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ABSTRACT

A method of avoiding the uncertainty associated
with the average neutrino energy W in the usual closure
approach to muon capture rates is discussed. Instead of
neglecting the kinematic dependenceon each particular chan-
nel, the partial capture rate is approximated by a first
order expansion around V . After the sum over the final
states is performed, the result is quite independent of the

3He, 6Li and closed

specific valueof ¥ . Application to
shell nuclei is given, as an effective test of the nuclear

models used.
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1. — INTRODUCTION

The experimental material accummulated on total muon capture rates
in nuclei is rather abundant - see, for example, the results listed by
Eckhause et al. 1). The original motivation of this study was to establish
the basic assumptions of the theory of semi-leptonic weak interactions. This
tool has been disregarded due to the uncertainty in the nuclear physics aspects,
and the possibility of inferring some quantitative information on the weak form
factors is restricted to experiments on hydrogen, deuterium and other selected

partial transitions 2).

The theory of total muon capture in nuclei has been developed

3) and by Luyten, Rood and Tolhoek 4). In closure

especially by Primakoff
approximation, the rate can be written in terms of expected values of two-body
operators on the initial state, and one can think of using these processes as

an effective tqol for studying nuclear structure. However, one has to intro-
duce in the closure approximation an average neutrino energy  and the result
is very sensitive to the choice of ¥ . The uncertainty on this parameter is

so important that conclusions for the adequacy of the nuclear model used cannot
be reached.

5)

Recently, Do Dang has indicated a possibility of avoiding this

difficulty retaining in the dipole contribution of the matrix element a first
order expansion around the parameter ¥ . This is applied after the factori-

zation of the elastic form factor, and then the dependence in each

yab

channel is Jjust vib’ as corresponds to the dipole term in the limit qab'»

de-

0.
In this paper it will be shown that the expansion of the effective qab
pendence - that is, for all possible multipoles and powers - is equivalent to
a first order expansion of the capture rate around WV . Under this last form,
the result is easily worked out to obtain independence on the specific value

of v, within a large range of plausible values.

In Section 2 our method is clearly stated. This leads to consider
the study of two new terms besides the usual one appearing from the closure
approximation. It is then pointed out how one of them can be calculated imme-
diately from the "closure term", and the other one from a generalized Thomas-
Reiche-Kuhn sum rule 6). In our case, this sum rule is expected to hold for
nuclei in which spin-dependent forces can be ignored, and thus the applications

3

to closed shell nuclei is given in Section 3. In Section 4, the cases of He

and 6Li are studied, where the L-S coupling is rather good. Finally Section 5

gives some discussion of the obtained results and our conclusions.



2. = THEORY

In the usual notation the muon capture rate to a particular final

state a — b can be written in the form

2 2 3 4
Ala~b) = [62+262+ (6,-65) ]-"'—;—:5-)— 2 ogs Ne(an b) 5

where the reduced capture rate Ar is given in the impulse approximation by
Ty
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and the sum and average over the final and initial polarizations are understood.

A, B, C can be written in terms of the effective coupling constants GV, GA’
GP and their values are 7) A=0.19, B=0.69, C = 0.12.

The well-known result in closure approximation is obtained by
summing over the final states b replacing Lgb by an average value V.
In terms of the correlation functions D introduced in Ref. 7), the

S,T,L
total capture rate is obtained as

A ) = (g‘)a{ afa-2'p »]+8l1-2"2, )]+ cl4- i“qwg)f

where the dependence of A, B, C on Y can be neglected.

We turn our attention to Eg. (2). Unlike the procedure of obtain-

ing (3), the dependence on VY i.e., on each particular channel, is not

ab’
completely neglected. In terms of a parameter V we can write the identity

=V - ; i
vab l] + ( Yo, v/ v ﬂ and the expansion of the n power of ¥, 1is

vap T ¥ {4+ B [vag-vlf (4)
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. ¥
This is analogous to the idea used in Ref. 5), because véb = n:—(Eb-Ea) ),

for the dependence of the unretarded dipole term, after the approximation of
factorizing the elastic charge form factor ; in this way, Bg. (4) was used in

the particular case of n = 4. We are going to apply (4) for each contribution
L Vop-X

of (2) when the exponential e is developed in powers of v .. It is

ab
obvious, and it can be proved straightforwardly,that this expansion is equiva-

lent to approximate Eq. (2) by the fullowing form

. d A (a»b) .
Ao Gaeb) = Actas ], v =7 )

This equation for partial transitions will be our starting point for the follow-
ing discussion. LT in (5) we are doing the sum over the final states b we

obtaln

e S E RO P CRT AV RANTN

v ") (6)
because the derivatives are calculated for vab =V, and identifying
2 Ar(a—* o) v = Ar< V) as given by Eg. (3). The result of Bg. (6) must
= -
be quite independent on the parameter Y over a large zone of plausible

values of the average neutrino energy. A specific value of ¥ will not be
needed. 4«h< v) can be calculated once a nuclear model for the initial state

is considered.

The last term in Bg. (o) is an encrgy-weighted sum rule, and we
shall use the following theoren °) : in a many-body system described by the
Hamiltonian H = T + V, an operator 25 fi which commutes with the potential

i

energy V satisfies

A ~» + ~
Z (g E)IIZ filax|" s L <alZ {7 4717 fifla> -

*
) In muon capture we have the transition (Ay2Z) = (A,Z2-1) and then the
Coulomb energy difference EC must be included. This correction,
m~= m+E , may be lmportant for heavy nuclei. We acknowledge T. BEricson

for this remark.
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By seeing the structure of our operators - Eq. (2) - we expect to apply our

considerations to nuclei in which spin-dependent forces can be ignored.

4He, 160, 4OCa, and the light nucleil

He 9) and 6Li 10), where the coupling to

This includes the closed shell nuclei
with A< 9 8), especially 5

L =0 gives a very good description.

Applying Eq. (7) to the matrix elements (2) our final expression

is

Aezflemn) b LA 6) - .za_(a)-" (8)

3. — APPLICATION TO CLOSED SHELL NUCLETI

4 16 4

Here we are going to study the cases of He, 0 and OCa,

using a double closed shell description with harmonic oscillator wave functions.
The present situation is confuse with regard to the adequacy of this simple

model for describing the total muon capture rates. It is known 4) that, in

160 40

the cases of and Ca, the oscillator shell model, without closure

approximation, gives much too large capture rates. However, the use of

3)

V = 80 MeV - value of the parameter as originally proposed by Primakoff
in Eq. (3) gives a reasonable agreement with the experimental results 7). We

apply our method to this model in order to clarify the situation.

In these cases DS = DT = DL and the correlation functions have

been calculated in Ref. 7). We quote the results in the form

2 iy
Af(")l‘= (%‘) {l- e ¥ g

d
peol, s (2) [H-[ie 2 (405 e

(1}
r
s
<
\—'N

4
Aoy s () Ja-Tee 4 (B0 L (500025 4 (4480 | €®
(9)

4He, 16O and 4OCa, respectively, and b1 = 1.39 fm,

b, =1.76 fm and b, = 1.99 fm, as determined from the experimental root

2 3

mean square charge radii.

where 1, 2, 3 refer to
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We obtain for /\r [:Eq. (8):[ the results displayed in Fig. 1
(solid lines) where the experimental results
Acl,+ 0,086 o0 00%

- -
Apl,=0414 20004 (10)

Aclg=0130 to.004

are also given for comparison. These ones are computed from A's listed by

by Ford and Wills 11).

Eckhause 1> using values of Ze The broken lines show

ff
the ¥ dependence encountered in the usual closure approximation. Needless

to say, Fig. 1 clearly indicates that the description of 4He is sufficient to

explain its capture rate, whereas this is not the case for 16O and 4oCa H

we obtain, in a closure approach of the problem, too large results according

with Ref. 4) without the closure approximation. The agreement in Ref. 7) is
due to the particular value of Y used. We do not claim that Y = 80 MeV
is not a good value, but that this value is not consistent with the oscillator
model. Our method does not need the specific value of VYV to predict AI‘ H
if it is preferred, the method determines, once a model for AAr( ¥) is chosen,
the VYV value in which this quantity has to be calculated. This value of ¥
corresponds to that one in which the two corrective terms in Eq. (8) are can-

celled. In this sense we can say that the oscillator shell model gives the

results
v, = 80 MeV A,l,:o.orﬁ
v, = 8F MeV A.,lzgo,NS‘
(11)
Vg = 88 MeV A¢’3:0.41~&

to be compared with the experimental results (10).

This result is easily understood because, as shown in Ref. 12),

the effects of SU(4) breaking are completely negligible in 4He whereas
they are very important in 16O and 4OCa. The effective excitation energy

is different for the vector and axial terms, and this gives a reduction of the
13)

capture rate. Furthermore, we know the existence of deformed 2p-2h

admixtures in the ground state wave function of 16O.
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4. - THE LIGHT NUCLEI He AND Li

The cases of 3He and 6Li are particularly interesting, because
the behaviour of the correlation functions is very different from the one appear=—
ing for closed shell nuclei. Furthermore, it is well-known that the wave func-
tions can be written in a realistic way using the L-S coupling. Thus we expect
the sum rule given in Eq. (7) to work.

We shall describe 3

He as the coupling of three nucleons in s
wave to a spin S = %’ with a symmetric spatial wave function of Gaussian kind.
This has been proved to be very successful in many processes, and particularly
for the partial transition 3He i 3H in muon capture 9 . In these conditions
DS( v) = DT( v) = DL( v) with DS(O) = 1. The reduced capture rate in the

closure approximation is then

- v u?
Ap () = (}n)afd-ée j (12)

1 14)

with o = 0.356 fm
that the » dependence is weaker than the other cases, and Ar(\J)oC v
if Yy - 0.

as determined from electron scattering We see

2

10)

®Li 1is described as a core (4He) adding two nucleons in

the 1p shell coupled to L =0, S = 1. As it is an odd-odd nucleus, the
relation DS( V) = DT( v) = DL( V) 1is no longer true *). This is violated
by the contribution to the correlation functions coming from the expected
value of the operators on the two external nucleons, in a way very similar

to the well-known deuteron case 16). We have for 6Li

D ) = 2 I."(s.s) + I:‘(p.p) + 2 I_:{P,r) + 2 I."‘(s, p)

D,(») =D v) = & 1Y(s,5)+ -‘5 I (p, p) + % I2p p)+2 13, p)

. e e o e e e o o S S e o S i e e S o S e S e S e —— . e e O e

*
) On this point, compare with the conclusions reached in Ref. 15). For a
N = 7 odd-odd nucleus, the partition (P,P',P") in the SU(4) scheme
is effectively (1,0,0), but the assignment of "physical quantum numbers

is in this case P = (K;+1 P' =17 = |T,|] instead of P = P'.

3

B)maX’



where Iﬁ(x,y) refer to the radial integrals

o9

L) x [ e o R, o0 R, () "
o

Using the harmonic oscillator potential well with parameter b = 1.98 fm to
reproduce the experimental root mean square charge radius, (14) can be solved

explicitly and we obtain

D, (V) = e-—b {3-&—'3-(% b&véy"}

D,(»)=D. ) = e" L%&{ . % ( b"’v")+ L b3y ,,) } (15)

Wi

Then the reduced capture rate in closure approximation is

v
A () (,in)z{ 1-edt "Lo8a +0.42 (4 6%°) s 0.05 (4 "4"&)&]} (16)

and we observe that Ar< V) & v2 with VYV - 0. However, the reason for

3He ; for the

this dependence is completely different from the case of
latter, the difference follows since N < Z while for 6Li it is due to the

difference in the functioas DS and DT'

3

In FPig. 2, our results for ~“He and °Li are given (solid lines)
where the broken lines show the vV dependence given by (12) and (16). The

experimental results

0.026

17
Ar (%Li) = 0.233 o 05% (17)

are obtained from A's quoted by Eckhause 1) using values of Zeff given
by Kim and Primakoff 17). The agreement is satisfactory, showing that the
description of the nuclear states is adequate. The point 1in which the two

corrective terms in (8) are cancelled is localized in

v (3He) = 93 MeV Ar (*He) =0.49

v (L) = 94 MeV A, (5L:) =0.34 (18)

to be compared with the experimental results (17).



5. — CONCLUSION

In this work we have discussed a method of avoiding the uncer-
tainty associated with the average neutrino energy in the usual closure approach
to muon capture rates. The crucial steps are summarized. Instead of neglecting
the kinematic dependence on each particular channel, the capture rate is appro-
ximated by an expansion around a parameter v 1in the form given in Eq. (5).
The sum over the final states can be performed straightforwardly with the help
of theorem (7). Our final expression (8) allows us to calculate the total re-
duced capture rate in terms of a nuclear model for the initial state which
gives the usual function (3) in closure approximation. The results we obtain
using Eq. (8) are quite independent on the specific value of V¥ over a large
range of plausible values. As we observe in Figs. 1 and 2, it is interesting
to notice that the point for which the two corrective terms are cancelled is
in a zone of high stability. Thus the study of these processes rests as an
effective test of the nuclear model used.

3

Our comparison with He, 6Li cases allows us to conclude that
the method is successful, confirming that the L-S coupling gives a good des—

cription of the capture rates. For the closed shell nuclei, it is clear that

16O and 4OCa present terms of SU(4) breaking and we rule out the simple
harmonic oscillator shell model to explain the muon capture. For 4He,
according with Cannata et al. 12), the SU(4) breaking effect must be comple-

tely negligible.
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FIGURE CAPTIONS

Figure_1 Reduced capture rates AI‘ for the closed shell nuclei 4He,
%0 ana *%a. our predictions (solid lines) are compared to
the Vv dependence in the usual closure approach (broken lines)

and to the experimental results.

Figure 2 Same as Fig. 1, but referred to 6Li and 3He.
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