Ref.TH, 2088-CERN

ORIGIN OF DISCREPANCY IN THE THEQRETICAL VALUE

OF THE POLARIZABILITY CORRECTION

10 TEE (,"He)' EVERGY IEVELS

*)

J« Bernabéu and C. Jarlskog

CERN == Geneva

4B ST RACT

Different approaches in calculating
the polarizability correction +fo the energy
levels of the muonic 4He ion are compared.
These calculations disagree with each other by
giving results 3 to 10 +{imes larger than the
experimental uncertainty. The origin of the
major discrepancy 1is traced to the treatmentd
of the nuclear excitations. It is shown that
the experimental wvalue of the electric polar-
izability of 4He provides a crucial restrict-

ion on model calculations.

S - G T Y Y Py T T M S o Yo o R AL B0 o

*)

Also at the Institute of Theoretical Physics,
Giteborg, Sweden. Research supported by
the Swedish Atomic Research Council, under
contract Nr 0310-019.

Ref.TH,.2088~-CERN
23 Qctober 1975






Recently the ©2P;-23; separation energy in (M4He)+ion has
5 z

been measured 1) with a high degree of accuracy, giving the result

AE = E (Zo 93/1‘)—-5(2. SVL): {5234 + .9 meV (1)

The experiment is now being repeated aiming at an even higher precision.
In the near future one intends 2) to measure the guantity E(2P,) - B(28,)
2 2

in muonic 4He jon and to extend the me=asurements tc the case of He.

Comparisocn of the separation energy above with the predictions
of the guantum electrodynamics requires the calculation of vacuum polariza-
tien to order e2, nuclear finite size, fine structure, vacuum polarization
to crder e4, muonic Lamb shift and nuclear polarizability3 A1l contribu-
3

tions, but the polarizability correction, are now settled after some

43,5)

early smzll (but relevant) discrepancies between different calcula-

tions. The theoretical value of the separation energy is

AF (meV) = 1811-4 - 103.1 &r'> + (AE)PoL (2)

with < r2 > expressed in fmz. (AE)pOl is the polarizability correction.

The subscript on this quantity is often dropped for simplicity reasons.

The purpcose of this note is to examine the different calcula-
tions 6)-9) of the peolarizability correction which disagree among themselves
by giving results 3 to 10 ftimes larger than the experimental uncertainty in
(1). Hopefully, our comparison will allow us %o state a theoretical result

for (AE)pol, with zn estimate of uncertainties.

The polarizability correcticn corresponds to the contribution
of the two-photon exchange interaction between the muon and the nucleus,
with virtual inelastic excitations of the nucleus. The different approaches
in caleulating AE may be classified as follows.

7)

1. - Classical estimate

A very simple estimate for the polarizability contribution to
the energy levels of the muonic atom is obtained in the limit where the field

created by the muon is treated as the one by an external static source. The
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longest range effective potential is due to the interaction of the induced

dipole moment with the electric field. One cbhtains 7)

o 2 -4
BEy = - 3(£) (W) <5 )

4

with a(4He) the electric polarizability of He. This parameter may be

determined from photodisintegration data on 4He through the sum rule

oo
L=deo | 42 gy
a2 1 (4)
«J ¥
Y
where o(v) is the total photoabsorption cross-section 3 v is the photon
energy and Vin denotes the threshold energy for the inelastic excitations.

Bguation (4) assumes that the magnetic polarizability, if any, is negligible

compared to «o. This assumption is expected to be very good for 4He.

No direct measurement of the total photozbsorption cross—secticn
in 4He is avallable, but the partial cross-sections measured up to now
indicate 10) that, in (4), only (y,p) and (y,n) channels are important.

Tke analysis of the available data gives 11)’12)

o ("He) =(073 2-004) ;‘ms (5)

In the following, we shall assume o as given in (5). Indeed, the trend of
the present data indicates that the value in (5) could not change much.
Fortunately, the total cross-section is going %o be measured in the near
future *) éﬁd should settle the question of accuracy of «. The relevance

of this parameter for realistic calculations will be discussed below.

In S states, (3) has an ultraviclet divergence, reflecting
the fact that the potential rm4 is modified at short distances. With a

cut-off of the order R™2 fm, the ceontribution is

class
AE = & meV - (6)

The total photozbsorpiion cross-secticn on 4He will be measured soon.
We thank Professor B, Ziegler for this information.



much larger than the experimental uncertainty in (1). Evidently the method
is good for zn crder of magnitude estimate but not accurate enough for a

meaningful comparison with experiment.

-

2, = Calculations with the static Coulomb interaction

The pclarizability correction, for low 7 atoms, was studied
many years ago by Jcachain 6). He assumed a static Coulonb interaction
between the muon and the nucleus and calculated the relevant contribution
from second order perturbation theory. This gcoes further, a priori, than
the classical limit by taking proper account of the muon propagation and
short distance behaviour. However, no relation to experimental parameters
[LTike o(%Ee)  in (3]] describing the nuclear excitations is established
and the simple model used, plane waves for the intermediate nuclear states,

is unlikely to be realistic. He found for 4He 6)

AE = 7 meV (7)

quite similar to (6).

Very recently, Henley, Krejs and Wilets 9) (abbreviated HKW)
have recalculated the guantity AE. Their approach is quite similar to
the old one of Joachain s the main difference being that HKW describe

the nuclear excitations by a harmonic oscillator model.

The harmonic oscillateor model used by HEKW has in principle only
one parameter, namely the freguency w. If determined from the r.m.s.
radius of 4He, the value obtained is wO::17.2 MeV, which is manifestly
wrong for the descripticn of inelastic excitations, since the threshold_for
excitation is about 20 MeV., With w@w=17.2 MeV, they find AEM 10 MeV, a
value which they do not trust. Their strategy is then to keep yzz(Mw)%
(M =nucleon mass) at the "canonical value and to take "reasonable" values
of w, in the range 21 tc 35 MeV (this is equivalent to Introducing an
gffective mass for the nucleon). HEW believe the most appropriate wvalue

of the correction is

BE=%.011.5 meV (8)



which is compatible with (6) and (7)., However, it disagrees substantially
with the result obtained by Bernabéu and Jarlskog & which is discussed

below,

8)

%2+ = The covariant approach

In this approach one calculates the twe-photon exchange diagrams
(direct contribution and its crossed counter-part) in fterms of virtual
Compton scattering on 4He. Then, the exchange of transverse photons,
besides the longitudinal ones, is automaticslly included in an explicit
gauge invariant and Lorentz covariant framework. In that way, one controels
that nothing fundamental of the photon interaciion is missing. In Ref, 8),
the approximation was made of neglecting "external™ velocities of the
atomic muocn, l.e., terms of order (fgf/m )ﬁJeEZ were dropped in the
diagrams, leading to the study of forward virtual Compton scattering on
4He. In that approximation, the modulus squared of the muon wave function

at the corigin appears as a global factor in AE.

In fterms of the photon mass squared q2, it was shown that the

dominant contribution (small q2) could be calculated model independently

gince all the nuclear physics part was contained in the single parameter
a(4He). For —q2 =3 fm_z, nuclear effects disappear and the virtual photon
nuclear scattering is completely quasi-—elasticS as ghown from the experiment-

13

al results of inelastic electron scattering The model was only needed

to interpolate the region from 0.5 to 3 fm—2 for -q2 [éee Fig. 4 in
Ref. 81]. The internal consistency of the inputs used for inelastic excita-~
tions was explicitly checked by calculating the "reduction factor" £ in
inelastic electron scattering and comparing it with the experimental results

of Ref. 13%). The final result for the polarizability correcticn was

AE = 3'1 ch (9)

The value in Eg. (9) is about a fametor fwo smaller than the classical esti-

mate (6) using the same value for a(4He). This is compatible with the

14)

earlier study of the polarizability correction in lepton-neuiron scat-
tering, where it was shown that the effects of the muon propagator tend to

decrease the classical result by a factor of about two.



4. - Comparison and conclusiong

Now we compare the covariant calculation which leads to Eq. (9)
with the HKW approach 9 . ©Since HKW claim their calculation to be accurate
it is worth while to single out the origin of the discrepancy between the

results of Refs. 8) and 9).

~4.7. - The sensitivity to the muon wave funcition

The potential approach of HEW, with only the sitatic field,
takes into account the modification of the muon wave function at large
distances, something which is not present in Ref. 8) from the very begin-
ning. An upper limit for the error introduced by the factorization of
r¢23(0)|2 is obtained by comparing, in the HEW calculation, the matrix
element of longest range as calculated with and without factorization of
the muon wave function at the origin. From Egs. (7), (A.11) and (4.12)
of HEW, that comparison says that, due to this effect, the result of
Ref. 8) could be, at most, 12% larger than the one of HKW and never smaller.

4.2, = Contribution of transverse photons

The main difference between the two approaches is due to the
automatic presence of transverse photons in Ref. 8) which are not consi-
dered in the HEW approach. Their influence can be estimated from Eg. (19)

< 8 .
of Bernabéu and Jarlskog s which says

1/.
Transy- contr. . = 3 <-‘i- > Y, V (10)

Lonalf-confn - % rﬁr

4 -
where <« -q2 >2®™ 0.3 I 1 is a typical mass of the virtual photon [éee

again Fig. 4 of Ref. 8)]. This result (10} goes in the right direction,
but it is clearly insufficient to expléin the difference in the results
(8) and (9).

4¢3+ ~ Test of the model used by HEW

So far we have seen that the different freatment of the muonic
wave function and transverse photons is not the origin of the discrepancy
between the results {8) and (9)}. Other features of both calculations are
similar. In particular, the static muon contribution (dencted by A in HKW)

is reduced by a factor two when the muon propagation {term B} is included,
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With this in mind and from 4.1 and 4.2, we conclude that if the nuclear

physics part of the problem were gimilar, the different approaches of
Refs. 8) and 9) would lead tc results which, at most, could differ by
about 20%. As this is not the case, we examine now the nuclear vertices.

In fact, an examination of the nuclear model used by HEW tells
us that it is unable to explain even the global features of the inelastic
excitations of 4He, although the low q2 elastic form factor is reproduced
(we wish to point out that, for nuclei, an excitation of 30 MeV is not a

near-ground state behaviour). To demonstrate our point, we have tested the

model in HEW by calculating the electric polarizability cf 4He in the
model and comparing it with the result (5). Apart from the relevance of
this parameter to the contribution we discuss here {(to be shown below),
the electric polarizability has to do with inelastic excitations and it

provides a test. We obtain

2
M("He)=(§;{) 1 [HKw medil | -

¥
where w and vy are the parameters of the harmonic oscillator model.
3

Using the "canonical' values given in Table 1 of HKW we find a(4He)::O.20 fm”,

which is about three times larger than the result {5).

The relevance of the value of a(4He) for the polarizability
correciion is apparent in the classical 1imit, as it was shown above. In
the "realistic" calculations of Refs. 8) and 9) this relevance is somewhat
shadocwed by the technical machinery. However, 1t is there too. In the co-
variant approach 8), the manifestation of a(4He) is present in the leading
order {in qg) longitudinal contribution and this constraint was explicitly
used. In the potential approach of HKW, it must correspond to the longest
range effective potential r_4 asscciated to the iteration of the static
Couleomb interaction. Tet us check this last statement. From Egs. (A.11)
and (Ao12) of HEW, we see that the longest range effective interaction is

determined by the intermediate dipole excitation. In their notation

a
A= -<n°|z MM”>E(§£)<“J Ve{;{"”"'u) (12a)

NEN, E -E
Vegg (1) ——s -(‘L’S_)k"”o'wo)'z-—» --’-(-‘-ff)—’—— - (12v)
T-rot e+ w rovw 2 U g3y Pt



which corresponds to the value of a(4He) 28 given in Eg, {171). Cne should
notice that the matrix elements of the (11,7C) dipole excitations are by
far the dominant ones (see Table III of HKW). We are led to the conclusion
that their result 10 meV for the pelarizability contribution, when compared
with 3.1 meV in Fq. {9), is essentially a manifestation that their "implicit"
value of u(4He) is about three times larger than the one used in Ref. 8).
In fact, a naIve scaling of all matrix elements as the cne dictated by the

value of o gilves for the HKW calculation

AE = 10 meV « ’;"7 = 3.5 meV (13)
‘ALD

which, within 10-20% allowed by the different "photon" approaches, reproduces
the earlier result obtained in Ref. 8), Eg. (9) here.

Since w=17.2 MeV 1is not physically acceptable, HKW kept v
fixed but w was increased in the range 21 to 35 MaV, then AE is reduced
to the wvalue given in Eq. (8). The corresponding value of a(4He) is then
0.13+£0.,03 me’ which is again satisfying the naive scaling shown in
Eg. (13).

Of course, the discussion here rests on the basis of the present
experimental value (5) for the electric polarizability o. This question
will be hopefully settled in the near future through its "direct" determi-
nation from the total photoabsorpticn cross-section. If the experimental
value of o would change in the future, the arguments in this note allow
us to give the following theoretical result for the polarizability correct-

ion in the form

(AE)F.,[ (meV)=2.8 + 49 (k--07) (14)

with an estimated conservative error of 20%, coming from possible deviations
of the used scaling in nuclear matrix elements and from the uncertainties in
the muen-photon approach. In Eg. (14), the experimental value of a(4He)
should be used, in units of fms. The value 2.8 in Eq. (14) is due %o the
present knowledge of the muonic wave function correction (see 4.1) to the
result e given in Eq. (9). Note that the value 2.8 also follows from the
scaled result of HKW, Eq. {(13), by taking into account the contribution of

transverse photons (see 4.2),



HEKW have alsco calculated the polarizability contribution for
3

the case of “He. In their model, the static polarizability is given by

0{3H9)= (e2/4ﬂ) 4/9y2w = 0,28 me, also larger than the existing guoted

12)’15) a(5He)==O.16i:OoOB fmj, cbtained from p+d, and p+p+1n

3

value

channels in photoabsorption. In He, +the possible contributions of

4

magrnetic transitions to the last figure are less clear than in He.

Accepting the present experimental value, if the arguments put forward for

4 3

He were alsgso valid for the

He case, we would scale the HKW result

AE=12 meV =and would guess (AEggziﬁf6 meV.

We would like to thank T. Erieson, G. Gorini snd E. Zavattini
for fruitful discussions, and B. Ziegler for useful correspondence on the

electric pclarizability.
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