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Abstract 

A cleterrnína.tion of the haclroníc fragnwntiltion functio11s of the Zº boson is 
prrseutecl from a stuclv of tite inclusive hadro11 proclttction wit the DELPHI 
detector at LEP. 
'T]i_ese fra.g111c11trt1-ion functio11s \YC'l'(' co1111)arecl \Yith the on_es at lo\ver energ.ies. 

tlms rnveri11g elata in a largc kinematic rangr: 1% :C: Q 2 :C: ::;:)12 C:e\ 2 aml 
,e(= )Jh / f,'btum) > O.OtS. ~\ large srali11g \'iolation Yvas ol)servecL \Yhic11 \\'as llsecl 
to e:-ctract the strong couplíng constan! in secoml orr!Pr QCD: 

o,( ;\J L) = Ü. [ l::; ± 0.QQ.). 

Tite rn1TPsponding QCD scale for fivc quark llavours is: .\1
1

5

1
1. =:?:JO± 60 J\leV. 

; .'.'.> 

('l'o he subrnit.tccl to Physlcs Letter~ B) 



11 

P. A breu 20 . \\. .A.da111' f .A.clyc·-::;'. E .. A..gasi -~o, R .. ·\lEJ.;san:-:". (;. f) __ ·\lckseev 14 . A .. _.\ lgeri 1 ~-. P.A.llen-18 . S .. .\hnelicd 20 

S . .J.A,h·s,·aag·1 . l!._.'\rnaldí', . .\.A.ndrcazz.a1'. P .. ·\ntihn;us24
• \\-_I) Apel 1 s. H.J .. ·\psi1non' Y .. ·\rnoucl·:·i_ 

B._:\>'rnan 15
. J E .. \tigustin 1

'", :\ .:-\u¡:,ustinus·,·.u_ r:i.8aillon' P.l3nrnlJaclE,1s_ F·.J3arao 20
• R.Barate 12

. (~.Barbiellini 4 '. 

D.'t-.Bardin 14
, c;.J.Barker~· 1 , ;\.Baroncelli.11

. O.Barring7 J.:\.Barrio1
··, \.V.R;-utl~º. ~\L.J.Ra!c1'~ 7 . f\·Ll3al.t.aglia 10

·, 

:l\Lllau hillicr22 • 1-.:-1-I. Rccks·~ (_'.J. Beeston -: 4 . f\ 1. Begalli.'1' P.Rcilliere{., )'u. Rclokop~'tOY 4 :-·., P.Beltran'.J. 

D .Benedic"~. .\. (' .Benvenutis. I\LBerggren 1 8
, D .Bertrand-". F.Bianchi 4 !~, l\J.S.Bilenk~· 14 

, P.Billoir22 . .] . Bjarne 2 ~· . 

. D.Bloch8 . S.Bl~·th:··· 4 . \:.Bocci ··,~, .P.N .Rogolubo\· 14 . l'.Rolognese:·:'J. l\J.Ronesini 27 \'V.BoniYent.o 27
. P.S.L.Bootb 21

. 

(; .BoJ"i;;o,·4 s. ll.DonHT C~.Dosio·11 . B. Bostjancic·1·1 . S. Bos\\·orth:' 4 O. Botner4
1'. B.Bouqnet 18 . (' .Bourda.rios 1 

¡¡,, 

'l.J .V .Bowcock" . i\l .Bozzo" , S. Braibant2 P. llcand1ini" , !\.D. Brand' - R. A. Brenner', H. Bríand'', 

'.Bricrnan 2
, R. C .1\. Bro,vn N .llru tn n1<2r00 . J-i\1. Brunet. 6

, L. Buggcc . .?. T .13urall·' 2 . H.Burrnci~l er7 . 

. A.?d.A ... Buyt.acr!.' 1\f.('arr·i;-1' f\.J.(:ah:i 27 .\.J.C'a1nacho J~oza;; 42 . R.C'an1pio11
21

, T.C'a1npor·c;;i 7. \".C'anak/ 11
. 

F. ('ao2
. F. C'arTna' L. ( 'arrol1 21 . rvr. \/.('astillo (iin1enez4'' A .. c:at t ai 7 , F .R. c:a,·allo 5

, L,_(:errit.o38
, \'. ( 'habaLKl 7 . 

. \. c:han 1. I\I. c:hnpkin 4 "°·, Ph. C'harpent.ier7, L. C~haussa:·cl 18 . J. (:bauveau 22
, P. <J1ecchia ~ ~, c.;._.\. C~ltelko,· 1 1

. 

T_ .('lH:·vctlil"r'·9 . P.C'·hliapn.1koY 4 ~. . V. C'horo\Ylcz22 . .J .'f .1\f. ('hrin49 . P. Collinr--·' 4 . .J .L. Cont.nTas ?.:. . l LC'un! ri 11 . 

l ,. ('ortina ~'1 • (;. C'os1ne 18 . F. C'ouchot. 18 . H. B. c:ravde\· 1 
. D. C~rennelr C~. C~rosetti 11 

• \l. ('rozon~·. 
J. (\1eYaS .~] ac~t ro'~ s. C'zt::.:11ar1 ~.. L.DahJ-.JpnsPn 28

' B.Dalinrigne 1 '~ . l\.1.Da1n ~· 2 ' e: .. Ua1ngaarcl 28 . e: .Darbo11 
. 

L.Daubie 2
• ..\ •. Uau111 1 5. P. U.Daunccy?. 4

. l\1.Davenpor·t.' P.J)avid22
, J .T)a,·ies'-" 1

• \\· .1)a Sih·a22 ('.Dcfolx1
". 

P.Delpierre('. :.'-J.Dcnraria4
( .. f\.D(' Angeli:=.47 , I-T.Dc Boeck~ \Y.l)e Boer 1 ~. C'.De C'lcn:q2. \LD.l\1.Dc Fez Laso40

. 

"\'.De c;roo1:~º. ( .f)e La \'a.issiere22 . t1.Dc Lotto4'. A .De "l\Jin27 . J J J)"1)k~l.ra' L . .JJi < :iaccio 
0

.1\ J .Doll Jcau6 . 

. \l. Donszehnan11' J\". Do robas 1 
. f\ l. Dracos' .J .l)r·cc." ~ 2 . \Lf)ris .: 1 

• 1·. Dnfour'. l<Dupont 12 . D .E.dsall1 
. T..-0 .Eek4

,q. 

P. A ... -11.:t~crola' lLEhrct 15 , ·r .Lkelo11°". (_~ .. Ekspo1¡¡~,"· ·:;, .~\ E.Jliot Peic>ert ss. .J-P.E.Ilgel8 . T\ .Ershaidat 22 . 

D .Fa~~ouJiotü."='·l . ]\ r. Fcindt T' ]\J. rcrnandez .'1. lon,..042 . A ... Ferrer4
'', T. ,\_f'iLippas. l ;\.F'irE-"stone1 . H .f oeth7 

F. Fokitis"~ 1 
. F. Fout anelli 1 1 

' J\" A. J..Forbes 2 
J. .l-L. Fóusset ll;' s. Frcu1con24 ' 11.Fr·anck'O'i P.l·"reHkicl6 ' D. c~ .. Frie;.. IS' 

:1..(;_Frodeseu 4 
.. H.Fruln,·irthso .. F.Fulcla-Quenzer 1

1'. l\".Furnival 21 . H.Fun;;tenau 1
c' • .T.Fust.er' Ü.(~a1nba46 • 

C'. C:arcia .. 1'.'. ,T. C~arcia 42
. C'. e; aspar', lT. C;ar--pa.rnü Ph.C;a,·illct 7 . .E.0!. c;azis ?.i. l-P. (;erbt'r"'. L. (;erd~·u k¡n·'1 ·~·, 

P. (;iacon1 elli H. C;okielis 1 
, D. C:olob44

, V .l\J. c;olo\·at.yuk 14 
. .J. J. C~ornez. Y C. 'ade1 in< (;. c;opar· -:'\,J. C~orsk(' 1 , 

\ . c;racco 1 1 
• ;\. C~ rant'. F. C~rard2 

•. E. ( ~razianiº1 1 . <_;. c:roscl idiE-"r 13 . E .. (;ros~', P. c;rosse- \'Viec;1nann 7. B. ( ~ros~etete22 , 

.J. (;11~· . l: .llaedinger1 ~. 1".J-f ali11t-2
. rv1.llah11 LS. S.Haider-'·íl. :\. H akansson 2·'. .\. Hallgre114

R' T\". Ha1nachtT52 ' 

e;. Harnel l)c \ T onchenault'~ 8 . \V. Hao:·~o. F . .T. Harris·'- 4
• \ •. H('dberg2 ~.. T .1-T cnki::-s'. .J .J. J-lcrnauclez 4

::i, P. l-Tcrquet 2 • 

1-Llleri' 1-.L.l·lt'.'-:--Íng21
• 1.l-liet.ancn 1·='·, C'.().Jlis,gi11~21 • E . .lligon48 . }I.J.}Jilke" S.D.Hodgsor/"1

, T.}lofrnokl 5
l, 

n .Hol1ne.s 1. :-..;-(). Huln1gren·1 ~·' D.Holthuiz<'n 2'º. P.F'.I-fonorcG. J. E .. Hoopcr28
• "l\J.Houlde11'2 

\' J .HrubecSll. ]\" .Huet.2. 

11 . () .llultl1 4
'·. I\". Hult.qvjs1 4 -~. P. loannou: P-.S.l versen·1 

, .J. N. Jackson 21 . P.J alacha 1''. c;.J arlskog2
:: P . .T arr_,.--~ 

1{ . .J("an-1\ 1arie 1 
g - E. J\" . .T obansSOJI 4 ~' D. J ohnsori2 

l' \l. J onker'. L . .T onsson2 '·~' P. J uillot. 8
. e; .l\"alka11is"

0

'. e; .l\"al ltllJS ·. 

F.l\"apust.a12
. \l J-\arls:-.on· E.l\.ar,·ela~s·. S.l-\atsaHc\·a;..~ E.C.'.J\"¡tt,..oufis'· 1

. n.T\"cranen'. J.T\"c~te1nan2 , 

B .. "\ .1\. !ion1t'nko 14 . '.\. J\-.J\.ltovan.ski 14 
. B .I\:ing21 , !\~. J .J\:jaer ~. Il .1-\ Ir· in' A._.I-\Jo,·ni 11g'1. P.I-\luit.".u. :\. T\" och-I\ l ch ri11·' 2 , 

.J. l·I .1\. ochne 1 s 13. [\"oene'·'·L'. P.I\"okkinias"' . ~·l .I\"or·nt.z.inos··:J .A.\ .. l\"oryto'' 1 4
. \-. T\"o.st.ioukb.iüc·1·' . '. T\"ourkou1ncli;; 

0 

(). l\.011z11etso,· 1 
·
1

. P. H .l-\rarucr52
. .J .l\.roliko\vc>ki 51 . l .l\.ronkYi;;t 2 : LT .I\" nicner- i\larqLLir-- 52 . \V .l\.rupin;;ki lb • 

T\" .l\. ulka 4g. l"\ .1\ 1.u·yiJ1et1 1 
• T.l\: uf:hnaul J.',. (' .Lacasta ~'..l. (' .La1nbropou lo~8 . J.\'\·' .Lanr~a 1 

. L.Lanceri 47 . \:. Lapin4' 

J- P. Létugier -:'I. H. l ,auhakangas r:o. . (~ .Leder'SD' F .L~:clroit 12 . JL l ,ci1.rH:r28 . \ . LPtnoigne':'.'.,1 ... J.Lrcn101u1e2 • e: Len zen 52 . 

\ · .Lepclt icr 1 8 . 1·.Le<:iak l l·. J.:d.LeY_\.1:1. E.Lieb'32
. D. Liko 150

. J.Lin<lgrcr1J :~ R.Lindner:.J. A..Lipniackac;i . I.Lippiº.s. 

JJ.Locr;;1 ad 20·. \ 1.LRI..::ajicek 1 0
. .J.(~ .Loken ·:: 4 . A_.Lopcz- Fernandez'. l\l..A. l .opez :.\.¡<;ucra·'l.?, i\J .Los-"0

. D. l .oukas~· . 

.J . .J. Loznno ~ 8 . .P.Lut.zt~. L.Lyons3
'
1

, (i. l\'.laehlun1 ~ 2 , J. "l\laillarcl(;. .A.\ T nio20
. A ... ~\lal !.cho~'-', F .1\landl5º. J .l'darco 42 , 

)..l._\largon ¡-::-~. J-C'. \T ario'. .'1..l\1arkou8 . T ._\1arons2, S.:r'v1arti 48 . L.l\Jat.his 1 , l,. .J\'f at orras·12 . C'. \·Tat.l.euz.zi27 , 

CiJviatthia,t•'-8
, rd .. :vlazzucat.o~ 5 . 1\:1..\'fc C:ubbin21 . JiJdc T\:ay1

. 1Lf\lc :"Ju1ty21 . C.~.~1cola 11 . C'.l\1eroni2' 

\,V .T .\le~·er 1 
, 1\.f. l\'.IicheloLt.o:os, 1Jv1ikulcc·0·0 

, L.I\.lirabit.02
·
1 

. \'V .,'\.f\1iLar·off'50 . e;.\: ... \'1itr--chnakher1 
·
1 

. 

l~.i\Jjoer11111ark 2 ·=-. 1'.l"v1oa 15
, R.I\·íoeller28

, l\".\·loenig' \LR.l\fongc 11 
.. P.\Iore!.t.ini 11 . H.l\1ut'ller15 , \.'V . .J.J\1urra'('·'. 

B .f\lur.\·n 16 . e: l\lyal t -~· 1 • F.L.Na\·arrin5
. p_~\jegri 27 , R .:"Jicolaidot/' R .S.:-Jielsen2

1'-. B. Nijjhar21 . \.- .I\ikolaenko 4 -: 

P.E. S .I\il,..eu 4. P.Niss 4c,. A .::Jon1erotski.o.c \'. Obrazt <:o\··L~ ,~\.e;. OJslH·\·!;ki 14 . lL OravaJ ·'·. A .. Ostank¡n· 1 ~ .. 

l\".Osterberg 1 :·~ :\.Ouraou:,:8 . ":\l.Paganoni 2'. R.Pain22
, 1J.I\tlka16 , Th.D.Papadopoulou': 1

. L.Papc7
, f' . .Parodi 11

. 

A .. Pasc.cri41 , f\.1.Pegoraro"3·s, J.Penuanen1 ~ .. L.Pernlta?.0 . H.Perneggerso, ~\lPernicka"'º .. 1\.Perrotta''. (;.Petridou4
'. 

A .. Pclrolini 11 , L.Pctrovykh4 '~. F.Pierre·'-'=', l\'f.Pi1nent.a20
, O.Pingot.2. S.Pla:"7,("/.ynski 18 . ().Podobr·iu 1s J\l.L .. .PolJ<, 

c-:;.Polok 1 
f,, P.Poropat 47 , \:_Pozdu.iako,· 11 , P.Privitera1

.:i. A .... Pullia2
'. D.Rado.iicic·'· 4

• S.Ragazzi2'. 1l.1-labrnani·'· 1
, 

P.N .Ra.toff18 , c'.\.L.Reacf 2
. P.R.ehecchi7 .K .(;.Redaelli2', 0.LRegler·50 , D.Hcid'. P.B.llenton:'. 4

. L.T\:.Resvanis'' 

1~.R.ichard 18 . ~I.Richardson21 
. .J .Ridky 10 . c;.R.inaudo46 . J.l{oclit.i 1 ' ,~\.Ro1nero4 t~. l .Roncaf!;liolo 11

. P.Ronchese2
·
5

. 

('..R.onnq\·-1i,;l 1:'. E .. l .Ro~enber~ 1 . S.Rossi'. r~ .. Ro~!co' P.!{011dcéJu1
'
3

. 'T.Ho,·clli 5
, \\-.Ruckstuhf·0

. 

\' .1{uhln1ann-I-\1eicler?.9 , A .. Ruiz.42
. J\".Rybicki )(;, H .Saarikko 1 ·=~, 'l .Sacquin::.::i. e: Sajot 12 . .l .Salt 18 , J .Sanchcz2·5. 

\'1.Sannino 1140 . S.Schael', H.Schneider 1s. i\f./\.F .. Schynss 2
. C~.Sciolla.46 , F.Sc1n·i 17 . _,.\_\·LSegar·'.~, A.Scit.z 1 ·~, 

R '-;ek11l111 \'l.Se,;;;a.17
. G.Sett.e 11

. R.Seufert. 1
' F:.(~_Shellarcf\C,. l.Siccaina::.o. f-J.Siegric>1:38 , S.Si1nonetti 11

. 



111 

F.Sirnonetto'~ 5 , :\.N Sisakian 14
. c;.SkjeYling--='· 2

. c:.Srnndjcl~ 8 - 24 . ().S111irn0Ya
14

. (;.n.Srnii.lC R Sosno'v"ki'' 1 . 

1) ,c..;ouza-Sant-os :0 f _,c.;_ Spa":--ofT12
, E. Spirit.i 4 1 S.Squarci'a 1 1 

• H. Staeck c, 2
. ('.St anescu 4 1 

, .c..:.::.;tapnes ' 2
• 

(~ St.a\TOpoulo:o,?_ t.Stichelbaut:'. :\.Stocchi18 , J Strau::.:-:.-'0 . J.StraYer' J-LStr11h8 . D.Stugu4 . I\'f Szcz.eko\\·ski 

1.LSzept.ycka·~ 1 . P.Sz~·1nanskis 1. 'T'. Taharelli 27 . O.I'chikilc,-4 :~ (~ E.'rhcodosiou 9 .• A... f'ilquin 26 . J .·T·ün1nern1an"'~-O. 
\' .(~_Ti1nofeev 14 . L.C:.-Tl::a!.chc,- 1 

·i. T.'rodoro\·13 . D.Z.Toet''.D. o.-T'oker 1?.. B.-fornv 20 . E .. 1.'orassa4c. L.Tortora41 , 

D.1reillc' l 1.Tre,·isaH 11 . \V. rri:--chuk7 C~.1-'ri::;.trarnr'_ < T1oncon 2 - ,\.T'sirou, l·: .. ?\J.TsyganoY 11 , J\'1.cfurala 1c. 

l\-1-L. T11rluer·'· 9
, ·~r-. Tltu\·a 12 T. . .\. ·y·yapkin22

. \·T. Tyrdel :¡ S. 'Tzan1arias 21 
, S. lTcherschaer·-'2 . O. l-llaland 

\.".(Tv;1.roY 4 ·~ (~_Valenti 15 . E.\"allazz.a46 , J./\.\."all-. Fe1Ter411
, c:.\"ander \/eldc 2 . (~.\.V.\'an A .. pcldoorn'·º. 

P. \.:nn Da1n :.o. f\l. \can Dcr Hei.idei/· 0
• \V .J\:. \:an Doninck 2

, P.\ "az'. (;. Vegni 27
. L. \-'ent.lu·a-'·s, \·V. \'enu:/". 

F.\"erbeure2
. I\T.\.-erlat.0~'

7

', L.S.\:ertogradoY 14
. D.\.-iL:tnoYa.08

. P.\.-incent 24
, L.\:-it.ale 1 ·~ E.\:laso\: 4

-' 

.\ S \:odop~:ano\· 1 4 l\ L \"olhner'=.-2 . ~\.J. Votit ilainen \C .• \ • \'rba ..¡ 1 . fl. \·\·"ahlen Sl. (_'. \,Valck·J 5 . T'. \.Vaidncr47 . T\·T. \·Vaync 1 . 

.:\.\Vel1r~ 2 . i\l.\Yeicrstall 52
. P.\Veilha1urncT', J \Yerner·~ 2 . c\.I\J.\Vetherell' J.H.\Vickens 2

• C~.R.\ .. Vilkinson·'.-t, 

\:V .S. e·. \'Villiarns ~ ... ¡ . \[. \Vint.er8 , f\I. \Vi Lck 16 . (;. \'Vorn1ser 18 . l\. \'Voschnagg-18 . N. Yan1dag11i 4 5 . P.'{epes' 

A .. Zait.se\··1 º .:\.ZalE""':'d,;:a 1r'. P.Zalr'\v:-;kiJs. D.Zavrt.anik44
. F,./;eygolatako::.'.l. C~.Zhatlf!:~ 1 . :\'.l.Zin1in 1 ·~. :\1.Zit.o"'.'.J. 

]-{. /,11hE-ri
3

_,. R.ZukanoYicli Fünchalt~. (~ .Zumerle'35
, J. Zuniga 48 

1 Allit's Laboratory and Df:'partn1t'11l ur Physics. Tnwa St.;_-d.t' (_lniversit:-·. Anit's L\ :)001 l. T:~;,--\ 
:<Ph:-·sics DC'part.rnenl. llniv. Tnstelling A .. ntwerpen. llniversitC'itspleill 1. B-2610 \Yilrijk, Rr>lginn1 
and JlHE. l_-LR-Vl'B. Pleinlaan 2. 8-Jo.;o Brussels. Belgiun1 
and faculté de-, Sciencr>s. liniv. de !"Et.al 1\:lnns. Av. :'>:Iaist.riau 19. R-1000 \lons. Belgiun1 
Phvsics Laborat.orv. l:niversitv of A.t.heus. Snlnnns Str. lü--1. GR-10(1;';() A.t.hcns. C~reece 

4 DC'])artruent. ()f Ph;·sics. l_ínivc.rsit.y o!' Bergen. Allégat.en 55. N-SOO/ Bcrgen .. \Joi-wa:-· 
5 l)iparti1n(:'nto di Fisica, l_iniversit·;\ di Bologna a.JJd INF\. \'ia lrnC'rio ---16. l-1012G Bolog,na. ltaly 
6 C'ollf::ge de France. Lab. dC' l'hysique C:orpns1nlair1;, lf\2P3-C>JRS. F-7.-)2:31 Paris C<7dex U:), Frauce 
7 CEHI\. C:H-1211 C~enr>va 23. SwitzC'rland 
8 C.eut.rf' de Recherche Nucléaire, IN2P:i - C'NH.5/1-'LP - BP20, F-(-';/U:31 St.rasbourg Cedi;x. Francte 
S·lnslit.ulP of Nuclear Phvsics. :\.C'.S.R. Den1okrit.os. P.O. Bnx ()0228. C~R-15:310 At.hens. Gre~'CI-' 

1 ºf'Zl 1• ln".'t. of Physic-s nf the (' .A.S. High Energv Physics Divisiou. \ia Slo\·auce 2, CS-1 SU ·+O. f'raila 8. ('.¡;pchosk>Yakia 
11 Dipartin10rlt.o di Fi.-.ica, t 1niversit3. di (~ell<Jva and TT\FN. Via Dodecanesn ::i:J. l-16146 Gennva, Ttalv 
12 Instilut des SciPncr>s Nucléaires. L\¡2P:3-C:NRS. tlniversilé de CrPnoble l. F-38íl2G C~rC'nul_,Je. Fran,:e 
1'·RPsParch Tnstit.ut.e for High EnPrg:-· Physics. SEFT. Siltavuorenpenger 2U C. SF-001';"0 HPlsinki. fi11land 
11 .Joint lnstitut.P fnr T\uclear Hesearch. Dubna, Head Pnst. ()ffice. P.(). Bnx ';"~l. 101 000 .\lu'>cnw. H11ssiat1 federal ion 
1 s Instit ut fi.ir Expr>rin1entelle l\.ernphysik. l.lnivi;rsitd.t. l(arlsru lir>. Post.fa.ch 6980. D- IGUU h:arJ.,,ruhe J, c;Pnnau.'-
lf· Jligh Energ,y Physics Laboratory. InstitutP nf Nuclear Physio-s. (il. l(awiory 2C a. PL-'.JUU-3'J l\:rakow .10. Poland 
1 'Cent.ro Brasileiro d., Pesquisa-; F;sicas. rna Xavier Sigaud J .;o_ H.J-22290 Rin rk .la111,·iru. Brazil 
18 l l nivPrsit.é d C' Pa1"1s-Sud. Lab. de !" Aceélt·rat.Pur Linéaire. IN 2P:3-C' N R S. Bat 200. F -91 -HF:i Orsav. Francr> 
1"Sehool of Phvsirs and l\lat.crials. t-nivPrsitv of Lancast.t>r. (;B - Lancaster LAl --1\.B. l_;J\: , 
2ºLJP. TST. FC-'l_TL - Av. Elias Carcia. 1--l- - 1"-'. P-lOOÓ Lisboa Codex. Portugal 
21 Dr:part111ent. of Physi<~s. l_íniver"it._v nf Liverpool. P.O. Bnx \ \';", C}B - LivPrpool L69 .JB.\:. ¡·r,;: 
21 LPl\"IlE. L\!2P:.3-C\!RS. lJnivcrsité-. Paris \'J <et \·"II. Tour .1:) (RdC). --l placr> .l11ssicu. f-75252 Parí:-; C'C'<:lcx U':'. Fra1wr> 
2

:0; Departn1Pnt. of f-'l1ysics. l_-nivr>rsit.y of Lund. Si_i]vPgai.an 1---l. S-22:36:3 Lnnd .. Swede11 
14 (_lniversit~ Claudc B(:Tnard de Lyon, ll'NL, I'.'J2P:3-Cí\HS. F-69G22 Villeurban11e C:Pdt-'X. FrancC' 
25 {.lniversidad C'ornplutcnsc. A\·da. Con1pl11t.ensf; s/n. E-280··10 l\·ladrid. Spain 
2(_'Univ. d"Aix - l\la.r·.-.eille TI - CPP .. IT\:LF-':3-CNRS. F-1:3:¿~,s l\lars<:'iile C'r>dc\'. U'.J . .Franre 
:z¡ Dipar!.i1nentn di Fi"-i<.:a. liuiversit.i di i\'Iilano and INF-:\. \"ia Ccl<.>ria J(l. 1-201:3;3 J\'lilan. Italy 
2g Ni el<. Bohr l11sl i l u! e. Blr>gda1nsvej 1 7, DI\::-2100 Cnpcnbag;en O, l)enn1a.rk 
29 1\;C. C\!uclear CC'nt.re ofi\-IFF. Charli;s l_.uiversit-v. Areal i\'lFF. \' Holesnvirkacl1 2. CS-180 llU. Pra.l1é1 8. C::;;echoslovakia 
3º7\Il(HEF-H. Post.bus .+1882. NL-1009 DB An1st,i;rdarn. lhe NPthcrla11ds 
31 ;\-at innal T,,,cJl'iiical l_lniversit:-·. Physics Depa1tn1ent.. Zog;rafou Ca1npus. c;R 151•3 i\t.11ens. Crr>ece 
:-~ 2 Physics Depart.1nenL Uni\'<°'T"Sity of ()-,Jo, Blindr>rn. T\-1000 Uslo ."3, Norway 
·o:º.Dpt.o. fi.sica. Cuiv. Uviedn, C'/P.Jin1c11e¿; Casas. S/N-:3:3006 Oviedo. Spain 
34 [)ppartn1f:'nt of Physics, l."nivr>rsity of Oxford, l(eblP Road. ()xford OXJ ."3RH. l_TI\:. 
-' 5 J)ipartiment.o di Fisica, l_íni\·ersit;\ di Padova and li\FN, \"ia l'darzolo 8. J-3.Sl31 Padua, l!alv 
·~ 6 Depto. de Fisir:a. Pontificia l_iniv. Gatólica, C.P .. 38011 R.l-22-IS;::\ TI.io de .JanPiro. Brazil . 
'-: 7 Rutherfnrd Appleton Laborat.nry. C'hilt.on. C~B - Didcnt OXll (_)QX, TJJ\: 
:.:;,'!> Dipart.in1entn di Fisica. L'niversit.i di Hnn1a II aud 1).!Fl\. Tnr \'<·r!!;at.a, I-0017:'1 Flornc. Jlal:-­
·'·'~Cent.re d"Etude de Sacia:-·. DST\I/L).:\PNTA. F-91.l'Jl C~if-sur-YvPtt~ CC'dc:x. FranrP 
4ºDipartirnC'nto di Fisira-l.Tniv<'rsit:i di Salernn. T-8--1100 Salerno. Italv 
·Jl .l-.t i1.utn SupPrinre di Sauil;\. Is!. T\az. di :fisica .f\;ucl. (T>JF>J). \"iale RF:gina Elena 299, 1-001()1 Ron1e. lt.al:'--
12 C' .E.A.F .J\:f. C'.S.T.C. - Uuiv. Cantabria. Avda. los Castros. S/N<?·900G Santander. Spa.iu 
4':Tnst. for High Energ:-· Ph:-·sics. Serpukuw P.O. Bnx 3.-). Protvino. (i\'los<:ow .Hegion). Russiun Federation 
-1-1 J. Stefan Tnstit.ute and Departn1ent of Physics. lJniversity of Ljubljana. ,J a1nova ;39_ Sl-(; 1 UUU Lj ublja11a. Slnvenia 
4

·' Tnstit.ute of Pliysics. l ;nivf:'rsity of StockhnlnJ. \'anadisvi.-igen 9. S- 113 46 St.ockhnhn. Swede11 
46 Dipartin1ento di Fisica Sperin1entale. l_'uiversit-;\ di Torino a.11d l,\.!FN. \"ia. P. C~iuria L. T-10125 Tucin. lt.aly 
41 J)iparti1nento di física. l lnivf~rsit.Zt di Triesle and Il\FN. \'ia • .\. Valerio :2, J-'.34127 lriest.P. Italv 

and Istitut.o di Fi:-;ir:a. l_inivi;rsit3. di l idine. I-:33100 l_'di11e. l!-ah· · 
4 1>Departnlcnt. of Hadiat.ion Scienci;s. \_lniver,sit.y nf l_Tppsala. l'.(J'. Bux ~i:J:s. S-l:Sl 21 \_lppsala. SwC'dt"n 
48 1.FIC'. Valeno·ia-CSJC'. and D.F.A.:\-f.N .. 1). di; Valencia .. ·\vda. Dr. 1\loli11er .30. F---H::ilUU l::hujas.-..,l (\';·-i.leníia). Spair1 
00 Tnstitut. für Hochenr>rgi<:'ph:-·sik. Üst.err. Akad. d. \Yiss<:nsch .. T\ikolsdorfrrgas-,(:' 18, .·\-Jo.-,() Vi<'1i11a .. :-\ustria 
51 Inst. J\u,~lC'ar Studies and (inivt:rsit\· of VVarsaw. Ul. Boza 6'.J. PL-UOGSI \Yar,.,aw .. f'o!and 
52 FachlJereid1 Ph:-·sik. r_; nivi;rsit.y uf \\~-uppertal. Post.fad1 100 l 2•. D-:J(~UU \Yuppert.al J . Crrina11y 



l 

1 Introduction 

Hétdro11 1.n·ocluction i11 r+c·- a.11ni1ii1a1ion 011g111atf's frorn tbe pro<Jl1ctio11 of c111(-1r]..;_­
antic¡uark pairs. which can radiafr glnons. tlw quaHla of tlw fiPld t lwon of the strong 
interactions. Quant11n1 ChromoD>·namics (QC'D). Gluon radiation cle¡wmb logarithmi­
célll\ on t.lie ce11tre of 111nss eJ1ergy d11e to Lbe ii1cr('asing i)hase ::->]Ja.ce \Yith increa.si11g 

rnergv aud tite energy clqwndence of lhe running rnupling rn11sta11t of QCD. Thc-'"" ef­
fects lead to variations of the rnomentnm sprctra of tlw procluced hadrous as a function 
of the centre of mass energv, even if the momc1lti1 are scalecl to that energv. Tliese scaling 
vi<>L--11..lous can_ 1Je tlsecl to det('r111i11c t.ltc strong cou_pJjng constant Cl 8 • 

For examplc. tlw sndiug violation in deep inclastic lept.011-nucleon scattcring leads to 
n,(:\!z) = 0.112 ± 0.005 [1-:l]. This is sonwwhat lmwr than. bnt 11ot in disagreemcnt 
\Yith. nÓ> rnca.sure1llt_'11L::; a.t t]1f' Zº n1ass fro1n sha.1Je Ya.rialJles, jet r<it('s <-l.1td total cross 

sectio11s as 111casurccl al. 1.}1P elect.ro11-positron storagc ring T_,EP[~-,0). 

tíntil now n, has not been clf'terrnincd from scaling violations in,+,- annihilation, 
si11ce tl1is re(1ttires lJrf'cis(' data a1 t \YO \'ery diíi'erent enC'rgies to ol)serYe a. significa11t. 

sc<Jling 1·iola.tiou. Data collPctcd at tlw PEP aml PETRA storagc rings 1Yere onlv prc­
cisP at e11Prgies a.rouncl JS = :30 (;e\ .. [G-8] ancl tl1e sca.li11g \·iola.tio11 \Yas onl:v obscr\'ccl 

qua.lita tin·lv[9]. 
In this paper we presPJÜ data of tite ii1clusive haclron spPctra, as rneasurecl with thc 

DELPHI ddect.or[lO] at LEP all(I prcseut die first o, cletPrmination from the scaling 
violations iu !he fragnwntation fonctiou by combining thc data at LEP with clat<J frorn 
the PEP. PETRA aml TRISTA:\ storagc rings. The sc¡uared fonr-1n011wHtum transfrr 
from t.he incoming lrptous to outgoing badrons studied here is two ordcrs of Jnagnitude 
largcr than tlie ones stuclied in dcrp inelastic scattering. tln1' m·oiding regions where 
Hon-pert11rbatiw dfecls noticeal)lv infhwnce tite results. On the other han d. in ,+ ,­
c-11111il1iL1tion 011e l1as to ('()llll)ine (la.ta. fro111 cliffcreJJ1 PX]>erin1ents a.t cliffcr('ll1 energies a11cl 

stucl)'- thc ('ff('c1. or t.l1e \:ary·i11g (JUC1.rk íla\-our C0111jJOsition cluc to 1.he Zº-resonanc('. ;\s 
will be sl10w11, thrsc are not clominant nnrrrtainties (see also Hcf. [11]). 

2 Determination of the Fragmentation Function 

Thr inclusive procluction of charged liadrons in the rraction ,+,- -) /¡+X can be 
clescribecl by 1\vo1..:_iuen.1a.t.ic \·ar_iables. c¿ 2 aJJcl :r, \.\·L1ere C"j 2 is clf'fíncd a0 t.he square of th(' 
fo11r-rno11wulll111 transforrC'd from !he leplous to tlw hadrons aud :x is lhe fraction of the 
bf'ii.lll rncrgv E1v:rn• carried b\· tllC' hadro11 h. In,+,- annihilation Q' equals .s, the total 
centre of 111ass e11ergy sc1uarf'd. 

Tlw fragmentation fu11ctio11 D(.c. Q 2 ) is cLirectly relatcd to tlw scaled hadron monw11-
turn distribution: 

( 1 ) 

where J 1 is tlw total cross scction ancl D(:r, Q 2
) is the surn of fnigmentation functio11s 

D;(.r. Q2
) owT ali five llavours. Pach having a weighl TF,(Q 2 ) givcn bv the electrowcilk 

theory. 
The DF:Ll'HI data were collectPd dming 1991 at energies near the 7° peak. Multi­

haclronic events were sclrctccl according to the criteria givc11 in Hef.[12]. The selcction 
rec¡uired that thcrr wrre a( leas( G chargecl partirles with rnomeuta above 0.2 Gr\'jc anda 



track kngth in tlw detector of at lcast '~JO cm. tbat tlie total cnerg_,. of the chargecl particles 
excecckd l!í C:eV (pion ma" assurncd). that thc forwarcl aJl(l backward liernispherc 1\'it\1 
rcs¡wci lo the bcarn axis each containecl a total euergv of charged parl icles largc'!' tha.u 
:J Ge V. ancl tlrnt tlw polar angle of the sphericitv axis w<ts lieh\'een -1ll" ancl 140''. In 
addition tlw ntomenttJm irnlmlance was n·stricted by requiring thal the ahsolute sum of 
thc three-mornPnta of charged p<trticles was kss than 20 Ge V/e. 

After tlwsc selection criteria, 1S6/l 4 cwuts at a mean centre of rnass energy of 91.2 
CieV 1w·rc kepl. The background cltJc to beam-gas scattering ami ·n-intcractious was less 
1.han 0.1 % ;i11cl T+T- cven!N rnntribtJtccl 0.2'/c. to the selected sarnple . 

. T·l1P sca.lecl itl('llt~ive i110111ent111l1 ~1Jectru111 \Va~ obtainf'd lJ_\' correcti1tg tl1e :r clistril)ll­

tiou of ali charged particles for initia1 statr.' racliation. particle dccavs. detector eITects. 
a11cl se]Pctiou Cllts. ln principle ,r is tl1r fra.ctio11 of tl1P l)ea111 rnergy E'buun carriecl lJy 
tire haclron h. i.e. ".=E;,/ Rb,cm• lmt instcacl of E;, tlw ruomenturn ¡1¡, was used. This 
\Ya~ ex1)Pri_n1e11ta.lly bet.t.er n1easl1red a.11d pro\·idcd tl1e sa111e :-;cd.li11g violatio11 i_nfor111a.tio11. 

Tlw corrections were obtained from a cletailed 1\Ionte Cario sirnulatiou of the detector 
aftn geuerating thc hadrouic Zº decays 1Yith thc :'donte Cario program frorn the Lund 
group[J:3]. IIigher orrlcr iuilial state hrcmsslrahlung radiation was implemcnterl by tJsing 
the D"Yi\HT:3 program[14]. Tite correctccl data 1verc oh1ainecl by rtt11ltiplying tl1P data in 
ea ch bin of a h istogra111 by a correction factor ddiued as 

Vli! 
r(i) - ~ :¡tn 

~ yl'!' 
~ Sl/11 

( :z) 

whcrP X,j;'., are tlw coul.ents of tlw histograrn bi11 i at thc geuerator lc\'d 11·itout initial 

slate radiatiou, ancl ,v;;;,, nfler initial state racliation aml detector simulation. ,-\ll priman· 
p<trticles 11·ith a Lifrtime larger than :J-10- 10 s were assurnecl to be st;i.ble al tlw genera.Lar 
leve!. i.c. tl1Py were inclnded in .Vj;'.,. aml al! tlwsc-· with a shor1er mean life (inclucling 
¡;~·s ancl .\"s) were allowecl to decay a.s part of tlw siurnlation process. Tlrns the corrccterl 
clistributions include tbe contributions of these sbort-livecl particles. as was the practicc 
in cx1)eri111ent.~ at lo\ver energi('s. Ea.cl1 hist.ogra.111 \Ya.s nor111a.lized to tl1e tot<l.l 11l11111Jer of 

events. Tite correctccl clis1ribution is sirnph·: 

Tlre corrections ,·ariecl smooihl_,. ancl wcrc less than :j:')'/c, for .r below O.~ (scc Fig. la). 
Onl>' this ran-g:e was usccl Cor the comparis011 with QCD in the rw~t section. Thc correction 
f<tctors devjatecl fron1 or1e due to acce1Jta11ce losses a11d n1orne11tl1111 111ca.sure1r1ent errors. 

For larger .r vah1cs t he momentnm rneasurenwnt errors clominatecl amL together with 
thc steeply falling spectrum. causPd a smear.1ng towards higher rnomenta. resulting in " 
correctioH factor of 0.·1 near .r=l. Thc corrected s¡wcl.nrm a.ne\ tlms the fragrnentation 
function was obtainecl from tlw total numlwr of events :\1 aml the corrcct.ecl event nurnbers 
.YJ~!.,. for each .r value: 

- l d.Vl'I 
D(.r. C/ 2 ) = -. . ,,,,,.,. 

;\ 1 ciT 
- l d" ,+ - • 
= --

1
. (e f --+h + .\ ). 

(J¡ { .t 
(4) 

ThP corrected spectrnrn is clisplavecl in Fig. lb aucl tabulatcd iu Tablf' l together with 
thc st'1tistica1 and svsternatic uncertainties. 

~I.l1e S)·'Ste111a.tic u11certai11ties \VPre 1Jeter111i11ed b~.- \'a.ryi11g tl1e sf'l<'ction crjteria ;;ind 
bv· using clifferent 'dontc Cario simulations. The l<trgcs( uncert<tintv in the corrcciiou 
factor is co1111ectecl 11·ith thc uucertaintv· in 1 lie chargecl nrnlliplicitv: tlw integral of tite 



., 
•.> 

.r distribulion is <>qm1l to the total charged mult.iplicitY. sincE' eacli eyent has :Yd, Pn­
(ries. so a svslematic E'nor in the rnultiplicitv after detector sinrnlation translales into 
an 1111certai11t~, on tite 11or111alisfitio11 of thr :t dis1ril)ution. \··a.ryi11g thr cu1.s, es1)eciall.\· 
changing tlw mininrnu1 number of cku-ged particlcs from 5 to 6 and varying tite cut on 
tlie sphericitv axis betWC'C'll :J()" and 4Y'. drnnged tlw correction factorn bv less thau 10'7( 
of their de,·iation from L i.c. tvpical1'· :J'7r in the internwdiale range. hut up to 10'7r for 
.1· above O.S él!ld .r below O.Oc!. 

In the Lt;J\]) i\Tonte Cario program se\T:·al generators can be used. Par\.ons can lw 
genC'ratecl either with lbe ·'Parton Sl1ower .. algoritlnn or bv using lhe exact O(n, 2 ) QCD 
n1a.trix elf'nlf'TJ.t. T'l1e cliffe-re11ce i11 corrcctiou fa.ctor l)f't\.vee11 tl1ese tYvo 01>tio11s \Yé'IS less 
lhan ] Yr· i11 the interrnedia\.e ,,. rang('. ]'dore cletails cau be found in nef. [l•'i]. 

·rhe rela.ti\'f' S>'Sle111atic uncrrta.irtt>· fron1 tl1e sources i11e11tio11ed al)ove \Ya.e; 

paranwtrised in the followillg wav: 

\( <) . 1 1 1 1 u,,,,,= mo.1·(0.0.J. 0.1 1 - e' ) ( j) 

'l"l1is l;roceclure gi\'es a rela.tive error of at lea.st :JS{ for thc i11Ler111Pdinte ,1_· ra.11ge and 
incrCoSE'S the fTror !lear the C'ndpoiuts. ]t shouJd be notecJ t!Jat tite Sc'Stematic l.ll1Certain­
t,jp_, are correla.tf'd h('t\.\'ee11 thf' hins, si11ce a cha11ge i11 Ll1e self'ctio11 criteria tTlO\'t'(l tl1f' 
correction fr1dors for each bi11 all in tlw sa11w direction. Tlwse correlations 11·ill be taken 
into account in tlw delermination of the strong coupling constaut.. 

•\ signiíicant scaling violation is observed betwcen Lhe DELPl-11 spPCtrurn at 91 CeV 
ami tlw clatd from TASSO[G] ata lowcr centre of mass e!lergy (sec Fig. lhl. 'fote lhat. 
t he errors are smaller than the svmhols for most of the data points on this logarithmic 
plot. In order to show the scaling violation ancl ihe errors more clearh·. tl1e ratio of tlw 
cur\·cs i1l fig. 1 h is slto\Yll in F''ig. 2 .. ,:\s ca.11 he see11. th(' sca.li11g ,·iola.t.io11 ,·aries fro1l1 

+ 40 '7r 1o -:10% for .1· v<Jn-Íng bet\\een 0.01 and 0.1. The clni<Jlion of tlw elata from 
the horizonta.I linc in each .r bin is. to iirst order. proportional to the strong conpling 
constant. so each elata point yielcls au inclepencknt measurenwnl of o,. Ali \alues should 
he cousistf'nt. \Yl1icl1 is a stro11g constrair1t. a.11cl sin1l1lta.i1eous]~.' a cross cbPck. 

In Fig. :l thc DELPHI elata are comparcd wil.h other cxperirnents al lmYer energics[6-
8, 1 G] f'or several :r _i11Lervals. ('lcarl.\·. a.t sn1all :r values thc fra.g111enta.tio11 fl111ction in crea.ses 
about :lü'lr .. while at higli ,r valucs it decreases by rouglil)' tlw same amon1Jt. This is 
C'\edl.1· what is expected: the higher thc nwrgv, tlw more phase sp;icc lwconws ª'ºilab!P 
for gluon r;idiatiou. SincC' the primary quarks losP more energy dne lo racliation. \11is 
depopulates the high .r region. The rncliated gluons tend to po¡rnlate 1he srnall .e region. 
increasiug thc specirum thcre. 

The curves are ihe QCD füs for high C¿2 aucl large .r. 11s will be dcscribed in tlw ne_\\. 
chaptE'r. Clearly all T ranges agrce well with the QCD fits. cven if tl1ev are ex\.rapolated 
to small .r ancl small Cj 2

. The fact lhat all regions can be descrilwcl bv a single value of 
lhe QCD sc11le A'.,'}

5 
provides the cross check mentionE'd above. 
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3 Co1nparison with QCD 

3.1 Theoretical Fra1nework 

Tlw scaling violations in lhe fragmcntalion fonction, clefined by Eq. L are describcd 
bv the coupled iutegro-differential e\•olution cqnations[l i'], wl1id1 can be writteu as: 

(G) 

The splitting fuuctious l', 1 (:) i11 the 2x2 rnatrix are the proliabililies of fincling part.on 
i witlt momentum fracliou: from its paren! parton j 11here i.j = G refers to a gluon 
and i.j = q to a c¡uark .. \íotc tl1al a gluon can split into a quark-antiqnark pair of atl\' 
flavour. hence t he smumation ami t he factor two iu front of P1c. As mentionccl lwfore. 
D represents tlw su1n m·er tlw \\cightecl contribul ion of each ílavour (see Ec¡. 1 ). caclt 
having it~ O\Yll frag111entatio11 fu11ction D;. 

l'lw splitting functions can be obtainccl hv inlegrating tlw exact QCD n1alrix dement. 
In orcln to obtaitt the probabilih oC fincling a haclron \Yitb moment11111 fraction .1·. 011e 
has to integratc P;1 (:) cotwolutcd wit.11 the ¡)robabilii)• D;(.r/:, CJ 2

) tlrnt the parton with 
encrgy frnctiott: fragnwn1s in(o a haclron "·it.11 moment11111 Craction .r. Tlw svmbol 
denotC's a crnwolulion integral: 

1 

i'u(:) :, D(.1,CJ2) = {de P;¡(:). TJ(:_.q2). 
. ·- ·-

( 1) 

Note tl1a.t .r/.: is tl1e fra.cticn1al badro11 enPrg~v, i.c . . r/:.: = ])11/Prr1rton· sinrf' .r = Ph/l!.--:1;F,111i. 

i1.11cl ::; = ¡Jp, 1.1. 1"u/ /~'1_,f'.lni. 01)\·iously. :: has to be larger t.b_an :r. l1Pnce tJ1e lo\ver bo1111d i11 

tlie inte¡:;i-al. 
Thc crnlution equations describe thc Cj2 dependcnce of the fragrneut.ation fnnctio11. 

Their solutions !ta\e not vcl lweu founcl in an anahtical fonn. .\nmerical solutions. 
11 hich acco1111t for seconcl orclc-r corrections to the splitti11g fo11ctions or to tlie anoma­
lous clinw11sio11s han· lweu developed in ReL [18]. ~\llcrnativel». one can integrate tlw 
exacl .sernml orc!Pr QCD matrix el<>rneut clirecth•, 11l1ich has sorne advantages, i1S \\'ill lw 
discusscd li'l.ter. 

In principlE' the fragrnentation of quarks invoh·es an infiuil.P nt1111bE'r of sofl ami 
colli11€'ar g111Q.~1s. He11cc. a. cnt.-off 011 tl1c isolatil>!l of tl1e gluons is ltsed in orcler to de­
cide whether a gl11rn1 should be part of tite quark frngrnentation or if it shoulcl fragrnc11t 
imlepemlently. In thc latter case it contribut.es to De; iuslead of !),. 

A,; a cut-off. the rninirnmn im·ariant mass betw<ecn quark.s a.ncl gluons \\'as required to 
lw a.bove 9.1 C:eV/c2

. This cut presents an arbitrary df'fiuilion of c¡uarks ami gluons. but 
it has to bc rnacle in any analysi,; oí the sca.ling violations. lt was variecl in order Lo slucly 

it.s effect on tlw delennination of .\~~ 1., .. as will be cliscussccl in tlte section on s_vslernat.c 
errors. 

Suclt a._u ir1varia11t n1as~ Cllt selects a cert.ai_n part. of j)l1a.se s11are. \vb __ icl1 ''aries \vith 
energy, as showu itt Fig. 4. Here !he encrgy fractions ,,., = Eq/ Ebmn of lioth quarks in 
seconcl orcler QCD were plottcd a.gaiust each otlwr at centre of rna.ss energics of :35 aml 
91 GeV. The 2-jel events are locatcd at .r 1 = .r 2 = 1 ancl the '.3- aml 4-jet events more 
towarcls lhe centre. One clearh obscnes the strong increase in plrnse space for the events 
3\Yél.). frOl11 1 ]J(-" 2-jet region. rJ'\¡e _i11\·a.ria11t lll<tSS CUt 

y= JI,2/s = l - r¡. 



,,-herc .'11;.1 are t he iuvariant rnasscs 1JPt\Yeen dllV pair of par\ons aucl .rk are the fractiona1 
qlta.rk energies. elirni11a.tes Lbe soft a.i1cl collin('ar gluo11s in tl1e rcgio11s 1 ~ .?'¡,. < JI/¡/·c; = 

O.OG7G(O.Ol) for lite centre of rnasss energies of :Fi (91) C:eV. Tite cliffcrence in phase 
s1Ja.cf' hcl\Yee11 th<'se e11ergies in crea.ses tl1f' r¡q(; eros~ s<"ct.io11 \Vit.h a. givf'n ·l1a.rclnrss · of 
1l1e glnon, i.e. with a gi,·ell invarianl rnass cut. bv a factor four: tlw :).jet ratc varies from 
:20% to 80%, as sliown (for a coustant value of o, of 0.1:21) hv the salid liue iD Fig. !) . 

In additiou to thc Q 2 dependc11ce of the phase space, oue has lo consider the CJ 2 

depcucleuce of o,, which bas tllE' opposite dfect: it decrcases thc qqG rak with increasing 
energ.'·· This drcrease. from tlw nmning of tlie coupling constan\, C<tn be ohserved if tlw 
phase space for the qi]G final state is delinee\ as d constant lraction of the total phase 
spacc. for examplc by a constan\ y-cut instcad of a constan( inv<1riant maso rnl. In this 
casC' tlie only (2 2 clepenclencc comes frorn the running of the conpling consl ant. whicl1 
clecrrases the qi]C~ cross section bv about 20';ii, i[ the centre of mass euergy is iucreasPd 
frorn :),í to 91 CeV[5]. This clecreasc or 1l1e :)-jet ralc i11 a consiant fradion of phasc space 

is shmrn (for a fixecl value of .\~~ 1,, of 270 ]\le\' ami renormalisation scale Cj 2 = .s) as tlw 
clashecl linE' iu Fig. ,3_ :\ote that tlw scaling violatiou frorn the runniug of a, is a small 
cffect compilred \YÍth the sca1iug violatiou from tlw cliauge in phase space. as is apparent 
fro111 Fig. :). 

Tlw large phasc space cle¡wndcnce can be absorbed in the fragrneutation fuuction. 
wl1ich then dcpencls on both ,r and Q 2

. The reclrfinecl cross scction has a well cletcnuinecl 
¡wrturbativr cxpansion in o.,(CJ2

). This \muid not be the case if tlw large phasc space 
corree! iom. proportiona1 ton, !11 Q 2

. wcrc· co11siclerecl to be QCD corrections. 
Tlw r·1wrgy cle¡wmleuce of o, cal! be exprcssed in ten11s of tlw energy inclependcnt 

QCD scalc .\ 1
•
1
' 1 .: herc l]w upper index inclicates tlie numlwr of flavours "f = 'l ancl thr 

.\ ,'> 

lom-r iuclex tlie renorrnalisatioll sclwnw (following tl1e convcntion of HeL [HJ]): 

2. . -!OT [ .. )·, /¡¡ L l o,(p )=-- 1--,-
:lu L )6 L 

(:3) 

\\' i t h 
'/ 1 'I 

2 

L ln(p "\TT:s ) 
'10 11-lnr 

-~ ., 

:l1 :2(•)] - 1;1111) 

Tlie euerg,, scale ¡1 2 of o, can be rclated to () 2 =·'by 

¡/ = f.s, 

where f is thr renormalisation sca1e factor. The choice off is free ancl QCD prrdictions 
would uot clqwml on it if all higher orders were known. In practice, calculations have been 
perFormecl on ly 1.tp to a fixecl arder and vmying fin a wide range inclicatcs the nnccrlainty 
(l11e t.o t.hc 11igl1er orders'. as \vil1 be clisc11ssf'd i11 tl1e se\tio11 011 s~'ste111atic crrors. Note 
tltat differcnt choices off change thc value of o,. Ju order to keep tlw phvsical obsen-ablrs 
couslant. thc coefficients of lhe higlwr arder tPrtns in lhe o, expa.mion of thc observahk 
have to be changecl conesponclingly[;.1]. 

The extractiou of o, from the obsPn-cd scaling violations is straightforwarcL First, thr 
,r de¡)('nclence of the fragmentation function. which cannot be cakulatcd perturbatively. 
rnust hr parametrisecl from data at a refercnce energv. Slarting frorn this para.mdrisa­
Lion at the refrrence energy, the evolution ro higher cnergies is predictcd hy QCD ali(] 
rnrnpa.recl wilh the obs<,-rvecl fra.gnwnlalion function at tlwsP e!lergies. In the folJm,·ing 
sections the paranwtrisation of thc .r clependcnce aml the (2 2 dependcnce of tlw fragmen­
lation fnnctions ,,-ill he discussecL 
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3.2 Para1netrisation of the Frag1nentat.ion Function 

The fragmentation fn11ctions h;wc heen sludied in grcat cletail in,+,- anniliilaLion. 
Even snch cletails as tlw '"stri11g effecf·. predicted in QCD hv the iuterlerencc dfccts of 
multiple glnon emission, havc lwrn obserwd[20] and can be \Wll described by the striug 
fragmentation rnoclel[H]. Although anv paramctrisation of the .r dcpendence at a g¡ycn 
(j 2 would suffice. we have choscn tlie string rnocld for the following reason" 

• Tite quark ami glnon fragmentation fm1ctions are dPscribccl by the samF string wiLh 
tl1e sa111e i)a.ra111eters, tl1t1s rcduc.i11g tl1e nt1n1her of free _para111et('1'8. 

• In this moclel soft gluous are autonv1ticall.' "'absorbed·· in tbe string, i.e. thcy ouh­
procluce sorne irausverse rnonwnlum to the string. hu( clo not lea.el to inclepenclent 
jds. In independent fragrneulation models tite fragmentation of sofi gluorn is proh­
lematic lwcafüe of phasc spacP restrictions for lt<iclron procluction. 

• Qua.rl\: i11a.ss efff'cts a.re ta.ke11 into acco11r1t i11 tl1e string lllO(lel. 

Haclrons insi'k a jet are cliaractcrisecl by tlw lirnitccl trausverse rnonwnta with respect 
to tlw jel axis inde¡)('ndent of the jet c1wrgy ancl the longitndinal momentum spC'ctra. 
Tlws<' rno1nen\m11 cornponcnts can be parametrised by t\vo Pnergv inclepemle11l funct.ions, 
a ]011gitucli11al a11d a 1 ra11sverse frag111enta.tio11 fi_111ction. Ttalics l1ave been usPd here i11 

ord('r t.o dist.i11gtLisl1 tl1('se 1>ara.111etrisa.tions a.L a refere11ce e11erg}' fro111 tl1e fra.g111entation 

function /)(.r. (!'). 
·J']-¡p tra.nS\'é'I~E:' ll10111E'llt11111 SlJE:'Cll'Ul11 v;as l)Cll'd.lllE:'trisecl lJ}' a (;a\lSSia.11 \Yit.11 a. \'aria!lCf' 

o[ (:)00 l'vk\)c) 2 [:21]. The longitudinal momcntum speclra of light afü! l1ean· c¡uarks are 
paramelrised cliffrrently siuce thc l<ttter have much h<trder spectra becausc of tlwir larger 
mass. Thc Luucl symmdric froqmfntation fuuction[22] was usecl for the light c¡1rnrks: 

t.( . (l -y)'' ( b·rni) 
. . Y)= --- exp ----

!/ y 
( l)) 

wlwre 171.L = Jm' + pS_ is thc transverse rn<1ss of the hadron .. y= (E+ p¡)¡,/(E + Jlt)p 
ckiermines the fraclion of the primordial pa.rton ern·rg_,. talen by tlw hadro11 h. with p. 
irnlicating the partou ,,·ith energv F a!lCl longitnclinal momentum p1: o aml b are two frC'P 
paranwtcrs. The longitnrlin<il spectrum depeucls mainly 011 a - b which scalcs like N. 
where ,Y is thc total multiplicit,-, so effectiYC'h· there is only one free parameler. For thc 
heavv c¡uarks (b aucl e) the Pcterson froqmcniotim1 runction[2:l] was nsed: 

[ 1
-' . ] . 1 Ci -

f(y) = - l - - - --
y y l-yj 

(10) 

Her<' t.he free }Jara.111etcr. e¡. is ex1)ectecl to var_y as l/1r2.;, so ce/e¡,= 9.4 \.Yas usecl. Hc11cP 

there are only two free paranwters to tune tlw n10111ent1.un spectrum (o ali([ ch). The 
pa.rarnctcrs determining tbe fraction of strange quarks pickcd up from the vac11111n, !he 
ratio of Ycclor to psendo"ahir meso ns, t he fraction of harvons, as well as the decav pa­
rarnctcrs wcre all left at thcir clefault valncs. siuce a goocl dcscriptiou of the .r dq)('ndence 
was possible with these. 
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3.3 Detenuination of the Strong Coupling Constant 

Tlw q2 dC'pn1clence of tlw fragrnentation fm1ction can lw cleri\'<'d cit\ier from thc 
e\'oll1tion ec1t1ntio110 or fron_i a direct 11u111Pric<t.l iut.egra.tion of tl1e exact QC:J) _n1atri::\ 
ckrnent. Since tlw splitting fonctions ha.ve heen dcri1 ecl frorn thC' integration of tlw rnatrio; 
c!C'rnent. boLh methods are. in principie, ec¡uivalcnt. Ilowen·r. hig\1er orcler cliffrn-·11ces 
lllight occur. As will lw cliscussPd in the section on s.1·stematic cnors. these differeuces 
are sma.11. Tl1erefore. the Q' dependencc has Leen deterrnined from tlw intcgrntion ofthe 
eo;act second orcler QCD matrix element. nsing the formulaC' frorn referencc [24], which 
llave lJeeu i111rJlf'111e11tecl i11 the l .. 11ncl stri11g i11odel[l:3]. 'T'l1is lll('tbod l1a.s tl1e ad\'a1tt.age 

t.lia.t 1-he co11\'0lt11iou of tl1e s_plitti11g c111d frag111entatio11 functio11s is done i11 a co11sist cnt. 

mamwr. i.r-. the cuts to separa.te the non¡wrtmbative region from the ¡wrturhati1·e one 
are lhe samc for tlw splitling aml fragmentation fm1clions. Thcsc cnt.s \Yill he cliscussecl 
in more cletail in thc section 011 svstcmatic errors. Fnrthenuore. the weighh lri(Q 2

) in 
Eq. 1 fro111 1 he electroweak theory have bcr·11 inrnrporatcd in this moclel. 

Tlie strong conpli11g coustant was e"lractecl in ti)(' follo11·ing '""Y· ,\ si111ultaneous fit oí' 
thc QC'D scale A~-/s and the fragmcntatiou paranwtPrs o aml q was made b_y 1111111m1s111g: 

. . [. ((jDlil_ .. J'lii)') (1-./l"J '='' .} . + .) . 
\ L.. L.. ( t• (!) )2 172 

J ¡ ,Ju~.,1J 1 • n 

( 11) 

\Yherr f 1 is Lhe norrna.lisation factor for c"¡wriment j \Yith data D1'1 in il givcu .r l1in \Yith 
an PXJ>Crirnental error u)'.IP for Lhat hin aml a.u m·cTall nonnalisation error lln. Tlw lit 

function Tlil was tbe .r parametrisa.tio11 from the string rnoclel convolulecl \\·ith tlw cr 
clepenclence from the integration of Lhe eo;act QCD matrix clcmenl ancl thc Q 2 depeur!Pncc 
oro,. In orc!Pr to preveul a bias from b-c¡uark thn·sl1olcl rnrrc-c1ious. onl)· cl<ita at or ""º\'(' 
L,n, =:Z'l c;ev werP nsc-d. Furthermore. data at bigh and !01\' .r valnes haw not '"'''" ""º'!. 
since tl1e e>:1)cri111enta.l corrf'cJ-io11 factors are la.rge i11 thcse rf'gio11s. t·itti11g tl1P elata fro1i1 
Delphi sinmllalleously with ali otlwr available clata[6 :3.l(i.:Z:-í] in tlw rauge O.rn < .I' <O.~ 
aml :2() 2 < (2 2 < 'Jl.:22 GeV2 vidclecl tlw results giwn in Table :2. 

Tlw lit was rqicatecl for two values of thr renonnalisatiou scale. For f = ¡1' ¡, = 

0.01(1.0) tlw result \\as: ,\~~Is= 1 1H~ii' (26'1~g) '\le\'. Tlie lit results 11ere ohtili1wd lor 

d va.ll1e of b = 0.2S:~ i11 t.l1e Luncl ~.v111111etric _fro_g111fniation fu11ctio11t . .-\ go()cl a.gree1l1<~111 
was oLserved for ali T va.lues 11·ith the -'<11111 fragmeutation pararneters at liot\1 :\.-1 all<l 

91 Ge\'. so th.E". cliffcrcnce het\WE'll 1\w energies clcpc11dPrl on .\~~\; 01111. Tite rcsulls for 
f = 0.01 are s\1owu as the sol id liHes in Fig. ] b: the \ 2 of thc fil for f = 1 .O 11·cis ec¡uall1· 
goocl. 

3.4 Syste1natic U ncertainties 

The res11\ts in tite previous seclion incluclc both svstcrnctic ancl statisticéÜ uucertain­
lies. as well as the uncertaintics from tlw corrcl<ition betWC'Cll the fragrnentali011 pararn­

rtcrs aml ;\~~18 . In iicklilion thcrc are theorctical 1111certaintics frorn the unknown l1igher 
or1~ler c.orrect.io11s, \vhich él.re usuall~y <:st.i1r1atecl lJy \.'a.ryi11g tl1e rf'norn1alisa.tio11 sea]('. T'o 
gel the complete error Pstimale. the followiug have becn investigatf'd: 

• Experimental uncntai1tties. 

In tite clefinition of y 2
. Ec¡. 11. u)~I,, represP11ls the lota] PlTor for thal elata point. 

t . .\lt.liuugh '.1 and b are -.trongly 1nrrclatcd. oue cuuld not. lf'a\·t; (, at an arhitrary \'aJuc and jusi fit u. or Yi<f'-\·crsa .. .\ 

guud ¡xtranJPtri,;ation was (>btaiued if 1¡ was chosell in a rangf around u.:::1. 
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obtai1wd lw adcling in quadrat1nc tl1e s\atistical and poiul-to-point svslematic 1111-
certaint)·. bul exclucling tlie m·erall normafüation error. 17,,. However. the >'eparation 
bet\VC'C'll JJoint-to-1)oi1d syste111a.t.ic u1icerta.i_nt)' and nor111alisat.ion 1111ccrta.i11t~· is not 

slraight fonrnrcl ancl usuallv not givcn iu lhe literature. Furthermore, tlw published 
syste111a.tic 1111certa.i11ties are not a.l\Ya.~-'s co1-r11Ja.ralJle i11 thc ]JOssilJle so11rc<~'s \Yl1ich 
have beeu includecl. Therefore the s_1slematic unu·rtaiuties werc variecl consiclcrahl1· 

in order to clwck t.heir infi11e11ce on the fittecl vahw of .\:
1
:
1.,. Thc following proccclure 

was acloptecl: the total error. 17101 . '"ª' split inlo a point-to-point error 17j;IP aucl a 

( 12) 

!Tn was 1•ariccl frorn L 1;{ to :3'7r ;n1d subtractecl fro111 the total nror quotecl lw tlw 
expcrinwnts (using Eq. 12). If thc rcmaiuiug point-to-poinl error féll hdow a certain 
i11i11i11111rn va.lue. it \Va.s <'ldjustecl to tl1is r11i11i1n_u111 va.l11c i11 ordPr to e11st1rP i.hat tl1e 

point-to-1>oi11t error sc111a.rcd 1-Yotd(l not hccolltc i1ega.ti1:e or too ~:n11alJ for e~\])eri111e11ts 

in '' liich ali possible svstematic effects hacl not lwP11 iucludecl in tlw error estimatc. 
·-rhis i1ti11i111u111 val11e u~1;.~_·:, \Yas va.ried bet,\·ee11 1 (/(', and :~(J¡'.. Of co11rsc. tl1e \ 2 of thc 

fit was changccl if tl1e PJTors wcre changecl. but fortumll.Ply A~~15 variccl hv onlv ±:l 

l\'T('\:~ if u.11 and <T;1_;~~;i \\'ere changc(l .i11 tl1e ra.11gf's gi\'·en alJove. ·-rh('S(' sn1<lJl cl1a.11gC's 

in ,\;:1, inclicale that tlw scaling violatious are determinccl 0111.v by the shape of the 

(listrih11t.io11s, i1ot t}1c a.bsolute i1or111alis¡;¡.1 io1t. ·1·l1e \ 2 valucs 11a.\·e lJeen s11n1111arized 

iu Llw Tables 1-1 using 17.,, =2'X ancl rr;';.;;' = :J%. Tite total \ 2 is 7:3 for 11 elata 
l)O.i11ts 111 tl1(' fit regio11 using a re11or111a.lisatio11 sc<lle factor of 0.01. For co111¡)ariso1L. 

tlw \ 2 values outsidc- the fit range are shown too. Tlie correlations bel ween thc 
para1neters depemled on the assumecl errors, hul were ncvcr larger than 40 11r [or anY 
pa.ir of' parametns. The fit nonnalioa.tion factors were consistcnt 1YiLh one for ali 
ec-;perimcnts. as inclicatc-d in llie captions of Tables 1 a.11d '.!-/. 

• Diff('re11ces ])f't.\vcc11 experin1cnts. 

Iu contras\. to the dccp iuelastic lepton scattering C\Jieriments. which measurc the 
Cj2 depcudence in a single experimcnl, \Ye lrncl to co111hi11e elata fr01n clifferent ac­
celf'rCTtors. ~o s~·stf'111cct.tic effect-.; froni dif[ere11c('s bet\Yee11 ex1)('rin1eut:::; 11acl to l)e 

c011siderecl. Thc1· 1vere checkcd by comparing the results of cliffereut combi11at.ions of 

ex¡wrinwnts. The maximm11 clifferencc iu c\ 11~15 from tlw rnrious comhinations of tlw 
G experinJ<•11ts was less tha.11 :l() l\'IeV. wl1icl1 is not much larger than the stalistical 
uncertaraly (see Fig. Ci). The systcmatic uucertaint)• from Lhis source was conser­
vativeh· cstirnatecl to be half the maximurn difference, i.e. [:) :\leV, thus assurning 
U1at tlw whole difference was svstematir afül not dueto statistical lluctuations. The 
reason for this surprisinglv srnall sprcacl is sirnple: a.11 cx¡wrirnents usecl large -hr 
solc11oiclal detectors in 1Yhich thc momentum s¡wctrnm. especially the shape. was 
clean ami easily rneasured. As rncntionecl before. it is the change in tl!C' .shape of the 
.r spectra which determines tlie scaling violatiou. not tlw absoluLe 11orrnalisati011. 

• x-clepenclcnce. 
For krn· .r valucs the contrilmtious from multiplc soft gluon emission start to clorni­
nat.P. In this region the \ 2 of tlw string moclel para.rnelrisation bcrnnws somewhat 
1rnrse (se-e Tables 1 ami :l-1). To cstirnale the uncertainh from the srnall .r range. 
\.\·e ·fit het\\·ee11 .lºmiri a.ncl :r 1iui-r a.nd ·variccl :rn1,-; 1, l)et\Yf'Cn O.OS a11(l 0 . .:1. Since tl1e ex­

J>Pri111e11tal corrPC'tio11 factor for h_igl1 i110111c11t1J1n ¡1articles becon1e~ large for ;t > 0.8 . 

. t,wu 11·cis kept at IJ.S. For .rm;n =O.OS .. \~~18 for f = O.O! increased from l'J() to 
no 1\le\·. bnt for the fit ra.nge considerecl (.r.,nin > 0.18). no variatiou in n, wa.s 



seen (see Fig. /). I\eHTthclcss, lhe uncertaintv for tlw sdectecl .t range was con­
sen·ativelv estimated to be JO 1\JeV, which is half t\1c diffrTPnce lwlweeu the values 
ohtaincd for .r,¡¡¡ 11 = 0.08 (Ul(l ._t 1nii1 =0.lS. ~\s rnc1i1 io11e(l _i11 Ll1e i11tro(luction~ rach 
.r-value provicles an indqwndcut cletennination of o,. 'The fact that n, is pra.clicalh· 
inclepenclent of the selectecl .r-rangc imlicales that ali 'r-vahws are c011sis(eul.. 

• Heavv Quark Fractious. 
The fragmenta.tion effects largch cancel in the clifferencc lwtwec·11 t.lw s¡wcl.ra at 
diff<'rcnt c11crgi<'s. Ho\Vt'\'t'l'. s.i11ce t.l1e i)ri111<=u»· qua.rk co1111Jositio11 cl1a11ges \vith en­
crgy, tl1c influc11cc:' of tl1e diffPre11ce i11 frag111c11tation bP1.\YPe11 l_igltt a.11cl l1ecr\':Y quark:s 
shoulcl be considerecl. A.lthongh tl1c ¡ni man· mesons from heavy qnarks havc 1 he 
barclcst momentum s¡wctra, the specl.ra after ckcavs a.re not nrnd1 clifferenl from 
tlw oncs for the light q11arks aucl actua1ly sonwwhat softn. Furthennore. it "-as not 
possible to mirnir tlw charactcristic d1a.uge in sharw frorn thc QCD scaliug violatious 
b,· tlw clifference in quark compositirnrn. as shown by the clashecl-dottcd lirn· i11 Fig . ., 
Fitting the :e spectra at :):',ami 91 Ge V sinrnltaneoush· was a good wav to determine 
Lite fragmenlation of both light ancl hcm-1' quarks. sincP tlw cliffrr<ent qnark com­
l)O::'it.io11:-; at t.lie cLiiTere11t e11ergics, cornbi11Pd \Yit:ll tb_e so111e\vl1at softcr :t s1)cctrn1n 
of tbe hPan· c¡uarks. yielded only a moclerate cotTPlation lwtwecn thc fra.grneula­
tion paranwters u a11cl 'b (see Table 2). Tlw fítted value of the !alter parameter 
gn\T an average .r of the B-haclrons of 0.6\J ± O.OI a.t the LEP euergy. which is in 
good agrPenwnt with the value obtained frorn leptou spedra iu semi-leptonic B ck­
cays[26.21]. Note that thc clcienuirnrtion of fb frorn t.l1c inclusive haclron spectra 
incluclecl ali clecays ancl was thcrcfore imlepenclent of tlw valnc dctenni11ed from the 
lept.011 spect ra. 
Asan aclditional check that tite cliffcrent heaYv quark fractions at :r, ancl 91 GPV clo 
not mask the scaling violation frorn QCD. thc scaling ,-iolat io11 \Yas cakulated with 
il rnnsial)\. frilct ion of heavY c¡uarks ("" 11 'í!. for b-quarks ami "" l"IS\. for c-quarks. 
which are the ,-alues at fa=:3') Ge V). The amount of srnliug \'iolat.ion is not changecl 
siguificautly. as showu in Fig. 2: the smaU clifference \Yas takcn into accom1l iu the 

fit ancl thc residual m1cPrlai11h- in ,\~fs was esiirnatNl to be 10 .\le\". 
• Ind<'lH'l1dc11t. V(-'1'8US Stri11g Fragn1f'n1.atio11. 

In tbe fít. the string fragnwulation moclel Wi'IS nsed lo paramelrise the .r dqicn­
dence. As an alt.ernatin-. thc iu<lependent fragnwntatiou opliou in lhe l\Ionte Cario 
program from lhe Luncl gronp h;rs lwen usecl. In this case ali qmuks awl gluous 
fragmcnt.fndcpendcntlY. The whole analysis, inclucling llw parametrisation of thc 
.t clepencleuce. was repeatecl with this rnoclel. The lit quality was similar ami lhe 

value of ,\'.1~ 1,. was not cha.nged outsick the experimental errors, again inclicating that 
fragment.ati011 uncertainties largcly cancel in the clifferencc hctwr-Pn the s¡wdra at 
diifrrcnt euergies. HalJ \.he difference hctwceu Uw different fragmentation moclcls (9 
l'vlc\) was takcn conscnati"el" as tlw Prror for fragmeulation. 

• ·1·11e renorrnalisat.1011 scCtle 1111certai11t\'. 

),s mentionccl bcfore. 1 he renormalisation sea.le is a free parameter: _\ 1

1~15 would lw 
indepenclent of the choice of this sea.le if ali highcr order correclions were knmn1. 
Ilowever. i11 a fixed orcler cakulation a lower scalr implies ;r larger value of o.,. For 
lhe :)-jet cross section the changc in tite 13orn cross sPCtion can be cmnpcnsated 
bv a cliffere11l coefficient in tbc higher onler correction. Howevcr. thc 'i-jct cross 
section is onh- known 11]> to lhe Born term in .scrnnd onlPr QCTJ. so a lower .,cale 
for the a.rgurnent of o, implirn a hightT -!-jet rate. The \ 2 of tlw fit did not cha11gc 
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sig11ificantl)· lw changiug the scale. lrnt :\~fs vnriecl from l'JO to :ZIO !\le\' if the sutle 
was changecl from E.,,,/ 1 O lo lc .. ,n, \vhich corresponde-el to a cliange i11 n, fron1 0.ll:í 
to 0.1:21 (set' fig. /). Thus this <'nor. origiuatiug from the unknown higlwr onler 
corrections. has lwen founcl to be dominan!, as in ali otl]('r o, cktenni1wtious[S]. The 
scale clqwmlence was still r<>lati\•elv s1nall. since we stucliPd tlw differcnce lwtween 
tl1e s1)cctra a.t diíferer1t e11ergies. so higl1cr order con1ri1)11tiou::; a.ncl fra.g111e11tatio11 
eff PC\s pnrtiallv cancel. Similar ohservn1 iom lwlcl for other "clifference" variahles. 
like the Asvrnrnetrv in lhe Energy-Energv Correlations (:\Ee:C) or the clifference in 
jet masses["i]. 
An inclepenclent estimale of lhe higher orcler co11tril)11tions can be obtained from the 
equati011s (6): in these equations tlw higher orcler lenns are taken into account hy 
exponentiating the leacling logarithms proportional to (o_,/2rc)" In" Q 2

. "·l1id1 appea1 
as leétding t.er1110 ir1 a. ca.lculation to orcler n. T'l1P diITere11ce of tl1ese ter111s lJet\\'CCn 

Q = C2nú11 a.nd e¿= C(mu.r is ]Jroportiona.l to (fr 8 /1i)n ln 11·(C(n,u.x/C]nun ). Si11.ce i11 our 
rase the (liJTere11ce j11 Cj!JJ(IJ' a.nd C(niin is onl\ a. fa.ctor tltree, tl1e expo11e11tiatec1 forrn 
of the lending logaritlm1s "·ill be close to its spcond orclcr cxpansion. so the higher 
order contributions an' expectecl to be small. This can be clwdcecl explicitlv b_,· 

in t.egra.t i11g t}1ese ec1 t1at ions i r1 n s 1 P]JS. S_i nce a t ea.e 11 ste_p a. gl uo11 ca11 bE" <-~111 i t tcd. i l 1 is 
cotTPsponds to s1m1rning up ali higlwr orcler terrns proportional to (ne/re)" In" Q2

. 

The change in scaling violatiou lwtween :¡u ancl 90 C:eV was founcl to he lcss thau 
:)';( if 11 11·as variPrl lwtwPen :2 ancl 20. so this diange is similar to the unccrtaint_,. 
frnlll 1 lie sea le depenclence. Sin ce this exPrcise was clone onlv in first orcler. using t lw 
prograrn frorn rPfercncc [28]. the larger range from tlw scalc clcpcuclcuce was usecl 
as aJJ esti111ate of tl1e error fro1n 1.11e unl\:110\·Y_n 11igl1er orcler corrcctions. 

• Cut-off depemlence. 
,\s rnen1 i01ied before. the fragrncntation of c¡uarks iuvoh·es a larg_e numhcr of soft 
;--u1d collinea.r gluons. Hc11cc, <-t cut-oíf on tl1e isolatio11 of tb<~ gl11011s \V<-lt' ll~ecl i11 orcler 

to decide whctlwr a gluon shoulcl he ¡nrt of tlte quark fragmenlation or if it should 
f'ragment inclepcnclentlv. Below this cut the quarks ancl gluons ,,·ere consiclerecl to 
fr;1gme11t iuto a single jet. i.e. thev were consiclerecl to be long to tlw non-¡wrturbative 
regin1f' in the 111oclcl a11d \\"Pl'<-' re('on1bined heforel1a11cl. 
:-'\s a cut-off. th<' i11i1t.i1nur11 i11\:a.ria11t rnass bct\vce11 qun.rl\:~ a._ncl gluo_ns \Yas rec111ired 

1o l)p above 9.1 (;e\.:/c 1
. 'f'hf' scali11g \·iolc1tio11s \Yere llüt \'<'ry scnsit.ivP to t.l1i~ cut, 

sincc tl1e_1 jusL requirPcl a cliffrrcnt para.mctrisatiou of Lhe non¡wrturbativc parl for 
a cliffcrc!~t rnt. \\'l1a.L mal terecl was a goocl paranwtrisal ion of the .r clepemkncc. 
Tlw cut could not be clecreasecl. sincc wilh Lhis cut pra.ctically ali phasc space was 
<tlreaclv usecl al lhe highest energy. as shmrn in Fig. 4. Decreasing the cut forther 
wonlcl cause !he 4-jet cross section to hPcome so largc aucl positive, that the '.3-jcet 
cross section \Vould l)eco111e 11ega.tive i11 so111e regions of 1)hasc s¡)ace cll1e to t.l1e la.rge 
arnl negative virtual corrections i11 the secoud orcler QCD matrix elcrnent in that 
case. lncreasi11g tl1e 111i11i111u111 i1i-va.rianr i11ass sql1arecl 1J_y a. factor t\vo resultPd in a11 

incrf'ase of .\ 11~ 1, of (i(J '\leV. Ther<>forc an error of ±:lO '\le\' was a.ttrihuted, although 
part of this \Yi!S presumably alreach· absorbed in tlw scale error: iucreasing tlw cut­

off or i11crea.si11g t.h(' re1101T11a.lisatio11 scale i11creasecl ~-\ (
1

5

1
l __ in ho1.li ca~es. as ex1)ecte(l 

' ,.._, 

for a decrease of tlw higher orcler coulribulions from multiple gluon radiation iu both 
ca.ses. 

Tlw lolnl errors were obtained by aclcling in quaclra.ture the errors from the fit ¡~¡~ 
'\le\'). from the .r-clqwndence (10 '\le\'). from hea.vy quark fractions (10 i\Ic\'). from 
fragmeutation (9 Me\'). from the comparison lwl\wen ex¡wrimenls (l.) l\le\'). from the 



l l 

gluon cut-off dcpC'ndence (:JO McV) aml from tlw scale de¡wndPncc (-W l\IeV). A sumrnan· 
of tl1e s.vsten1atir <'rrors is gi\'en in ·.rable N. 

4 Summary 

A ¡mecise detennination of the fragmentatiou function in 1lw deca\· of tlw Zº boson has 
heeu presented. :\ cornparison with t.he fragmentation fuuctions at lower energies shows 

a strong scaliug ,¡o]ation. which leads in srconcl orc!Pr to a QC'D scale A~)5 between 190 
and 210 ~le\: (see 'Tal)le :2). 'l'aki11g the a·veragc a~ t.l1e ce11Lral \'a.lne a_ncl t1si11g tl1c tota.l 

uucertainties éls given in Table:.; resulted in .\'.1~15 = 2:30 ± 60 l\"JeV. which corrcspouds to 

o,( :\h) = 0.11 S ± 0.00). 

·T'l1ese results in the tir11e-lik.e rc'gio11 are i_n goocl cigree_n1e11t \Yitli 1 he resl1lts 011 sca.ling 
Yiolation frorn deep inelastic lepton nucleon sccittering (space-like region: o, = 0.112 ± 
0.()():) [1-:3]) ;rnd \\·ith other n, determiaations at LEP from jet rntes ancl shape Yariables 
(o,= 0.120 ± 0.007 [-L:i]l. 

Acknowledgments 

\\'e are greallv inclebted to our technical staff. collahorators ami funcling agPncies for 
tlicir support in building the DELPHI detector aml to the rnernlJC'rs of tlw LEP Di,·isiou 
for tlw snperb performance of the LEP 111achine. 

Furthrrmore. \\·e \muid like to thank G. Altarelli. G. Schliler. T. Sjiistraml. ancl H. 
\Vebber for nsdnl discussions ancl ll. \Veblicr for pro\"iding ns with a program for the 
numcrical intPgration of thc Altarelli-Parisi ec¡uations in Jirst orcler. 



12 

References 

[l] l\l. Virchaux and A. l\lilsztajn. pj¡,·s. Lett. B274 (199:2) 221. 
[2] A.D. l\lartin. \\' .. ). Stirliug aucl R.G. Robrrts. Phys. Lett. B266 ( l'J<Jl) :2/:3. 
[:l] S. :\lishra. Talk at the XXVI lnt. C'onf. on llig\1 Energy Ph)·sics. Dallas. Texas. 

A 11g11sL 1CJ9:2: 
CCFR Col!.. P.Z. Qninlas et al. \Pvis Preprint 1461. s11lm1. to Plws. Rev. Lett. 

[4] The LEP Coll. (ALEPH. DELPHL LJ. OPAL) .. Pl1vs. Lett. B276 (1992) 241: 
;-\LEPI-l Col l.. D. Decarnp et al .. Plns. Lett. B255 (1991) 62:3: ibid. B257 (1991) 
-±1~1: 

DELPHI Col!.. P. \hreu et aL. Plws. Lett. B247 (1990) 161: ilJicl. B252 (1990) 159: 
Z. Phn. C54 ( 199:2) 35: 
L:l Col!.. B. Adcva et al.. Plws. Ldt. B248 (1990) •161: ibicl. B271 (1991) 461: ibicl. 
B284 ( LlJlJ2) 411: 
OPAL Coll.. !\T.Z. Akra"·)· t>t al.. Phys. Lett. B235 (1990) :389: ibicl. B252 (1990) 
):)9: Z. Plffs. C49 (1991) ')/:):P.D. Acton et al.. CEH:\ preprint PPr)91-214 (1991 ). 

[:¡] G . .-\ltarelli. talk a.t the vVorkshop .. QCD: 20 vcars later ... Aaclwn. Gcrmany. 199:2. 
C'ER:\ Prcprint CERJ'\-TH-662:3-'J:2: 
S. Bctlike. Talk at the 2Gtb Int. Conf. 011 High Energv Phvsics. Fui,-. of Heickll.wrg 
Preprint HD-P\--92-1:3: 
S. Ileihke. i\ucl. Phvs. A546 (199:2) 247: 
S. Ilelhkeancl .J.E. Pilcher. Ann. Hev. Nud. Part. Sci t2 (19\J:Z) 251: 
\V. de-· Doer. Proc. of 1 lie 18th Slac Sunmwr Institute on Parl icle Physics .. )uh· 1990. 
p. -1:ll: 
T. Hansl-I\ozanecka, to be publishccl in tlw Proc. of thc 1 fJih Slac Surnnwr Institute 
011 l'article Phvsics . .July. l')<Jl. Curie l'niv. of Pa.ris Vl. prE'print LPl\HE-<J2-0:J: 
T. Hebbcker. QCD stuclics ;it LEP. Proc. of .Joiul lnl. Lepton-Pholon SYrnposimn 
S.: Europlc_,·sics Conf. ou 1-ligh Energy Pl1_ysics. 2 ( 199:2) /:l; 
T. Hebbcker. Pln·s. Rep. :211 ( J'lCJ2) 69. 

[6] TASSO Collab .. W. Ilraunschwcig el al. Z. Plffs. C47 (1990) 11'/. 
[/] O. Podobri11. Ph.D. thesis. Fniv. of Harnhurg. 1992 ami prívate co1111111rnica.tion: 

CELLO Coll.. H .. J. Ilerencl et al.. lo be publishccl. 
[S] \IAHI\-11 Col l.. A. Peterscn C't al.. Ph,s. Rev. D37 ( l<JS~) l. 
[9] TASSO C'ollab .. R. Ilranclelikct al. .. Pl1vs. Lett. 114B (ICJS2) 65. 

[10] DEI.PHI Collab., P. \arnio et al. Nucl. lnsl. aml Meth. A303 (l!J'Jl) :2:3:l. 
[11] \\'.ele Bóer and T. I\tdlmaul, t<J]k at the \\'orkshop ··QCIJ: 20 vears lakr··. 1-niv. of 

h<Jrlsruhe Preprint. [~A-IEKP/92-11. 
[1:2] D8LPHI C'ollab., P. Aarnio et al.. Ph)•s. Letl. B240 (1990) 271. 
[B] T. Sjiistrancl. Comp. Phvs. Comm. 39 (1986) :347: 

T. Sjostrand and M. Bengtsson, Comp. Phys. Comm. 43 ( 19SI) :367. 
We usecl wrsion .JETSET 7 .:). 

[1-i] .J.t:. Carnpagne. R. Zitou11. Z. Ph~·s.C43(J98CJ) 469. 
[Fi] H. Fiirstenau, Ph. D. Thesis l-niYcrsity o[ l~arlsruhe. IEEP-EA/!)2-16. 
[lG] AM\ Col!.. Y.h. Li et al, Phys. Rev. D41 (l'J'J0)267S. 
[11] G. Altarelli and G. Parisi. Nncl. Phys. B126 (1971) 298: Y.\. Gribm and L . .\í. 

Lipa(oY, Sov . .J. f\ucl. Phys. 15 (1912) 18: 
Ci. Altarelli. Phys. Hep. 81 (1982) l. 

[18] G. C'urci, W. Furmanski. TI. Petronzio. Nucl. Pl1_,s. B175 (1980) 21: 
\\'. furn1<Jnski. H. Petronzio, Phvs. Lelt. B97 (19801 -1:31: Z. Phvs. Cll (1982) 29:l: 



E.C:. Flornlos. C. l\ouunas. H. LClcazP. Nucl.Plws. Bl92 (1981) !17: 
R.T. 1-frrrod ancl S. Wada. Phys. Lett. B96 (J'JSl) 1%: Z. Phvs. C9 (l'lSl) :351: 
A. Drrnlo. D.W. Dnke. !.F. Owens. R.G. Roberts. Plivs. Rev. D27 (1'18:]) )OS: 
T. :\11111chisa. :\!. Okada. I\. l\ucloh. I\. l\itaui. Prog. Theor. Phys. 67 (1982) 609. 

[HJ] Reúew of Particle Pro¡wrties. Phys. Rev. D45 (HJ92) lll.'>4. 
[20] Thc effecl has lweu first ohservecl at PETRA by tlie .JADE Collab .. W. Harte! et al. 

Plws. Ldt. BIOI (1981) 12'J: ibid. Bl34 (J98cl) 2/'í. Later ou it has hee11 confirmccl 
])~' i11a11~' otl1er grolll)S. see [:J]. 

[21] W. dP Doer ancl H. Fiirstenmi. Proc. of J\JC()l. \\'orkshop on Detector and Event 
Simulation i11 High Eiwrg_,. Phvsics. :\rnsterclarn ( 1991 ). p. (HG. Lcls. I\. Ros ancl B. 
van Eijk. 

[22] B. ,\nclersson. G. Gnstafson. B. Siiderlwrg. Z. Phvs. C20 (198:]) :l]/. 
[:Z:l] C. PctcTsmi. D. Sch];it.ter. l. Sclrn1itt. P. ZPrwas. Phvs. Hev. D27 (1984) LOF>. 
[21] R.I\. Ellis. Ll.A. Ross .. E.A. Terrano. Phys. fü .. ,. Lett. 45 (HJSO) 122:): 

N 11cl. Phv·s. Bl 78 ( l'l~l) 421. 
[2:)] ALEPH Col!.. D. Buskulic et al.. Z. Phys. C55 ( 19~J2) 209. 
[26] P. Ronckau. Proc . .Joint ]ul. Lepton-Photon Sv111p. allCl Enrophvs. Conf. 011 Iligh 

l:iwrg,· Phys .. Vol. 2. p. :3Q:l. Cene-va. ( LlJ'Jl ). 
[21] .J. Chrin. Z. Phvs. C36 (l<JSI) Hi:l. 
[28] H. VVebber . .J. Phvs. C:: Nucl. Phvs. 17 (l'J'Jl) F;J9. The pararnders iu this prograrn 

\H'rr filt.ed to tlw da.ta usecl in this analysis. 



~-hin \2 Data CJ8fr1t rJs~¡s Q('D+sr 
0.00 - 0.01 1.:3:': 100.S o.s 12.1 -ll:2.9 
0.01 - 0.02 :).GO -lO<J.:3 O./ 12.:3 4:36.2 
0.02 - 0.0:3 5.27 :?(i-l.6 0.6 1 . lJ :281.!5 
o.o:J - o.o4 2.01 185. 1 0.5 :).(i l'l2.0 
0.01 O.Oi o.:J9 Bl.1 0.-l 4.1 J:l'J.:J 
O.O:) - 0.06 O.OJ l lFí.:l O.l :J.:? 104.) 

--

0.06 - 0.07 0.21 8:J .(í o.:3 :2. :) S2.0 
O.O/ -- o.os 1.00 (í8A o.:i 2.1 GG.O 
o.os - 0.09 :J.'! (i :ifi.9 o.:i l./ :):). 1 
0.0\.l - O.JO 2.12 47.:2 0.:2 1.-l -lUJ 
O.JO o. 12 2.GS :J/.1 0.2 1.1 :J'). l 
0.12 - 0.1 l I .2Tí 21 .6 0.1 0.8 :2G.G 
0.1-l - 0.16 Ü}):~ 20.9 0.1 O.b 20.:1 
0.16 0.18 2.02 16.6 0.1 O.:) 1 ).8 

0.18 - 0.20 ü.-l 1 12.92 0.09 o.:39 12.61 
0.20 - 0.22 0.21 1 o.:i1 0.09 o.:31 L0.18 
O.:Z:2 - 0.2 l 0.1 (í 8.:J(i o.os 0.2:) s.].) 
0.:2-1 0.2G o. :3:3 6 ~.) ·' - 0.07 0.20 fi.80 
0.:26 - 0.28 0.51' 5.61 0.06 0.17 :).!)l 

0.2S o.:rn 0.11 .:i.61 0.06 O.H -l.64 
o.:JO - o.:i2 o.:32 :).8.~) 0.05 0.12 :J.90 
o.:12 - o.:34 0.15 :J.19 0.0!) O.JO :J.21 
o.:l4 - o.:JG 0.1) 2.70 O.O•! o.os 2.GG 
0.%- o . .:io :3.89 2.01) 0.0:3 O.üli 2.21 
0.40 - 0.-!4 o.o 1 1 . 'iü 0.02 O.Oi 1. 18 
O. l•l - 0.-lS O.HJ 1.08 0.02 O.O:l 1.09 

1 

O.!IS - 0.'!:2 O.O-'> 0.710 0.016 0.02:1 0.161 ! 
O e•) .. )_ - 0.:-¡(i 0.:)0 0.)61 0.014 0.011 0.510 
0.)6 - 0.60 2.:31 o.:J% 0.011 0.01 :2 0.:376 
0.60 - 0.66 0.66 O.:Z(i8 0.007 o.oos 0.260 
0.66 0.12 l.!)/ 0.160 0.006 0.003 O.Hií 
o. 1 :2 - 0.78 :3.):3 0.0% 0.001 O.OO:l 0.088 

0.18 - o.x.:i 15.69 0.045 0.002 0.00:2 0.055 
0.81 0.90 G.7~ 0.0:2:3 0.002 0.00:2 0.019 
0.90 - 1.00 7 .~)8 0.00:)1) 0.0005 0.0000 0.0011 

T;¡fi[p 1: Tlw inclusiYe hadrou .r spectrurn as measurcd lw Lll~LPHI as well as lhe statisti­
cal ancl .wste111alic errors. Tlw precliction from tlie exact QCD \Iatrix Element cakulation 
followed by string fragmenlalion is shown urnler the label QCD+SF aud the \ 2 of cach 
bin is sli0\n1 in the sf'concl column. The cPn(re of mass energy is 91.:2 Ge\' ami the m·prall 
normalisation factor frorn the fil is 0.995 (not iucludecl in the dala colurnn ). Onl.'· the 
data betweP11 tlw empl·'' rows was 11'Cd for the detrrrninatiou of 0,. 



).) 

t= 0.01 I= 1.0 
(C.) 1 gc>+2ü \,is ·- ·}-11 '\le V ')f'l)+IC 

...., )._ -1·1 J\Ic\' 
(/ o.si ± o.en o.%± o.o:i 
f-l,1 O.üü<J ± 0.002 0.008 ± 0.002 
\ 

2 
/ clatapoints l.02 0.99 

1,,1 
-0.07 -0.0G corr. (1 - • \-;¡r 

1 

, .':> 

corr. . \ (C) -0.% -0.'.ll (:.¡_, - : TI'""' 
i ::> 

corr. f_¡, - (! -0.07 -0.:22 

TablP 2: Hesults of tlw fit to ali data (11 cbta points for Q2 > :.'92 (ieV2 arnl 
0.1::\ < .r < 0.8) for t\\o renonoalisation scales (f = ¡1

2 /.< = 0.01ancl1.0. respcd.ive]_,·). 

x-lliu \ 2 Data CTr,J_"p QCD+SF 
0.02 - O.O:l l.'!9 169.:l 2.-.J 17:3. I 
o.o:i ·- 0.0·1 1 .:JI 1-n.1 ·) --·' 116. l 
O.O! 0.0) :J.7 4 l l'i.:) 1.6 120.:J 
o. (1') - O.OG '.J.14 SJ:l. :J 1 !.•) %.1 
0.0G - o.os 2.:]:2 69.2 l ·) 11.:J 1 

(l.OS - 0.10 0.00 •19.I 1.1 49.0 
0.10 - 0.12 0.1:3 :36.:J 0.1 lG.l 
o.u - 0.14 0.00 28.l 0.1 ·r -_.¡ .1 

0.14 - 0.16 0.2(1 22.4 0.4 21.I 
ll.16 - O.lS o.os l s. o (). :J j 1.6 

0.l ~ - 0.20 0.01 1 L:JS 0.2S 14.18 
0.:20 - 0.2•) ().()6 l 0.2-.J 0.16 10. ltí 
0.25 o.:Jo O.O! G4:l 0.11 6.:J!) 
0.:10 - o.:35 0.02 !j. 2:3 O.JO 4.lS 
o.:lJ - 0.40 2.18 •) -·¡ 

.:_,, ( ._, o.rrn 2.19 
0.'10 0.50 0. lG l c39 0.04 l.'í-l 
0.50 - 0.60 :)./:) 0.782 0.028 0./:2) 
0.60 - 0.10 2.12 o. l-l l o.on 0.:301 
0.70 o.so :) .46 0.162 0.018 0.119 

o.so 1.00 ll.10 O.lJ:lOO 0.0120 0.02:)<) 

Table :J: As Table 1. but for the TASSO experinwnt[6]. The centre of mass euerg_,- is :3!) 
C:eV a.ne! tlw ovnall nonnalisalion factor frorn thr fit is O.<Ji'4 (not inclmlrd in ilie elata 
colunrn). The fourth colunm inclucks holh tlw statístical and svsic1mdic errors. 
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x-13in 
) 

\- D<üa (í sful Cfsys QCD+SF 
0.00 - (J.(Jl 0.01 G2.0 2.0 G9.S 76.ll 

0.01 - 0.02 7.-l(i Vi:3.:3 1.1 7.8 17 -l. 2 
0.02 - o.en 12.80 lcjc).S 1 .l -l.9 l /:3.1 
0.0:1 0.01 4.d l:l6.) 1.0 -l. I l-16.4 
0.04 - O.IY> i.59 111 . (j 0.9 :). :J 120.:J 
0.0i - 0.06 s .. 5--t 88.:3 0.8 ·) -

.:....1 %.7 
0.0Ci - 0.01 12.:30 1 1 .(i O./ Ll ·¡-9,·¡ 
O.O/ - O.OS 2.22 !"i9.CJ 0.1 2.0 (;:J. o 
o.os - 0.09 1 .:l2 50.9 0.(i !./ .):).0 

0.0CJ - 0.10 0.20 44.l 0.6 l.cj -li.O 
O.JO - 0.12 o. 1 1 :l(i.4 o. 4 l.:l :lG.l 
0.12-0.ll 0.05 ·r -

~-1 .1 o.:i 1.1 ·r • ~-1. 1 

0.14 0.16 0.00 21 .(i () .:3 0.9 21./ 
0.16 O.IS 0.02 ] 1.6 (). :) 0.1 11.6 

0.18 - 0.20 0.0 I 14.:21 0.21 0.62 11. 1 s 
0.20 - 0.22 0.01 11.-ll 0.21 0.-!8 Ll. ,·,:¡ 

0.22 - 0.21 O.OG 9.HJ 0.19 0.11 9.65 
0.2-l - 0.26 0.liS 8.06 O. lt: o.:n 1.8:3 
0.26 0.28 0.:10 G.:n 0.16 0.2'i 6.52 
0.28 o.:io 0.2\J e). (i 1 0.15 0.11 :).~¡' 

o.:io - o.:i2 0.51 el. S-l 0.11 0.20 1.1 l 
o.:i2 o.:i.:i O./:J 1.0-l 0.]:) O.lfi :J.91 
O.JI O.:Hi 0.07 :).'(<) 0.12 o. J:l :3.-l I 
O.:J6 O.!O 0.20 2. (i'¡ 0.01 O.O'J :Ui2 
0.40 - o. Jil 0.2.:t 1.91 o. 06 0.01 l.88 
0.-14 -- O. IS 0.00 !.% 0.05 0.01 1.:31 
0.-lS O.!í2 0.6cj 1 . [) 1 0.04 0.0:3 1.0.) 
0.í2 o. í(i o.:is O.l:J0 0.0:)5 0.022 O. IGG 
0.)6 - 0.60 :2.0X 0.496 0.021 0.015 0.'i4 I 
0.60 0.G6 0.56 o.:n1 0.018 O.OJO o.:3'18 
0.6(i - 0.12 0.11 O.Hll 0.012 O.OOG 0.207 
o ··) o ~' • 1 ~ - •• i); O.:-,•¡ 0.108 0.008 0.00:) 0.116 

0.18 - 0.81 O.'íü 0.011 0.00-l 0.00:3 O.O'í 1 

Table 4: '\s Table l. but for tlw CELLO c:-c¡wriment[7]. The centr<' of mass encrgY is :J'í 
Ge\· ami the owra.11 11orn1alisation factor from the fit is l.007 (not inclnded in the data 
column ). 
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:-c-Bin ' Data QCD+SF \- fTf_rl' 

0.00 - O.O'í l .11 lVi.1 l.~ 1 1·J.1 
O.Oi - 0.1 () :L:!Ci 63.1 1.2 11.(i 

0.10 O. l.) 6.29 :31.6 0.6 :J0.5 
O.Fi - 0.20 G.:B i ·1 .. 5 o.:1 J b.9 

0.20 .. 0.2:) 2.GO 10.10 0.21 10.:;:¡ 
0.2') - o.:10 0.00 6.29 0.1:3 (i .. )8 
0.:10 - 0.:3') O.O/ 4.01 0.09 1.21 
0.:15 - 0.10 o.o:, :2.16 O.O/ L'JO 
0.-10 - O.Ji 2.01 l.SO 0.0G l .96 

0.-15 - 0.)0 i.16 1.18 0.0-l ] .:32 
O.:'íO - O .. )} o.:}, O.SlO o. O:J(j 0.SGS 
0.:)5 - 0.60 l.·B O.Y!•) o.o:n 0.514 
OJiü o .fió¡ 0.2:3 o.:347 0.02:3 0.:Fil 
0.65 - 0.10 2 .. ·J:"í 0.221 IJ.020 0.269 
0.10 - ll./) O.B O.Hil 0.020 0.101 
o./:) - o.~o 1.2:1 o. 10-l 0.016 0.090 

o.so - O.S!J 0.11 0.062 0.01:3 0.069 
0.8) - 0.90 :2.9:3 0.025 0.001 0.0:39 
0.90 - 0.95 0.16 o.on 0.005 0.018 
0.9.j - 1.00 l.GO 0.012 0.006 0.00!í 

TdLle '5: :\s Table 1. hu\ for tlw J\IARh: JI experiment[~]. The ceutre of rnass e1wrgY 

is 29 (;e Y a]](\ t\1e owrall nonualisation factor from the fit is 1.044 (no\. iucluded in \.he 
data co\11111u ). Tlw [ourth colnrnu includrn both the statistical arnl svstcma(ic errors. 

x-Bin \1 Data (Jf.l:)l QCD+SF 
0.00 0.10 18.~H L:l-l.:J 1.0 1 ):1.(i 

O. lO - 0.20 1.0G 2:3.5 0.-l :22.9 

0.20 - o.:io O.O!í 7. 19 0.2:2 7.71 
O.:JO - O.clO 0.02 :J.11 0.15 :i.10 
OAO - 0.Gü ].:fi 1.2'.3 0.09 1.:34 
0.50 0.60 2.1 o 0.5:32 0.050 0.60í 
0.60 - o.ro l.12 0.:310 o.o:rn 0.:261 
o.ro - 0.80 1.-10 0.12-l 0.02:2 0.099 

0.80 - 0.90 6 'V -~·) 0.021 0.006 0.():)6 
0.90 - 1.00 :).(i:í 0.00:38 0.0018 0.0081 

Table 6: :\s Table 1. but for tl1P Ai\IY expPrinwnt[16]. Thc ceutre of mass energv is .-,_¡ 
Ge\" and the onTall uormalisation factor frorn the fit is 1.004 (no\ incluclcd in tl1e elata 
colunrn ). The fourth column inclrnles both tlw s\alistical m1d s~·stematic errors. 
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x-Biu \' Data <Yst•1f (78_1/8 QC'D+SF 
0.0üí - 0.010 25.:)/ )11.9 :2.S 11.(i •J:29.8 
O.OJO - 0.01'J 0.00 "l:'i 1 .:J 2.l G.8 1-HA 
U.Olí - 0.0:20 :21.:51 :r;.).!J 1.8 4.2 10).:J 
0.02 - o.en CJ.:J1 :262.0 l. J 2.8 2s-1.0 
O.O:J - 0.04 :). /(J 184.:J 0.9 1.4 19:2.0 
0.04 - O.Oí J.:37 1:36. 7 o.s (J.'J 1:39.'.3 
O.Wi - O.OCi 1.01 1(1:).0 0.7 ü.6 104.:"í 
O.OCi ·· O.O/ 0.00 s:i.:1 O.Ci O.'! 8:2.0 
0.07 .. 0.08 0.10 Gl.7 0.6 0.6 (i(i.0 

[1.(18 O.OCJ 1. l"í 'iG.l 0.) o.:i :):\.4 
0.09 0.10 0.'14 41.0 0.0 0.:2 ~-.J.'J 

0.10 - 0.1:2 1 . •)5 :J , . () (). :) 0.:2 :n.1 
0.12 0.11 l. :20 21.'J ll.:3 0.1 :2G.fi 
0.11 O.Hi l.01 :21.:l o ') o. J :20.:J 
O.!Ci - O.lS :2.:2:3 Hi.S 0.2 (). J l.J.8 

o.rn - 0.20 -l.78 J:l.11 O.Jll (). l :; 1:2.61 
0.:20 - 0.:2:) 0.00 S. CJ:l (J.(j(J 0.1:2 8.80 
0.:2.) o.:io o. [)(i 'i .4:l 0.01 o.os .).:)S 

o.:30 - 0.-10 o.()!) 2.8S 0.04 0.01 2.8.) 

0.40 0.)0 0.08 1.2-l 0.0:2 0.0:2 l.21 
lUlO - O.fiO 0.0-1 0.:):3" O.OlG 0.012 0.):2:2 
O.liO - 0.70 0.1:3 0.:2:30 O.Oll 0.004 0.:2:JU 
O.IO - 0.80 l.44 o.mio O.OOG 0.00:2 0.0% : 

Jabk 7: :\s Table 1. lrnt for tl1e •\LEPH PX]Wrirnent[:2•)]. Tlw ceuire or m'"·' ('lJ('J"g\· ¡, 
91.:2 (;e\" arnl the overa11 normalisalio11 factor from 1h<' fit is (J.ll:\~ (not includ"d i11 tlt" 
data column ). 

So urce Error on 
('3) 

\\is 
Errors from Fit +:.;u Me V -l_l 

C'ombinations of cx¡wrime11ts ±15 1\Ic\ 
H<"avv Qnark Fractions ±LO :\IeV 
Fragnwntatioll clependence ±CJ J\IeV 
.r de¡wndence ±10 l\leV 
Cut-off de1wndcncc ±:30 \k\ 
Sude dependence ±40 Me\' 
Total ±60 l\k\ 

Table 8: Sun1111arv ofsvsternatic errors. Tbe total error was obtained bv adcling c¡uaclra1-
ic;-111s- all error~. 
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Fignre 1: a) The corrpc1 ion factor a.ne\ Ji) \he correctccl iuclusive m011ientum clistri lmt ion 
~'.:~.· \\here 1· = PluuJ,,,,,/ Ebrnm from T:\SSO elata at :}) Ge\' ancl DELPIII elata at 9L2 
Ce\'. Tlw solicl curves are res1dts of \.he fits to thc seconcl orclrr QC'D matri;; <'lement. 
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Fignr<' 2: The ratio of the rnnes in fig. lb. Tlw cl<d1ecl-clottecl linc assumes that the 
fiavour rnrnpositiou al 91.2 Ge\' is the same as tbc one al:)) Ge\'. •\sis appareul from the 
small diffcrcncc between tbe solicl and clashecl-dottccl lines. the incwasc in hea,·y c¡uark 
procluction at tlw ;:0 resona.ncc clocs i1ot influence tlw scaliug violation stronglv. The 
reason is simply tha.t although lhe heavy qnark fragmentation is harcler, the momrntum 
spectra u.ftu· the decays look similar to thc ones from the light c¡11arks ancl the diffctTncP 
does not sl10\Y t lie characteristic c1wrgv depenclence frorn the scaling violati011. 
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Figure :l: The Q 2 dependeuce of the inclllRivc momentnrn cross section in Gc\" 2 for \'arions 
.r bins. For mosl elata poinls the errors are smaller than thc sYmbols. The solíd cmves are 
results of the fit lo tlw data at high Q2 ancl high .r, i.e. tlic data in lhe cornrr (bottom. 
right) irnlicaled by the dashcd li1ies. 
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Figure 4: The phase spa.ce for events with gluon radiation for lwo centre of mass cnergies 
(:3") aucl 91 Ge V) in thc :r 1 \•ersus .r 2 plane. ,,-]wre :r 1 a.nd :r 2 are the frnctional qna.rk 
Pncrgies. Tlw invariant mass behvPen any pair of parlons is rcquired to be ahovc 9.1 
G"V. \rhich canses lhe empty hancls ncar :r11 2¡=1. 
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Figure :): Sca.ling ,-joJation is cansecl bY tlw Cj' depenclence of tht• gluon rilcliation. This 
figure shows the t'rn contributions iu first order: thc increase in phase spacP of tite qq(; 
:J-jel rate (salid line) ancl the running of thc coupling cornlant. which causes a clecreas<> 
of the '.J-j<>t. ratc, if tite fractiou of phase spacc is kept. constan\ ( clashccl line ). The phase 
s1)a.ce \Yas ke1)t consta11t l)y requiri11g at all ei1crgiPs a 111i11j1n11n1 scalecl i11va.riant 111a.s~ 

y= O.OS betwC'en all part.011s. 
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Figure G: The A ~'/s val u es obtainecl from fitting l'arious combinations of C'X]Wriments. 
The combinations wf're choosen such that thr statist.ical errors \\'ere similar. Thcy are 
indicatecl 011 the left 11si11g tite abbreviations given at tlic top. 
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Figure 1: Tlw reuorma1isatiou scale clepcnclence of n, (left) ancl thf' X,,, 1 clepenclence 
(right). Xrnr is clefinecl as thc the minirnum valne of .r rtsccl in tite fit. 
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