformation
F such that there exists a neighborhood U x V of (0,0) € C? x C such
that, for every t € V, f; is (S)DF-stable.

Remark 5.3.19. By Lemma 5.3.16 and Theorem 5.3.17, every (special)
double fold admits a (S)DF-stabilization.

Definition 5.3.20. For any (special) double fold f we define:
o ST;(f) = 3 dime O1/5; L(f), for i = 1,2,
L4 Ol(f) = dlm@ Ol/J:Il(f)7 for (Za k) = (17 2)v (27 1)7

o T(f) = dimg O2/I1 2(f) (in the special double fold case: QD(f) =
1 dime O2/(p1,p2)),

where j; and jy are the inclusions of OX and OY into C? respectively.

Remark 5.3.21. We avoid indices for triple points in different branches
because the complex spaces D; ;(f) are all isomorphic, since Oy /11 o(f) =
O2/11 3(f) = Oz/I5 3(f) via the isomorphisms induced by i; and is.

Proposition 5.3.22. Let ST;(f),Ci(f) and T(f) (respectively QD(f))
be finite. Let fs be a (S)DF-stabilization of f. Then, for a small enough
s # 0, the following equalities hold:

o ST;(f) = # standard self tangencies f(D;(fs)),

o Ci(f) = # cross-caps in D;(fs) \ {0},

o T(f) = # triple points of fs (in the special double fold case: QD(f) =
# standard quadruple points of f).

Proof. Take the zero set of the different ideals which appear in Definition
5.3.20. If ST;(f),C;(f) and T(f) (respectively QD(f)) are finite, then
the spaces are 0-dimensional. In this case, the codimension of any of
these spaces equals the number of generators of its defining ideal. Hence,
the spaces are complete intersection and the Principle of Conservation of
Number (see [dJP00, Theorem 6.4.7]) applies to them. We only need to
check that, if the multigerm of fs at f;!(fs(w)) is (S)DF-generic, then
the numbers are 1 if it is the considered singularity, and 0 otherwise. [

Example 5.3.23. Take the family of special double folds

(z,y) = (2%, 9%, z(a12” + biy® — e1) + y(azz® + bay® — ¢2)).
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Figure 5.3: A non SDF-stable special double fold (see Example 5.3.23).

The double points D;(f) and Dy(f) are given by a;x? + bjy? = ¢; and
asz? + bay? = ca.
For the germ

(z,y) = (2, 9%, 2(2® + 29°) + y (2% + y?))
(Figure 5.3), we can easily compute
STy = 1/2dime(0;/(2?)) = 1
and similarly ST, =1 and
Cr=0Cy =2.
We also have
QD = 1/4dimc(02/ (222 + 2,2y + 2%)) = 1.
Now take the 2-parameter (S)DF-deformation
(z,y) = (2,97, 2(2® + 2° — t1) +y (227 + y* — 1)),

where t = (t1,t2) € C2. We see that, for almost every fixed ¢ with
t1 # 0 # to, fi is a SDF-stable map where we can find (Figure 5.4)
a standard self tangency and two cross-caps along D;(f;) \ {0} and the
same on Dy (ft) \ {0}. We also see the cross-cap at f;(0) and a standard
quadruple point. For these good values of ¢ we can also see that, apart
from the restrictions on D;(f) N D3(f) and D3(f) N {0} (see Remark
5.3.12), the regular stratification of D(f;) is transverse to every facet of
the Coxeter complex.

Example 5.3.24. If we take the Double Cone (Example 5.3.5), given by

(2,y) — (2%, 9%, 2y).
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Figure 5.4: A SDF-stable deformation of the surface shown in figure 5.3.

We see easily that
ST; =0,

Ci:dimc(’)l/mlzl, i:1,2

and
T = dlmc 02/m2 =1.

Indeed we can take the stabilization DF-stabilization
(z,y) = (2%, 0" te + ty + zy),

which has, for any ¢ # 0, three cross-caps (one in D;(f) \ {0}, one in
D5(f)\ {0} and the other at 0) and one triple point (as in Figure 5.1).

Remark 5.3.25. Let ST(f), C(f), T(f) (and respectively QD(f) in the
special case) be the number of standard self tangencies, cross-caps, triple
points (and standard quadruple points) respectively that appear taking
a (S)DF-stabilization of f. It is known that C(f) and T(f) are well
defined A-invariants of f. It is immediate that Q(f) is also invariant,
because any map showing a quadruple point can be deformed (outside
the special double fold world) into another that shows 4 triple points. It
is not clear whether ST is A-invariant or not, but it is easy to see that
the numbers with indices ST;(f) and C;(f) are not. Given a double fold
f, we can interchange x and y at the source and then permute the first
two coordinates at the target to obtain a new double fold, say g, such
that STi(f) = STa(g), ST2(f) = Ni(g), C1(f) = Ca(g) and Ca(f) =
C1(g). Apart from the permutation of indices 1 and 2 that this change
of coordinates produces, examples suggest that changes of coordinates
don’t make the singularities jump from one space D;(f) to another one.
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Therefore, the numbers ST;(f) and C;(f) seem to be A-invariant, modulo
a simultaneous permutation of all indices 1 and 2 (which still leaves ST
invariant). However, we have only succeeded in showing it for finitely
determined quasi homogeneous double folds (Corollary 5.4.6).

5.4 A-equivalence and K“-equivalence

The aim of this section is to mimic a result of David Mond [Mon85,
Theorem 4.1:1], which shows the coincidence between the .4-equivalence
of folds f: (C2,0) — (C3,0), f(z,y) = (z,y?, f3) and some easier to use
equivalence of the third coordinate function, f3, defined ad hoc. This
equivalence is given by a subgroup of K called K7 which behaves well
with respect to the Whitney Fold T': (C?,0) — (C2,0) given by

(z,y) = (z,9°).

We take, instead of the Whitney Fold, any finite mapping «: (C™,0) —
(C™,0) and consider mappings

(a, frnr1): (C™,0) — (C™F1)0).

We define the group K% and the generalization of one direction of Mond’s
results comes easily: K“-equivalence for f,,; implies A-equivalence for
(Oé, f’n+1)'

We denote by R,, the group of germs of biholomorphism ¢: (C",0) —
(C™,0).

Definition 5.4.1. Let a: (C™,0) — (C™,0) be a finite germ. We define
R« as the subgroup consisting of the germs ¢ € R,, such that there exists
a germ ¢ € R, such that

poa=aoqp.

We say that two germs g,h € O, are K%-equivalent if there exist a
function k € a*0s, k(0) # 0 and a germ of diffeomorphism ¢ € R®, such
that

g=+kK-hoop.

Example 5.4.2. Let a: (C%,0) — (C2,0), as in Example 4.1.9, be the
Folded Hankerchief
(z,y) = (2%, 5°).

It is easy to see that any biholomorphism ¢ € R is of the form ¢(z,y) =
(xp1,yp2) or p(x,y) = (ye1,xp2), for some functions 1,02 € a*Oq,
©i(0,0) # 0. In particular, if g, h € C[z, y] are homogeneous K*-equivalent
polynomials, the factors k and hop are homogeneous. Hence, on one hand,
k is a constant in C*. On the other hand, since ¢ is a diffeomorphism,
both h and h o ¢ are homogeneous of the same degree. We can replace ¢
by its linear part without changing the composition. Thus, we can assume
that ¢ is of the form (z,y) — (az,by) or (z,y) — (by, ax).
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Lemma 5.4.3. A biholomorphism ¢ € R, belongs to R* if and only if
the algebras a*O,, and (oo p)*O,, are equal.

Proof. Let ¢ € R* with p oo = a. Any function ho a € a*O,, is
equal to (ho@)oaoyp € (o p)*O,. Now take hoa oy € (aop)*O,.
This function is equal to ho g~ lopoaop = (hop ) oa € a*O,.
Now suppose that the two sub-algebras above are equal, then there
exist some functions @; such that a; = @; 0o . Take @ = ($1,...,Pn).
Then we have a« = o @ o . As « is finite and ¢ is a biholomorphism,
a and a o ¢ have the same finite multiplicity. Therefore ¢ must have
multiplicity 1, and hence is a biholomorphism. O

Theorem 5.4.4. Let a: (C™,0) — (C™,0) be a finite germ and fn41, gn+1
be two K*-equivalent functions of Oy, then the map germs (C",0) —
(C"1.0) f = (a, fus1) and g = (@, gns1) are A-equivalent.

Proof. f ~xa g implies that there exists 6,: (C" x C,0) — (C,0) of the
form 60,(X,Z) = 0(a(X), Z) for some germ of function § and such that
0,(0,-) is a germ of biholomorphism, and there exists ¢ € R% such that
9(X) = 0,(X, f op(X)). Since ¢ € R%, then there exists some germ of
biholomorphism ¢ such that o = oo . We define 1, : C**! — C” by
Y1 = $omy and Yo = 0o (11, m3), where 7; represents the projection over
the i-th component of C" x C. Let ¢ = (¢1,19): (C**1,0) — (C"*1)0)
and, for every X € C", we have

As a consequence of ¢ and 0, (X, -) being biholomorphisms, we have that
1 is a biholomorphism. O

Examples suggest that the converse of Theorem 5.4.4 also holds: A-
equivalence of (a, fr+1) and («, gn+1) implies K*-equivalence of f,,1+1 and
gn+1. However we have not succeed in proving this in general. As we
mentioned before, Mond has proved that it holds when « is the Whit-
ney Fold. We have only succeeded in showing it for finitely determined
quasihomogeneous double folds.

It is shown in [MNBO0S§| that any quasihomogeneous double fold must
be homogeneous. There are only two ways to obtain a homogeneous
double fold f(z,y) = (o, xp1 + yp2 + xyp3). One is p3 = 0 and the other
p1 = p2 = 0. Every finitely determined double fold must have a reduced
double point space, which is given by (p1 +yps3)(p2 + xps3)(xp1 +yp2) = 0.
We deduce immediately that every finitely determined quasihomogeneous
double fold must be, in fact, a homogeneous special double fold.
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Theorem 5.4.5. Let f = (a, f3) and g = (o, g3) be A-equivalent finitely
determined quasihomogeneous double folds , then the functions fs and g3
are K% -equivalent.

Proof. Assume that there exist ¥ and ¢ such that g = ¢ o foy. Denote by
®iz; the derivative of the i-th component with respect to the variable x;.
Taking into account that pi, p, € m?, the 2-jet of the first two coordinate
functions of the equality g = ¥ o f o ¢ gives us

2 = 1 x (03 2% + 01,001,97Y + 03 ,1°)
+ U1y (95 .07 + 02202 y2y + 05, Y°),

and also

y? = o x (97 ,7° + P1201,57y + 05 ,y°)
+ P2,y (93 277 + ©2,202.yTY + 05 ,Y°).

Since dy is invertible, we have @1 ,92y 7# 0 or @1 yp2.. 7# 0. In the first
case, from the equations we obtain 1, = @2, = 0 and, in the second
case, @14 = @2, = 0. Suppose we are in the first case (the second one is
analogous). Then the differential of ¢ is of the form dp(u,v) = (au, bv)
for some a,b € C*.

Notice that w is a source double point of ¢ if and only if it is so for
f o, if and only if ¢(w) is a source double point of f. Since f and g
are finitely determined, their double point spaces are reduced and thus
©lp(g): D(g) = D(f) is an isomorphism between complex space germs.
We claim that ¢|p,(g) is an isomorphism between D3(g) and D3(f). We
proceed by reduction to the absurd: suppose there is a irreducible com-
ponent R of Ds3(g), such that p(R) ¢ Ds(f). For example, suppose
©(R) C D1(f) (the other case, p(R) C Ds(f), is analogous). Since f and
g are finitely determined, their non strict double points are isolated and
thus, since R C Ds(g) and ¢(R) C D1(f), we have ¢(iz(R)) = i1(¢(R)).
Let (u,v) be the tangent vector to the curve germ R, we have the equal-
ity dp(is(u,v)) = i1(dp(u,v)), that is (—au, —bv) = (—au,bv). The last
equality implies (u, v) is a horizontal vector. Since g is homogeneous, the
equation which defines R is also homogeneous and, thus, it is independent
of . This is implies that y divides xq; + yg2, which in turn implies that
y divides q;. Then y? divides qiq2(zq1 + yg2). This is a contradiction,
because g is finitely determined and, thus, D(g) = V(q1g2(zq1 + yq2))
must be reduced.

Now we have the isomorphism of complex spaces ¢|p,(g): Ds(g9) —
Ds(f), that is, we have the equality (g3) = ¢*(f3). This implies the
existence of a function h, with h(0,0) # 0, such that g3 = h- f3 0. Since
gs v f3 are homogeneous, we can take the diffeomorphism ¢ = dy and
the constant x = h(0,0) # 0 and get g3 = k- f3 0 p. Moreover, as we have
seen before, ¢ is a diagonal linear change and thus it belongs to R*. O
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Notice that the K*-equivalence of f3 and g3 splits into two simultane-
ous equivalences between P;, P, and @1,Q2. In the diagonal case we get
an expression

rQq (22, y%) + ng(xQ, y2) = raxPy(a?2?, b2y2) + f{byPg(anQ, b2y2),

equivalent to Q1(r,y) = kaPyi(a?z,b%y) and Qq(z,y) = KkbPy(a’z,b?y).
In the antidiagonal case we obtain the expression

2Q1(2*,y%) + yQa(2%,y°) = kayPi(a’y?, b°2?) + kbx Py (a’y?, ba?),

equivalent to Q(z,y) = kbPs(a’y,b*z) and Qo(z,y) = kaP;(a’y,bx).
Now the next corollary follows immediately.

Corollary 5.4.6. Let f and g be two A-equivalent quasihomogeneous
finitely determined special double folds, then:

STi(f) = ST;(9),
Ci(f) = Cj(9),
QD(f) = @D(9),
w(Di(f)) = 1(D;(9)),

where j = i in the diagonal case, and in the antidiagonal the pairs (i, )
are (1,2), (2,1), (3,3).
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Conclusion

The following is a brief summary of our accomplished goals: We have
been able to unify the approaches of Gaffney and Mond for multiple point
spaces. We have described effective methods to compute the spaces D(f)
and My (f) (these two only for p = n + 1) and D*(f)/Sk, under quite
general conditions.

We have shown relations between algebraic properties of the double
point space D?(f) and the stability and finite determinacy of f, and
we have been able to find examples to justify the assumptions in our
statements.

We have discarded the structure #%(f) as a satisfactory multiple
point structure, by giving an explicit example where it fails to satisfy
the conditions M1 and M2. However, we have shown that under generic
conditions, the mentioned structure is correct.

We have provided a different approach for the construction of the space
B?(f), which makes very easy to compute it. We have given a proper
definition of B2(f) for germs. We have shown that B?(f) is isomorphic
to D?(f) if there are no points of corank > 2. We have shown that B2(f)
can be defined ‘taking unfoldings’, analogously to D?(f). We have related
the properties of B2(f) to stability and finite determinacy and we have
given different proofs to some properties of B?(f).

We have extended to corank 2 a characterization of finite determinacy
of map germs (C2,0) — (C3,0) in terms of the Milnor number u(D(f)).
We have also extended to corank 2 the so called Marar-Mond formulas,
relating the Milnor numbers of several double point spaces and the number
of cross-caps and triple points collapsed at the origin.

We have introduced a family of corank 2 map germs, the ‘double folds’,
which contains interesting examples. Finally, in Appendix B we have in-
troduced some techniques to compute expressions in terms of Ss-invariant
funtions, where Ss is the group of permutation of two points.

Now we list some open problems for further studies:

83
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Open Problem 1. Give an explicit ideal sheaf .#%(f) defining D*(f):
This has been done for corank 1 map germs (Section 2.2) and for double
points of arbitrary corank (Theorem 3.1.12). As far as we know, for k > 3
it is still an open problem to find an explicit set of generators for the
k-multiple point ideal of a map germs of corank > 2. As exposed in Open
Problem 5, the relation between singular monogerms and the nearby strict
multiple points becomes more complex if corank f > 3. Consequently, it
would make sense to restrict the problem to the case of corank < 2.

Open Problem 2. Characterize k-multiple points set-theoretically:

The problem can be reduced to points in the small diagonal. Given
f: X =Y, apair (z,2) € A(X,2) is a double point if and only if f is
singular at . What makes a point (z,z,z) € A(X,3) be a triple point?
As in the previous open problem, and given its relation to Open Problem
5, perhaps one should restrict this problem to the case corank f < 2.

Open Problem 3. Is D*(f) a Cohen Macaulay space whenever it is
dimensionally correct?

We know that the claim holds for multiple points of corank one (Sec-
tion 2.2) and for double points of any corank (Proposition 3.1.10). In
both situations, we use explicit sets of generators to obtain the results.
Thus, the problem is related to Open Problem 1

An interesting point is that it suffices to show that D(F) is Cohen
Macaulay for any stable multigerm F'. This is true because the k-multiple
point space of a given map f is given by the section at {s = 0} of DX (F),
for a suitable local stable unfolding F'(s,z) = (s, fs(z)),s € C" of f = fo.
Since both DE(F) and D*(f) are dimensionally correct, if we assume that
Dg(F) is Cohen Macaulay, then si,...,s, form a regular sequence for
the module Opy py and, hence Opk (py/(s1,-..,5r) = D¥(f) is a Cohen
Macaulay ring, as desired.

Open Problem 4. Does the equality

VPR IZic g = PUK) : Ipixn

hold for stable maps?

The interest of this problem is computational. To compute multiple
point spaces of corank > 2 we need to compute the strict k-multiple
point space of a stable unfolding (see Definition 2.1.1). It turns out that
the harder computation that we have to perform are the saturations and
radicals in the equality of the statement. Observe that the statement for
k = 2 follows from Corollary 3.3.9.

Open Problem 5. Understand the relation between the different mul-
tiple point spaces and the corresponding nearby strict multiple points.
For instance: When can Df(f) and My (f) be computed as D*(f) in
Proposition-Definition 2.1.57 To make a more precise statement. Can we
determine the stable maps f satisfying the following statements?
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1. DE(f) is reduced and equal to {(z € X* | |f~1(f(z))| > k}.

2. My (f) is reduced and equal to {(y € Y* | |f~1(y)| > k}.

It follows from the work of Damon and Galligo [DG83] that not all stable
maps satisfy the second condition. They show that there are stable map
germs of corank > 3, satisfying M*(f) # 0, and such that the origin is
not in the closure of the strict k-multiple points!

Open Problem 6. Do the spaces D¥(f) and Np(f) = f~H(Mp(f))
agree? We have only been able to show the equality set-theoretically and
for double points. Some work in this direction can be found in [KLU92].
An example of the scheme-theorical equality can be found in Example
2.3.3, compared to the source double point given in Section 5.3

Open Problem 7. These are some questions regarding ‘blowing-up k-
multiple points’:

1. Define spaces B*(f), for k > 3.
2. Is B¥(f) = D*(f) in corank 1?
3. Does the smoothness of B*(f) characterize the stability of f?

Open Problem 8. Extend the work for double folds to arbitrary ‘reflec-
tion maps’:

Let G be a reflection group and let a.: C™* — C™ be its invariant map.
A G-map is any map of the form (a, f,,11): C* — C"*!. Do we know
how to mimic the results for double folds for these maps? For instance, it
is not difficult to show the set-theoretical equality between D(f) and the
zero set of

( II  fosr = 9fns1)/

geG\{1}

Observe that for double folds the equality holds as schemes.
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Appendix A

Complex spaces

The aim of this appendix is to fix the notations and describe some needed
results about complex spaces. Our general references are [GR84] and
[dJP0O0]. The only notion we have not been able to find in the literature
is that of a germ of a complex space along a subset (Section A.2), a
straightforward generalization of the usual notion of a germ at a point.

A model complex space is a locally ringed space (X,Ox) of the
form

X={peUlfilp)=....f:(p)=0},

for some holomorphic functions f1, ..., f, defined at some open neighbou-
hood U C C", and

where .# is the ideal sheaf in Oy generated by fi,..., f-. A complex
space is a Hausdorff locally ringed space, which is locally isomorphic
to some model complex space (the model may change with the point,
obviously). A morphism of complex spaces is just a morphism of locally
ringed spaces between two complex spaces.

A complex space X is called reduced (resp. regular, Cohen-
Macaulay, complete intersection, irreducible, normal) at a point
x € X if the stalk Ox , is reduced (resp. regular, Cohen-Macaulay, com-
plete intersection, a domain, integral closed in its quotient ring). We
say that (X, Ox) is reduced, (resp. regular, Cohen-Macaulay, complete
intersection, normal) if it is so at any point x € X.

We say a complex space X is unmixed (resp. equidimensional)
at a point € X if all the associated primes (resp. minimal associated
primes) in Oy , have the same dimension. We say that X is unmixed if
it is unmixed at any point and the dimension of X is the same at every
point. We say that X is equidimensional if the dimension of X is the
same at every point. Observe that a space is unmixed if and only if it is
equidimensional and does not contain embeeded components. Moreover,
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a connected space is unmixed (resp. equidimensional) if and only if it is
unmixed (resp. equidimensional) at every point.

We say that (Y, Oy) is a complex subspace of (X,0x) if Y C X
and there exists a morphism of complex spaces

(i,i%): (Y, 0y) = (X, Ox),

where i: Y <+ X is the inclusion and i# is surjective. We say that (Y, Oy)
is a closed complex subspace if i(Y) is closed in X.

Proposition A.0.7. If all the non embedded irreducible components of
(Xi,z),1 < i < k have codimension < r;, then all the non-embedded

irreducible components of (r]f:1 X, ) have codimension < Zle ;.

A.1 Projectivization of a cone over a complex
space

Definition A.1.1. Let M be a manifold, a cone over M is a closed com-
plex subspace X C M x C™ (for some m), defined by some ideal sheaf
4 in Oprxc such that, for all x € M, there exists an open neighbour-
hood U of z, such that #|yxcn = (h1,...,h.), for some homogeneous
polynomials

hl...,hr GOM(U)[yl,...,ym].

Observe that, if X € M x C™ is a cone over M, then, for any point
(z,y),z € M,y € C"\ {0}, the space X contains the ‘line’ (z, A\y), A € C.
To fix notation, let

6: C™\ {0} - P!

be the class map to the projective space.
Let Uy = {[yo : -+ : ym] € P™ 1 | 2; # 0} and let p;: M x U; —
M x C™~! be the biholomorphism given by
Yo Yi Ym

x, [yo, - - -, (T, =,
(@, [yo, - - yml]) = ( m ” m

where the hat means ommision.
Proposition-Definition A.1.2. [Fis76, P. 45] Let X C M x C™ be a

cone over M defined by a coherent ideal sheaf .#. Then the subset of
M x pm-t

X ={(z,0(y)) | (z,y) € X,y # 0}

has structure of closed complex subspace of M x P!, defined by a
coherent ideal sheaf . in Oy ypm-1 given locally as follows:
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For any open subset V' C X, if Z|yxce = (h1,...,h,), for some
homogeneous polynomials hy ..., h. € Op(V)[y1,- - - Ym], then Z(VNU;)
is the preimage by ¢* of the ideal in Oy ycm-1 generated by the functions

hj((l‘)7 (Zla ceey Ri—1, 1; Ziye- -7Zm—1))7

with the value 1 at the i-th position and being 21, ..., z;,—1 the variables
in C™1,

The diagonal blowing-up

Let X be a complex manifold, we denote by B(X) the blowing-up of
X x X along the diagonal A(X,2) = {(z,z) € X x X}. It is well known
that B(X) and X are birationally equivalent as complex spaces. More
precisely, B(X) is endowed with a surjection

mx: B(X) = X x X,

which is an isomorphism when restricted to B(X) \ 75 (A(X,2)). We
denote mx by m if there is no risk of confusion. Let n = dim X. Since
A(X,2) is a n-dimensional smooth subspace of the 2n-dimensional smooth
space X x X, it follows that B(X) is smooth of dimension 2n and the
fiber m~!(z, x) of any diagonal point is isomorphic to the projective space
P71 over C. Indeed, there is a canonical identification between the fiber
7~ 1(z, ) and the projectivised of the tangent space T, X of X at x. The
fiber =1 (x, z) can be seen as an element of the projectivised of the normal
bundle

T(z,:r) (X X X)

T A(X,2)
We have an isomorphism

T(%x) (X X X)

- T, X,

given by
(u,v) + T(g,2) A(X,2) = u —v.

The induced map between the corresponding projectivisations
7z, 2) = P(T,X)

is the mentioned identification.

In order to know B(X) locally around the fibers 7~!(z,z’) of points
(z,2') € X x X, it suffices to know B(C™): Let (z,2') € X x X \ A(X, 2),
then B(X) at 7—!(x,2') is locally isomorphic to X x X at (x,2). Now
let (z,z) € A(X,2) and take a local chart ¢: V. — W C C" of X around
the point z. Since the blowing-up is a local construction, the preimage
7~1(V) is isomorphic to B(C™) N ms (W). This isomorphism, and the
local chart 1, yield an A-equivalence between the restriction 7|,-1(y) and
the restriction of mcn : B(C") — C" x C" to B(C") N 7gn (W).



90 APPENDIX A. COMPLEX SPACES

Example A.1.3. The blowing up of C" x C™ along the diagonal can be
realized as the space

B(C") = {(z,2',[u]) € C" x C" x P"1 | IN € C, \(z — ') = u},
together with the projection

T B(C™) — CrxC™
(,2',[u]) — (z,2)

We label the homogeneous coordinates in P* ! as uy : -+ : u,. It is
immediate that B(C™) can be regarded as the smooth complex subspace
of C" x C™ x P"~! given by the following equations homogeneous in the
u; coordinates:

(v — 2f)uj — (x5 —2j)u; =0, 1<i<j<O.

To produce an atlas of B(C™), we use a slight modification of the
usual affine covering of the projective space: Let U; = {(z,2’,[u]) €
B(C™) | u; # 0}. It is obvious that B(C™) is covered by the open subsets
U;,i =1,...,n. Just to fix notation, we write A = C* x C x C*! and
label the coordinates of a point (z,A\,a) € A as x1,...,Tn, A, a1,...,0n_1.
We define the local chart ¢;: U; — A as the map given by

~

u
(x, 2, [u]) = (z,2; — 2}, —),
Uj
where u is obtained deleting the i-th coordinate of u. The inverse map
¢~ 1: A — U, is given by

(z,\,a) = (x,z+ A\a, [a]),

where a € C™ is obtained adding a new coordinate, with value 1 and at
the i-th position, to the point a € C"~!. The transition map Tij+ ¢i(Us N
U;) — ¢;(U; N U;) is given by (z,A,a) — (x,A,a/a;). It is a biholomor-
phism because ¢;(U; N Uj;) is precisely the subset of points (z, A, a) € A,
such that a; # 0.

Note also that, via ¢;, points in 771 (A(C",2))NU; correspond exactly
to the points (z, A, a) € A with A = 0.

A.2 Germs of complex spaces

Definition A.2.1. We say that the complex subspaces X1, X5 of a com-
plex space Z define the same germ of complex space along S if

1. The germs of subsets (X7, 5) and (X3, S) agree.

2. The restricted structures Oy, |s and Ox,|s agree.
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This defines clearly an equivalence relation whose classes are called germs
of complex space along S. Every germ of complex space X along S de-
fines a pair, consisting of the germ of subset (X, S) and the corresponding
structure sheaf

OX,S = Ox‘s = (ljigrfg'OX(U)'

Observe that, if S is a finite set, then the sheaf Ox g can be identified
with the direct sum of stalks @, g Ox o-
For any morphism of complex spaces (f, f#): X — Y and every S C
X, we will denote by
f&: Oy ys) = Ox.s

the morphism of sheaves obtained by the composition

Oy, s(s) = (f«Ox)lss) = Ox s

The first arrow is fi|f(s). The second arrow is the canonical morphism
between the corresponding limits, given by the inclusion {f~1(f(U)) |
SCUUopenin X} C{U|SCU}).

Definition A.2.2. Let X and Y be complex spaces and S C X. Let
Ui, Us be open neighbourhoods of S in X and denote by X; the complex
subspace (X NU;, Ox|y,). We say that two morphisms of complex spaces
(f,f*): X; = Y and (g,g"): Xy — Y define the same germ along S if

1. The map germs (f,S) and (g, S) agree.
2. The induced morphisms f? and g?: Oy,r(s) — Ox,s agree.

This defines an equivalence relation and every class yields a pair consisting
of a map germ (f,S) and a morphism of sheaves f;#.

Definition A.2.3. A morphism of germs of complex spaces
e: (X,5) = (Y,T)

is just the germ along S of a morphism of complex spaces (f, f#): X' =Y
satisfying f(S) C T, where X’ is a complex space of the form (X N
U,Ox|y), for some open neighboohood U of S in X. Observe that ¢
induces a morphism of sheaves

©*: Oyr — Ox.s,

given by the composition Oy,r — Oy ys) — Ox,s. The first arrow is
given by restricion to f(S) and the second arrow is f;? .

Of course, if S and T are finite sets, then the morphism of sheaves
f;ﬁ and o7 are just morphisms of rings between the direct sum of the
corresponding stalks. If f(S) = T (in particular, if T' is a single point and
S # ), then the morphisms f? and ¢# agree.
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A.3 Fittings and multiple points

Definition A.3.1. Let .# be a coherent Ox-module. Since every coher-
ent Ox is locally finitely presented, we can produce local presentations
of ./ and define local Fitting ideal presheaves as in Definition B.1.1, for
all k£ € Z. From the fact that these ideals do not depend on the chosen
presentation, it follows that the sheaves associated to these presheaves can
be glued together to a sheaf on Fj,(.#) defined on X. The ideal sheaf (de-
fined up to isomorphism) Fj (.#) is called the k-th Fitting ideal sheaf,
and satisfies

(Fi(A )z = Fr( M),
for all x € X, where .#,, is regarded as an Ox z-module.

Proposition A.3.2. [MP89, Prop. 1.5] Let f: X =Y be a finite mor-
phism of analytic spaces. We have the following set-theoretical equality:

VFELO) ={yey| Y dime

zef~1(y)
Lemma A.3.3. Let f: (X,z) — (C""1,0) be a finite morphism, where
(X, z) is an n-dimensional Cohen-Macaulay complex space germ. Then

V(Fo(f)) is reduced if and only if (X, x) is reduced and f is generically
one-to-one.

f >k}

Proof. We take representatives X of (X, z) and V of (C"*1,0) such that
f: X — V is a finite morphism of complex spaces. First we show that for
any y € f(X), V(Fo(f)) is smooth at y if and only if f~1(y) = {2}, X is
smooth at x and f is regular at z. Indeed, suppose V(Fy(f)) is smooth
at y and let f~1(y) = {z1,...,2,}. Then the stalk at y is he product

Folf)y = Fo(fe,) - Folfz,),

where f,,: (X,z;) = (V,y) is the germ of f at x;. Since each Fy(fy,) C
my,,, we must have r = 1 and we write f~!(y) = {z}.

Let ¢ = dimc Ox ¢/ f*my,. By [?], a minimal presentation of Ox
has the form

A
oL, 2 0l —f Ox, — 0.

Then Fo(f), is generated by det(\) € m{,  so that necessarily ¢ = 1. The
exactness of the sequence implies Foy(f), = Im(\) = Ker(y) and thus,
Ox  is isomorphic to Oy /Fo(f)y, which is regular. On the other hand,
since ¢ = 1 we have f*my, = mx , and f has rank n. The proof of the
converse is analogous.

Now we prove the lemma. If V/(Fy(f)) is reduced then it is generically
smooth. Thus, X is also generically smooth and f is generically one-to-
one. Since (X, z) is Cohen-Macaulay and generically smooth, we conclude
that (X, z) is reduced.
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Conversely, if (X, ) is reduced and f is generically one-to-one, then
(X, z) is generically smooth. Thus, V(Fy(f)) is also generically smooth.
Again, V(Fy(f)) is Cohen-Macaulay (it is a hypersurface in (C"*1,0))
and geerically reduced, and hence reduced. O
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Appendix B

Algebra

Here we describe some necessary results about commutative algebra and
invariant functions under the action of groups. As general references for
commutative algebra we recommend the books of Matsumura [Mat89,
Mat80] and also [GP02]. The results about invariant theory can be found
in [Sta79]. The only original work in this appendix is contained in Section
B.3.

B.1 Fitting Ideals

Definition B.1.1. We say that a module M over a ring R is finitely
presented if it exists an exact sequence of the form

RP - RY — M — 0.

The ¢ x p matrix A, with entries in R, which represents the homomorphism
RP — RYis called a presentation matrix of M. For 0 < k < min(p, q)—
1, the k-th Fitting ideal of M is the ideal Fj(M) in R generated by
the minors of size min(p,q) — k of any presentation matrix of M. By
convention, we define Fy(M) = R, for all k > min(p, q), and Fy(M) = 0,
for all £ < 0. These ideals do not depend on the chosen presentation and
matrix. Isomorphic modules yield the same ideal.

Proposition B.1.2. With the notations above, the following hold:
1. Fo(M) C Ann(M),

2. Ann(M)? C M.

In particular, /Fo(M) = \/Ann(M).
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B.2 Invariants

Through this section, G represents a finite subgroup of the general linear
group GL(C™) of all linear bijections C"™ — C™. We denote by X the set
of irreducible characters of G and x( the trivial character with constant
value 1. The action of G on C™ induces a linear action on O,,, given by
(gh)(z) = h(gx), for all g € G,h € O,z € C™.

Definition B.2.1. For any irreducible character y € X we define a map
Py Om — On, by a = aX, where

de —
a* = é'x) > x(9)ga.

geG

We write OF, = Im p,, and call it the x-isotypical component of O,,.
The elements a € OX, are called y-invariant. We denote by M¢ = MXo
and call py = p,, the Reynold operator. The image of an element by
the Reynold operator is denoted by a* = py(a) = and we say that the
elements a* are G-invariant (or just invariant).

Theorem B.2.2. In the situation above:

o If x € X is a linear character (i.e. if deg(x) = 1), then the x-
invariant elements are exactly those h € O,, satisfying gh = x(g)h,
for all g € G. In particular, OF is a ring, O, and all OX,x € X,
are OS -modules and the maps p, are OS -module homomorphisms.

e The ring O, admits the following OF -module decomposition

Om = P 0%,

XEX

o The homomorphisms py : O, — OX, are projections (that is, hX =0
forallh € @D, ., OX', and hX = h, for all h € OX,). Every h € Oy,
is of the form h =37, _x hX.

Theorem B.2.3. There exist m algebraically independent invariant germs
ai,...,am € OF such that, if we let a be the map germ with coordi-
nates a;, then each isotypical component is a finitely generated free a*O,, -
module of the form

Sx
"
O’r)% = @ﬁla Oma
i=1
for some B; € OX,. Moreover, the germs o can be chosen homogeneous.

Corollary B.2.4. O% is a Cohen Macaulay ring of dimension m.

Theorem B.2.5 (Shephard-Todd theorem [ST54]). With the notations
above, G is a reflection group if and only if its invariant ring is OS =
a*O,,.
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Definition B.2.6. Given an ideal I in O,,, we define the following ideals
of O%

e IC=1N0OC.

e [X ={aX|a€T},forall x € X. We write I¥ = I.
We say that I is G-invariant if GI = [.

In general, we have I¢ C I,

Proposition B.2.7. Given an ideal I in O,,, consider the following con-
ditions If I is a G-invariant ideal of R, then:

1. I is G-invariant.
2. INRX =IX, for all x € X. In particular I¢ = I*.
3. I can be generated over RC by x-invariant elements, x € X.

Then (1) implies (2), and (2) implies (3). If all the characters of G are
linear, then (1), (2) and (3) are equivalent.

Proof. Assume that I is G-invariant and let @ € I. All the terms of the
sum defining aX belong to I, and therefore we have aX € I N RX. This
shows (2).

Assume (2) and let a € I. We have a = erx aX, where by hypothesis
each of the terms aX belongs to I. Therefore I is generated by the union
of all its y-invariant elements, y € X.

Now assume that I is generated over R by y-invariant elements.
Then every element a € I is of the form a = ), hja;, with h; € RC
and a; € IXi, x; € X. If all characters x are linear, then we have ga =
> hixi(g)a; € I, for any g € G. O

The second item of the previous shows that, for any G-invariant ideal
I, the ideal I¢ of O is just I*, which we know how to compute: Let
ai,...,ar € O% be some invariant germs and write

a=(a,...,a,): C" — C°.

Let B1,...,8s € Oy, satisfying
Om = Bia"0,.
=1

Observe that, by Theorem B.2.3, we can always find such germs «;, ;.
However, we are not asking «a; to be algebraically independent or § to
belong to any specific isotypical component.
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Lemma B.2.8. With the notations above, let I = (f; | 1 < j <n), be an
ideal of O,,, then I is generated by the elements

with 0 <i<sandl<j<n.

Proof. I* is generated by the elements f%, f € I. Any f € I is of the form

n

F=Y aif; =>_0_ Bk f;,
j=1

j=1 i=0

for some elements h’; € O%. Thus, we have
fF=3 O (Bifi)nj).
j=1 i=0

B.3 Invariants of the permutation group S5

The permutation group Sy acts on C*" by
@D o ®) s (gl ey

for any o € Si. The character table of the group Ss is

S 112
Xo | 1 1
xi | 1] -1

The characters of Sy can be obtained as restrictions of characters in any
Sy, k' > k. Indeed, for any Sy, k > 2, the characters in S, appear as
restrictions of the trivial character x( and the signature character xi,
given by o +— sign(o), where sign(o) is the signature of o € S,

The Sg-invariant elements h € (’);f,’; are called symmetric germs and
the yi-invariant elements h € OF; are called antisymmetric germs.
For the particular case of Sy, a germ h € Og,, is symmetric if and only if

h(z,z") = h(z', x),
and it is antisymmetric if and only if
h(z,x") = —h(z,2).

It is obvious that any germ h € O, can be expressed as the sum of a
symmetric and an antisymmetric germ. More explicitly:

h = h* + hX,

where hﬁ(x,x’) _ h(;c,w/);-h(x/,a;) and hX (m,x’) _ h(w,;c');h(w’,w).
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Symmetric functions
Definition B.3.1. We define the symmetric functions as follows:

x; +

si(z,a') = TZ, forall 1 <i < n.
ri; = tit;, for all 1 <4 < j < n, where {;(z,2') = xl%x;
We write
o s=(81,...,5n),

o t=(ty,....tn),
o 7= (111,712,722, - -, T1n, "2ns - - » T ) -
Let I = n(n+1)/2 and let ¢: C* x C" — C"*! be given by
(x,2") = (s(z,2'),r(z,2")),

that is, the coordinate functions of 1 are the symmetric functions. Finally,
let a: C?™ — C2?" be given by

(2, 2") = (s1(z,2"), ... sp(x, @), ra (2, @), . (2, 7)),
and define the functions
Biyoip =tiy - tiy, 1< <...9 <n.
We will need two lemmas:
Lemma B.3.2. For every h € Ocz 2,0, with the notations above:
1. If h is symmetric, then h = A(s,r), for some A € Oy 4.

2. If h is antisymmetric, then h = Y . | Bi(s,r)t;, for some B; €
Ot

Proof. The functions 1,%¢;,1 < i < n form a base of the C-vector space
Ocr xcn,0/¥*my, 4 and thus, by the Malgrange preparation theorem, Ocz 2 ¢
is an Oyp4-module (via ¥*) generated by 1,¢;,1 < ¢ < n. It is, for every h,
there exist functions A, B; € O,4, such that h = A(s,7)+>_ 1, Bi(s,7)t;.
If h is symmetric, then h = (h + 7 - h)/2 = A(s,t), and if h is antisym-
metric, then h = (h—7-h)/2=>""_, Bi(s, t)t;. O

Lemma B.3.3. The kernel of the morphism ¥*: Opyy — Oay, is gener-
ated by
TiviaTiz,ia = Tigy i) io(s)sio)r

such that 1 <ip <ip <n,1 <izg<iy < Nyig(1) < Go(2)) b (3) < lo(4)-
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Proof. Consider the germ of linear difeomorphism ¢: (C?",0) — (C* x
C™,0) defined by ¢(s,t) = (s1+t1,-.-,8n+tn, 81 —t1,..., 8, —t,). Obvi-
ously Ker ¢* = Ker(¢o)* and, thus, h € O,,1; belongs to Ker¢* if and
only if every term in the series expansion of (¢o1))*h has coefficient 0. We
consider (¢ o 1)* as a morphism between (C{s}){r} and (C{s}){t}. For

every h = 3 50 ag(s)rf;-'j, the function (¢ o ¢))*h is obtained using the
identities r; ; = t;t;, it is, 32, ;< ap(s) (t;t;)Pi. Take the decomposition
by exponents of both polynomial spaces and notice that (¢ o)* converts
terms into terms. Moreover, for any even exponent e = (ey,...,e,) for
the t variable, there is a set of exponents, S(e) = {(B1.1,---,Bnn) € N |
Z;L=1 Bij + >1—1 B = €i,1 < i < n}, such that the terms with expo-
nents in S(e) are the ones which (¢ o ¢)* sends to the term of exponent
e. We can decompose any h € C,,4;0 as h = ZeGN" hs(e), where hg(y is
a polynomial whose terms only have exponents in S(e). it is obvious that
h € Kery* if and only if hg) € Kery* for all e € N. Then, it suffices
to show that the subspace (Kery*)g() = des(e)(Kerd)*)g, given by
the polynomials of Ker* with terms of exponents in S(e), is generated
by the elements 7, i, 74,1, — T (1) via(2) Tio (3) o) of the statement. Let K
be the ideal generated by the relations above, and h be a polynomial in
(Ker1*)g(e), we want to show h + K = 0 + K. We proceed by induction
on the number of terms, k, of h. The case k = 0 is trivial, and the case
k = 1 never happens, since any non zero term in O,,4; leads to a non zero
term in Oy, thus h can’t belong to (Ker¢*) if £k = 1. Assume k > 2 and
take ¢1 # 0 # go two terms appearing in h such that h = h'+q; +¢2 where
I’ has k — 2 terms. We only have to show that exists a term ¢ such that
q1+¢2+ K = g+ K and the induction hypothesis will do the rest. To prove
the existence of ¢, we proceed again by induction, this time on the degree
d, of q1/g, being g the greatest common divisor of g1, and go. If d = 0,
then ¢, ¢o are just the product of the monomial g by constants ¢y, ¢y re-
spectively, thus we can take the term ¢ = (¢; + ¢2)g = ¢1 + ¢2. Again,
the case £ = 1 doesn’t has to be considered, since ¢ = g7y, j,, 92 = 974,55
implies i1 = i3 and j; = j2. Now we assume d > 2 and let ¢; = gar;, ;, for
some i1, j1. Obviously 5, ;, does not divide g2, but as the exponents of ¢
and g are in D(d), then the number of times that the indices i1, j1 (count-
ing the exponents as repetitions) appear in ¢; and g2 must be the same
and, thus, exists a monomial of type 7, i,7j, jss Tis,ii Tjr,jas Tix,iaTja,j1 OF
Tiyi1Tjs;» Which divides g2/g. Assume, for simplicity, that the monomial
is Ti1,i27 51,52 with ig S jg, then Ti1,iaT 51,92 — Ti1,51 2,52 € K and thus, if we
define Go = q2ri11jir’i27j2/(Til,iQTj17j2)? we have q1+q2+K = Q1+62+K and,
since the greatest common divisor of ¢; and §s is strictly greater than d, by
induction, exists a term ¢ such that, ¢1 + ¢+ K =q1+¢G+ K =q+ K. O

Immediately from Lemmas B.3.2 and B.3.3, we obtain the explicit
form of the statement in Theorem B.2.3 for the action of Sy in C3?".
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Example B.3.4. These are the two simpler cases of the action of S5 in
(CQn
(1) If n = 1, the map : (C?,0) — (C2,0) is given by

x+a (x —x’)z)

2 4 ’
The pullback ¥*: Oy — (95 2 is an isomorphism.
(2) If n =2, we have

(@, 2) = (

. s _x+a . y+y
1 — 9 ) 92 — 2 )
:17756/2 Iixl o/ _\2
o rp = ; ) = )4(1/ Y) and rgy = Y 41/)'

Then, for every h € Ogz 2 0:

1. If his symmetric, then h = A (s1, S2, 711, 722)+r1242(81, S2, 711, T22),
for some Aq, Ay € Oy.

2. If h is antisymmetric, then h = (z — 2')B((s1, s2,711,722)) + (y —
y')C((s1, 82,711, 722)), for some B, C € Oy.

A simple way to find this expressions is the following: rewrite h(z,y,z’,y")
as h(sy + t1,s2 + ta,81 — t1,82 — t2) and in this expression make the
following changes 2% = r¥  t2% = 7k, t5t4 = r15. Now we have an
expression of the form Aj(s1,s2,711,722) + r1242(81, S2, 711, r22) + (T —
2')B((s1,52,m11,722)) + (¥ — ¥')C((s1, 82,711, 722)).

The general case looks as follows:
Example B.3.5. With the notations above:

e The coordinate functions s1, ..., Sy, 11, . ., 'nn Of a are algebraically
independent.

e The algebra of invariant functions is a free a*Os,-module of the
form:
032 =" 02, & P Biy..i,0" O

k even

e The antisymmetric functions form a free a*Os,-module of the form:

0% = P By ina™ O

k odd

The previous result reflects, via Sephard-Todd’s Theorem B.2.5, that
the action of S, on C?" is only generated by reflections in the case n = 1,
where there are no 3;,... ;, with k even, and thus the invariant algebra is

precisely 052 = a*O,.
Example B.3.6. From B.2.7 we obtain that an ideal I in Oy, is Ss-

invariant if and only if it can be generated by symmetric and antisym-
metric germs.

ik



102 APPENDIX B. ALGEBRA

Computing quotients by .5,

Example B.3.7. Now we show how C? x C2?/S, embeds as a complex
subspace of C®: Let ¢: C* — C® be given by

(f,y, ‘rlvyl) = ({E + $/7y + y/ﬂ ((E - $/)2, ({E - x,)(y - y/)a (y - yl)z)'

Take its pull-back
w*l 0@5 — Oczxcfz.

By Lemma B.3.2, we have that Im ¢* = Og’;‘xcz. Therefore C2 x C2 /S5 is
isomorphic to the complex space Im 1 with the analytic structure defined
by the ideal sheaf Ker¢* = (riires — r3,). Eventually, the space C? x
C2/S, is just the cone in C® defined by the equation r11799 = 1.

Let X = V(I) be a germ of symmetric complex subspace of C"* x C",
then X/Ss is isomorphic to the complex space ¥ (X) whose defining ideal
sheaf is (¢*)~1(I°2). As a consequence, we have:

Proposition B.3.8. Let X = V(I) C (C",0) be a germ of symmetric
complex space, with
I= (Ai(s,r),ZBf(s,r)tj [1<i<m,1<k<m),
j=1

as in Lemma B.3.6. Then X /S is isomorphic to V(J) C (C"*,0), where
the generators of J in the variables s,r of C"*! are:

e The m function germs A;(s,r), 1=1,...,m.
e The nm’ function germs
rl’le(s, r)+ 7’172B§(5, r) -+ rlﬁnBZ(s, ),

T1’2Blf($, r) + 7“27235(5, r) -+ TQ’nBZ(S7 ),

k k k
rinBi(s,7) +1onBs(s,7) + -+ 1 nBpr(s,r),
withi=1,...,m'.
e The generators of ker y*
Tir,iaTig,ia = Tig)yio(2) Tio(3) o)
with 1 <ip <idg < n,1 <iz <iy <mn, Z‘0(1) < 7:0'(2)71'0(3) < 7;0-(4)-

Proof. Follows directly from Proposition B.2.7 and Lemma B.2.8. O
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Example B.3.9. For n = 2 we have: Let I be an Ss-invariant ideal in Oy,
generated by some symmetric functions A;(s1, 2,711,712, 722) and some
antisymmetric functions B} (s1,82,711,T22) (xfx')JrB;‘.)(sl, S2,711,T22) (Y—
y'). Then, 12 is generated by:

Ai(s1, 82,711,712, T22),
1 2
r11B; (51, 82,711, 722) + 71285 (81, 82,711, T22),

1 2
T12B; (81, 82,711, T22) + 122 B; (81, 82,711, T22),

and

2
11722 — 7‘12.

Expressions in the symmetric functions

Here, we show how to obtain the expressions in the symmetric functions
of Lemma B.3.2. Moreover, we want to fix a canonical choice among all
the possibilities for A and B;.

We use the following multi-index notation: For any A = (A1,...,\,) €
N™ we write w := []", w}, A\l = [[",(\:)), and || := 377 A We
also say that A is even or odd if |\| is so. For any fixed n € N, we let Ag
be the set of even multi-indices and, for all 1 < i < n, A; the set of odd
multi-indices A € N" with A\; odd and A; even for alln > j > 4. Obviously,
the set of multi-indices in N™ is the disjoint union of A;;0 < ¢ < n. We
also denote by wu; the multi-index (0,...,0,1,0...,0) with 1 in the é-th
position.

We can compute the decomposition of a polynomial in symmetric and
antisymmetric polynomials, expressed in the symmetric functions as fol-
lows: Let h be a polynomial in the variables x, z’. We can use the identities
x =5+t o' =s—tand, for any term of h, say as ", we can rewrite
the monomial ¢# in the following way: Every time t? divides t* we change
the factor t7 for r; ; and, recursively, we get to an expression with a factor
in s and r and a remaining factor t;, ...t;,, with iy < --- < ir. Now we
rewrite t;,ti, = Tiyiy, tistiy, = Tigi, and so on, until we are left with, at
most, the factor ¢;,. If k is even, then we have p € Ay, and we get a term
of the form A(s,r). If k is odd, then we have u € A;,, and the term is of
the form B;, (s, r)t,.

Thus, A and B; can be assumed to be polynomials which monomials
are of type

a a
Tl,ll U Tn?nril,iz C ik
with 47 < --- < i and i < 7 in B;. Such a representation of A and B;
is unique. In particular, we can define an mapping F which sends every

even \ to the exponent E()), satisfying t* = 7F(*) and such that r#() is
of the form we choosen above.
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The following proposition gives us a closed formula that we can use
to obtain a matrix «, satisfying f(z) — f(z') = a(z,2')(x — 2') (see
Proposition-Definition 3.1.1), expressed in the symmetric functions.

Proposition B.3.10. With the notations above, for all h € O,,, we have:

= 2 O*h(s s
i=1 AeA;

Proof. From the multivariate Taylor series

Ah(a
- ¥ 5w,
Al 331:A
AEN™
taking a = s, since x — s =t and ¥’ — s = —t, we obtain:
1 0*h(s) 1 0*h(s)
AN - P\ - A
AeN? X odd
n A
(5 228y,
reriiverd Al Oz
Since A — u; is even for any A € A;, we rewrite tA—ui) gg pEQ-ui), O

Example B.3.11. For n = 2 the expressions in the symmetric functions
of a matrix «, satisfying f(x) — f(2') = a(z,2")(x — 2’), are given by

o 1 6f(81,33) j
=y (20 + 1)!(25)! 922122 559

and

o 1 (’)f(51, 83) i g
%2 = 2 oIy + g T
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