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Abstract

A determination of the hadronic fragmentation functions of the Z° hoson is
preseuted [rom a studv of the inclusive hadron production wit the DELPHI
detector at LEP.

These fragmentation functions were compared with the ones at lower energies.
thus covering data in a large kinematic range: 196 < @* < 8312 Cel? and
(= pr/ Fream ) > 0.08. A large scaling violation was observed. which was used
to extract the strong coupling constant in second order QCD:

aL(Mz) = 0.118 = 0.005.

The corresponding QCD scale for five quark favours is: APL = 230 + 60 MeV.
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1 Introduction

Hadron production in eTe™ annihilation originates from the production of quark-
antiquark pairs. which can radiate gluons. the quanta of the field theory of the strong
interactions. Quanturn ChromoDynamics (QCD). Gluon radiation depends logarithmi-
callv on the centre of mass energy due to the increasing phase space with increasing
energy and the energy dependence of the running coupling constant of QCD. These ef-
fects lead to variations of the momentum spectra of the produced hadrons as a function
of the centre of mass energy, even if the momenta ave scaled to that energyv. These scaling
violations can be used to determine the stvong coupling constant ..

For example. the scaling violation in deep inelastic lepton—nucleon scaftering leads to
a(My) = 0.112 + 0.005 [1-3]. This is somewhat lower than. but not in disagreement
with. o, measurernents at the Z° mass from shape variables, jet rates and total cross
sections as measured at the electron-positron storage ving LEP[4.5].

Until now a, has not heen determined from scaling violations in ¢¥e™ annihilation,
since this requires precise data at two very different encrgies to observe a significant
scaling violation. Data collected at the PEP and PETRA storage rings were only pre-
cise at energies around /s = 30 GeV[(-8] and the scaling violation was only observed
qualitatively[9].

In this paper we present data of the inclusive hadron spectra, as measured with the
DELPHI detector[10] at LEP and present the [irst a, determination from the scaling
violations i the fragmentation function by combining the data at LLEP with data from
the PEP. PETRA and TRISTAN storage vings. The squared four-momentum transfer
from the incoming leptons to outgoing hadrons studied heve is two orders of magnitude
larger than the ones studied in deep inelastic scattering. thus avoiding regions where
non-perturbative effects noticeably influence the results. On the other hand, in ¢Te™
annihilation one has to combine data from different experiments at diffevent energies and
study the effect of the varving quark flavour composition due to the Z%resonance. As
will e shown, these are not dominant uncertainties {see also Ref. [11]).

2 Determination of the Fragmentation Function

The inchusive production of charged hadrons in the reaction ete™ — 7 4+ X can be
described by two kinematic variables. Q% and w, where Q% is defined as the square of the
four-momentum transferred from the leplons to the hadrons and a is the fraction of Lhe
beam enetgy f.,,, carried by the hadron . In ete™ annihilation Q% equals s, the total
centre of mass energy squared.

The fragmentation function D{x. Q?) is directly related to the scaled hadron momern-
tum distribution:

\21-1-3(@‘2)0;(;{-,@2) = L e LX), (1)

P o, dr

Diz, Q%)

where &, is the total cross section and D{x, Q%) is the sum of fragmentation functions
D;(x.Q?) over all five llavours. each having a weight W;(Q?) given by the electrowealk
theory.

The DELPHI data were collected during 1991 at energies near the 7% peak. Multi-
hadronic events were selected according to the criteria given in Rel.[12]. The selection
required that there were at least 5 charged particles with momenta above 0.2 GeV /e and a



track length in the detector of at least 50 cm. that the total energy of the charged particles
exceeded 15 GeV (pion mass asswined), that the forward and backward hemisphere with
respect to the heam axis each contained a total energyv of charged particles larger than
3 GeV. and that the polar angle of the sphericity axis was between 407 and 140°. In
addition the momentum imbalance was restricted by requiring that the absolute sum of
the three-momenta of charged particles was less than 20 GeV/e.

After these selection criteria, 186774 events at a mean centre of nass energy of 91.2
GeV were kept. The background due to beam-gas scattering and ~~-interactions was less
than 0.1% and 717~ events contributed 0.2% to the selected sample.

. The scaled inclusive momentum spectrum was obtained by correcting the 2 distribu-
tion of all charged particles for initial state radiation. particle decays. detector eflects,
and selection cuts. In principle r 1s the fraction of the beam energy Epen carried by
the hadron h, i.e. o = FEy/ . but instead of Ey the muwomentum p;, was used. This
was experimentally better measured and provided the same scaling violation information.
The corrections were obtained from a detailed Monte Carlo simulation ol the detector
after generating the hacdronic Z° decays with the Monte Clarlo program from the Lund
group|13]. Higher order initial state bremsstrahlung radiation was implemented by using
the DYMU3 program[14]. The corrected data were obtained by multiplving the data in
each bin of a histogram by a correction [actor defined as

A7)
() _ ‘\gfn [.

TN

s

s

[
——

where \j(i), are the contents of the histogram bin 1 at the geuerator level witout initial
slate radiation, and N after initial state radiation and detector simulation. Al primary
particles with a lifetime larger than 3- 107" s were assumed Lo be stable at the generator
level. i.e. they were included in \5{,,’)“ and all those with a shorter mean life {including
A2%s and \'s) were allowed io decay as part of the simulation process. Tlhus the corrected
distributions include the contributions of these short-lived particles, as was the practice
in experiments at lower energies. Each histograi was normalized to the total nunber of
events. The corrected distribution is simply:

NOL =N (3)
T'he corrections varied smoothly and were less than 35% for @ helow 0.8 (sce Iig. la).
Only this range was used {or the comparison with QCD in the next section. The correction
factors deviated from one due to acceptance losses and momentum measureinent errors.
For larger r values the momentum measurement errors dominated and. together with
the steeply falling spectrum. caused a smearing towards higher momenta, resulting in a
correction factor of 0.4 near #=1. The corrected spectrum and thus the fragmentation
function was obtained from the total number of events V, and the corrected event numbers
N for each o value:

Dix. Q% = i"’—\i = ii@(m- —h+ X). (1)
N, da 7 dx
The corrected spectrum is displayed in I'ig. 1h and tabulated in Table 1 together with
the statistical and svstematic uncertainties.
The svstematic uncertainties were determined by varving the selection criteria and
by using different Monte Carlo simulations. The largest uncertainty in the correction
[actor is connected with the nncertainty in the charged multiplicity: the integral of the
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v distribution is equal to the total charged mtiplicity. since each event has N., en-
iries. so a svstematic error in the multiplicity after detector simulation franstates into
an ancertainty on the normalisation of the » distribution. Varyving the cuts, especially
changing the minimum nwnber of charged particles from 5 to 6 and varving the cut on
the sphericity axis between 30° and 457, changed the correction factors by less than 10%
of their deviation from 1, i.c. tvpically 3% in the intermediate range. hut up to 10% for
r above (0.8 and x below 0.04.

In the LUND Monte ((arlo program several generators can be used. Partons can be
gencrated either with the “Parton Shower™ algorithm or by using the exact O{a?) QUD
matrix element. The difference in correction {actor between these two options was less
than 1% i the intermeciate v range. More details can be found in Ref. [13].

The relative svstematic uncertainty from the sources mentioned above was
parametrised in the following way:

S = maar(0.03.0.1 | 1 — 7 ) (5)

SYS

This procedure gives a relative error of at least 3% for the intermediate & ranee and
imcreases the error near the endpoiuts. It should be noted that the systematic uncertain-
ties are correlated between the bins, since a change in the selection criteria moved the
correction facltors for each bin all in the same direction. These correlations will be taken
into account in the determination of the strong coupling constant.

A significant scaling violation is observed between the DELPHI spectrum at 91 GeV
and the data from TASSO[6] at a lower cenlre of mass energy (sec Fig. 1h). Note that
the errors are smaller than the symbols for most of the dala points on this logarithmic
plot. Tu order to show the scaling violation and the errors more clearly. the ratio of the
curves in Fig. 1h is shown in Fig. 2, As can be seen. the scaling vielation varies from
+ 40 %% to -30% for « varving between 0.01 and 0.7. The deviation of the data from
the horizontal line in each » bin s, to first order, proportional to the strong coupling
constant, so each data point yields an mdependent measurement of a,. All values should
he consistent. which 15 a strong constraint and simultaneously a cross check.

In Fig. 3 the DELPHI data are compared with other experiments at lower energies|6—
8.16] for several = intervals. Clearly, at small o values the fragmentation [unction increases
about 30%. while at high @ values it decreases by roughly the same amount. This is
cxaclly what 1s expected: the higher the energy, the more phase space becomes available
for gluon radiation. Since the primary quarks lose more energy due to radiation. this
depopulates the high « region. The radiated gluons tend to populate the small x region.
increasing the spectrum there.

The curves are the QU fits for high @? and large x. as will be described in the next
chapter. Clearly all x ranges agree well with the QCD fits. even if thev are extrapolated
to small @ and small Q?. The fact that all regions can be described by a single value of

the QCL) scale \% provides the cross check mentioned above.



3 Comparison with QCD

3.1 Theoretical Framework

The scaling violations in the fragmentaiion function, defined by Fq. I, are described
by the coupled integro-differential evolution equations[17], which can be written as:

s @ D@ Y ad@) [ Dwlh o () Dy, Q%)

7{ 5 D,(.
¢ a0)? Delr. Q%) o 32 Pilz) Poglz) N Dete. O

(6)

The splitting functions %;(z) in the 2x2 matrix are the probabilities of finding parton
; with momentum fraction = from its parent parton 5 where 7,7 = (7 relers to a gluon
and 1. ) = ¢ to a quark. Note that a gluon can split into a quark-antiquark pair of any
flavour. hence the summation and the [actor two in [ront of P,;. As mentioned hefore.
D represents the sum over the weighted contribution of each Havour (see Eq. ). cach
having its own fragmentafion function 7);.

The splitting functions can be obtained by integrating the exact QCI matrix element.
In order to obtain the probability of finding a hadren with momentum fraction x. one
has to integrate P;;(z) convoluted with the probability D;(x/z, Q%) that the parton with
energy fraction z fragments into a hadron with momentum fraction . The symbol ©
denotes a convolution integral:

i
, . Y N -
Py 0D, Q7) = [ —Fjlz)- D(—=.Q7). (%)
Note that /= is the fractional hadron energv, i.e. /2 = pu/Ppavion. since & = pi/ Eperm
and 2 = poion/ Fream. Obviously, = has te be larger than . hence the lower hound in

the integral.

The evolution equations describe the ¢ dependence of the fragmentation function.
Their solutions have not vet been found in an analvtical form. Numerical solutions,
which account for second order corrections to the splitting functions or to the anoma-
lous dimensions have been developed in Rel. [18]. Alternatively. one can integrate the
exact second order QC'D matrix element directly, which has some advantages. as will be
discussed later.

In principle the fragmentation of quarks juvolves an infinite number of soft and
collinear glhigns. Hence. a cut-ofl on the isolation of the gluons is nsed in order to de-
cide whether a gluon should be part of the quark fragmentation or if it should fragment
independently. In the latler case it contributes to D instead of 1,

As a cut-off. the minimum invariant mass between quarks and gluons was required to
be above 9.1 GeV/c? This cut presents an arbitrary definition of quarks and gluons. but
it has to be made in any analysis of the scaling violations. 1t was varied in ovder to stucdy
its effect on the delermination of \% as will be discussed in the section on systematc
erTors. o

Such an invariant mass cut selects a certain part of phase space. which varies with
energy, as shown in Fig. 4. Heve the energy fractions vy = £,/ Ey . of botli quarks in
second order QCD were plotted against each other at centre of mass energies of 35 and
91 GeV. The 2-jet events are located at r; = &3 = 1 and the 3- and 4 jet events morve
towards the centre. One clearly observes the strong increase in phase space [or the events
away from the 2-jet region. The invariant mass cut

Y= J[j/% =1 — .



[win

where A/; ; are the invariant masses between any pair of partons and v arc the fractional
gquark energies. eliminates the soft and collinear gluons in the regions 1 — ) < U'/ &=
0.0676(0.01) for the centre of masss energies of 35 (91) GeV. The difference in phabe
space helween these energies increases the gg(v cross section with a given “hardness™ of
the gluon, 1.e. with a given invariani mass cut. by a factor four: the 3-jet rate varies from
205 1o 30%. as shown {for a constant value of o of 0.121) by the solid line in Fig. 5

In addition to the Q¢ dependence of the phase space, one has to consider the 2
cdependence of oy, which has the opposite cffect: it decreases the ¢g(7 rate with increasing
energy. This decrease, from the running of the coupling constant, can be observed if the
phase space for the ¢g(¢ final state is defined as a constant [raction of the total phase
space. for example by a constant y-cut instead of a constant invariant mass cul. In this
casc the only (@7 dependence comes from the runnine of the coupling constant, which
decrcases the ¢d(c cross section by about 20% if the centre of mass energy is increased
{rom 35 to 91 Ge\"[r] This rlecreaso ol the 3-jet rate in a constant fraction of phasc space

is shown (for a fixe 270 MeV and renormalisation scale Q% = 5) as the
dashed line i Fig. 5. \ote that Th(‘ scaling violation from the running of oy is a small
eflect compavesd with the scaling violation from the change in phase space. as is apparent
from Fig. 3.

The large phase space dependence can he absorbed in the fragmentation function.
wliieh then depends on both o and Q*. The redefined cross section has a well deternined
perlurbative expansion in a,(@¢). This would not be the case if the large phase space
correclions. proportional to o, In (%, were considered to he QCI) corrections.

The (‘mlg\ (Iep(‘ndenCe of a, can be expressed n terms of the energy independent

QCD scale A _\ : here the upper index indicates the number of flavours n; = 5 and the
lower 1udex ‘rh(— renormalisation scheme (following the convention of Ref, [19]):
. A Sl
] | o
o lp”) = 1—-— by
-2 (i( ) ’EIjU L ;‘_ja _[_’_, ( )
with
23
L = /'I?(,Ll ){‘\”J:
o = 11— fm
o= 2031 — Fnyg)

The energy scale ;i of o, can be related to (% = s by
> .
W = fs,

where [ is the renormalisation scale factor. The choice of f is free and QCD predictions
would not depend on 1t if all higher orders were known. In practice, caleulations have been
performed only up to a fixed order and varying f in a wide range indicates the uncertainty
due to the higher orders, as will be discussed in the section on systeinatic crrors. Note
that different choices of [ change the value of a,. In order to keep the physical observables
constant, the coefficients of the higher order terms in the o, expansion of the observable
have to be changed corvespondingly ().

The extraction of a; from the observed scaling violations is straightforward. Firvst. the
& dependence of the [ragmentation function, which cannot be calculated perturb a.t,n-*ely.
must be parametrised [rom data at a reference energyv. Starting from this parametrisa-
tion at the reference energy, the evolution to higher energies is predicted hy QUD and
compared with the observed fragmentation function at these energies. In the following
sections the parametrisation of the &« dependence and the Q2 dependence of the fragmen-
tation fimctions will be discussed.



3.2 Parametrisation of the Fragmentation Function

The fragmentation functions have heen studied in great detail in ¢te™ annililation.
Even snch details as the “string effect™. predicted in QCD by the interference effects of
multiple gluon emission, have heen observed [20] and can be well described by the string
fragmentation model[13]. Although anv parametrisation of the o dependence at a given
% would suffice. we have chosen the string model [or the following reasons:

o The quark and ginon [ragmentation functions are described by the same string with
the same parameters, thus reducing the number of free parameters.

o In this model soft gluons are automatically “absorbed™ in the string, i.e. they only
produce some transverse momentum to the string. bul do not lead to independent
jets. In independent fragimentation models the [ragmentation of soft gluons is proh-
lematic because of phasc space restrictions for hadron production.

o (Quark mass effects are taken into account in the string model.

Hadrons inside a jet are characterised by the limited transverse momenta with respect
to the jet axis independent of the jet energy and the longitudinal momentum spectra.
These monentuin components can he parametrised by two energy independent functions,
a longitudinal and a {ransverse fragmentation function. Ttalics have been used here
orcder Lo distinguish these parametrisations al a reference energy [rom the fragmentation
function D{x. Q4.

The transverse momentum specirum was parametrised by a Gaussian with a variance
of (500 MeV /c)?|21}. The longitudinal momentim spectra of light and heavy quarks are
paramelrised differently since the latter have much harder spectra because of their larger
mass. The Luud symmetric fragmentation Tunction[22] was used [or the light quarks:

=y b |
gy = L8 o () (9)
Y i

where nm| = «\/7732 + p3 is the transverse mass of the hadron, v = (E + p)u/(E + pi),
determines the fraction of the primordial parton encrgy taken by the hadvon A, with p.
mdicating the parton with energy £ and longitudinal momentum p; ¢ and b are two free
paramcters. The longitudimal spectrum depends mainly on ¢ — b which scales like N
where A is the tolal multiplicity, so effectively there is only one free parameter. For the
heavy quarks (& and ¢} the Peterson fragmentation fanction[23] was nsed:

ﬂm:—lfﬂ—;Jn (10)

Here the free parameter. ¢;. is expected to vary as l/mﬁ, so ¢ /ey = 9.4 was used. Hence
there are only two [ree parameters to tune the momentwmn spectrum {¢ and €). The
parameters determining the [raction of strange quarks picked up from the vacuum, the
ratio of vector to pseudoscalar mesons, the {raction of harvons, as well as the decay pa-
rameters were all left at their default values., since a good description of the & dependence
was possible with {hese.



3.3 Determination of the Strong Coupling Constant

The @° dependence of the fragmentation function can be derived either from the
evolution equations or {from a dirvect numerical integration of the exact QCI) matrix
element. Since the splitting [unctions have been derived from the integration of the matrix
clement, both methods are, in principle, equivalent. However, higher order differences
might occur. As will be discussed in the section on systematic errors. these differences
are small. Therefore. the Q* dependence has been determined from the integration of the
exact second order QUD matrix element, nsing the formulac from reference [24], which
have been implemented in the Lund string model{13]. This method has the advantage
that the convolution of the splitting and fragmentation functions is done in a consistent
manner, i.e. the cuts to separate the nonperturbative region [rom the perturbative oune
are the same for the splitting and fragmentation functions. These cuts will be discussed
in more detail in the section on svstematic errors. Farthermore, the weights 13:{(Q?) in
Eq. 1 from the electroweak theory have been incorporated in this moclel.

The strong coupling constant was extracted in the following wayv. A simultaneous fit of

the QUD scale _«‘\:}L_ and the fragmentation parameters a and €, was made by minimising:

(f; DV — 1002 LU= I
(Fioth)? o

JiTeirp] n

S

i ¢

(L1)

where f, is the normalisation factor for experiment j with data DU in a given « hin with
an experimental error Gii.)p for that hin and an overall normalisation crror ,. The fit
function T was the o parametrisation from the string wodel convoluted with the (*
dependence from the integration of the exact QC'D matrix element and the Q7 dependence
of a;. In order to prevent a bias from bh-quark threshold corrections, only data at or above
£ =29 GeV were used . Furthermore. data at high and low » values have not heen used.
since the experiinental correction factors arve large in these regions. Fitting the data from
Delphi simultaneously with all other available data6 8,16.23] in the range 0.18 < & < .8
and 207 < % < 91.27 GeV? vielded the results given in Table 2.

The fit was repeated for two values of the renormalisatiou scale. VFor | = pi/s =
0.01(1.0) the resull was: \(\})b = 19377 (260777) MeV. The fit results were obtained for
a value of b = 0.283 in the Lund symmetric fraginentation funciion’. A eood agreenment
was observed for all » values with the samc fragmentation parameters at hoth 35 and

91 GeV, so the difference between the energies depended on 4\%?;; onlyv, The results for
[ = 0.01 are shown as the solid lines in Fig. 1h: the \? of the [it for f = 1.0 was equallv
good.

3.4 Systematic Uncertainties

The results in the previous section include hoth systematic and statistical uncertain-
{ies. as well as the uncertainties [rom the correlation between the {ragmentation param-
eters and \%}—: In addition there ave theoretical uncertainties from the unknown higher
order corrections, which are usually estimated by varving the renormalisation scale. To
gel the complete error estimate, the following have been investigated:

e Experimental uncertainties.
In the definition of \*. Eq. 11, ol

ern

represents the total error for that data point.

PAlthangh o and & are strongly correlated. one could not leave 6 at an arbitrary value and just fit o or vice-versa. A
good parametrization was oblained if & was chosen in a range around 0.3,



obtained by adding in quadrature tlie statistical and point-to-point svstematic un-
certainty. bul excluding the overall normalisation error. o,. However. the separation
between point-to-point svstematic uncertainty and normalisation uncertainty is not
stralght forward and usually not given in the literature. Furthermore, the published
systematic uncertainties are not alwavs comparable in the possible sonrces which
have been included. Therefore the svstematic uncertainties were varied considerably
in ovder to check their influence on the fitted valize of \% The following procedure
was adopted: the total error, og,. was split into a point-to-poini. error Jii)p and a
normalisation error a,,:

ot = ol ot (12)

a,, was varied from 1% to 3% and subtracted from the total evror quoted by the
experiments (using Eq. 12}, If the remaining point-to-point errvor fell helow a certain
minimuwn value. 1t was adjusted to this minium value in order to ensure that the
point-to-point error sguared would not hecome negative ot too small for experiments
in which all possible svstematic ellects had not been mcluded in the ervor estimate.

This minimum value O'ﬂ;;” was varied between 17 and 3%. Of course. the \# of the

fit was changed it the errors were changed. but fortunately \(U—L varied by only £3

min
exp

MeV if g, and ¢l were changed 1 the ranges given above. These small changes

mn \% indicate that the scaling violations are determined only by the shape of the
distributions, not the absolute normalisation. The \? values Lave heen summarized
m the Tables -7 using ¢,=2% and C":Z] = 3%. The total \* 15 73 for 71 data
poiuts in the fit region using a renormalisation scale factor of 0.01. For comparison.
the \* values outside the fit range are shown foo. The correlations between the
parameters depended on the assumed errors. bul were never lavger than 40% (or any
pair of parameters. The fit normalisation factors were consistent wilh one for all
experiments. as ndicated 1 the captions of Tables 1 and 3-7.

Differences hetween experiments.

Ii contrast to the deep melastic lepton scattering experiments, which measure the
2% depcudence in a single experiment, we had to combine data from different ac-
celerators. so systematic effects from differences hetween experiments had to he
considered. They were checked by comparing the results of different combinations of
experiments. The maximui difference in \% from the various comhinations of the
(i experiments was less than 30 MeV, which 18 not much larger than the stalistical
uncertarty (see Fig. 6). The systematic uncertainty from this source was conser-
valively egtimated to be hall the maximum difference, i.c. 15 MeV| thus assuming
that the whole diflerence was systematic and not due to statistical fluctuations. The
reason for this surprisinglv small spread is simple: all experiments nsed large 47
solenoidal detectors in which the momentum spectrum. especially the shape. was
clean and easily measured. As mentioned belore, it is the change in the shape of the
r spectra which determines the scaling violation. not the absolute normalisation.

w-dependence,

For low & values the contributions from multiple solt gluon emission start to domi-
nate. In this region the \? of the string model parametrisation hecomes somewhat
worse (see Tables 1 and 3-7). To cstimate the uncertainiy from the small & range.
we fit hetween @, and i,,,, and varied r..... between 0.08 and 0.4. Since the ex-
perimental correction factor for high momentum particles becomes large for & > 0.3,
Tmay Was kept at 0.8. Tor x,;, =0.08. ”\% for f = 0.01 increasecd from 190 to

210 MeV. bhut for the fit range considered (&, > 0.18), no variation in o, was



seen {see Fig. 7). Neverthcless, the uncertainty for the selected r range was con-
servatively estimated to be 10 MeV . which is half the difference between the values
obtained for r..;, = 0.08 and r,,;, =0.18. As mentioned in the introduction, cach
r-value provides an independent determination of o, The fact that a, is practically
independent of the selected a-range indicates that all x-values are consistent.
Heavy Quark Fractions.

The fragmentation effects largely cauncel in the difference between the spectra at
different energics. However. since the primary quark composition changes with en-
crgy, the influence of the difference in fragmentation between light and heavy guarks
should be considered. Although the primary mesons from heavy quarks have the
hardest momentum spectra, the specira after decavs are not much dillerent from
the ones for the light quarks and actually somewhat softer. Furthermore. it was not
possible to mimic the characteristic change in shape from the QC scaling violations
by the difference in quark compositions. as shown by the dashed-dotted line in Fig.
9

I'itting the 2 spectra at 35 and 91 GeV simultaneously was a good way to determine
the ragmeniation ol both light and heavy quarks, since the different quark com-
positions at the different energies, combined with the somewhat softer » spectrum
of the heavy quarks. yielded only a moderate correlation hetween the {ragmenta-
tion parameters « and ¢, (see Table 2). The fitted value of the latter parameter
gave an average @ of the B-hadrons of 0.69 + 0.01 at the LEP energy. which is in
sood agreement with the value obtained from lepton specira in semi-leptonic B de-
cays[26,27]. Note that the determination of ¢, from the inclusive hadron spectra
included all decays and was therefore independent of the value determined from the
lepton spectra.

As an additional check that the different heavy quark [ractions at 35 and 91 GeV do
not mask the scaling violation [rom QUD. the scaling violation was calculated with
a constant fraction of heavy quarks (= 11% for b-quarks and ~ 14% for c-quarks.
wliich are the values at /s=35 GeV). The amount of scaling violation is not changed
significantly. as shown in Fig. 2; the small difference was taken into account in the
fit and the residual nncertainty in \% wag estlimated to be 10 MeV.

Independent. versus String Fragmentation.

In the fit, the string fragmentation model was nsed to parametrise the x depen-
dence. As an alternative, the independent fragmentation option i the Monte (arlo
program from the Lund group has bheen used. In this case all quarks and gluons
fragment independently. The whole analysis, including the parametrisation of the
& dependence, was repeated with this model. The fit quality was similar and the
% was not changed outside the experimental errors, again indicating that
fragmentation uncertainties largely cancel in the difference hetween the spectra at
cdifferent enevgies. Hall the difference between the different fragmentation models (9
MeV) was taken conservatively as the error for fragmentation.

The renormalisation scale uncertainty,

value of A

As mentioned hefore, the renormalisation scale is a free parameter; \% would he
independent of the choice of this scale if all higher order corrections were known.
However, in a lixed order calculation a lower scale implies a larger value of «,. For
the 3-jet cross section the change in the Born cross section can be compensated
by a different coeflicient in the higher orvder correction. However. the 4-jet cross
section is only known wup to the Born term in sccond order QCD. so a lower scale
for the argument of oy implics a higher 4-jet rate. The 7 of the fit did not change
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significantly by changing the scale, hut. \(TT)? varied from 190 to 270 MeV il the scale
was changed from £, /10 to I, which corresponded to a change in o, from 0.115
to 0.121 (see INg. 7). Thus this crror, originating from the unknown higher order
corrections. has been found to be dominant. as in all other oy determinations[5). The
scale dependence was still relatively small, since we studied the difference between
the spectra at different energies. so higher order contributious and fragmentation
eflects partially cancel. Similar ohservations hold for other “difference™ variables.
like the Asymmetry in the Energyv-Energy Correlations (AEEC) or the difference in
jet masses[5].

An independent estimate ol the higher order contributions can be obtained from the
equations {(6): in these equations the higher order terms are taken into account hy
exponentiating the leading logarithms proportional to (a,/27)” In" Q*, which appear
as leading Lerms in a calculation to order n. The dilference of these terms between
() = Qo and @ = Q. is proportional to (o, /7)1 10" (@00 / Q@ me ). Silice I our
case the difference in ), and (0., 1s only a factor three, the exponentiated form
of the leading logarithis will be close to its second order expansion, so the higher
order contributions are expected to be small. This can be checked explicitly by
integrating these equations in » steps. Since at each step a gluon can be emitted. this
corresponds to summing up all higher order terms proportional to {a./7)" In* Q°.
The change in scaling violation between 30 and 90 GeV was found to be less than
5% il m was varied between 2 and 20, so this change is similar to the uncertainty
fromn the scale dependence. Since this exercise was done only in first order. using the
program from reference [28]. the larger range from the scale dependence was used
as an estimate of the error from the unknown higher order corrections.

o Cut-off dependence.

As mentioned before, the fragmentation of quarks involves a large number of soft
and collinear gluons. Hence, a cut-off on the isolation of the gluons was used in order
to decide whether a gluon should he part of the quark [ragmentation or if it should
fragment inclependently. Below this cut the quarks and gluons were considered to

fragment into a single jet. i.e. they were considered Lo belong to the non-perturbative
regime n the model and were recombined beforehand.

As a cut-off, the mnium nvariant mass between quarks and gluons was requirved
to be above 9.1 GeV/c? The scaling violations were not very sensitive to this cut.
since they just required a different parametrisation ol the nonperturbative part [or
a different cut. Whal maltered was a good paramefrisation of the & dependence.
The cut could not be decreased, since with this cut practically all phase space was
already used at the highest energv. as shown in Fig. 4. Decreasing the cut further
wotild cause the d-jet cross section to become so large and positive, that the 3-jet
cross section would hecome negative in some regions of phase space due to the laree
and negative virtual corrections in the second order QCD matrix element in {hat
casc. Increasing the minimum invariant mass squared by a factor two resulted in an
increase of \% ol 60 MeV. Therefore an crror of £30 MeV was attributed, although
part of this was presumably already ahsorbed in the scale error: increasing the cut-

off or increasing the renormalisalion scale increased ALl in both cases. as expectecd

for a decrease of the higher order contributions from multiple glion radiation in both
cases.

= . . . . 4
The total errors were obtained by adding in quadrature the errors from the fit (*37

MeV). from the a-dependence (10 MeV), from heavy quark fractions (10 MeV), {from
{raguientation (9 MeV}, from the comparison belween experiments (15 MeV), from the



gluon cut-off dependence (30 MeV) and from the scale dependence (40 MeV). A summary
of the systematic errors is given in Table 8.

4  Summary

A precise determination of the [ragmentation Munction in the decay of the Z° hoson has
heen presented. A comparison with the [ragmentation functions at lower energies shows
a strong scaling vielation. which leads in sccond order to a QUD scale \% between 190
and 270 McV (see Table 2). Taking the average as the central value and using the total

uncertainties as given in lable 8 resulted in \(\% = 230 4 60 MeV', which cotresponds to

a,{M7) = 0.118 + 0.005.

These results in the time-like region are in good agreement with the results on scaling
violation from deep inelastic lepton nucleon scattering (space-like region: oy, = 0.112 +
0.005 [1-3]) and with other o, determinations at. LEP from jet rates and shape variables

(o, = 0.120 £ 0.007 [4.5]).
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x-hin | Data | oy | ggs | QUDESE
0.00 - 0.01] 1.38 [ 4008 © 0.8 12.1 412.9
0.01 —0.02] 560 | 409.3 | 0.7 12.3 436.2

0.02 - 0.03] 5.27 12646 ] 0.6 7.0 281.5
0.03-0.04] 2,01 | 185.1 | 0.5 5.6 192.0
0.04  0.05 0.39 [ 1371 ] 0.4 4.1 139.3
0.05 - 0.06] 0.01 [ 105.3] 0.4 3.2 104.5
0.06 - 0.07] 021 | 836 | 03 2.5 S2.0
0.07 - 0.03] 1.00 | 684 | 0.3 2.1 66.0
0.0% - 0.00] 346 56.9 | 0.3 1.7 53.1
0.09 - 0.10] 2,12 472 ] 0.2 1.4 41.9
0.10 - 0.12] 268 371 | 0.2 1.1 35.1
0.12 - 0.14 1.25 | 27.G6 | 0.1 0.8 26.6
0.14 — 6.16] 0.53 | 20.9 | 0.1 0.6 20.3
0.16 0.1 2.02] 166 | 0.1 0.5 13.8

0.18 = 0.20] 041 {12,921 0.09 | 0.39 1261
§.20 - 0.22] 0.21 | 10.37 | 0.09 | 0.31 LO.Is
0.22 =021 0416 | 8.36 | 0.08 | 0.25 515
0.24 - 0.260 0.33 | 6.72 | 0.07 | 0.20 6.50
0.26 - 0.281 0.58 | 5.67 | 0.06 | 0.17 h.51
0.28 - 0300 0.11 | 4.61 | 0.06 | 0.14 4.64
0.30 - 0.321 0.32 | 3.85 | 0.05 | 0.12 3.90
0.32 - 0341 0.15 | 3.19 | 0.05 | 0.10 3.21
0.34 - 0367 0.15 | 2% 0.04 | 0.08 2.66
0.36 - 0.40] 3.89 | 2.09 | 0.03 | 0.06 | 2.21
0.40 = 0,447 0.01 | 1.50 | 0.02 | 0.05 148

Los | 0.02 | 0.03 1.09

045 = 0521 0.05 1 0.770 | 0.016 | 0.023 0.76
0.52 - 0.561 0.50 | 0.561 | 0.014 | 0.017 0.570

0.56 - 0.60] 2.31 | 0.396 | 0.011 | 0.012 0.376
(.60 - 0.66 | 0.66 | 0.263 | 0.007 | 0,003 0.260
0.66  0.72] 1.7 | 0.160 | 0.006 | 0.005 0.167
0.72 - 0.78] 3.53 | 0.096 | 0.004 | 0.003 0.088

0.78 - 0.84]15.69| 0.045 |, 0.002 | 0.002 0.055
0.831 - 0.90] 5.72 1 0.023 | 0.002 | 0.002 0.019
0.90 - 1.00 7.58 10.005910.0005|0.0005| 0.0011

Table 1: The inclusive hadron @ spectrum as measired by DIELPHI as well as the statisti-
cal and systematic errors. The prediction from the exact QUD Matrix Element calculation
followed by string fragmentation is shown under the label QUD+SF and the y* of cach
bin is shown in the second column. The centre of mass energy 1s 91.2 GeV and the overall
normalisation lactor from the fit is 0.995 (not included in the data column). Only the
data between the empiy rows was used for the determination of a..



S =001 =10
ALL 19347 MeV | 26917 MeV
a 0.85£0.03 | 0.96 +£0.03
€ 0,008 + 0.002 0.008 £ 0.002
7/ datapoints 1.02 0.99
COIT. @ — \(E)H —-0.07 —0.06
COrr. € — \% —0.30 —-0.31
COLT. ¢, — ¢ —0.07 —0.22

Table 2: Results of the fit to all data (7} data points for Q2 = 202 GeV? and
0.18 < » < 0.8) for two renormalisation scales (f = p#/s = 0.01 and 1.0. respectively).

x-Bin v | Data | 0., QCD4SI
0.02-0.03[1.99] 169.3 | 2.4 | 1737
0.03 - 0.04]1.37] 143.7 | 2.7 | 116.1
0.04 -0.05)3.741 1155 ] 1.6 | 1203
0.05 - 0.06[3.14] 933 T 15 06.7
0.06 - 0.08]2.52] 69.2 | 1.2 (1.3
0.08 - 0.10]0.00] 19.7 | 1.1 19.0
0.10 - 0.12[0.13] 363 | 0.1 36.1
0.12 - 0.14]0.00] 28.1 | 0.4 20T
0.14 - 0.16[0.29] 224 | 0.4 217
0.16 - 0.13]0.08] 18.0 | 03 17.6
0.J8 - 0.20]0.01] 1138 | 0.28 | 418
0.20 - 0.25]0.06] 10.24 | 0.16 | 10.16
0.25 - 0.30[0.00 643 [ 0.11 | 6.35
0.30 - 0.35]0.02] 4.23 | 0.10 | 418
0.35 - 0.40[2.18] 272 [ 0.09 | 279
040 - 0.50]0.16] 1.59 [ 0.04 | 1.54
0.50 - 0.60]3.75] 0.782 [ 0.028 | 0.725
0.60 - 0.70|2.12] 0.34L | 0.023 | 0.301
0.70  0.80|5.46] 0.162 | 0.018 [ 0.119
0.30 - 1.0070.10[0.0300]0.0120] 0.6259

Table 3: As Table 1, but for the TASSO experiment[6]. The centre of mass energy is 35
GeV oand the overall normalisation factor from the fit is 0.984 {not included in the data
colutin). The fourth column includes hoth the statistical and svsternatic errors.



x-Bin 2 [ Data| cya Tays [QUDASF
0.00 - 0.01T0.01]62.0 [ 2.0 [60.8 ] 76.0
0.01 - 0.02] 7.46 [155.3] 1.1 | 7.8 | L2
0.02-0.03]12.30{155.8] 1.1 | 4.9 | 1737
0.03 - 0.01] 4.73 [136.5] 1.0 | 4.1 | 1464
0.01 - 0.05] 550 [T11.6] 0.9 [ 3.3 | 1203
0.05 - 0.06 851 |83 08 [ 27 | 967
0.06 - 00712301716 [ 07 | 211 797
0.07 - 008222 [50.9 0.7 | 20 | 63.0
0.08 - 0.00] 132500706 | 17 | 330
0.09-0.10]020 [441] 0.6 | 15 | 450
010 -0.12[ 00141364 04 [ 131 361
0.2 -0.14]0.05 [ 27703 | [T ] 277
0.14 0.16{0.00 [21.6 | 0.3 ] 08 | 217
0.16 018 0.02[17.6 [ 03 [ 0.7 | 17.6
0.08 - 0.20] 0.01 [14.21]0.21J0.62 [ 1118
0.20 - 0.22]0.01 [11.41]0.21 [0.48 | 1L53
0.22 - 0.21]0.06 | 949 [0.10 [ 041 | 9.65
0.24 - 0.26]0.63 [8.06 [ 0.13 [ 033 | 733
026  0.28) 0306331016025 ] 652
0.28 - 0.30] 0.29 | 5.67 [0.15 [ 0.24 | 557
0.30 - 0.32] 057 [4.84 ] 031 020 | 1.71
032 0.34]0.73 [ 104 [0.13 [ 0.16 | 3.91
031 0361007 1349 [0.32[0.03 1 347
0.36 - 0.40] 0.20 [ 2.65 [ 0.07 | 0.09 [ 2.62
0.40 - 011 0.21 [ 1.91 [ 0.06 | 0.07 | 1.88
0.44 - 0.3 0.00 | 1.36 [ 0.05 | 0.01 | 137
048 - 0.52[0.65 [ .01 [0.04 70031 1.05
0.52 - 0.56] 0.35 [0.738]0.035]0.022]  0.766
0.56 — 0.60 2.05 [0.496]0.027]0.015] 0.541
0.60 - 0.66] 0.56 [0.331[0.018][0:010] 0315
0.66 - 0.72] 0.17 [0.197]0.012]0.006 | 0.207
0.72 - 0787 0.59 10.10870.00810.0051 0.116
0.78 - 0.81] 0.50 [0.0417]0.00470.003 | 0.051

Table 4: As Table 1. but for the CELLO expetiment[7]. The centre of mass encrgy is 35
GeV and the overall nonnalisation factor from the fit 1s 1.007 (not included m the data

columny).



x-Bin \* | Data| 7., | QCUD4SF
0.00 - 0051711154 1.8 115.7
0.05 - 0.10(3.261 65.1 | 1.2 71.6
0.10 - 0.15]6.29] 31.6 | 0.6 30.5
0.15- 0.2016.33| 17.5 | 0.3 16.9

0.20 - 0.25(2.60]10.40| 0.21 10.33
0.25 - 0.30(0.00] 6.29 | 0.13 6,558
0.30 = 0.35(0.07 | 4.07 | 0.09 1.21
0.35 - 0.4010.05] 2.76 | 0.07 2.90
.40 - 0.4512.01 ] 1.80 | 0.06 1.96
(.45 — 0500516 ] 118 | .04 1.32
0.50 - 0.5310.37 1 0.810 [0.039 |  0.868
0.55 - 0.6011.4310.515]0.031| 0.574
0.60 - 0.6510.2310.347,0.023)  0.551
0.65 - 0.7012.45)10.227 (0.020| 0.269
0.70 = 075043 10,167 (0.020  0.161
0.95 - 0.8011.2470.104 {0.016,  0.090

0.80 - 0.835]0.110.0620.013} 0.069
0.85 = 0.9012.9310.02510.007;  0.039
0.90 - 0.95/0.76 10.01310.005} 0.018
0.95 - 1.00]1.6010.01210.006 0.005

Table 5: As Table 1. but for the MARK 11 experiment[8]. The cenire of mass energy
is 29 GeV and the overall normalisation {actor from the fit is 1.044 {not included in the
data colnmu). The fourth columu includes both the statistical and svstemalic errors.

X—Rin A\ ‘ Dat a8 05.1‘]1 (2 (" ])+ SF
G.00 - 0101393 ] 134.3 1.0 152.6
0.10 - 0.20] 1.06 | 23.5 0.4 22.9

0.20 - 030 0.05 1 7.79 | 0.22 A
0.30 - 040 0.02 | 317 | 0.15 3.16
.40 - 0.50] 1.35 ) .23 | 0.09 1.34
0.50 - 0.60 2.10 | 0.532 | 0.050 0.605
0.60 - 070 1.42 | 0.310 | 0.038 0.267
0.70 - 0.80) 1.40 | 0.124 | 0.022 0.099

(.80 - 0.90
0.90 - 1.90

0.021 | 0.006 0.036
0.003510.0018 | 0.0081

ey el
oyl I A
e |

Table 6: As Table 1. but for the AMY experiment[16]. T'he centre of mass energy is 54
GeV and the overall normalisation factor from the fit is 1.004 (not included in the data
column). The fourth column inclhitdes hoth the statistical and systematic errors.



~-13in ¥ Data| oy | o4 [QUDESE
0.005 = 0.010)125.57 15149 2.5 | 11.6 4298
0.010 = 0.015] 0.00 [451.3] 2.1 6.8 444.4
0.015 - 0.020[27.51 3559 1.8 4.2 4035.3
0.02 - 0.03 § 9.34 |262.0] 1.1 2.8 2315
0.03 -0.04 | 3.79 |184.3) 0.9 | 1.4 192.0
0.04 - 0.05 | 1.37 [136.7] 0.8 (.9 139.3
0.05 - 0.06 | 1.07 |103.0¢ 0.7 .6 104.5
0.06 -0.07 | 0.60 333 0.6 | 04 ~2.0
0.07 - 0.08 | 0.10 | 6.7 | 0.6 | 0.6 G0.0
0.08 - 0.09 | 1.15 | 5G.L | 0.5 | 0.3 534
0.09 010 }0.94 | 47.0 | 0.5 | 0.2 449
0.10-0.12 V1331370 0.3 1 0.2 35.1
0.12 0.1 L2000 279 0.3 1 0.1 26.6
0.14 - 016 L0V [ 2131 0.2 1 0.1 20.3
0.16 -0.18 | 2231168 0.2 | 0.1 15.8
0185 - 020 | 478 [153.71] 0.19 | 6.13 12.61
0.20 - 0.25 1 0.00 | 893 0.090.12 8.80
0.25 030 | 0.06|5.43]0.07 | 0.08 3.38
0.30 - 040 | 0.05 | 2.58 | 0.04 | 0.04 285
0.40 - 050 | 0.08 1 1.2410.021 0.02 L.21
0.50 - 0.60 | 0.04 10.532{0.016(0.012 0.522
0.60 = 0.70 | 0.13 [06.23010.01110.0041  0.230
070 - 030 | 1.44 |0.090|0.006]0.002] 0.096

lable 70 As Table L. but for the ALEPH experiment[23]. The centre of mass encrgy is
91.2 GeV and the overall normalisation factor from the fit is 0.984 (not included i 1he

data column).

SOUI‘CG

~ 4 (5]
Error on ‘\W

Errors from Fit
(‘ombinations of experiments
Heavy Quark Fractions
Fragmentation dependence
2 dependence

Cut-ofl dependence
Scale dependence

T MeV

+15 MeV
10 MeV

+9 MeV

+10 MeV
+30 MeV
+40 MeV

Total

60 MeV

Table 8: Summary of svstematic errors. The total error was obtained by adding quadrat-

ically all ervors.
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Figure I: a) The correction factor and h) the corrected inclusive momentum distribution
J;‘% where 2 = pregyon/ Fveam Trom TASSO data at 35 GeV and DELPHI data at 91.2
GeV. The solid curves are results of the fits to the second order QCD matrix element.
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Figure 2: The ratio of the curves in I'ig. 1h. The dashed-dotted line assumes that the
flavour composition at 91.2 GeV ig the same as the one atl 35 GeV. Asis apparent from the
small difference between the solid and dashed-dotted lines, the increase in heavy quark
production at the Z° resonance does not. influence the scaling violation strongly. The
reason 18 simply that although the heavy quark fragmentation is harder, the momentum
spectra after the decays look similar to the ones from the light quarks and the difference
does not show the characteristic cnergy dependence from the scaling vielation.
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Figure 3: The ()* dependence of the inclusive nomentum cross section in GeV? for various
v bins. For most data points the errors are smaller than the symbols, The solid curves are
results of the fit to the data at high Q* and high r, i.e. the data in the corner (bottorm,
right) indicatled by the dashed lines.
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Figure 4: The phase space for events with gluon radiation for two centre ol mass cnergies
(35 and 91 GeV) in the »; versus x, plane, where a2 and 2, are the fractional quark
energies. The invariant mass between any pair of partons is required to be above 9.1
GeV. which cange

: the empty bands near w5 =1.
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Figure 3: Scaling violation is caused by the Q% dependence of the gluon radiation. T'his
figure gshows the two contributions in first order: the increase in phase space of the ¢g(v
3-jet rate (solid line) and the running of the coupling constant, which causes a decrease
of the 3-jet rate, if the fraction of phase space is kept constant (dashed line). The phase
space was kept constant by requiring atl all energies a minimum scaled invariant mass
y = 0.08 between all partons.
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M =MARKII 29 GeV A =AMY 54 GeV

C =CELLO 35 GeV D =DELPHI 91 GeV

T =TASSO 35 GeV Al =ALEPH 91 GeV
Exp. Comb. Result
MCTADAI e
MAD e
CAD e
MCAAI e
MCTAD e
D o
CTD e
CTDAI e
MTD —.—

60 180 200 220 Ain MeV

I'igure 6: The \(T)T)? values obtalned from fitting various combinations of experiments.
The combinations were choosen such that the statistical errors were similar. They are
indicated on the left using the abbreviations given at the top.
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Figure 7: The renormalisation scale dependence of o, (left) and the X, dependence
(right). X.» 1s defined as the the minimum value of & used in the fit.
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