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ABSTRACT

times offers a first approach to assess the consequences of the quantum theory

when gravitational phenomena are not negligible. This is an important question
that must be addressed when an intense gravitational field plays a principal role in the
dynamics of a physical system, such as during the early universe (cosmological inflation)
or in the formation of astrophysical black holes.

One of the most striking features of this subject is perhaps that the calculation of
physical observables, even for non-interacting fields, often involves ill-defined quadratic
operators of fields, thus requiring a non-trivial and suitable renormalization method. The
normal-ordering operation, usually employed in Minkowski spacetime, no longer works
here, since additional ultraviolet divergences associated to curvature arise. The standard
approach is to subtract the short-distance asymptotic behaviour of the two-point (Green)
functions of interest. As a consequence, unexpected results are predicted due to finite
remaining terms coming together with renormalization subtractions, and demanded by
general covariance. The goal of this thesis is to give new insights following this direction.

In the first part, we analyze the consequences of renormalization of quantum fields
on diverse aspects of inflationary cosmology. Issues related to the ultraviolet divergences
arising in computation of the angular power spectrum of the CMB in the Sachs-Wolfe
regime, or renormalization of the stress-energy tensor of matter (spin 1/2) fields during
inflation, preheating, or the big-bang expansion of the universe, are considered. The
implications of "hidden" fields present during single-field inflation are also studied and
physical implications coming from CMB bounds are discussed.

Renormalization is in fact of crucial importance since it can even lead to the break-
down of well-known classical symmetries and associated conserved Noether charges,
yielding what is normally referred to in the literature as quantum anomalies. In the
second part of this thesis we present a new and particularly interesting example of this
feature in electrodynamics: the classical E-B duality symmetry of Maxwell equations
without charges and currents fails to hold at the quantum level if spacetime has cur-
vature and non-trivial dynamics. In fact, our results suggest that a dynamical curved
spacetime with significant frame-dragging is able to distinguish between the two (left
and right) circular polarization states of the photons. This offers promishing physical
implications in binary mergers in astrophysics, whose observational window is nowa-
days open thanks to the recent detections of gravitational waves by the LIGO-Virgo
collaboration.

T he study of quantum fields propagating in classical, curved and dynamical space-
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RESUMEN EN CASTELLANO.

Contexto y motivacion

La teoria de la relatividad general es una descripcion geométrica del espacio-tiempo
y de la gravitaciéon formulada por A. Einstein en 1915 [136, 184]. En esta teoria el
espacio-tiempo se describe mediante una variedad diferenciable, dotada de un tensor
métrico g, de signatura Lorentziana para proporcionar una nocién fisica de distancia y
causalidad. Lo que caracteriza a este teoria es que el espacio-tiempo se considera una
entidad dinamica: la métrica no es fija sino que, por el contrario, puede evolucionar de
acuerdo a las ecuaciones diferenciales de Einstein, G,;(g) = 8nGT,p, donde G,5(g) es
el tensor de Einstein construido a partir de la métrica, el cual captura la informacién
geométrica, y Ty, describe el contenido energético en el espacio-tiempo. Particulas prueba
se propagan en este escenario curvo siguiendo geodésicas, y la interaccion gravitatoria
se explica de esta manera como una manifestacion de curvatura del espacio-tiempo.

Se trata de la teoria satisfactoria mas simple que tenemos para interpretar todos
y cada uno de los fenémenos gravitatorios observados a dia de hoy, dando cuenta de
predicciones cuantitativas que han sido comprobadas con gran precision por muchos y
diversos experimentos a lo largo de estos 100 anos de historia [191]. Sin embargo, es
también bien conocido que la teoria conduce a su propio fracaso al predecir, bajo ciertas
circunstancias, la formacion de las llamadas singularidades espacio-temporales [113].
Aunque algunas conjeturas proponen la imposibilidad de un observador de "ver" estas
singularidades, como por ejemplo la censura c6smica de Penrose [162], estd ampliamente
aceptado que dichas singularidades estan realmente sefialando los limites de validez
de la teoria. Esto, junto al hecho de que las otras interacciones fundamentales en la
Naturaleza son de origen cudntico, sugiere que la relatividad general probablemente
emerge como un limite clasico, de bajas energias, de una teoria cuantica de la gravedad.

Aunque varias ideas se han desarrollado para construir tal teoria, la falta total
de observaciones a dia de hoy que proporcionen informacion al respecto impone retos
muy serios para distinguir cada una de estas teorias, o incluso falsear cualquiera de
ellas. Uno entonces se ve limitado a seguir principios tedricos, prejuicios y argumentos,
para construir la teoria, con la esperanza de que futuros experimentos comprueben las
predicciones asociadas a ella. Un analisis detallado de las diferentes vias pensadas con
tal fin esta fuera del alcance de este texto, y referimos al lector a consultar [163] para
una vision general de la situacion.

A falta de una direccion o idea clara y definitiva de lo que una teoria cuantica de
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gravedad deberia ser, ;podriamos, sin embargo, sacar alguna conclusion acerca de la
influencia de gravedad sobre fenémenos cuanticos? Recordemos que en los primeros afos
de la teoria cuantica numerosos célculos se desarrollaron asumiendo la interaccion de
materia, descrita cuanticamente, con un entorno electromagnético clasico, dando lugar
a resultados que en dltima instancia estaban de acuerdo, con alto grado de precision,
con las predicciones de la teoria electromagnética cuantica completa. Se espera que una
situacion similar ocurra para gravedad, en la cual se pueda estudiar la propagacion
de materia o radiaciéon, descrita cuanticamente, en un entorno gravitacional clasico.
Esta es el problema tratado por la teoria cuantica de campos en espacio-tiempos curvos
[48, 94, 157, 185], y proporciona un primer paso para abordar las cuestiones relacionadas
con gravedad cuantica. La escala de Planck establece el limite mas alla del cual una
teoria cuantica de gravedad completa debe ser tenida en cuenta. Se espera que los efectos
cuanticos de la gravitacion puedan ser despreciados siempre y cuando las distancias
involucradas sean mucho mayores que la distancia de Planck, y dado que la longitud de
Planck es minuscula, esto parece proporcionar mucho margen de validez a la teoria.

Este camino proporciona una visién semiclésica, menos ambiciosa que una teoria
cuantica completa, pero observacional y fisicamente méas accesible, como por ejemplo
la cosmologia primordial ha demostrado. En efecto, el trabajo pionero desarrollado por
L. Parker en los sesenta [147-150], el cual dio lugar al descubrimiento de produccion
de particulas por universos en expansion, ha resultado ser fundamental para explicar
las inhomogeneidades iniciales en la densidad de energia de materia al inicio de la
expansion del big bang. Dichas irregularidades primordiales, en dltima instancia, y a
través del colapso gravitatorio, llevaron a la formacion de la estructura a gran escala
en el universo que observamos hoy dia [72, 77, 189]. Se consideran el resultado de la
amplificaciéon de las fluctuaciones cuanticas de un campo escalar (el inflaton) durante la
violenta expansion del espacio-tiempo que tuvo lugar durante el universo temprano. Por
otro lado, esta teoria es también de gran importancia desde un punto de vista conceptual.
En concreto, el descubrimiento por Hawking en 1975 de la emision térmica de particulas
durante un colapso gravitatorio, usando estas técnicas [84, 111], es una piedra angular
en fisica fundamental moderna. Aunque esta radiacién no ha sido observada todavia,
es una idea muy convincente y ampliamente reconocida porque establece una conexion
muy soélida entre relatividad general, teoria cuantica de campos, y fisica estadistica
o termodindmica. La vision semicléasica es también relevante pues captura algunos
fenémenos no perturbativos, tales como el efecto Schwinger [85, 157] y las llamadas
anomalias cuanticas [91-93], y uno verdaderamente espera que una teoria cuantica de
gravedad completa también acabe dando cuenta de todos estos fenémenos.

Aunque esta teoria todavia estd en sus inicios a nivel experimental, nuevas gen-
eraciones de misiones en cosmologia y astrofisica, tal como PLANCK [6], SDSS [7],
LIGO-Virgo [5], satélites y observatorios Multimessenger [2, 3], etc; y experimentos
planeados para un futuro como LISA [4], Einstein telescope [1], etc; estan jugando un pa-
pel cada vez mas importante en testear fisica fundamental hoy dia, y podrian dar lugar a
avances muy significativos. Desde hace aproximadamente 25 afos, la cosmologia disfruta
de su edad de oro, numerosos experimentos han sido llevados a cabo con éxito midiendo
cantidades de interés fisico en diversas formas complementarias, al mismo tiempo que
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alcanzando precisiones del uno por ciento. De hecho, las misiones cosmolégicas actuales
son capaces de observar fenémenos fisicos de tal altas energias en la cual la gravedad
es tan intensa que efectos cuanticos de la materia y la radiacion son relevantes para
explicar los datos. Por otro lado, la reciente deteccion directa de ondas gravitacionales
por la colaboracién LIGO-Virgo, originadas en la fusién de sistemas binarios de agujeros
negros o estrellas de neutrones, junto al analogo electromagnético observado en todo
el espectro por la astronomia multimessenger, proporcionan acceso unico al régimen
extremadamente intenso y no lineal del campo gravitatorio. Esta posibilidad abre una
nueva ventana para testear la relatividad general a muy altas energias en un contexto
astrofisico, y asimismo efectos nuevos podrian ser importantes en la descripcion de la
fisica subyacente.

Para concluir, tales crecientes éxitos experimentales requieren predicciones tedricas
mas precisas de la relatividad general y/o de la teoria cuantica. La tesis que presento
apunta en esta direccion, ofreciendo algunos resultados e ideas al respecto. El trabajo
realizado se resume en las siguientes dos secciones.

Aspectos cuanticos en cosmologia primordial

En la primera parte de esta tesis nos preocuparemos de estudiar efectos cuanticos de
campos en cosmologia. La cosmologia es una rama de relatividad general que estudia
el universo como un sistema fisico en su totalidad, y cuyo principal objetivo consiste
en entender su estructura y dinamica [72, 77, 125, 189]. Aunque en sus origenes la
cosmologia se soportaba en conjeturas y las observaciones eran escasas, hoy dia existe
una cantidad ingente de datos y un marco teérico muy desarrollado que ajusta los datos
cuantitativamente con mucha precision. Existe buena evidencia de que la materia en el
universo (en forma de galaxias, cimulos de galaxias, "materia oscura", etc) se distribuye
de manera altamente homogénea e isétropa a escalas suficientemente grandes, y que el
espacio tiempo se expande aceleradamente. Estos hechos, junto con el descubrimiento del
fondo cosmico de radiacion de microondas (CMB, por sus siglas en inglés) ha establecido
una teoria de que nuestro universo esta en expansion y en enfriamiento, y que se originé
de una "gran explosion" (o "big bang" en inglés).

La dinadmica de la expansion se describe por medio de una familia de soluciones de
las ecuaciones de Einstein con constante cosmolégica (G4p(g) + Agqp = 81GTyp), que
son espacialmente homogéneas e isétropas. Estas soluciones se conocen como métri-
cas de Fridmann-Lemaitre-Robertson-Walker (FLRW). Para foliaciones con superfi-
cies espaciales planas, y parametrizadas en coordenadas cartesianas, se escriben como
ds? = dt? —a(t)?5; jdxidxj , ¥ s0lo dependen de una funcion del tiempo césmico ¢, llamado
factor de escala a(t), que tiene en cuenta la expansion de estas superficies espaciales con
el tiempo césmico. La velocidad de la expansion se le atribuye al parametro de Hubble
H = d/a. Para entender la historia del universo uno debe determinar entones la depen-
dencia funcional del factor de escala con el tiempo. La relatividad general conecta esto
con el contenido energético T, del universo; en otras palabras, el problema se reduce a
saber como la densidad de energia evoluciona con el tiempo césmico. Pero resulta que
esto es realmente una cuestiéon muy complicada dado que debemos saber los diferentes
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tipos de especies (materia, radiacion, "energia oscura', etc) contribuyendo a ello, cada
una de las cuales reescala de manera diferente con el tiempo.

Por otro lado, el CMB es un fondo observado de radiacion electromagnética, practi-
camente homogéneo e isétropo, que permea todo el universo. Muestra un espectro de
frecuencias de cuerpo negro practicamente perfecto a una temperatura Ty = 2.725 K.
Este fondo de radiacion primordial es una prediccion del modelo cosmolégico estandar
del big bang y constituye una imagen muy valiosa del universo temprano. Justo después
de que se produjera la "gran explosion", cuando el universo era mucho mas caliente y
denso que ahora, no habia atomos neutros o nicleos formados. Los fotones y electrones
en particular estaban en continua interaccion manteniendo un equilibro térmico. La
alta tasa de interacciones en tal escenario aseguraba que cualquier atomo o nucleo
producido seria inmediatamente destruido por un fotén de alta energia. Conforme el
universo se expandi6 y enfrié por debajo de las energia de enlace atémico, los elementos
neutros empezaron a formarse. En particular, 1s electrones y protones se unieron para
dar lugar a atomos de hidrégeno neutros y estables. De esta manera, hubo un tiempo en
la evolucién del universo (normalmente llamado "superficie de tltima interaccién") en
el cual los fotones pararon de interaccionar con la materia, y empezaron a propagarse
libremente desde entonces hasta nuestros dias, preservando sus propiedades. Estos son
los fotones que observamos hoy dia y constituyen el CMB. Las minusculas fluctuaciones
de temperatura respecto de una homogeneidad e isotropia perfectas, que se observan al
medir los fotones en diferentes direcciones en el cielo, tienen diferentes origenes fisicos,
y proporcionan una de las fuentes de informacién més importantes que tenemos sobre la
evolucion del universo.

La teoria del big bang, sin embargo, no esta libre de inconvenientes. Durante los
primeros instantes parece necesitar de un periodo, conocido como inflacién [43, 128, 189],
en la cual una expansién violenta del espacio-tiempo habria tenido lugar. Este periodo
se introduce ad hoc en la teoria del big bang, y se asume que un ajuste suave con la
siguiente evolucién debe ser posible. Matematicamente, este universo se modeliza usando
el conocido espacio-tiempo de Sitter, cuya métrica puede ser expresada como un caso
particular de FLRW con una funcién exponencial como factor de escala, a(t) ~ exp(Ht). La
importancia del paradigma inflacionario reside en que proporciona un mecanismo sé6lido
y muy convincente de explicar aquellas pequenas inhomogeneidades ("perturbaciones
escalares de densidad", en lenguaje de teoria de perturbaciones cosmolégicas lineales
[43, 77]) que, tras la evolucion césmica, acaban originando las fluctuaciones tanto de
temperatura del CMB como de la distribucién de materia a gran escala en el universo.

Y es aqui cuando la teoria cudantica juega un papel fundamental en gravedad. Estas
inhomogeneidades primordiales puede ser generadas de manera natural durante la
inflacién césmica como resultado de la amplificacion de fluctuaciones cuanticas. Como
ya hemos avanzado en la subseccion anterior, este mecanismo se entiende gracias al
proceso cuantico, espontaneo o estimulado, de creacion de particulas por la dinamica
gravitacional de un universo en expansioén, descubierto por L. Parker en los sesenta
[147]. Observaciones detalladas en los ultimos afios indican que las fluctuaciones de
temperatura del CMB se ajustan con alto grado de precision a una distribucién gaussiana
con un espectro de fourier que es casi invariante de escala [166]. Las observaciones son



compatibles, de manera no trivial, con las predicciones de inflacién, incluso con la
implementacién minima basada en un sélo campo escalar con un potencial de "slow-roll"
conduciendo la expansién inflacionaria. La zoologia de modelos [133] que predicen los
mismos valores para observables inflacionarios disponibles hoy dia es considerablemente
grande, desafortunadamente, y ello motiva la busqueda de caracteristicas adicionales
de inflacién que puedan distinguir entre todos estos modelos. La generacion de ondas
gravitacionales ("perturbaciones tensoriales") durante la rapida expansion es también
una predicciéon de inflacién, que todavia no ha sido detectada. Algunos experimentos, tal
como PLANCK, estan buscando sefiales de gravitones primordiales en la polarizacién
magnética de los fotones del CMB. La deteccion de estas ondas seria un espaldarazo
definitivo a la teoria de inflacién, y proporcionarian una fuente valiosa de informacién
del universo temprano para averiguar las incégnitas del modelo inflacionario.

Tal y como bien se conoce en teoria cuantica de campos, el calculo de observables
fisicos normalmente requiere tomar valores esperados de operadores compuestos, lo
cual resulta no estar bien definido, ya que presentan divergencias ultravioleta (UV) que
necesitan ser tratadas adecuadamente. En espacio-tiempos curvos, la cuestion se hace
mas delicada todavia, incluso para campos libres. La operacion convencional de hacer
"normal-ordering”, usualmente empleada en Minkowski para campos libres, no funciona
aqui dado que surgen varias divergencias UV adicionales asociadas a la curvatura
del espacio tiempo. La cuestion fue resuelta en los setenta y un resumen de todo ello
se puede encontrar en [48]. La idea consiste en sustraer, a la cantidad de interés, el
comportamiento asintético a pequenas distancias de la funcién de dos puntos apropiada
[94]. Tal y como se encontré en [53] por primera vez, las sustracciones pueden ser
reabsorbidas en ultima instancia en las constantes de acoplo de la teoria, la constante
cosmolégica A, y la constante de Newton GG, dando lugar al final a un marco tedrico auto
consistente.

El principal observable cosmolégico que apoya la teoria de inflacion es el llamado
espectro de potencias angular, y, como veremos en mas detalle, su calculo involucra
tomar el valor esperado de ciertos operadores de campo. Es natural preguntarse entonces
si este calculo requiere renormalizacion. Una cuestion similar fue planteada para el
espectro de potencias, la versién de Fourier de la funcién de dos puntos de perturbaciones
primordiales, y el problema se abordé en el pasado por medio del método de renormal-
izacion adiabatico [16-19, 146]. Estas ideas llevaron, sin embargo, a un cierto debate
en la literatura [41, 78, 89, 132, 168], con algunas personas argumentando en contra
del uso de renormalizacion en este contexto. En el capitulo 2 mostraremos el papel de
las divergencias UV que aparecen en el espectro de potencias angular y sugeriremos
la renormalizacién correspondiente desde una perspectiva espacio-temporal (no recur-
riendo al espacio de Fourier). Las ideas presentadas en este capitulo estan basadas en
dos articulos [65, 67]. Usaremos la funcién de dos puntos de perturbaciones primordiales
generadas durante la inflacién para derivar una expresion analitica de los coeficientes
multipolares Cy en el régimen de Sachs-Wolfe. Analizamos el correspondiente compor-
tamiento UV y enfatizaremos el hecho de que el resultado estdndar actual en la literatura
es realmente equivalente a haber hecho renormalizacion de la funcién de dos puntos
a "0 orden adiabatico". Luego argumentaremos que renormalizacion a "segundo orden
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adiabatico" resulta ser méas apropiado desde un punto de vista fisico. Esto podria alterar
significativamente las predicciones para Cy, sin llegar a romper la invariancia de escala.

Después del periodo de inflacién, y previo a la subsiguiente expansion de la teoria del
big bang, se asume que existié una etapa intermedia conocida como "recalentamiento”,
en la cual toda la materia presente hoy dia en el universo observado se habria originado.
Existen muy pocos datos disponibles que den informacion de esta etapa, pero se piensa
que el campo inflatén, que conduce la expansion inflacionaria, es responsable de crear
del vacio todas las particulas del modelo estandar a través de acoplos tipo Yukawa
durante este periodo [123, 124]. Con ello, resulta necesario encontrar un procedimiento
sistematico de calcular observables fisicos renormalizados propios de esta etapa.

Con esta motivacion en mente, en el capitulo 3 extendemos el método de renor-
malizacion adiabatico para calcular el tensor energia-momento de campos de Dirac.
Lo calcularemos primero para el caso de un campo libre, y luego para el caso en que
el campo tenga un acoplo de Yukawa con un campo escalar de fondo. El formalismo
adiabatico es una ténica muy conocida y ampliamente usada para campos cuanticos
en espacio-tiempos homogéneos basados en una expansién asintética UV de los modos
de fourier del campo, desarrollado por Parker y Fulling [95, 96, 152]. Originalmente,
este método fue llevado a cabo solamente para campos Klein-Gordon en universos en
expansion. La extension de la expansion adiabatica para modos de campos fermidonicos
es sutil y hasta hace poco no se habia desarrollado en la literatura. Este método permite
calcular observables fisicos sistematicamente (como densidad de energia renormalizada,
momento, o el nimero de particulas creadas) de interés en espacio-tiempos en expansion,
como los que normalmente tienen lugar en cosmologia. Los resultados de este proyecto se
publicaron en tres articulos [64, 66, 68]. El trabajo fue hecho en colaboracién con gente
de Valencia (A. Ferreiro y J. Navarro-Salas) y de Madrid (F. Torrenti).

En el capitulo 4 vamos mas alla y consideramos no sé6lo los efectos cuanticos del
campo que genera la inflacién sino el impacto de los efectos cuanticos de otros cam-
pos "espectadores". En concreto, estudiamos la posibilidad de extraer cotas sobre el
numero total de campos en el universo a partir de cotas experimentales del CMB en
el espectro de potencias tensoriales. Campos espectadores (que no interaccionan con el
inflaton) presentes durante inflaciéon pueden afectar observables del CMB a través de
sus fluctuaciones cuanticas, amplificadas por la dindmica gravitatoria: son capaces de
inducir una dependencia logaritima en las funciones de correlacion de perturbaciones de
curvatura (lo que en inglés se conoce un "running"). En este trabajo hemos considerado
el efecto de un gran nimero de tales grados de libertad en los observables inflacionarios,
y mostraremos que se puede extraer cotas sobre el contenido de campos espectadores
del universo a través de cotas del indice espectral tensorial (asumiendo que el espectro
tensorial llegue un dia a medirse). El proyecto involucré trabajar intensamente con teoria
de perturbaciones lineales en cosmologia, inflacién, fisica del CMB, calculo de funciones
de correlacion, y diagramas de Feynman dentro del llamado formalismo "in-in". Este
proyecto se originé durante una estancia de investigacion en el grupo de cosmologia y
astrofisica de la Universidad de Ginebra en 2016, bajo la supervisién y colaboracién de
Ruth Durrer y Subodh P. Patil. En las proximas semanas enviaremos el trabajo para
publicar.
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Aspectos cuanticos en astrofisica

La astrofisica es otro campo de la gravitacién que estudia el origen, formacion, evolucion,
y propiedades de las diferentes estructuras individuales en el universo, tales como
estrellas, galaxias, caimulos de galaxias, agujeros negros, rayos césmicos, materia oscura,
etc. Paralelamente a la inflacién, los intensos fenémenos gravitacionales que tienen lugar
en tipicas situaciones de astrofisica podrian sevir para testear la validez de la relativiad
general y / o teoria cuantica de campos en espacio-tiempos curvos. En particular, la
formacion de agujeros negros, tipicamente produciéndose como consecuencia del colapso
gravitatorio de una estrella, resulta ser un escenario interesante posible para comprobar
las implicaciones de campos cuanticos propagandose alrededor, como el popular efecto
Hawking [111]. Otro escenario significativo, que es particularmente popular hoy dia, es
aquel de un sistema binario de objetos compactos que acaban fusionandose para dar lugar
a un agujero negro, y que durante el proceso liberan una cantidad ingente de energia en
forma de ondas gravitacionales y electromagnéticas. Recientemente, el obsevatorio de
ondas gravitacionales por interferémetro laser (LIGO, por sus siglas en inglés) en EEUU,
conjuntamente con el interferémetro Virgo en Europa, han detectado por primera vez, y
con métodos directos, las ondas gravitatorias emitidas durante la fusién de dos agujeros
negros [5]. De hecho, la colaboracion ha detectado mas eventos de fusion de binarias, y
no solo resultado de la colision de dos agujeros neros, sino también de la fusién de dos
estrellas de neutrones. El homélogo electromagnético esperado para este ultimo caso
también fue detectado, casi simultaneamente, y en todo el espectro electromagnético, por
diversos telescopios y observatorios [2, 3], marcando con ello un avance significativo para
la astronomia multi-messenger también. Las observaciones resultantes proporcionan
acceso unico a las propiedades del espacio-tiempo en el régimen de gravedad intensa,
altas velocidades, y confirman las predicciones de la relatividad general para la dinamica
no lineal de agujeros negros altamente perturbados.

La segunda parte de esta tesis trata enteramente con la simetria de dualidad eléctrico-
magnética de la teoria de Maxwell sin fuentes a nivel cuantico, asumiendo que el campo
electromagnético se propaga en un espacio-tiempo clasico, curvo y dinamico. Este tema
sera cubierto en detalle en el capitulo 5. Aunque originalmente estuvimos interesados en
posibles aplicaciones en cosmologia, tal como discutiremos las implicaciones fisicas de
este fendmeno resultaran ser mayoritariamente relevantes en astrofisica, principalmente
porque hay disponibles escenarios gravitatorios con cierto grado de vorticidad o "frame-
dragging". El proyecto fue iniciado en una estancia de investigacién en Louisiana State
University en 2015, y continué en la Universitat de Valencia, bajo la supervision y
estrecha colaboracion del Dr. Ivan Agullo y Prof. Jose Navarro Salas.

Clasicamente, la accion de Maxwell para la electrodinamica en ausencia de cargas y
corrientes eléctricas es invariante bajo una rotacion de dualidad de los campos eléctricos y
magnéticos, incluso cuando el campo electromagnético esta inmerso en un espacio-tiempo
clasico, curvo y dinamico. Asociada a esta simetria existe una carga Noether conservada
que en Minkowski mide la diferencia neta entre fotones polarizados circularmente a
izquierdas y derechas (y con ello resulta estar relacionado con el parametro V de Stokes).
La simetria de dualidad garantiza que ello sea una constante del movimiento en ausencia
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de fuentes electromagnéticas. En el capitulo 5 mostraremos, sin embargo, que cuando el
campo se cuantiza, esta simetria deja de ser valida, proporcionando lo que se conoce como
una anomalia en la teoria. Puede ser interpretada como el analogo de spin 1 de la llamada
anomalia quiral para fermiones, y como ésta, podria proporcionar implicaciones fisicas
interesantes. La estrategia que seguiremos consistira en simular la teoria fermioénica
tanto como sea posible, en particular reescribiendo la accién clasica como aquella de
Dirac.

El origen de esta anomalia puede ser entendida como una consecuencia de la renor-
malizaciéon: cuando uno trata con una simetria clasica, el teorema de Noether nos dice
que la divergencia de la corriente resulta ser proporcional a las ecuaciones de movimiento,
con coeficientes que son los campos en si. Esto da lugar a un operador cuadratico en
los campos, y como tal necesita ser renormalizado adecuadamente. Las sustracciones
de renormalizacion no necesariamente respetan las ecuaciones de movimiento de los
campos dado que la restriccion principal es que sean covariantes, y de aqui la aparicion
de la anomalia. Esto es precisamente lo que ocurre con otras anomalias. Mostraremos
también, complementariamente, que la anomalia puede ser entendida siguiendo la inter-
pretacion de Fujikawa. Las amplitudes de transiciéon entre dos estados diferentes del
campo electromagnético pueden ser calculadas usando lo que se conoce como la integral
de camino. Esto requiere sumar sobre todos los caminos posibles en el espacio de fase
entre ambos estados inicial y final, cada uno de ellos pesado por la exponencial de la
accion. Una transformacién de dualidad es una transformacién canénica en el espacio de
fase, por lo que debe dejar la amplitud de transicién (o accion cuantica efectiva a primer
orden) invariante. Se sabe entonces que la accién permanece invariante también, debido
a la simetria clasica. Sin embargo, a diferencia de la teoria clasica, ademas de la accién
hay una ingrediente adicional, que aparece dentro de la integral de camino, que debe ser
analizado: la medida de la integral podria cambiar en un jacobiano no trivial, en efecto.

Ambos célculos proporcionan el mismo resultado y confirman la existencia de esta
anomalia cuantica. Independientemente de la interpretacion dada, la conclusién es que
contribuciones "off-shell" (fuera de las ecuaciones de movimiento) del campo electromag-
nético anulan la simetria clasica.

El trabajo presentado involucré tratar y estudiar una amplia gamma de temas,
tales como dinamica hamiltoniana, spinores, teoria de campos, cuantizacién, teorias
gauge, integrales de camino, anomalias cuanticas, formalismo 3+1 en relatividad general,
teoria de la renormalizacion en espacios curvos, analisis geométrico, etc. Los primeros
resultados fueron publicados en Physical Review Letters [13]. Es de destacar también
que un ensayo [14], que propone y enfatiza potenciales implicaciones fisicas de este efecto
cuantico en astrofisica, gané el primer premio en la prestigiosa competicion de ensayos
de la Gravity Research Foundation en 2017. Una continuacién del trabajo con muchos
mas detalles esta siendo preparada para publicacién [12].

Desde un punto de fisica mas fisico, esta anomalia sugiere que un campo gravitatorio
distingue ambos grados de libertad radiativos de los fotones (es decir, fotones polarizados
circularmente tanto a derecha como a izquierda) induciendo un cambio en su estado de
polarizacion a través de fluctuaciones cuanticas, posiblemente durante la propagacion.
En particular, hemos aprendido recientemente que la anomalia se manifiesta si el campo
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gravitatorio admite la emision de ondas gravitatorias. Consecuentemente, el resultado
podria ser observacionalmente relevante en espacio-tiempos dinamicos con cierto grado
de vorticidad o "frame-dragging", tal como el colapso de una estrella de neutrones a
un agujero negro de Kerr, o fusion de sistemas de binarias compactas en astrofisica.
Estos ultimos son considerados una de las fuentes de emisién de ondas gravitatorias
mas importantes y se piensa que constituyen algunos de los eventos mas violentos que
tienen lugar en el universo. Los métodos analiticos empleados en estos casos son muy
limitados, y como consecuencia se colabora con expertos en relatividad numérica (N.
Sanchis Gual, V. Mewes, J.A. Font) para estimar el efecto en situaciones astrofisicas
tipicas. Se han conseguido algunos resultados, pero el proyecto esta todavia en desarrollo.
Aqui comentaremos sélo las ideas principales desde un punto de vista cualitativo. Esta
colaboracion ha permitido al autor familiarizarse con aspectos clave en el campo de la
relatividad numérica [20] (condiciones gauge, el problema de los datos iniciales, escalares
de Weyl para extraer informaciéon en la emisiéon de ondas gravitatorias, etc).

Como avanzabamos en el parrafo anterior, el tema de emision de ondas gravitatorias
esta fuertemente conectado con la manifestacién de la anomalia en la dualidad electro-
magnética. Esto es realmente una conclusion altamente no trivial, y para llegar a ella
hemos empleado técnicas en relatividad general que versan sobre andlisis asintético.
Estos métodos son bien conocidos para la descripcion de espacio-tiempos asintéticamente
planos, un marco teérico que resulta muy conveniente para el estudio de fuentes as-
trofisicas aisladas, tales como agujeros negros en colapso o dinamicos, y la propagacion
de radiacion emitida por ellos hacia el futuro nulo (los métodos son realmente validos
para cualquier campo radiativo, no sélo gravitacional). Temas como el "infinito nulo
conforme" y "compactificacion a la Penrose", expansiones "peeling-off"'; base nula de
Newman-Penrose; dindmica hamiltoniana covariante; simetrias asintéticas BMS; cargas
infrarrojas "suaves" y transformaciones gauge "grandes"; el efecto memoria, etc; son
clave en estos asuntos. Fueron estudiados por el autor mientras visitaba el Instituto para
la Gravitacion y el Cosmos en 2017 en una estancia de investigacion supervisada por
Abhay Ashtekar. Aunque este trabajo todavia se encuentra en desarrollo, cierto progreso
se ha conseguido y algunos aspectos seran comentados al final de capitulo 5.

Finalmente, damos por finalizada la tesis resumiendo los aspectos principales de los
diferentes capitulos del texto y describiendo pronésticos futuros de trabajo al respecto.
Esto se lleva a cabo en el capitulo 6, que pasamos a resumir a continuacion en esta
traduccion a castellano.

Conclusiones y futuras direcciones de investigacion

Esta tesis es el resultado de la investigacion llevada a cabo por el autor durante los
ultimos 5 afios en colaboracién con sus supervisores y otros investigadores. El tema
central es la teoria cuantica de campos que se propagan en espacio-tiempos curvos.
Aunque ya han pasado mas de 50 anos desde el primer articulo cuantitativo al respecto,
[147], el tema es todavia de gran importancia hoy dia, no sélo porque continua dando
nuevos hallazgos en las bases de una supuesta teoria cuantica de la gravedad, sino por
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que conduce a nuevas implicaciones fenomenolégicas que, hoy mas que nunca, podrian ser
testadas en experimentos. A dia de hoy, las misiones cosmolégicas han alcanzado tal nivel
de sensibilidad que los efectos cuanticos de los campos presentes durante el universo
temprano deben ser tenidos en cuenta para la correcta interpretacion del analisis de
datos en ambos CMB y estructura a gran escala. Por otro lado, la deteccién de ondas
gravitatorias por la colaboracion LIGO-Virgo, junto al analogo electromagnético medido
por la astronomia multi-messenger, ha abierto una nueva era en astrofisica. No hay
duda de que este area de investigacion en rapido desarrollo proporcionara una cantidad
considerable de datos de fuentes astrofisicas que permitiran un mejor entendimiento no
s6lo de relatividad general, sino también de las consecuencias de la teoria cuantica de
campos alrededor de escenarios tipo agujero negro.

Con esta motivacion en mente, en la primera parte de esta tesis hemos trabajado
en ciertas cuestiones relacionadas con cosmologia primordial. En el capitulo 2 hemos
analizado el observable mas importante que apoya la teoria inflacionaria, el espectro de
potencias angular, usando una perspectiva diferente a la convencional. Reanalizamos
esta cantidad desde un punto de vista espacio-temporal y encontramos que el resultado
estandar considerado en la literatura es realmente divergente en el limite ultravioleta.
La hipétesis usual de tomar el limite de distancias enormes en la funcién de dos puntos,
que acaba llevando a la bien conocida (y experimentalmente comprobada) invariancia
de escala del espectro, sirve de regulador natural para estas divergencias UV, y resulta
ser equivalente a una sustraccién de orden adiabatico O para la funcién de dos puntos
involucrada. Hemos argumentado que el segundo orden adiabatico deberia ser mas
natural desde un punto de vista fisico. Al hacer esto uno obtiene un término adicional
(también invariante de escala) en el espectro de potencias (véase (2.39) para consultar el
resultado final), y sus posibles consecuencias observables fueron discutidas.

El capitulo 3 constituye un texto detallado que versa sobre el calculo del tensor
energia-momento renormalizado de campos de spin 1/2 en universos en expansion. El
trabajo se llevé a cabo tanto cuando el campo fermiénico se propaga libremente como
cuando interacciona con un campo escalar a traves de un acoplo tipo Yukawa. Expresiones
finales de los valores renormalizados pueden ser consultados en (3.72) y (3.73); y (3.157),
(8.158), (3.171). Esto permite el estudio de la materia (concretamente, la produccién de
particulas y energia) no s6lo durante el régimen inflacionario, sino también durante el
recalentamiento, durante el cual toda la materia conocida en el universo se supone que
fue originada a través de las oscilaciones del campo inflaton. Algunos ejemplos de interés
cosmoloégico usando este formalismo fueron discutidos usando aproximaciones analiticas
(véase seccion 3.4 y apéndice B) y algunos usando métodos numéricos (véase apéndice
E). El trabajo que se presenta allana el camino para futuros proyectos relacionados con
aplicaciones numéricas.

El estudio cosmolégico acaba con el capitulo 4. En modelos de inflacion se asume
normalmente que el tnico campo relevante para el calculo de observables fisicos es
aquel que conduce la expansiéon exponencial. En ese capitulo hemos considerado la
presencia e influencia de un gran namero N de campos escalares ligeros "espectadores”,
es decir, que no interaccionan con el campo inflaton sino solo se acopla a gravedad. Esto
es de interés dado que algunas teorias fundamentales (por ejemplo teoria de cuerdas,
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supergravedad, etc) generalmente requieren de la existencia de ingentes cantidades de
tales campos ligeros por auto-consistencia, y su presencia deberia ciertamente tener
algun tipo de consecuencia observacional, por ejemplo en observables del CMB. Resulta
que contribuyen al "running" en ambos espectros escalar y tensorial. En este trabajo
hemos derivado este resultado usando métodos alternativos a los disponibles en la
literatura. Hemos discutido ademas que, aunque normalmente son despreciados en los
calculos involucrados de inflacién, su contribucion en el espectro tensorial podria ser muy
relevante para poner cotas en el posible nimero N de campos escalares ligeros presentes
en el universo. La cota obtenida y la discusién asociada pueden consultarse en (4.58).
Los resultados podrian restringir ciertos modelos fenomenolégicos que requieren de tales
ingentes cantidades de campos ligeros para resolver el problema de la jerarquia en el
modelo estandar.

Volviendo ahora a aspectos mas fundamentales de la teoria cuantica de campos,
en el capitulo 5 hemos tratado con la transformaciéon de dualidad eletrocmagnética de
la teoria de Maxwell sin fuentes en espacio-tiempos curvos. Se sabe que clasicamente
es una simetria de la accion de Maxwell si no hay cargas y corrientes eléctricas. Sin
embargo, motivados por el conocimiento de otras anomalias, se planteé y analizé en
detalle la cuestion natural de si esta simetria clasica podria ser extendida a la teoria
cuantica. En efecto, tal y como se mostré por primera vez en 1969 [10, 44, 122], esto es
un asunto no trivial: las simetrias clasicas pueden fallar en la teoria cuantica debido a
contribuciones off-shell procedentes de correcciones cuanticas. En este capitulo hemos
calculado el valor esperado en vacio de la divergencia de la corriente Noether, y hemos
encontrado que no es nula debido a las sustracciones de renormalizacion, las cuales son
necesarias con el fin de lidiar adecuadamente con las divergencias ultravioletas. Este
resultado conduce por tanto a una anomalia en la teoria cuantica. Hemos comprobado
ademas el calculo siguiendo la interpretacién de Fujikawa: la medida de la integral de
camino, que determina la amplitud de transicion entre estados cuanticos del campo a
diferentes tiempos, se transforma no-trivialmente, proporcionando la anomalia. Hemos
acabado el capitulo comentando implicaciones fisicas potencialmente interesantes en
astrofisica.

Respecto a este dltimo capitulo, el trabajo realizado abre varias direcciones de investi-
gacion en el futuro, las cuales pasamos a describir a continuacién. Nos surgen cuestiones
inmediatas: como deberiamos interpretar esta anomalia de dualidad electromagnética
desde un punto de vista fisico? Significa que una muestra inicial de fotones se puede
polarizar si atraviesan un campo gravitatorio fuerte? Mas aun, predicen algunas car-
acteristicas distintivas las desviaciones de la teoria de la relatividad general? Existen
implicaciones observables de todo ello, digamos, en astrofisica? Surge esta anomalia
en la radiacion gravitatoria también? Planeamos abordar todas estas cuestiones en un
futuro cercano trabajando una serie de direcciones de investigacion especificadas abajo.
Responder dichas preguntas nos ayudara a entender las implicaciones de esta anomalia
desde un punto de vista medible, y esto sera tutil para testear la validez de la relatividad
general y la teoria cuantica de campos en espacio-tiempos curvados en un contexto
astrofisico.

1. El calculo concreto de la anomalia de dualidad electromagnética fue desarrollado
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considerando el valor esperado en vacio de la corriente de dualidad, es decir, hemos
calculado la cantidad (0| Vj*[0) # 0. Este efecto de polarizacién podria ser interpretado
como creacion espontanea de particulas (asimétricamente) del vacio debido a la fuerte
dinamica gravitacional, similar al celebrado efecto Hawking. Si, en lugar de ello, el
estado inicial que describe el campo electromagnético se asume inicialmente con una
distribucion de fotones, esperariamos una contribucién estimulada a este fenémeno
desde el estado cuantico, lo cual debe ser mucho mas relevante en cualquier situacién
practica de interés cosmolégico y astrofisico. Nuestro plan consiste en determinar cuan
grande este efecto puede llegar a ser. En otras palabras, necesitamos calcular (p| Vgt | o)
en detalle, donde |p) representa un estado mixto que describe fotones con diferentes
helicidades, energias, etc. Con todo ello, en tultima instancia tendremos que averiguar
como esta cantidad podria ser medida por un instrumento cuantico.

Utilizaremos técnicas adicionales de teoria cuantica de campos en espacio-tiempos
curvos y relatividad general. El uso de detectores Unruh-DeWitt, en particular, podria
ser relevante para entender en mayor profundidad cual es el impacto de la anomalia
sobre los fotones desde un punto de vista fisico, dado que estos detectores nos dicen qué
es lo que un campo test u observador seria capaz de medir o no. Analisis asintético en
relatividad general sera importante también para abordar el estudio de la radiacion
procedente del pasado nulo infinito y la radiacién dispersada hacia el futuro nulo infinito.
Por otro lado, métodos usualmente empleados en ciencia de la informacién cuantica
podrian ser muy relevante ademas para analizar la cuestion de la eleccién del estado
cuantico inicial, por ejemplo por medio de operadores densidad.

2. Una suposicion adicional en nuestro calculo de la anomalia de dualidad electromag-
nética es el uso de relatividad general convencional para describir la gravitacién. Dado
que el resultado obtenido es una contribucién geométrica pura, podria ser interesante
investigar si teorias modificadas de gravedad proporcionan nuevos términos a (0| V;x |0)
or <p| Vyjm | 0. En tal caso, esto podria servir para predecir desviaciones de la relatividad
general en entornos gravitacionales intensos, como por ejemplo a través de nuevas carac-
teristicas en las ondas gravitatorias emitidas. Diversos caminos pueden emprenderse
tanto en teoria de campos como en geometria diferencial. Por ejemplo, si permitimos
torsién o no-metricidad en la conexién, ademas de la curvatura contribuciones adicionales
a los valores esperados de arriba podrian aparecer.

3. Las ondas gravitatorias también tienen dos grados de libertad radiativos, en
concreto los bien conocidos modos A, and A, y existe una nociéon analoga a la simetria
de dualidad electromagnética. Consecuentemente, a nivel lineal en la teoria, la nocién de
una carga que mida el estado de polarizacion de la radiacién deberia estar disponible
también. Planeamos analizar esto en detalle y estudiar si existe una anomalia en la
teoria de gravitones que se propagan en un espacio-tiempo curvo no trivial. Es decir, si el
entorno gravitacional distingue (a través de fluctuaciones cuanticas) entre los dos grados
de libertad de las ondas gravitatorias. Esto podria ser particularmente interesante en
futuras medidas de polarizacion con ondas gravitacionales.

4. Nuestro plan final seria buscar aspectos distintivos de todo ello en astrofisica, en
concreto en fisica de agujeros negros y emision de ondas gravitatorias. Trabajar en este
area implicara familiarizarse con fuentes astrofisicas, tales como fusion de binarias o

XViil



agujeros negros dinamicos, asi como con métodos analiticos involucrados para extraer de
ellos informacion de interés fisico (analisis asistélico, momentos multipolares de agujeros
negros, cargas asistolicas, etc). Se abordaran cuestiones como por ejemplo si el efecto
crece linearmente con la masa del sistema, o si la polarizacién o el momento angular
llevados por las ondas juega algtun papel. Se espera estrecha colaboracion con relativistas
numéricos para poder realizar simulaciones.
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CHAPTER

INTRODUCTION

1.1 Overview and motivation

eneral relativity is a geometrical description of spacetime and gravitation formu-

lated by A. Einstein in 1915 [136, 184]. In this theory spacetime is described by

a smooth manifold, endowed with a Lorentzian metric g, to provide a physical
notion of distance and causality. The key feature is that spacetime is regarded as a
dynamical entity: the metric is not fixed but rather it can evolve according to Einstein’s
hyperbolic differential equations, G,;(g) = 8n1GT,p, where G, (g) is the Einstein tensor
constructed from the metric, capturing geometric information, and T,; describes the
energy content of spacetime. Test particles propagate in this curved background by fol-
lowing geodesics, and the gravitational interaction is thus explained as a manifestation
of curvature in spacetime.

This is the simplest successful theory we have for interpreting all gravitational
phenomena observed so far, accounting for concrete predictions that have been tested to
great accuracy by many different experiments during these 100 years of history [191].
However, it is also well known that it leads to its own failure by predicting the formation
of spacetime singularities under certain circumstances [113]. Although some conjectures
regarding the impossibility of an observer to "see" these singularities are formulated,
such as the cosmic censorships [162], it is widely accepted that these features are actually
pointing out the limits of validity of the theory. This, together with the fact that the

other fundamental interactions in Nature are of quantum origin, suggests that general
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CHAPTER 1. INTRODUCTION

relativity probably emerges as the classical low-energy limit of a quantum theory of
gravity.

Although different attempts have been developed for constructing such a theory, the
lack of observations so far raises serious challenges in distinguishing between them, or
even to falsify any of them. One is then limited to follow theoretical principles, prejudices
and arguments to construct the theory, with the hope that future experiments will check
the predictions. A detailed description of the different approaches in this respect is out of

the scope of this text, and the reader is referred to [163] for an overview of the situation.

Lacking a clear or definite idea of what a quantum theory of gravity should be, can
we still hope to learn something about the influence of gravity on quantum phenom-
ena? Recall that in the old history of the quantum theory, numerous calculations were
performed assuming the coupling of quantum matter to a classical electromagnetic back-
ground field, yielding results that eventually were in agreement with the full quantum
electrodynamics theory to an excellent degree of approximation. We may expect that a
analogous situation would occur for gravity, in that the propagation of quantized matter
or radiation fields in a classical gravitational background is studied. This is the subject
of quantum field theory in curved spacetimes [48, 94, 157, 185], and provides the first
step in our way for addressing all these questions. The Planck length indicates the limit
beyond which the full quantum gravity theory must be recalled. It is expected that
quantum gravitational issues are negligible when physical distances involved are much
larger than the Planck length, and since Planck scale is so tiny this seems to provide

much scope for the framework.

This approach yields a semiclassical picture, less ambitious than a full quantum
theory, but observationally and physically more accesible, as for instance primordial
cosmology has shown. Indeed, the pioneering work developed by L. Parker in the 60’s
[147-150], resulting in the discovery of particle production by expanding universes, has
been proven to be fundamental to explain the initial seeds in matter energy density at
the beginning of the big bang expansion that eventually, through gravitational clump,
led to the formation of the large scale structure of the universe that we observe today
[72, 77, 189]. These primordial inhomogeneties in density are regarded as the result of
the amplification of quantum fluctuations of a scalar field during the violent expansion of
spacetime that took place during the early universe. On the other hand, this approach is
also important from a conceptual point of view. Namely, the discovery by Hawking in 1975
of thermal emission of particles by gravitational collapse using these techniques [84, 111]

is a cornerstone in modern fundamental physics. Although this radiation has not been
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1.1. OVERVIEW AND MOTIVATION

observed so far, it is very compelling and widely recognized because it establishes a strong
connection between general relativity, quantum field theory, and statistical physics or
thermodynamics. The semiclassical picture is also very relevant since it captures some
non-perturbative phenomena, such as the Schwinger effect [85, 157] and the so-called
quantum anomalies [91-93], and one expects that a full quantum theory of gravity
should account for all these phenomena as well.

Although this theory is still experimentally very limited, new generations of ob-
servational missions in cosmology and astrophysics, such as PLANCK [6], SDSS [7],
LIGO-Virgo [5], Multimessenger detections [2, 3], etc; and future planned experiments
such as LISA [4], Einstein telescope [1], etc; are playing an increasingly important role
in testing fundamental physics nowadays and could lead to significant advances. For
around 25 years now cosmology enjoys its golden age, numerous experiments have been
carried out measuring quantities of physical interest in diverse complementary ways,
while at the same time reaching sensitivities of one-hundred percent. In fact, currently
cosmological missions are able to test energy scales in which gravity is so strong that
quantum effects of matter and radiation become relevant. On the other hand, the recent
direct detection of gravitational waves by the LIGO-Virgo collaboration, emitted from the
merger of black hole and neutron star binaries, together with the electromagnetic coun-
terpart observed in the whole spectrum by the multimessenger astronomy community,
provide unique access to the strong field, non-linear regime of gravity. This availability
opens a new window to test general relativity at very high energies in an astrophysical
context, and again some novel effects might be important in describing some of the
underlying physics.

Overall, such increasing experimental achievements demand for more accurate
predictions coming from general relativity and/or quantum theory. The presented thesis
points towards this direction, offering some results and insights concerning this. They

are briefly summarized in the following two sections.

Quantum aspects in primordial cosmology

In the first part of this thesis we shall be concerned on quantum effects of fields in
cosmology. Cosmology is a branch of general relativity that studies the Universe as a
whole physical system, and whose main goal consists in understanding its structure and
dynamics. [72, 77, 125, 189]. Although originally cosmology relied on certain assumptions
and observations were very sparse, today there is a huge amount of data and a well-

developed theoretical framework that coincides quantitatively with it. Today there is
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CHAPTER 1. INTRODUCTION

good evidence that matter in the universe (in the form of galaxies, clusters of galaxies,
"dark matter", etc) appears highly homogeneous and isotropic at sufficiently large scales,
and that spacetime expands acceleratedly. This, together with the discovery of the cosmic
microwave background (CMB), has settled down the well-known "big bang" theory of an
expanding and cooling universe that originated from an initial singularity, in which all

matter and energy was concentrated.

The dynamics of the expansion is described by a family of solutions to Einstein’s
equations with a cosmological constant, G,;(g) + Agq.p = 871G Ty, satisfying spatial ho-
mogeneity and isotropy. These are called Fridmann-Lemaitre-Robertson-Walker (FLRW)
metrics. For spatially flat slices they are written as ds? = dt? — a(t)?5; jdxidxj using
cartesian coordinates, and only depend on a function of cosmic time ¢, called scale factor
a(t), which takes into account the expansion of spacetime. The velocity of the expansion
is attributed to the Hubble parameter, H = % To understand the history of the Universe
one must determine then the functional dependence of the scale factor with cosmic time.
General relativity relates this with the energy content 7', filling the universe, i.e. the
problem is reduced to know how the energy density develops with comic time. But this is
actually a complicated issue since we must know the different kinds of species (matter,

radiation, "dark energy", etc) contributing to it, each of which scale distinctly with time.

On the other hand, the CMB is an observed background of electromagnetic radiation
almost perfectly homogeneous and isotropic filling the whole universe. It shows an
almost perfect black body frequency spectrum at a temperature of Ty =2.725 K. This
background of primordial radiation is a prediction of the standard big bang cosmological
model and constitutes a highly valuable picture of the early universe. Right after the
"big bang" singularity, because the temperature and density of the universe were much
higher, neutral atoms or bound nuclei could not form. Photons, electrons and the rest
of charged particles were in continuous interaction mantaining a thermal equilibrium.
The high rate of interactions in such an environment guaranteed that any nucleus or
atom produced would be instantly annihilated by a high energy photon. As the universe
expands, its temperature decreases until it gets below characteristic binding energies,
allowing this way light elements to form. In particular, electrons and protons join to form
neutral, and stable, hidrogen atoms. This way, there was a time in the evolution of the
universe (normally called "last scattering surface") in which photons stopped interacting
with matter and started propagating freely since then until our days, preserving their
properties. These are the photons that we observe nowadays and constitute the CMB.

The small temperature fluctuations from a perfect homogeneity and isotropy, that are
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1.1. OVERVIEW AND MOTIVATION

found by measuring the photons at different directions in the sky, have different physical
origins, and provide one of the most major references that we have about the evolution of

the universe.

The "big bang" theory, though, is not lack of drawbacks. It appears to need a period
during the early universe, called inflation [43, 128, 189], in which a violent expansion of
spacetime is supposed to take place. This is introduced ad hoc and a smooth match with
the subsequent big bang expansion is expected. Mathematically this universe is modeled
using the well-known de Sitter spacetime, whose metric can be expressed as a particular
case of FLRW with an exponential function as the scale factor: a(t) ~ exp(Ht). The
importance of the inflationary paradigm is that it provides a solid and compelling way to
explain the initial little inhomogeneities ("scalar density perturbations”, in the language
of linear cosmological perturbation theory [43, 77]) that, after the cosmic evolution, are
observed both through the temperature fluctuations of the CMB photons, and at the

large scale distribution of matter in the universe.

And here is when the quantum theory plays a fundamental role in gravity. These
primordial inhomogeneties can be naturally generated during a cosmic inflation period as
a result of the amplification of quantum fluctuations. As already advanced in the previous
subsection, this mechanism is understood thanks to the spontaneous or stimulated
quantum process of particle creation by the gravitational dynamics of the expanding
universe, discovered by L. Parker in the 60’s [147]. Detailed observations in the last
years indicate that temperature fluctuations of the CMB fit with high degree of precision
to a Gaussian distribution with a Fourier spectrum which is almost scale invariant
[166]. The observations are compatible, in a non-trivial way, with the predictions of
inflation, even with the minimal implementation based in a single scalar field with a
"slow-roll" potential driving the expansion. The zoo of models [133] predicting current
inflationary observables is considerably large, though, and this motivates the search
for additional signatures of inflation that may distinguish between all models. The
generation of gravitational waves ("tensorial perturbations") during the rapid expansion
is also a prediction of inflation, that still has not been detected. Some experiments such
as Planck are seeking for signals of primordial gravitons in the magnetic polarization of
CMB photons. The detection of these waves is a smoking gun of the theory of inflation,
and will provide a rich source of information from the very early universe to figure out

the unknowns of the inflationary model.

As it is well-known from quantum field theory, the calculation of physical observables

normally requires taking expectation values of quadratic operators, ill-defined quantities
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that present UV divergences and need to be treated suitably. In curved spacetime the
issue becomes delicated even for free fields. The conventional normal-ordering operation
usually employed in Minkowski spacetime for free fields no longer works here since
several UV divergences associated with the curvature of the spacetime background
arise. The issue was solved in the 1970’s, and nicely summarized in [48]. The idea
consists in subtracting the asymptotic short-distance behaviour of the appropriate two-
point function to the quantity of interest [94]. As first noted in [53], the subtractions
can eventually be reabsorbed in the coupling constants of the theory, the cosmological

constant A and the Newton constant GG, yielding at the end a self-consistent framework.

The main cosmological observable supporting the theory of inflation is the angular
power spectrum, and, as we shall see in more detail, its calculation involves taking the
vacuum expectation value of some field operators. It is natural then to ask whether
this computation requires renormalization. A similar question was posed for the power
spectrum, the Fourier space version of the two-point function of primordial perturbations,
and several attempts were carried out in the past by means of the so-called adiabatic
renormalization scheme [16—-19, 146]. These ideas leaded, though, to some debate in
the literature [41, 78, 89, 132, 168], with some people arguing against the use of renor-
malization here. In Chapter 2 we show the role of ultraviolet divergences arising in the
angular power spectrum and suggest the corresponding renormalization, from a space-
time perspective. The ideas presented in this chapter are based on two papers [65, 67].
We employ the two-point function of primordial perturbations generated during inflation
to derive an analytic expression for the multipole coefficients C, in the Sachs-Wolfe
regime. We analyze then the corresponding ultraviolet behavior and stress the fact that
the current standard result in the literature is actually equivalent to a renormalization
of the two-point function at zeroth adiabatic order. Then we argue that renormalization
at second adiabatic order is more appropriate from a physical point of view. This modifies

the predictions for Cy, while keeping scale invariance.

After the period of inflation, and previous to the standard "big bang" expansion of
the universe, it is widely understood that an intermediate stage known as "reheating"
takes place, in which all the matter present today in our universe is supposed to have
originated. There is little amount of information available concerning this stage, but it is
thought that the scalar field driving the inflationary expansion is responsible for creating,
out from the vacuum, all the particles from the Standard Model through Yukawa coupling
during this period [123, 124]. Thus, it appears to be necessary to find a systematic way

of calculating renormalized physical observables originating from this stage.
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1.1. OVERVIEW AND MOTIVATION

With this motivation in mind, in Chapter 3 we extend the adiabatic renormalization
method to calculate the stress-energy tensor of Dirac fields. This is done first for a free
fermion field, and then for the case in which this field has a Yukawa coupling with
a background scalar field. The adiabatic formalism is a well-known and widely used
renormalization technique for quantum fields in homogeneous spacetimes based on an
asymptotic UV expansion of the field Fourier modes, developed by Parker and Fulling
[95, 96, 152]. Originally it was developed only for Klein-Gordon fields in expanding
universes. The extension of the adiabatic expansion of modes to fermions is subtle and
until very recently it was lack in the literature. This method allows to compute physical
observables sistematically (like renormalized energy density, momentum, or the created
amount of particles) of interest in expanding spacetimes, such as the ones normally
taking place in cosmology. Three papers of this project were published in Phys. Rev. D
[64, 66, 68]. This work was done in collaboration with other people, both in Valencia (A.
Ferreiro and J. Navarro-Salas) and Madrid (F. Torrenti).

In chapter 4 we go further and consider not only the quantum effects of the field(s)
driving inflation, but rather the impact of quantum effects coming from others, "spectator"
fields. Namely, we study the possibility of extracting tensor bounds on the hidden field
content of the Universe. Spectator (free) fields present during single-field inflation can
affect CMB observables through quantum fluctuations: they induce logarithmic running
in correlation functions of curvature perturbations. In this work we considered the effect
of a large number of such field degrees of freedom on inflationary observables, and
showed that one can extract bounds on the hidden field content of the universe through
bounds on the tensor running of the spectral index. The project involves dealing with
linear perturbation theory in cosmology, inflation, CMB physics, calculation of correlation
functions, and Feynman diagrammatics within the so-called in-in formalism. This project
was originated during a research stay at the Cosmology and Astrophysics group in
Geneva in 2016, under the supervision and collaboration of Prof. Ruth Durrer, and Dr.
Subodh Patil. A paper concerning these results is being prepared for communication
[63].

Quantum aspects in astrophysics

Astrophysics is another field of gravitation that studies the origin, formation, evolution,
and properties of the different individual structures in the Universe, such as stars,
galaxies, clusters of galaxies, black holes, cosmic rays, dark matter, etc. Parallel to

inflation, the intense gravitational phenomena that take place in some typical situations
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in astrophysics could help to test the validity of general relativity and / or quantum
field theory in curved spacetimes. In particular, the formation of black holes, typically
arising as a consequence of the gravitational collapse of a star, turns out to be a possible
interesting scenario to check the implications of quantum fields propagating nearby, such
as the celebrated Hawking effect [111]. Another significant scenario, which is particularly
popular nowadays, is that of binary systems of compact objects that end up coalescing
to give a black hole, and in the process release a huge amount of energy in the form
of either gravitational and electromagnetic waves. Recently, the Laser Interferometer
Gravitational-Wave Observatory (LIGO) in the USA, jointly with the Virgo interferometer
in Europe, have detected for the very first time, and with direct methods, the gravitational
waves emitted during the merger of two black holes [5]. The collaboration has in fact
detected more events supporting this, and not only from the collision of two black holes,
but also from the merger of two neutron stars. The expected electromagnetic counterpart
for this latter case was also detected in the whole electromagnetic spectrum by several
telescopes and observatories, thereby representing a valuable breakthrough for multi-
messenger astronomy as well. The observations provide deep insight in the behaviour of
spacetime in the regime of intense gravity, high velocities, and confirm the predictions of

general relativity for the non-linear dynamics of two black holes [5].

The second part of this thesis deals entirely with the electric-magnetic duality trans-
formation of source-free Maxwell theory in the quantum regime, assuming the electro-
magnetic field to propagate in a classical and dynamical curved spacetime. This topic
will be covered in detail in chapter 5. Although originally we were interested in possible
applications to cosmology, as we shall argue physical implications of this phenomenon
will turn out to be mostly relevant in astrophysics, mainly because gravitational scenar-
ios with vorticity or frame-dragging are available. The project was initiated in a research
stay at Louisiana State University in 2015, and continued at the University of Valencia,
under the supervision and close collaboration of both Dr. Agullo and Prof. Navarro-Salas,

respectively.

Classically, Maxwell action for electrodynamics in absence of electric charges and
currents is invariant under a duality rotation of the electric and magnetic fields, even
when the electromagnetic field is immersed in a classical and dynamical curved spacetime.
Associated to this symmetry there is a conserved Noether charge (the V-stokes parameter)
which measures the net difference among right- and left-handed circularly polarized
photons. The duality symmetry states that this is a constant of motion in the absence

of electromagnetic sources. We will find, though, that when the electromagnetic field
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1.1. OVERVIEW AND MOTIVATION

is quantized, this symmetry fails to hold, providing a so-called anomaly in the theory.
It can be seen as the spin-1 analog of the so-called chiral anomaly for fermions, and as
the latter, it may provide interesting physical implications. The strategy that we shall
follow will consist in mimicking the fermion theory as much as possible, in particular in

rewriting the classical action as that of a Dirac one.

The origin of this anomaly can be understood in terms of renormalization: when
one deals with a classical symmetry, Noether’s Theorem tells that the divergence of the
current turns out to be proportional to the equations of motion, with coefficients being
the fields themselves. This results in a quadratic operator field and as such needs to be
renormalized properly. Renormalization subtractions need not respect the equations of
motion of the fields since the primary restriction is that they are covariant, and thus
the emergence of an anomaly. This is precisely what happens in other anomalies. We
also show, complementary, that the anomaly can be understood following Fujikawa’s
interpretation. Transition amplitudes between two different states of the electromagnetic
field are calculated using the path integral. This requires summing over all paths in phase
space, each of which weighted with the exponentiated action. A duality transformation
amounts to a canonical transformation in phase space, so must leave the whole transition
amplitude (or one-loop effective action) invariant. One knows then that the action
remains invariant, because of the classical symmetry. However, unlike in the classical
theory, besides the action there is an additional ingredient that must be analyzed
and appears inside the path integral: the measure may change in a non-trivial jacobian,
indeed. Both calculations yield the same result and confirm the existence of this quantum
anomaly. Regardless of the interpretation, the conclusion is that quantum off-shell

contributions of the electromagnetic field spoil the classical symmetry.

The project involves dealing with a wide variety of topics, such as hamiltonian
dynamics, spinors, field theory, quantization, gauge theories, path integrals, anomalies,
3+1 formalism of gravity, renormalization theory in curved spacetime, geometric analysis,
etc. The first results were published in Physical Review Letters [13]. It is also worth to
remark that an essay [14], proposing and emphasizing potential physical implications
of this quantum effect in astrophysics, won the First award in the prestigious Gravity
Research Foundation Essay Competition in 2017. A follow-up paper with more details is

being prepared for publication [12].

From a more physical point of view, this anomaly is suggesting that a gravitational
background distinguishes both radiative degrees of freedom of photons (i.e., right- and

left- handed circularly polarized photons), by inducing a change in their polarization
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state through quantum fluctuations, possibly along the propagation. In particular, we
have recently learnt that the anomaly manifests if gravitational wave emission takes
place in the background. Consequently, the result could be observationally relevant
in dynamical spacetimes with a certain degree of vorticity or frame-dragging, such as
the collapse of a neutron star into a Kerr black hole, or mergers of compact binary
systems in astrophysics. These are considered one of the most important sources for
gravitational-wave emission and are thought to be at the origin of some of the most
violent events in the Universe. Analitycal approaches are very limited in this direction,
and as a consequence I collaborate with experts in numerical relativity (N. Sanchis-Gual,
V. Mewes, J.A. Font) to estimate the effect in typical astrophysical situations. Some
results have been obtained but the project is still ongoing. Here we shall comment only
the main ideas from a qualitatively point of view. This interaction in particular allowed
the author to get familiarized with key issues in the field of numerical relativity [20]

(gauge conditions, initial data, Weyl scalars to infer gravitational waves emission, etc).

As advanced in the previous paragraph, the issue of gravitational wave emission is
strongly connected to the manifestation of this anomaly. This is actually a non-trivial
conclusion and to arrive at this we employ techniques in general relativity dealing with
asymptotic analysis. These are well-known methods to deal with asymptotically flat
spacetimes, a framework that is nice to describe isolated astrophysical sources, such as
dynamical or collapsing black holes, and the propagation of radiation emitted by them
to future null infinity (the methods are actually valid for any radiative field, not only
gravitational). Conformal null infinity and Penrose compactification, peeling-off expan-
sions, Newman-Penrose null basis, covariant hamiltonian dynamics, BMS asymptotic
symmetries, soft (infrared) charges and "large" gauge transformations, "memory" effect,
etc, are key topics related to this framework. These were studied by the author while
visiting the Institute for Gravitation and the Cosmos in 2017, under the supervision of
Prof. Abhay Ashtekar. Although this work is still ongoing, some progress and aspects
are discussed by the end of Chapter 5 using the above techniques to figure out that the
electromagnetic duality anomaly is related to polarized gravitational wave emission. In

particular, it manifests if emission of gravitational waves takes place.

We finally end the thesis by summarizing the main aspects throughout the text and

describing future prospects of our work. This is done in Chapter 6.
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1.2 Methodology

The methods employed in this thesis are essentially theoretical (focused on calculating
observables of physical interest, consult the bibliography, proposing models to explain
phenomenology, predicting results given some theories or assumptions, relating ideas to
produce new results, increase knowledge in both physics and mathematics, clarifying or
giving solutions to questions, etc) and/or computational in some cases (use of advanced
calculus software such as Mathematica). It also required the interaction and collabora-
tion with researchers in other fields of expertise (for instance to run advanced numerical
simulations in relativity). In general, we use tools from diverse areas of physics (such
as classical mechanics, classical theory of fields, quantum field theory, electrodynamics,
gauge theories, general relativity, cosmology, and astrophysics) as well as of mathematics
(linear algebra, real and complex calculous, classical and modern differential geome-
try, functional analysis, and geometric analysis). Specific methods have already been

commented along the introductory text.

1.3 Training

Apart from research, as part of the Ph.D thesis training I tried to improve my knowledge
and education both in physics and mathematics. This is fundamental to gain clarity,
insight, perspective, rigor, new and powerful methodology, etc. In particular, I tried to
cover a considerable number of books for developing the thesis (see the bibliography)
and, in order to increase my background in theoretical physics, I attended several
international summer schools abroad whose lectures ranged from general relativity to

quantum field theory. Here there is a list of them:

* "School on Gravitational waves for Cosmology and Astrophysics", Centro de Cien-
cias Pedro Pascual, Benasque (Spain), May 28" - June 10", 2017.

* "Foundations and new methods in Theoretical Physics", Wolfersdorf (Germany),
September 4 - 16", 2016.

* "Geometric aspects of General Relativity", University of Montpellier (France),
September 28" - October 15, 2015.

* "Group theory in Particle Physics", Institut de Fisica Corpuscular, Valencia (Spain),
June 279 - 12th 2015.
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* 7100 years of General Relativity, from theory to experiment and back ”, Israel Insti-
tute for Advanced Studies, Jerusalem (Israel), december 29t 2014 - 8" January
2015.

* "Mathematical Relativity”, Erwin Schrodinger Institute for Mathematical Physics,
Vienna (Austria), July 28th - August 1th, 2014

e "Asymptotic analysis in General Relativity”, Joseph Fourier Institute, Grenoble
(France), June 16%" - July 4", 2014.

On the other hand, I also took several lectures in geometry and analysis from the
degree of Mathematics, both at the University of Valencia and at the Spanish National
University of Distance Education. The courses were: Topology, Differential Geometry of
Curves and Surfaces, Hilbert Spaces and Fourier Analysis, Algebraic Topology, Func-
tional Analysis, Differentiable Manifolds and Lie Groups. These lectures provided me a
better and solid understanding of the mathematics underlying quantum theory, general
relativity, and classical mechanics.

Finally, in order to improve my communication skills, I attended and participated in
several conferences all around the world, and gave seminars in different departments.

Here there is a list of them:

e "Electromagnetic duality anomaly in curved spacetime and possible applications
to astrophysics”, seminar given at IGC Pennsylvania State University, September
18" 2017.

» "CMB bounds on the hidden universe", 121" Iberian Cosmology meeting, Valencia
10-12 April 2017, Spain.

e "Electromagnetic duality anomaly in curved spacetime", Oviedo V posgraduate

meeting on theoretical physics, Oviedo 17-18 November 2016, Spain.

e "Electromagnetic duality in curved spacetime", 21st International Conference on
General Relativity and Gravitation, New York 11-15 July 2016, USA.

e "Electromagnetic duality anomaly”, seminar given at University of Geneva, March
11t 2016.

* "Adiabatic regularization for spin 1/2 fields and the renormalized stress-energy
tensor”, 14*" Marcel Grossmann Meeting, Rome 12 - 18" July, 2015.
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"The role of renormalization in curved space-time”, seminar given at IFIC Univer-
sity of Valencia, 20** November, 2014.

”Space-time analysis of primordial perturbations during slow-roll inflation”, Span-

ish relativity meeting, 1°¢ - 5! September, 2014.

“Evidence for quantum effects in gravity: from spontaneous particle production to
BICEP?2 discovery”, seminar given at IFIC University of Valencia, 29** April, 2014.
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CHAPTER

ANALYSIS OF CORRELATORS IN INFLATION AND THE UV
BEHAVIOUR OF THE ANGULAR POWER SPECTRUM

wo-point correlators (Z(x)Z%(x')) and self-correlators (R%(x)) of cosmological
primordial perturbations Z(x) in quasi-de Sitter spacetime backgrounds are
considered. For large distance separation between points we find that this cor-
relation function exhibits nearly scale invariance, in agreement to what appears in the
power spectrum, its well-known counterpart in Fourier space. Self-correlators, which
quantify the amplitude of perturbations at a spacetime point, are ill-defined and need

standard renormalization.

We employ then the two-point function of primordial perturbations generated during
inflation to derive an explicit expression for the angular power spectrum C/, in the Sachs-
Wolfe regime. We study this without the commonly assumed large distance separation,
and find that it actually diverges. Although the two objects are of different nature, the
renormalized value (%2(x)),., can be successfully reproduced using the short-distance
behavior of the two-point function (Z(x)%(x')) by a point-splitting version of adiabatic
regularization. Motivated by the above, we study then the deformation or "renormaliza-
tion" of two-point correlators in order to make them smoothly match the renormalized

self-correlators at coincidence.

We analyze the ultraviolet behavior of the angular power spectrum and stress the
fact that the accepted result in the literature is actually equivalent to a renormalization

of the two-point function at zero adiabatic order. We argue that subtractions up to
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CHAPTER 2. ANALYSIS OF CORRELATORS IN INFLATION AND THE UV
BEHAVIOUR OF THE ANGULAR POWER SPECTRUM

second adiabatic order seems to be more appropriate from a physical point of view. The
corresponding angular power spectrum is evaluated in the Sachs-Wolfe regime of low
multipoles. Scale invariance is maintained, but the amplitude of C, could change in a
nontrivial way.

The content of this chapter is based on papers [65, 67]

2.1 Motivation for considering renormalization

Before turning our attention to explicit calculations of correlators, let us discuss why one
should be interested in the very short-distance behaviour of the two point function, and
its potential implications in physical observables.

As commented in the introduction, the theory of quantum fields interacting with
gravity [48, 157], applied to the very early and rapidly expanding universe, explains well
the pattern of temperature anisotropies of the cosmic microwave background (CMB) as
well as the large scale structure (LLSS) of the universe. The calculation of observables in
a curved space-time is, however, not trivial: new ultraviolet (UV) divergences arise in the
computation of local vacuum expectation values, and these infinities can not be removed
by standard methods in Minkowski space-time. Specific methods to define regularization
and renormalization in expanding universes have been constructed to account for the
new UV divergences sourced by curved backgrounds [48, 157] (for more recent works
regarding Dirac fields, see [66, 68, 101, 102, 126, 127]).

Let ¢ represent a generic free field living in an homogeneous and isotropic Fridmann-
Lemaitre-Robertson-Walker (FLRW) spacetime, with line element ds? = d¢2 — a?(¢)d%2.
The field ¢ will later describe scalar (or tensor) perturbations during inflation. In the
quantum theory the free field operator is most generally studied by its expansion in

Fourier k-modes ¢ (),
P(t,%) = f d3k [A,;wk(t)+A’iE<p;;(t) oih% (2.1)

where A i and A;;, are creation and annihilation operators, such that A ;10)=0, with |0)
the vacuum state, and satisfy canonical commutation relations, [A;,A;,1=0, [A;,A];] =
0 and [A,;,A];] = 63(E —E'). A basic object in quantum field theory is the two-point

function. For future purposes, we will consider it at equal times ¢ = ¢’
(6, Dp(t, 7)) = f Bhlgp(t)2eFE 2.2)
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2.1. MOTIVATION FOR CONSIDERING RENORMALIZATION

We can also construct local physical observables of physical interest. For instance, the
local quantum fluctuations of ¢ can be quantified by the mean square fluctuation in the

vacuum state

(9t 7)) = f Rl . 2.3)

In fact, it is quite common in cosmology to refer the quantity Ai(k, t)= élztha‘rjl(,ok(t)l2 as
the power spectrum.

A proper definition of the physical power spectrum in inflationary cosmology is not
free of subtleties, as first pointed out in [146], and subsequent studied in [16-19, 153]. In
momentum-space, and for a single mode %, the power spectrum Ai(k, t) is well defined.
However, the formal variance ((p2(5c', t)), which is a sum in all modes, diverges in the
ultraviolet. There is no doubt that the self-correlator needs renormalization when it is
used to quantify the amplitude of quantum perturbations at a single space-time point,
as in (2.3). However, the two-point function (2.2) does not need a priori renormalization
when used to quantify physical observables involving correlations. One could argue that
the two-point function has a well-defined definition in the distributional sense and there
is no mathematical need for any regularization [41]. However, as we shall shortly see,
the spacetime perspective gives another insight to this question: as the spatial points get
close together, the two-point function will grow without bound and produce divergences in
some physical observables [65, 67] (for an advance see expression (2.6) together with (2.7)
). In [16-19, 146, 153] it was argued that the physical power spectrum should be defined
in terms of renormalized quantities. The challenging of this proposal for inflationary
cosmology and quantum gravity has been recently stressed in [192]. The purpose of this
work is to reanalyze these issues, specially from a spacetime viewpoint.

As we have said, (2.3) is UV divergent and needs to be renormalized according to
standard rules. It turns out that, although the two-point function (2.2) and (2.3) are
mathematical different objects, the renormalized value of (2.3) can be calculated in terms

of the two point function by means of a point-splitting version of adiabatic regularization:
(@*(@t,%) = lim (8, Dp(t,E)) - NG aa((2,D), (8, EN] (2.4)
X—X

where MG 44((2,%),(¢,%)) is the Nth order adiabatic subtraction term. It is defined via the
adiabatic regularization method, or, equivalently, using the DeWitt-Schwinger scheme
(for more details see [66].) To properly cancel the UV divergences in our 4-dimensional
spacetime the second adiabatic order N =2 is the right one for the mean square fluctua-
tion ((pz(t,a'c’)). It must be noted that the proper adiabatic order of the subtraction term

depends on the particular physical quantity to evaluate. For instance, the computation of
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the renormalized expectation value of the stress-energy tensor (T';,(¢,X)) needs subtrac-
tion up to the fourth adiabatic order, using [{p(t, ©)p(t, %)) — PG aq((¢,%),(t,%))] instead
of (p(t,X)p(t,X)), and taking the coincident limit.

Apart from these fundamental objects, we can also be interested in integrated quanti-

ties from the two-point function, like
(ppop) = [ AT PTG Dp(e BN = lgnOPP G+, (@25

or, assuming rotational invariance, we can also construct

o f 42 d%'Po(i- 7 )t )p(t, )

an d cosOP (cos0){p(t,X)p(t, X)) = 16n2f %I(pk(t)lzjﬁ(klfl) , (2.6)
-1 0

where P, are the Legendre Polynomials, and cos0 = 7i - 7’ is the angle formed by the two
directions 7 = X/|X| and 7’ = X'/|X|. The physical motivation for considering this formula
will become clear in the third subsection of next section. For completeness, we have
also added the equivalent and familiar expression in momentum space. It involves the
spherical Bessel functions j,.

Altough the former integral (2.5) is UV finite and nothing else is needed, the latter has
an UV divergence. The underlying reason is that the Legendre polynomials do not decay
to zero as 0 — 0. A detailed inspection reveals that the divergence is of N =0 adiabatic
order. This conclusion can be deduced from the short-distance (asymptotic/adiabatic UV)
expansion (0 — 0)

1 (g—OR

(p(t,x)p(t,x")) ~ T cosd 2 log(1 —cos0) +... 2.7

and P/(cos0) ~ 1+ 0(0). Therefore, while (2.5) should be kept unaltered, expression (2.6)
must be modified, perhaps according to the renormalization prescription. One should
then replace (p(¢,%)¢(t, %)) by [{p(t, D)t %)) — VG 44((t,%),(t,%'))] in expression (2.6) to
guarantee the UV finiteness of the integral.

However, we should remark that the appropriate choice of the adiabatic subtrac-
tion order n depends on the physically relevant object. In CMB cosmology the direct
physical observables are temperature correlations, which are linked to the space-time
two-point function <<p(t X)p(t,%')). For instance, in the Sachs-Wolfe regime we have
(ATHR)AT#H )y sw = ((p(t X)(t,x')), where @(t,X) = %(t,%) is the comoving curvature

perturbation. These temperature correlations are the ones upon which other observables
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like C?T are constructed

1
It = f d cosOP (cos OATH)AT(#')) . (2.8)
-1

Since physical correlations are direct observables that can be measured in an experiment,
it seems natural to demand that they must always be finite, even at coincidence X = x'. To
achieve that, one should then relate (AT'(77)AT'(7')) with the quantity [{@p(Z,X)p(t,X")) —
@G 44((2,%),(t,%))] to ensure UV finiteness at coincidence. Therefore, we argue that the
actual related multipole coefficients should be constructed with second order adiabatic

subtractions

1
cy =2 =2z f d cos 0P ¢(cos O)(p(t, D)p(, ) — PG 44((2,5), (£, E))] . (2.9)
-1

2.2 Spacetime correlators at very large distances

Correlator of tensorial perturbations in a slow-roll scenario

Tensorial perturbations (gravitational waves) generated during inflation can be math-
ematically described by two independent, massless scalar fields propagating in the
unperturbed quasi de Sitter spacetime background. These two scalar fields repre-
sent the two independent polarizations of the tensorial fluctuation modes ¥;; aris-
ing in the inflationary universe. In cartesian coordinates this can be expressed as
ds?=dt? —a®(t)(6;; + D;;)dx dx’.

Indeed, working in this metric and set of coordinates, and expanding the fluctuating
fields 2;; in Fourier modes % (t)e; jei’;’_", where e;; is a constant polarization tensor
obeying the conditions e;; = ej;,e;; =0 and k;e;; = 0, the theory of linear cosmological
perturbations (see [43, 77, 189]) eventually leads to the equation &, + 3SHY;, + 2—;@;3 =0,
with £ = |k| and H = d/a. This is the Klein-Gordon equation in Fourier space for a
massless minimally coupled scalar field in a FLRW spacetime. The conditions for the

polarization tensor imply that theperturbation field &2;; can be decomposed into two
! ;<J,
where efjefj =204y (s =+, x stands for the two independent polarizations), both obeying

polarization states described by a couple of massless scalar fields 2;; = @Jre;“j +Dye

the above wave equation (see, for instance, [189]). For simplicity we omit the subindex +
or x.

In the slow-roll approximation of inflation one assumes that the Hubble parameter
H(t) changes very gradually, and the change is parametrized by a slow-roll parameter

¢ = —H/H? < 1. Within this approximation it is possible to solve the wave equation
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in a closed form in terms of the conformal time n = [ d#/a(t). Taking into account that

(1-en= —(%H, the wave equation for 2;, turns out to be of the form

d*a, 2 d2,
- +k“9, =0. 2.10
dn®? n(l-e¢) dn k (2.10)

Treating now the parameter € as a constant, the general solution is a linear combination
of Hankel functions [105]. One can univocally fix the solution with the requirement of

recovering, for € — 0, the Bunch-Davies vacuum [171]. The properly normalized solutions

v1enG
V2(2m)3as

where G is the Newton constant and the index of the Hankel function is exactly v = %+ Tos-

for the modes are

Dy (t) = (—nan/2)2HD (-kn) , (2.11)

Having the explicit form of the modes, we can now compute the two-point function. At

equal times ¢ = ¢’ we find (the calculation follows closely to [171])

3 3 3 3 Ax)>
—+v)r(——v)2F1(—+v,——v;2;1—ﬂ L (2.12)
2 2 2" "9 412

macn

where Ax = |X —X'|. For v = 3/2 (¢ = 0) we have the unavoidable infrared divergence of the
Bunch-Davies vacuum [23, 24, 90, 182].

For large separations, aAx > H -1 one obtains

(D(t,2)D(t,%)) ~ (2.13)

4GT(3/2—v) T(v) (Ax)2<v—3/2)

732 a2n?\-n :
One can immediately observe that the amplitude above is nearly scale invariant, i.e.
it almost does not depend on the separation distance Ax. This is consistent with well-
known results working in the Fourier domain. Moreover, the term (-n)'=2"/a? is time
independent, which allows us to evaluate it at the most convenient time. In fact, the

correlator can be rewritten as

2
167G (H(tAx)) , (2.14)

(D(t,2)2(t,X)) ~ - % 9

where the time ¢, is defined as a(¢a,)Ax = H~1(¢a,). Note that there is an implicit slight
Ax-dependence on H(ta,), given by the one in (2.13).

Correlator of scalar perturbations in a slow-roll scenario

Scalar perturbations originated during inflation can be studied through the gauge-

invariant field Z (the comoving curvature perturbation; see, for instance, [189]). For
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single-field inflation, the modes of the scalar perturbation are given by

Rp(t) = 1/ ﬁ HO(—nk), (2.15)

where now v = 3/2 +(2¢ + 6)/(1 —¢€) and 6§ = H/2HH is a second slow-roll parameter.
Moreover, z = agpo/H, where ¢o(t) is the homogeneous part of the inflaton field. These
modes determine the vacuum state of scalar perturbations. Such a state can also be
regarded as the natural extension of the Bunch-Davies vacuum of de Sitter space. The

corresponding two-point function (%(t,%), %(t,x')) is given by

1 3 3 3 3 (Ax)?
- -/ _ R
<%(t,X)%(t,x )> = mr (§+V)r(§—1/) 2F1 (§+V,§—V,2,1— 4172 (2.16)

For separations larger than the Hubble radius a|% —¥'| > H ! we get

TG -v)T() (Ax)%—m) 17

R, DR ~ ———— | —
( ) 4n2z22n? -1

Again, this is almost scale invariant since v —3/2 << 1, as expected from standard
results using the Fourier spectrum. This expression can be rewritten, assuming v —3/2 =

(1-n)/2=0 (n is the scalar spectral index), as

(R, DR, %)) ~ -

2
4nG (H(tAx)) . (2.18)

(1-n)e 2n

Angular power spectrum. Recovering standard results

Restricting the two-point function of scalar perturbations to points such that |%| = |'],
we can further obtain Ax!™" = 2177” 111 - cos 0)1"™/2 where 0 is the angle formed by
i = %/|X| and i’ = X'/|X|. Then, taking |X| = r1, where ry, is the comoving radial coordinate

of the last scattering surface [189]

1 dx

1 1)
Trzg \/QAx4+QMx+QR

rr, = H(to) lalte)™ (2.19)

with the standard cosmological values for z7,, Qx, Qg, and Qjs [166], the correlator of

scalar perturbations for large separations (2.17) shows exactly

_ . 471G H*(1-¢)24I'(2- %)
<%(tax)%(t,x )> ~ c 167[2 \/E r(

where we have defined the dimensionless quantity 77,(¢) = H(1—€)ary.

n—1
2

1n _1_4 1-n
2277 " (1-cosf) 2 (2.20)
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This two-point function is related to CMB observations as follows. Let AT'(72) be the
temperature fluctuation observed in the CMB for a given direction in the sky 7 = (0, ¢),
with respect to the (angular) average value of today’s temperature T, i. e. AT(A) =
T#R)-Ty, with Ty = ﬁ S d?A T(#). This magnitude AT(7) depends on the direction of
observation in the sky 7. Since what we observe is a real-valued function which takes
values on the spherical 2D surface of the sky, it is convenient to expand it in spherical
harmonics Y,;"(7), which constitutes a complete orthonormal basis: AT(A) = T'(2) — T =
YimaemY, (R), where £=0,1,2... and the sum goes from m = —¢ to m = +¢. This ¢ is
known as the multipole and represents a certain angular scale in the sky by means of
the approximation 0 = 7/¢. Since AT'(#) is real, aj, = a,—, holds.

Observational missions measure the angular power spectrum, C,, defined by
<a[ma;/m/> :5[[/6mm’C[, (2.21)

where brackets denote some average process. This formula in turn implies C, = (|a 'ml2),
which shows that C, are real and definite positive. Now we can calculate the two point
function of temperature correlations as

20+1

(ATR)ATR)) = ZCgYm(n) (Y,")"( ch Pg(ﬁ A, (2.22)

where P, are Legendre polynomials. One can now take an inverse Legendre transforma-

tion and obtain a formula for the multipole coefficients C/, in terms of this correlator:

2 A 2MP€(ﬂ'ﬁl) A N 1 N N
C, :fd Ad“hA T(AT(H)AT(H ) :27[[ d cosOPy(cosO)(ATH)AT(R)) (2.23)
-1

where in the last step we took into account that the temperature distribution is assumed
to be statistically isotropic.

This two-point function of curvature perturbations originated during inflation (2.20)
is related to the correlation of temperature fluctuations of the CMB, in the regime of

very low values of ¢, via the Sachs-Wolfe effect (see, e.g., [189])

T2
(ATRAT R ) sw = 2—;)(%(7‘1,5)%(7‘1,17'))- (2.24)

The coefficients C, are thus predicted to be
CSW = 2218 11 1 cosOP f(cos ONR(rL VAL AT) . (2.25)

Therefore, the low multipole coefficients, dominated by the Sachs-Wolfe effect, are pro-

portional to the integral

1 —n
c7V o f 1dy(l—y)lTPg(y), (2.26)
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with y = cos6. This integral can be computed analytically [8, 105], and we finally find

oSV _ 8nT5 4nG H2(1-€)2 T(3—n)I'(£ + ”7‘1>f1_n
‘ 25 ¢ 1672 I(t+2-21) b

, (2.27)
in exact agreement with the result obtained with the momentum-space power spectrum
P.(k)=|N|?k""1[189], by using the formula

1672T2 o dk
25 o Pk

Crsw = Py(k)jo(krL), (2.28)

. . 2(1_)2 03-n 9 (7, \1-n 9
and the amplitude |N|? given by |N|? = %%%F@— 5 (%) ~ %. For
completeness, taking approximately n = 1 in (2.27) and using the standard assumption
Fg_n ) ~ 0(1) [189], the estimated order of magnitude for the amplitude of C‘? Wis
2GHT? 2GH>T?

SW 0-1-n
€(€+1)C€ N———T] 5e

2.29
25¢ ( )

We will go back to this point at the end of section 2.4.

We note that if the coefficients C‘g W in (2.25) were actually evaluated using the exact
expression (2.16) for the two-point function (%(¢,X)%(¢,X')), the integral (2.25) would
have been divergent [due to the UV divergences of (2.16) as points ¥ and X’ mergel].
This is essentially the feature that we commented in section 2.1. The use of the large
distance behavior (2.17 and 2.20) everywhere in the integral (2.25) bypasses the UV
divergences and makes the integral convergent. We will see in section 2.4 how the use
of a "renormalized" form of the two-point correlator (%(t,X)%(t,x')) does the same job,
but with a slightly different final result for the integral. In a certain limit both results
eventually agree, but in general we find a difference that could be potentially probed by

observations.

2.3 Spacetime correlators at very short distances

From now on we shall use ¢ to denote both scalar and tensorial fluctuations, and v to
represent the corresponding Hankel index. When necessary we shall return to the letter
Z to make some statements explicit.

The two-point function (¢p(¢,%),p(¢,X')) can be expanded at short distances as

<¢(t,;c)¢(t,5e')>:Hz<1—€>2{ 4+ (1-v2) (—1+2y+w(3/2—v)+w(3/2+v)+logAT’_cz)+O(A3‘cz)}(2.30)

1672 Ax?
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where we have introduced the dimensionless quantity Ax = H(1 —€)aAx. An additional
prefactor, 47G/e or 16mG, needs to be included in considering scalar or tensorial pertur-
bations, respectively.

It is clear then that, as advanced in (2.7), the scalar two-point function diverges when
the two points merge, 8 — 0. This produces an ultraviolet divergence in the expression
for multipole coefficients Cy when evaluated in the Sachs-Wolfe regime, for which one
makes the identification (2.24):

27tT2

CSW = f d cosOP(cosO){(R(t, %)% (t, X)) = (2.31)
One could cure this divergence by subtracting the appropriate counterterm, as it is nor-
mally done in renormalization. Different methods can be used to obtain the subtractions
terms. A preferred method for our purposes is the point-splitting version of the adiabatic
regularization scheme. The method determines the subtraction terms univocally. The
replacement (Z2(t, $)%(t, ') — [(R(t, H)%(t, %)) — GV, (¢, %), (¢, )], with G (¢, %), (¢,%))

being the leading order term in the short-distance expansion (2.30), yields

cswo=0 270 f d cosOP(cos O)(%(t, DR(t,¥)) — GV (2, 3),(t,FN] <00 .  (2.32)
This, eventually, produces (2.27) in the large distances limit. It turns out then that,
implicitly, the result in the literature is the result of "renormalizing” the two-point
function at zero adiabatic order.

Even though this procedure provides a finite result, what we have really encountered
in (2.30) is the typical quadratic and logarithmic short-distance behavior of a two-point
function in a curved background. So, as argued before, it seems natural to remove both
divergences, not only the leading one. Accordingly, it is natural to propose the following
identification

T2
(ATG)AT (7 »sw——[@z(t DR,E") -G (%), 7], (2.33)

instead of (AT(H)AT (') sw = [(?/Z(t DR(t,E") - G (t,%),(t,7))], as used in (2.32)
to obtain (2.27) in the large dlstances limit. By doing this subtraction, we make the
two-point function match the mean-square fluctuation (#2(t, %)).

The point-splitting adiabatic method determines the subtraction terms univocally.
The second order counterterm in the short-distance asymptotic expansion is

1 5

2
@ . — a2 -
G ((2,%),(t,%)) = a7V )(2Y+1°gH2(1—e)2)}’

H2(1- 6)2{ 4 +(1 )1 Ax? 2—¢
O ——
1672 |A22 |4 84 T30 2
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where p is a renormalization scale and the corresponding prefactor mentioned above for
scalar or tensorial perturbations must be considered. We observe immediately that the

UV divergences of the self-correlator cancel exactly and we are left with

H2(1-¢) (1 H 2-¢

204 = _ A D N2 _ _ _

WEDren =673 {(4 V)( HHyERmVTyEREY) IOgHz(l—e)Z) 3<}‘e)§}'
2.34

The above self-correlators quantify the amplitude of perturbations at a given spacetime

point.

2.4 Modified two-point functions and angular power

spectrum

In previous sections we have studied the correlator (¢(¢,X)¢(¢,X)) and self-correlator
(p%(t,%)) of tensorial and scalar perturbations in slow-roll inflation. For an ordinary
quantum mechanical system, with a finite number N of degrees of freedom, expectation
values of the form (¢(i)¢p(j)) and ((,bz(i)) match when j =i [for instance, in a chain of spins
with ¢(i) = S,(i) and i = 1,...,N]. However, we are facing here a field theory (with an
infinite number of degrees of freedom), and the above matching is not a priori guaranteed.
This is so because the self-correlator requires renormalization. We may either assume this
discontinuity or modify the two-point correlation function to force it to match ((/)Q(t,o_c'))re n
in the coincidence limit ¥’ — X [157]. This second possibility was indirectly explored in
[146] by analyzing the power spectrum of perturbations in momentum space. It has been
somewhat debated in the literature and properly reviewed in [41]. One could naturally
argue that the two-point correlator has a well-defined definition in the distributional
sense and there is not a mathematical need for any regularization [41, 89]. However, as
the spatial points approach each other, the two-point correlator will grow without bound
and diverge as the points merge. Therefore, from the physical point of view it seems
reasonable to use a regularized form of the two-point correlator to consistently match
the self-correlator at coincidence [157] 1. In the conventional approach the expectation
value of the self-correlator ((p2(t,5c')> plays almost no role. We assume here that the
(renormalized) self-correlator is actually playing a physical role (as in the Casimir effect).
As we will see shortly, the regularized form of the two-point correlator makes the desired

integral (2.25) UV convergent. The consequences of this merit to be explored. Therefore,

1 Alternatively, one could also consider short-distance modifications of the two-point function due to
quantum gravity effects. See, for instance, [144]
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we further analyze here this possibility taking advantage of the spacetime viewpoint
sketched above.

We shall modify the correlators by adding the subtraction terms prescribed by renor-
malization and according to (2.33). We note that a distinguishing characteristic of
adiabatic renormalization is that the subtraction terms szi((t,f), (¢,Xx")) are well-defined
for arbitrary point separation. In general this is not possible for an arbitrary spacetime,
but for the homogeneous spaces relevant in cosmology the adiabatic subtraction terms ex-
tend to arbitrary large distances. With this in mind, we will finally compute the angular
power spectrum for primordial perturbations using the modified spacetime correlators.

As a previous step we will compute the two-point function at leading order in slow-roll.

Two-point function at leading order in slow-roll

The procedure is similar for scalar and tensorial fluctuations, so we will do a general
treatment. First, we start off splitting Egs. (2.12) and (2.16) as a combination of two
hypergeometric functions. To this end we use the transformation properties of hypergeo-

metric functions [8]

3
3 3 Z727VT(-2 3 1 1
Fl—+v,——v,2,1-Z 32 (1 v) Re{F(—+v,—+v,1+2v,—)}
2 2 INCERINCERY) 2 2 Z

3
Z751@ 3 1 1
ARMENCLY, Re{F(——v,——v,1—2v,—)} (2.35)
FE+IG+v) 2 "2 z

with Z = A%%/4 = 0. We now expand expression (2.35) as a power series of the “slow-
roll” parameter v around v = 3/2, and stay at first order (for details see the Appendix).

Grouping terms, we arrive at the following expression for the two-point function:

Ak /A _ )](}2.36)

Notice that the UV divergences are just the same as those found in (2.30), but now they

) o\ V—3/2
(Pp(x)Pp(x")) = H(1-¢)” { 4 —210gAT’C2 -1+ L(AT’CQ)V + 4Re |log

1672 | Ax2 32—v)

are obtained at leading order in the slow-roll expansion. We recover exactly expression

(2.30) taking the limit Ax — 0 and the slow-roll approximation.

Modified two-point function

We can now proceed to do the subtraction. The modified two-point function then reads

IOg(%""/Asz_ )] —§+4y+2log§2}(2.37)

2012 -9 V—3/2
(Qb(x)(l)(x,»ren ~ H1(61n2€) { (3/22—v) (ATx) taRe
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We remark that, at leading order in the slow-roll expansion, this is an expression valid
for small and large separations. For scales larger than the Hubble horizon, Ax > 1, we

can further take the approximation, 4Re |log (% + AT’_Cz - )] ~ 21log(A%?).

Physical angular power spectrum

We now compute the corresponding angular power spectrum from the modified two-point

function for scalar perturbations and for low multipoles

2
271T0
25

cSW = f 11<@<x)92<x')>ren<y>m(y)dy . (2.38)
By construction this is a finite quantity, even without taking the large separation limit
for the two-point function [as it was assumed in going from (2.25) to (2.26) and (2.27)].
To evaluate the logarithmic contributions of (2.37) to (2.38) we take into account that
f_ll dylog(1—y)P,(y)=-2/¢(¢+1),¢ =1,2,... . The final result for the angular power
spectrum with the modified two-point function is very well approximated by the following

analytical expression:

2 172 21— n—1 -n—1
CSW L 4nG8nToH(1—e) rL" [ +%>) ~ rz (2.39)
¢ e 25 1672 T(+2-151) e+’ '
3 1-n

where we have used v - 5 = <5*, and n represents the scalar index of inflation n =
1—4e — 256 + O(¢e,6)%. Also notice that expression (2.39) is valid for £ = 1, as for £ =0
there would be present all the constant contributions from the renormalized two-point
function (2.37), including the one depending on the renormalization scale. In fact, the
renormalization scale may be fixed by imposing the natural condition Cg W=o.

Notice that the first term in (2.39) reproduces the standard result (2.27), and would
have been the result of renormalizing at zeroth adiabatic order. The second one comes
from the subtraction terms that we have added to the two-point correlator to continuously
match the self-correlator at coincidence, but it shows scale invariance as well. Therefore,
Eq. (2.39) is consistent with observations [166].

However, the two terms in (2.39) are competing, and the resulting amplitude for
the coefficients C‘?W depends on the instant of time one evaluates 77,. The first term is
proportional to H 2(t)fg_n )(t)/e(t), and it is time independent. However, the second term
depends slightly on time. The value of 71, varies along the inflationary period, ranging
from 7, = 1, immediately after the instant of time #; at which the scale rj, crosses the

Hubble horizon [a(¢;)rr, = H 1(¢;)], to 71, = €90, at the end of inflation (we have assumed
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that inflation lasts for around NV = 60 e-foldings since the scale rj, exited the horizon at
t;). In the former case, 77, = 1, the amplitude is severely reduced. In the latter situation,
Fg’_l) ~ 107!, where we have assumed that n = 0.96 [166], and the amplitude is then
reduced at least 10%. The adequate value of 77, to properly evaluate the resulting
amplitude in (2.39) is unclear. This question is closely related to the so-called “quantum-
to-classical transition" [128], characterizing the period of time at which the primordial
quantum perturbations behave as classical ones and define the initial conditions for
the postinflationary evolution, along with its associated power spectrum. In momentum
space (mode-by-mode picture) this process is thought to happen a few Hubble times after
horizon exit [128], when the modes are frozen as classical perturbations. It seems natural
to evaluate 7y, during this period, where quantum fluctuations are imprinted as classical
perturbations. However, this quantum-to-classical mechanism is poorly understood,

and it has not been rigorously established in the literature. Therefore one may regard

~(n—1) _
T'L =

the limiting case @ — 0 one recovers the standard prediction, and this happens when the

a as a phenomenological parameter, varying in the range 1 > a > 0. Note that in

subtraction term is evaluated after inflation. If the subtraction terms are evaluated a
few e-foldings after the horizon exit of the scale rz,, the parameter a approaches 1 and
the physical significance of the correction increases.

This parameter has influence on the relative strength between multipole amplitudes

I(lo+251)
52(£2+1)C?2W 52(£2+1)m—a

G T
41 €1(£1+1)F([1+2—"T‘1) a

(2.40)

Observations may properly fit the value of this parameter. It produces an observable effect
for a significant range of values of @. As remarked above, the details of how this “quantum-
to-classical transition” takes place are not well established in the literature, and further
work is needed to fully understand this process. Within the present understanding
of quantum gravity it is difficult to determine theoretically the value of a and hence
the relative impact of the subtraction term in the observed angular power spectrum.

However, as we showed above it can potentially be tested with observations.

2.5 Final comments

We have analyzed two-point correlators and self-correlators of primordial cosmological
perturbations in quasi-de Sitter spacetime backgrounds, and studied in considerable

detail the evaluation of the multipole coefficients C, of the angular power spectrum. For

28



2.6. APPENDIX

large separations two-point correlators exhibit nearly scale invariance in a very elegant
way. We have deformed the two-point correlators to smoothly match the self-correlators
at coincidence with the aim of obtaining a finite quantity for C,. To this end we have
used renormalization methods in homogeneous backgrounds. We stressed the fact that
the standard result in the literature is equivalent to a renormalization of the two-point
function at zero adiabatic order, and argued that renormalization at second adiabatic
order would be more suitable from a physical point of view.

We have studied the physical consequences for the angular power spectrum at low
multipoles, i.e. in the so-called Sachs-Wolfe regime of the spectrum. This may change
significantly the predictions of inflation, provided the renormalization subtraction terms
are evaluated a few e-foldings after the first horizon crossing of the scale rz. If one
accepts a mismatch between the standard two-point correlators and the self-correlators
and keeps only the large-scale behavior, the conventional predictions remain unaltered.

We finally stress the importance of getting a better understanding of how to renor-
malize cosmological observables. The analysis carried out in the spacetime framework

for the tree-level power spectrum may offer a way to experimentally probe this issue.

2.6 Appendix

In this short appendix we give the basic steps to obtain the result (2.36). We consider
(2.35) first. Since the first prefactor is of order O((% —v)1), we only need the corresponding
hypergeometric function to be of order O((% —v)9). One can see that

3
1-2)

s, 3 1 1 ~ 3
Z75 Re{F (5 V3 +v,1+2v,2)} |v:3/2 = 6Relog(Z - 1)} ~6log(2)+ -
On the other hand, the second prefactor of (2.35) is of order O((g —v)9), so it is necessary
to evaluate the second hypergeometric function at first order in the slow-roll series. To

this end we will employ the following relation [8]:

3 1 1 1\7%4 2Z -1
F(——v,——v,1—2v,—):(1——) P;&[ 2% T1-vZ7",

2 2 Z VA 2VZ(Z-1)
together with
212 F (b1 )
Pl (Z)= 2.41
12(%) (2—1) T(1-v) 24D
At this point one can expand
1 1-Z 1 11-2 dF(-%,3,1-v, 152
P21 B gL L1 AR,
2°2 2 2°2° 27 2 2 dv v=38/2
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where the derivative can be performed using the representation series of the hypergeo-

metric function. Doing all the calculation properly one finally arrives at the following

result:
3 1 1
Re{F(E—v,E—V,l—ZV,Z)} =~ 1 (2.43)
3 1 1 1 1
+(§—v)[E+4(1_Z)—§Re{log(Z—l)} - 51og(Z)+21i>,e{1o,c,r(\/7+\/Z—l)}].

Taking all these results together for Z = A%?/4 in (2.35) we can approximate the two-point
function as in (2.36). We have also checked numerically that this expansion works well

irrespectively of the value of Z.
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CHAPTER

RENORMALIZED STRESS-ENERGY TENSOR FOR SPIN-1/2
FIELDS IN EXPANDING UNIVERSES

e provide here an explicit expression for the renormalized vacuum expectation
value of the stress-energy tensor (T,,) of a spin-1/2 field in a spatially flat
FLRW universe. Its computation is based on the extension of the adiabatic
regularization method to fermion fields introduced recently in the literature. We analyze
first the case in which the field is free, and then extend the method to include the Yukawa
interaction between quantized Dirac fermions and a homogeneous background scalar
field. The resulting tensor is given in terms of UV-finite integrals in momentum space,

which involve the mode functions that define the quantum state.

As illustrative examples of the method efficiency for the free field case, we see how to
compute the renormalized energy density and pressure in two cosmological scenarios
of physical interest: a de Sitter spacetime and a radiation-dominated universe. In the
second case, we explicitly show that the late-time renormalized stress-energy tensor

behaves as that of classical cold matter.

When the Yukawa interaction is switched on, explicit expressions for both (T,)
and the bilinear (yy) are derived. These are basic ingredients in the semiclassical
Einstein’s field equations of fermionic matter in curved spacetime interacting with a
background scalar field. The ultraviolet subtracting terms of the adiabatic regularization
can be naturally interpreted as coming from appropriate geometric counterterms of the

background fields. To test our approach we determine the contribution of the Yukawa
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interaction to the conformal anomaly in the massless limit and show its consistency with
the heat kernel method using the effective action.

In a final stage, we prove that adiabatic regularization and DeWitt-Schwinger point-
splitting provide the same result when renormalizing expectation values of the stress-
energy tensor for spin-1/2 fields. This generalizes the equivalence found for scalar fields,
which is here recovered in a different way. We also argue that the coincidence limit of the
DeWitt-Schwinger proper time expansion of the two-point function agrees exactly with
the analogous expansion defined by the adiabatic regularization method at any order
(for both scalar and spin-1/2 fields). We illustrate the power of the adiabatic method to
compute higher order DeWitt coefficients in FLRW universes.

The content of this chapter is fully based on papers [64, 66, 68].

3.1 Context, motivation and specific goals

The quantization of the gravitational interaction is one of the most important and
difficult problems in theoretical physics. Quantum field theory in curved spacetime offers
a first step to join Einstein’s theory of general relativity and quantum field theory in
Minkowski space within a self-consistent and successful framework [48, 94, 157, 185].

A major problem in the theory of quantized fields in curved spacetimes is the computa-
tion of the expectation values of the stress-energy tensor components. These calculations
are rather convoluted, as they involve products of fields at coincident spacetime points,
which are ultraviolet (UV) divergent even for free fields. In cosmological scenarios, this
is connected to the fundamental phenomenon of particle creation by time-dependent
backgrounds [147-150] (see [151] for a historical review).

A very efficient renormalization method, specifically constructed to deal with the
UV divergences of a free field in an expanding universe, is adiabatic regularization.
Originally, this technique was introduced to tame the divergences of the mean particle
number of a scalar field in a FLRW universe [147], and was later extended to get rid of
the divergences of the stress-energy tensor in such a way that locality and covariance of
the overall renormalization procedure are fully respected [152] [95] [96] [53] [25]. The
key ingredient of the adiabatic scheme is the asymptotic expansion of the field modes, in
which increasingly higher-order terms in the expansion involve increasingly higher-order
time derivatives of the metric (the scale factor). Due to dimensional reasons, this is
equivalent to an UV asymptotic expansion in momenta. This way, one can expand adia-

batically the integrand of the unrenormalized bilinear, identify the UV-divergent terms,
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and subtract them directly to obtain a finite, covariant expression. The renormalized
expectation value is hence expressed as a finite integral in momentum space, depending
exclusively on the mode functions defining the quantum state.

It should be remarked that, in cosmological perturbation theory, other fields apart
from the inflaton, such as the Dirac spinor presented here, are regarded themselves
as first order (otherwise they would provide inhomogeneities at zeroth order). Then, in
order to stay at linear order in cosmological fluctuations at the level of the equations of
motion, it is necessary to study these fields as propagating in the perfectly homogeneous
FLRW background. This is what it is customary done in fact for the scalar curvature
and tensor metric perturbations. Interactions between these metric perturbations and
the Dirac field are of higher order in cosmological perturbation theory. Therefore, when
adiabatic regularization (or any other renormalization method) is applied to inflationary
cosmology, the additional fields should be considered, at leading order, as quantum fields
propagating in the homogeneous FLRW spacetime. This is the reason for which the usual
metric perturbations shall not be considered along the chapter.

In this chapter we shall be concerned with three main goals, described below.

Adiabatic renormalization for a free fermion field.

One of the main issues with the renormalization program in curved spacetime is that
these methods have been mainly developed for free scalar bosons, and less work has been
done for other fields. In particular, an adiabatic regularization method for spin one-half
fields in an expanding universe was missing until very recently [126, 127]. One of the
key features of this extended method is that , while for free scalar fields the well-known
WKB expansion! provides an adequate solution (see, for instance, [48, 94, 157]), for
spin-1/2 fields, however, the adiabatic expansion takes a different form. The method
is specially suitable for numerical calculations, [26, 27, 42, 110, 117, 118, 159] and
also for analytic approximations [27, 137]. The adiabatic regularization has also been
used to scrutinize the two-point function defining the variance and power spectrum in
inflationary cosmology and related issues [17-19, 21, 22, 41, 65, 78, 89, 132, 146, 186].
We begin this chapter by applying the adiabatic regularization method to obtain

a general and explicit expression for the renormalized stress-energy tensor of a spin

INamed for G. Wentzel, H. Kramers, L Brillouin, it is a method for getting approximate solutions
to linear differential equations with varying coefficients in 1D problems. This is the case for a time-
independent Schrodinger-like equation with a potential function. The idea of the WKB method is that this
function can be thought of as being "slowly varying".
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one-half field in a FLRW universe. This will be mostly covered by sections 3.2, 3.3, 3.4
and Appendices A, B and C. The main result, given in equations (3.69), (3.72) and (3.73),
is written in terms of UV-convergent momentum integrals involving the field modes.
This is a necessary and unavoidable step to prepare the method to be used for numerical
computations in cosmology. As illustrative examples, we study the renormalized stress-
energy tensor in de Sitter space and in a radiation-dominated universe. In both examples,
we need to specify appropriate initial conditions in order to ensure the renormalizability
properties of the tensor. We also prove here that the same procedure used in [126, 127]
to obtain the adiabatic expansion of the fermionic field modes leads to the well-known
WKB-type expansion when the algorithm is applied for scalar modes. This confirms

definitely the appropriateness of the fermionic adiabatic regularization method.

Adiabatic renormalization for a fermion field interacting with a

background scalar field trough Yukawa coupling

Particle creation also takes place if the quantized field, either a boson or a fermion,
is coupled to a classical background scalar field evolving non-adiabatically in time.
In this case, the interaction term acts in the boson/fermion equation of motion as a
time-dependent effective mass, which excites the field and increases its mean particle
number. The most paradigmatic example of this is probably preheating after inflation
[123, 124]. In the same way as before, new UV divergences associated to this particle
creation appear in the expectation values of the different bilinears, not present in the
absence of interaction, which must be appropriately removed to obtain finite quantities.
Although renormalization of expectation values for interacting fields is generally much
more complicated, adiabatic regularization can be generalized to include interactions
to classical scalar background fields. In this case, the adiabatic expansion of the field
modes used to identify the UV- divergent terms depend on both the scale factor and the
background field, as well as their respective time-derivatives. If the quantized field is a
scalar with a Yukawa-type coupling, the adiabatic expansion is still of the WKB form
[137][28]. However, a generalization of the adiabatic scheme for other interacting species
in an expanding universe is absent in the literature. Here, we will try to partially fill in
this gap.

In this chapter we shall also extend the adiabatic regularization method to Dirac
fields living in a FLRW universe and interacting, via the standard Yukawa coupling,

with an external scalar field. This will be covered in sections 3.5, and appendices D,
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E and F. In this approach, the Dirac field is quantized, while both the metric and the
background field are regarded as classical. This kind of system appears for example in
fermionic preheating, in which the inflaton acts as a background scalar field oscillating
around the minimum of its potential, and decays non-perturbatively into fermions due
to its Yukawa interactions [36, 98, 104, 106, 107, 160]. Another example is the decay of
the Standard Model (SM) Higgs after inflation, in which the Higgs condensate oscillates
around the minimum of its potential, and transfers part of its energy into all the massive
fermions of the Standard Model, coupled to the Higgs with the usual Standard Model
Yukawa couplings [86] [82] (another part being transferred to the SM gauge bosons
[82] [83, 88]). In certain models, the Higgs decay may also lead to the reheating of the
Universe [46, 87, 97]. In this work, we will not focus on a particular scenario, but consider
arbitrary time-dependent scale factors and background fields. The main objective is to
provide well-motivated and rigorous expressions for the renormalized expectation values
of the fermion stress-energy tensor (T,) and the bilinear (yy). In the semiclassical
equations of motion, these are the quantities that incorporate the backreaction of the
created matter onto the background fields. To check the validity of the adiabatic method,
we will also compute the contribution of the Yukawa interaction to the conformal anomaly
in the massless limit, and check its consistency with the heat kernel method using the

effective action.

Equivalence between adiabatic and DeWitt-Schwinger

An alternative asymptotic expansion (for the two-point function) to consistently identify
the subtraction terms in a generic spacetime was suggested by DeWitt [71], generalizing
the Schwinger proper-time formalism. The DeWitt-Schwinger expansion was imple-
mented with the point-splitting renormalization technique in [59] and it was nicely
rederived from the local momentum-space representation introduced by Bunch and
Parker [54]. Furthermore, by brute force calculation Birrell [47] (see also the appendix
in [25]) checked that point-splitting and adiabatic renormalization give the same renor-
malized stress-energy tensor when applied to scalar fields in homogeneous universes.
The extension of the adiabatic regularization method to spin-1/2 fields has been
achieved very recently [66, 68, 126, 127] (see also [101, 102]). The main difficulty in
extending the adiabatic scheme to fermion fields is that the proper asymptotic adiabatic
expansion of the spin-1/2 field modes does not fit the WKB-type expansion, as happens
for scalar fields. However, as shown in [66, 68, 126, 127], the method has passed a very

nontrivial test of consistency. A major goal of this section is to prove that adiabatic
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regularization and DeWitt-Schwinger point-splitting will give the same result for the
renormalized expectation values of the stress-energy tensor of spin-1/2 fields. We base
our proof on the well-known fact that two different methods to compute (T;,) can differ
at most by a linear combination of conserved local curvature tensors. This result assumes
that the renormalization methods obey locality and covariance [185]. Since (T',,) has
dimensions of (length)_4 the only candidates are m4gﬂv, m2G s O p wv and @ wv (the
last two terms can be obtained by functionally differentiating the quadratic curvature
Lagrangians R? and R wRHFY). It can be seen that the stress-energy tensor only needs
subtraction up to fourth order in the derivatives of the metric [48, 157], so that higher
order contributions need not be considered.

Therefore, the possible difference between the expectation values (TW)Ad, computed
with adiabatic regularization, and (TW>DS , computed with the (DeWitt-Schwinger)

point-splitting method, is parametrized by four dimensionless constants ¢;, i = 1,...4.
(TW)Ad - (TW)DS = cl(l)HW + 02(2)HW + 03m2GW + C4m4gm, . (3.1)

In our case, the constant c4 is necessarily zero since both prescriptions lead to a vanishing
renormalized stress-energy tensor when restricted to Minkowski spacetime. Moreover,
in a FLRW space-time the conserved tensors @ wv and O uv are not independent, so

we can assume without loss of generality that cg = 0. Therefore, we are left with
(T2 — (TP = c1'PHyy + c3m®G . (3.2)
Moreover, taking traces in the above relation we get
(TYA% —(TYPS = —6c10O0R — c3m®R . (3.3)

In the massless limit, the classical action of the spin-1/2 field is conformally invariant.
The trace anomaly calculated with the new adiabatic regularization method has been
proved to be in exact agreement with that obtained by other renormalization methods,
and in particular with the DeWitt-Schwinger point-splitting method. This implies that
c1 = 0. Obviously, the same arguments and conclusions apply for a scalar field. The
equivalence between both methods is therefore reduced to check that the remaining
parameter cg is also zero. This is actually the most subtle point.

The comparison between (TA%y and (TPS) can be better studied by taking into
account that, for spin-1/2 fields, (T') = m(yv). The equivalence is then reduced to prove
that

(4)<1—V1V>Ad _ (4)<U—/w>DS ’ (3.4)
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where @ (y)49-PS stands for the subtraction terms, up to fourth order in the deriva-
tives of the metric, in the adiabatic and DeWitt-Schwinger expansions respectively. As
remarked above, the fourth order is the order required to remove, in general, the UV
divergences in the stress-energy tensor. To prove (3.4) and achieve our goal we will make
use of the (Bunch-Parker) local momentum-space representation [54] of the two-point
function. A conceptual advantage of our strategy in comparing both renormalization
methods is that it offers a better way to spell out their equivalence. In fact, we will also
show that the equivalence found at fourth order can be extended to higher order, for both

scalar and spin-1/2 fields.

Notation

We use natural units ¢ = 2 =1, a 4 dimensional spacetime, and the conventions in [48,
157]. Namely, we follow the (—,—,—) convention of [136], in which the metric signature
is (+,—,—,—), the Riemann tensor is defined through [V,,V,]k% = _Ruvﬁ @LP the Ricci

tensor and scalar defined as R,y =R and R = g""R,,. We work in a spatially flat

a
uav
FLRW background, ds? = dt? — a?(t)d%2, and we use the Dirac-Pauli representation for

the Dirac gamma matrices, y° = ( é _01 ), Y= ( _06 g ), with ¢ the usual Pauli matrices.

3.2 Free quantized spin-1/2 fields and the adiabatic

expansion
A spin-1/2 field ¥ of mass m in curved spacetime is described by the Dirac equation
(iz“V“—m)wzo, (3.5)

where y*(x) are the spacetime-dependent Dirac matrices satisfying the anticommutation
relations {y#,y"}=2g"", and V,, is the Levi-Civita connection. In a suitable coordinate
chart we c;n v_vrite V,=0,-T, where I, is the 1-form spin-connection.

In a spatially flat FLRW universe, ds? = dt2 —a?(t)d%2, the matrices YH(¢) are related
with the constant Minkowskian matrices y* (which satisfy the Clifford aIgebra iy, yP} =
2n%P) by y°(t) = y° and y*(¢) = y*/a(t). On the other hand, the spin connection reads 'y = 0
and I'; :_%)fo)/i in this_metric. Therefore, Z”l“u = —3—27/0, and the differential equation

(3.5) can be written as

-

¥y V-m|y=0, (3.6)

3id o 1
a

i’]/oa() + Ea—')/ +
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where 7 = (y1,7?,7%). Throughout this paper we shall work with the Dirac-Pauli repre-

sentation for the Dirac matrices

o (I 0 _ (o
r=\o ;10 | 5

where G = (01,092,03) are the usual Pauli matrices. Since the spacetime background is

oS Q

) ; (3.7

homogeneous we can work in Fourier space. By extending the quantization procedure in
Minkowski space (see for instance [165]) one can construct, for a given A , two independent
spinor solutions as

(3.8)

- ik% hl(t) (k')
w0 = g, (07 = —2 ( Ha® ),

Venia® \nnEke ()

where k& = Ilgl and ¢, is a constant and normalized two-component spinor E;f v =012
In this decomposition, hi and hfe[ are two particular time-dependent functions obeying

from (3.6) the following coupled differential equations,
I = %(at +imhl,  Al= %(at —imnll (3.9)

and the following two uncoupled second order differential equations,

. . k2
P?+96f+hng4qn2+—§)hi = 0, (3.10)
a a a
. . k2
(a?+‘—‘at—im9+m2+—2)hf = 0. (3.11)
a a a

For our purposes, it is convenient to use helicity eigenstates & ,1(75), which follow the
Gk

property ¢ A(B) = %f A(E), where /2 = +1/2 represent the eigenvalues for the helicity.
Their explicit form is (% = (k1, kg, k3))

f (73’)—; k+k3 f (l—é)_; —k1+ik2 (312)
T ok + g) \k1 +ika) T okt k) \ ktks | '

Given a particular solution (hfe(t),hil (2)) to the equations (3.9), one can naturally
construct a new solution to the same equations (—hil *(t),hi*(t)). In Minkowski space,
this is equivalent to jumping from a positive frequency solution to a negative frequency
one. Therefore, one can construct two more independent and orthogonal solutions as

(3.13)

—ik% _hII* BE_ ]_é
vﬁl(x): e ( k ( 5/1())

Venia® \-hlr0%Ee k)
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Using this approach, the v;,(x)-modes are obtained by the charge conjugation operation:
Uiy = u%/l =C [LZM]T = iyzug/l. Note that —iazéj{(l_é) = Aé_5(E). It is easy to check that

u%/lv_m, =0 and (ujz,,v;,,,) =0, where the Dirac scalar product is given by

(W1, W2) = f d3xalyly, . (3.14)

The normalization condition for the four-spinors, (uz,,uz,,) = Vz,,V5,) =02 ,1r6(3)(l_z> )

leads to
@R+ @2 = 1. (3.15)

This condition guaranties the standard anticommutation relations for the creation and

annihilation operators By, and Dy,, defined by the expansion of the Dirac field in terms

kA’
of the spinors introduced above

yix) = f SRy Bz, + D! vz, )] - (3.16)

Adiabatic expansion

The adiabatic regularization method for spin-1/2 fields, introduced in [126, 127], is based
on the following asymptotic UV ansatz for the field modes

[+ .ot N [ — -y N4
hi(t) _ wzwm e—lft Q(t")dt F(t) ) hiI(t) - wam e—lft Q(t")dt G(t) , (317)

where w = v/(k/a(t))? + m? is the frequency of the mode and the time-dependent functions
Q(t), F(t) and G(t) are expanded adiabatically as

Q) = w+roP+0?+0®+0®+...
Ft) = 1+FV+FP+FO @4
Gt) = 1+GP+GP+G¥+a%W+ ... . (3.18)

Here, o™, F™ and G™ are functions of adiabatic order n, which means that they
contain n derivatives of the scale factor (for example, d is of adiabatic order 1 and ¢a? is
of adiabatic order 4). In the expansions above, we impose F(¥ =G©® =1 and »® = w to
recover the Minkowskian solutions in the adiabatic regime.

In order to obtain the different terms of (3.18), we substitute (3.17) into the Dirac

equations (3.9) and the normalization condition (3.15). We have then the following system
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of three equations

_F 11
QF +ip+iL 3¢ —Z|-mF = (w-m0aQ,
2dt |l w+m o
. Gd 11
QG+iG+i——w[——— +mG = (w+m)F
2dt lw-m
(0 +m)FF* +(w-m)GG* = 2. (3.19)

We can obtain expressions for F®, G™ and o™ by substituting (3.18) into (3.19) and
solving the system order by order. In this process, we need to treat independently the
real and imaginary parts of F® and G™. The expressions obtained contain ambiguities,
which eventually do not appear in the final renormalized physical quantities (¢y) and
(T For sake of simplicity, one can impose order by order the additional simplifying
condition F™(m) = G"™(—m), which removes the spurious ambiguities and is a natural
choice due to the symmetries of the equations of motion (3.9) under the change of the

mass sign. With this, one obtains for the first two orders

o =0, (3.20)
FO = —i4’(’;§a, (3.21)
and
JCI 5m4d2_3m2d2_m2d (3.22)
~ 8a2w®  8a2wd 4awd’ ’
7@ _ 5m*a?  5m3d? 3m2d%? ma®? m?d  md (3.23)

- + + - + - )
16a2w® 16a2w® 32a20w* 8a2w3 8awt 8awd

The third and fourth order contributions are written in appendix A for completeness.

The adiabatic renormalization method consists in expanding adiabatically the momen-
tum integral of the quantity we want to renormalize using (3.17), and subtracting enough
adiabatic terms in order to ensure its convergence in the UV regime. The renormalization
of the two-point function at coincidence requires subtraction up to second-order, while
the stress-energy tensor needs subtraction up to fourth-order. We apply this procedure
to the renormalization of the stress-energy tensor in section 3.3. First, to gain physical
intuition, and for readers more familiarized with the WKB-expansion for scalar modes,
we see below that a similar technique to the one used here can be equally applied for

scalar fields. We rediscover this way the standard WKB-type adiabatic expansion.
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Another view on the adiabatic expansion for scalar
fields

In this section, we provide a new view on the adiabatic expansion for scalar modes.
Mimicking the procedure designed to deal with fermions, we will recover the well-know
bosonic WKB adiabatic expansion without assuming it as an a priori input. Since the
scalar field is more easy to manage, it can serve to illustrate the prescription used for
fermions. A free scalar field of mass m in curved spacetime is described by the wave
equation

(VEV,+m? +ER)p =0, (3.24)

where ¢ is the coupling of the field to the scalar curvature R. Taking the spatially flat
FLRW metric and associated coordinate chart, the equation takes the form

a2¢ g4 6(/)

52 t32 % aZZ b+ R =0, (3.25)

with R = 6% + 6%. One now expands the field as

[A _oikE (t)+AT ~ikEp (p) (3.26)

@,8) = f
¢ Vi 2(27‘[&(25))3

where hj(¢) are time-dependent functions, and the commutation relations for the creation
and destruction operators are [A,—é,A];] = 6(3)(12 - l;,”), [A;,A];] =0, and [A,;,A];,] =0.If
we substitute (3.26) into (3.25), we find that A (%) obeys the differential equation
2
di2
with wg(t) = V/(k/a®)2 + m? and o = (6¢ - 3/4)% +(6¢ - 3/2)%. On the other hand, the

right normalization condition for scalar fields is

b (2 +0)hy = (3.27)

hrhy —hihy =2i . (3.28)

As for our analysis for spin-1/2 fields, we assume the following generic ansatz for the

adiabatic expansion of the mode functions A (¢)
ha(t) ~ H(t)e '/ 20t (3.29)

where here H(¢) and Q(¢) are real functions. This simplifying assumption is somewhat
equivalent to the natural symmetry relation used for spin-1/2 fields F™(m) = G™(-m).

We can expand them adiabatically as

1
Ht)=—— +HY®0)+HP®)+HPY®)+ HP@) + ... , (3.30)
VR
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and

Q@) = wp + 0PO + 0?@) + 0P B + 0P ) + ... . (3.31)

As for fermions, we have ensured that the zeroth order term of the expansion recovers
the Minkowskian solutions: HO(¢) = w,;l/ 2(t) and w @) = wi(¢) = w(¢). By substituting
the ansatz (3.29) into the field equation (3.27) and the Wronskian (3.28), we obtain the

following system of two equations

H-HQ?-2iQH - iHQ+(w?+0)H
QH? = 1. (3.32)

Il
(=]

Substituting (3.30) and (3.31) into (3.32) and solving the system order by order, we find
that the first term of both expansions is null, ®'? = HV = 0, and that the second order

terms are
@) 5m*d® m%d®  d? +3€d2 m2%i , 3¢ (3.35)
w = - - - - , .
8a2w® 2a2w® 2ad%w d?w 4dawd 2a0 aw
and
HO) = - 5m*d®  m2d? d? 3¢a®  mPd d 3 aay

+ + - + + - .
160202 ' 4020%2 " 402052 232052  8aw??  4awd? 2aw5?

This algorithm can be extended to all orders. One can immediately check that the
expansions obtained this way are equivalent to the usual WKB-type expansions used for
scalar fields [152] [95] [96]:

]. . ! !
Bp(t) ~ ————p~ i/ Wittt (3.35)

VvV Wi (2)

More specifically, one confirms that the expansion for W(¢) = wp, + 0¥ + 0@ + ... is the

same as the one for Q(¢) obtained above. One also finds that the H"™ are equal to

1 (n)

H™ = 1 . (3.36)
Vor+o®+0® +

One rediscovers this way the WKB expansion for scalar fields. The advantage of this
strategy has been showed for spin-1/2 fields, as it seems that an efficient WKB-type

adiabatic expansion for fermions in an expanding universe does not exist [126, 127].
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3.3 Renormalization of the stress-energy tensor

Dirac stress-energy tensor components

The classical stress-energy tensor for a Dirac field in curved spacetime is given by

17 o
Tuv: 5 WX(MVV)U/_UJ V(vzu)w , (3.37)

where v is the Dirac field and y(x) are the spacetime-dependent Dirac matrices. In
the case of a FLRW universe, its_homogeneity and spatial isotropy imply that we only
have two independent components for this tensor: the energy density, related with the
00-component, and the pressure, related with the ii-component. The 00-component can
be written as )

782 (1755 - ey’ (3.38)
while the ii-component is

Y —-—y'v (3.39)

Ox?
(not sum on i implied). The former is directly computed using I'g =0 and )/O(x) =7¢. The

i(-iaw awl)

latter is obtained taking into account that I'; = %Yo%’ and yi(x) =7y;la(t).

The next step is to compute the formal vacuum expectation values of the quantized
stress-energy tensor. To this end, we will use the expansion of the Dirac field (3.16) in
terms of the creation and annihilation operators. As a necessary previous result, we first
compute the quantity (wy*0,v). It is given by

(1/_/)/“61,1#) = fd3%A21 (ﬁmy"avvm) . (3.40)

==
With this result and with equation (3.13), we will compute the vacuum expectation
value of (3.38) and (3.39) and obtain the corresponding expectation values for the energy

density and pressure operators.

Renormalized energy density

Let’s start with the energy density. If we take the expectation value of (3.38) over the

vacuum and use (3.40) and (3.13), we get after some algebra

1 o0
Too) = ——— | dEEk?p;, 3.41
(Too) = 555 | dkk?ps (3.41)
Where I II I II
onl: oRII onl onl
t=i|nl T Ay 7 Cht =) I 3.42
or(®) l(kat ot k at rY (3.42)
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Expression (3.41) contains quartic, quadratic and logarithmic ultraviolet divergences,
and consequently, we must expand its integrand adiabatically and subtract from it
enough terms of its expansion in order to have a finite quantity. By dimensionality, one

expects to need subtraction up to fourth adiabatic order?. To see this, we expand (3.42) as

0 1 2 3 4
pk—p2)+p§€)+p§e)+p§e)+p§€) cee (3.44)

where pge") is of nth adiabatic order. In order to obtain the terms of the expansion,
we substitute (3.17) and (3.18) into (3.42) and obtain the contribution from the differ-
ent adiabatic terms. We find that the zeroth adiabatic term corresponds to the usual
Minkowskian divergence

pY =20, (3.45)

and that the first odd terms are null
pP=pP=0. (3.46)
On the other hand, the second order term is given by
p? =2 - (J FO_|FD2gy _op®,, _ w<2>) LT Eq, (3.47)

[(FF — G) is the same expression as in the first parenthesis but changing F by G] and the
fourth-order term is

@) _ a)+m(

pk ij(3) _ F(2)ij(1) _ (F(z))Qw _ (F(3)*F(1) +F(1)*F(3) + ZF(4))(1)

+F(2)(JmF(1) 2(1)(2)) |F(1)|2 2) _ (4)) (F —-@G). (3.48)
w
For completeness, the n-th adiabatic order contribution to (3.42) is given by
o = —20()™ + = [FF* —FF) ™ +i [GG* a*a|™. (3.49)

In order to write (??) and (3.48) in terms of w and the mass, we use (3.20)-(3.23) and

(3.296)-(3.299). This gives
4 .2 2.2
@) _ m-a m-a
= + , (8.50)
P = " 40ba? T 4wda?
2Tt follows on dimensional grounds that if a quantity @ has dimensions M? (where M means mass),
the nth adiabatic order term @™ in its expansion

Q :Q(0)+Q(1)+Q(2)+Q(3)+Q(4)+~~- , (3.43)

decays in the UV limit as G(k~*) with A = A, = n —d. This can be confirmed by just looking at expressions
(3.20)-(3.23) and (3.296)-(3.299) . For @ = pp, we have dimension d =1, and we would require pp ~ 4
in the UV limit in order to have (3.148) finite. Therefore, as n = 1. +d =4+ 1 =5, we need to subtract in
(3.41) all expansion terms from p(O) to p(4) This way, the first contribution to p; comes from the fifth order
adiabatic terms.
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and
@ _ 105m8q* 91m6d4+81m4d4 m2a* 7m6d2d+5m4dd2
Pr 64wlla?t 32w% % 64w’a? 16w’at 8Sw9a? 4wTad
3m2d%2d  m*a? m2i2  m*dd m2dd

- + + - )
8wda3 16w’a? 16w’a? 8w7a? 8wda?
(3.51)

The adiabatic renormalization subtraction terms are then defined as (we proceed in
parallel to the case of scalar fields [152] [95] [96] [48, 157])

1 [o,0]
(Too)ad = Wfo dkkz(pg)) + pf) + pgj)) . (3.52)

Hence the renormalized 00-component of the stress-energy tensor is

1 o0
(To0)ren = (To0) —{T00)ad = W.[o dkk?(pp, — pg)) - pf) - p}f’) . (3.53)

This quantity is finite.

However, looking at expressions (3.50) and (3.51), one can observe that if we had
subtracted only the terms up to second order, the tensor would already be convergent. In
other words, the integral of the fourth-order adiabatic subtraction is, by itself, finite and

independent of the mass of the field

2 21a* ad a2 a2

1 o0
——— | drE2p® = o 418——-9— +18——]| . 3.54
2712a3 fo Pk = 288072 | 2 ot aa a2 aa (3.54)

Note that this also happens in the renormalization of a scalar field with conformal
coupling ¢ = 1/6. However, one must subtract up to the order necessary to remove the
divergences for arbitrary values of ¢, and also for general metrics [157]. For an arbitrary
spacetime, the fourth adiabatic order contains real divergences, which disappear acci-
dentally for FLRW metrics in the case of fermions or scalars with ¢ = 1/6 [60]. Therefore,
according to the general rule, we subtract up to fourth adiabatic order. Discarding the
fourth adiabatic subtraction would lead to a vanishing trace anomaly (see Eq. (3.74)

below).

Renormalized pressure

We can also derive the vacuum expectation value of the ii-component of the Dirac stress-
energy tensor (3.39) by direct computation using (3.40). Using (3.13), one should arrive

at the following expression

WGy = ——s f Ak Y ki [WERE +RE AT AT 0t ). (3.55)
(2m)°a A=21
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The property of isotropy of the FLRW spacetime allows us to perform the calculation for
i = 3 without loss of generality. Therefore,
12

. 1 o
@Yo = o s f_ d(cosB)cost > AE 0% fo dkk? [h{ehffwhi*hf (3.56)

A=+1
where 0 is the polar angle (k3 = kcosf). Using (3.12), one finds
Y /1(5]:3035-1) =—2cosf , (8.57)
A=+1
and plugging this into (3.56), the final result for the ii-component of the stress energy

tensor reads

1 oo 9
(Tii) = = f dkk2p;, | (3.58)
2n4a Jo
with
2k IBNIE Ixq 11
Pk E_E[hkhk +hk hk 1. (3.59)

Again, expression (3.58) contains several ultraviolet divergences, and consequently,
we must expand its integrand adiabatically and subtract from it enough terms of its

expansion in order to have a finite quantity. Using the adiabatic expansion in (3.59), we

get
(n) w? — m? (n)
Py = =5 —IFG"+F'G|"™. (3.60)
The corresponding renormalized ii-component is also defined as
1 o0
(Tiidren = (Tii) —<Tiidad = %.fo dkk? [pk -py —Pf)—l’gf)] ; (3.61)
with . -
.. — 2 0) (2) 4)
<Tll>Ad_2ﬂ2aj; dkk [pk +pk +pk ) (3.62)
and [p;el) = pg’) = O]
2 m?2
(0)
= ——|lw——|, 3.63
Dy, 3 [ > ] (3.63)
2.9 2. 4 4.2 6.2
5
p(z):_ma _ma+ma+ma_ma, (3.64)
k 12w3a?2 6wda 6wda 2wda? 12w’a?
@ _ 385m!%* 791mBa* N 1477m®a*  263m*d* .\ m2a*
P T 64wt 6awlla* | 19209  192w’a* | 48wdal
77m8d%a . 77m8d%¢ . 175m%a%2d  175m*a%d m*d%d .\ m2ad2d
16wlla®  16w%3 48w9%a3 48w a3 3w’a3  3wdad
N Tm8i%2  5mia? N 3m2? N Tmbad  Bbmiad N m2a &
16w% 2 8w’a? 16w’a?2 12w%?2 6w’a?2 4wda?
m4.dn m2nd-

- + ) 3.65
24w'a  24wda ( )
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We also note that the integral of the fourth-order subtraction terms is finite and

mass-independent

1 [ 2a2
- dkk*p\Y =
on%a fo Pk = 988072

7d 12d.d' 9d2+14d2d 66. (3.66)
2at aa a? a?a al’ '

As a final comment, we stress that combining properly equations (3.9), the following
simple relationship between the pressure, the energy density and the mode functions
can be found

pr = 3ps—2m [ IR 2 - 1AL (3.67)

where the second term in the right hand side is basically (Tﬁ ) b with
p L e

To see this, just remember that the trace is (Tﬁ) ={Too) — a% (T;;», and then, (Tﬁ)k =

Pr— 3Pk -

Expression for the renormalized stress-energy tensor

The fourth-order adiabatic subtraction terms, (3.54) and (3.66), decouple from the re-
maining contributions and give rise, by themselves, to a finite geometric conserved tensor.
Using again the expressions in Appendix B for the different geometric quantities of a

FLRW spacetime in terms of the scale factor, this conserved tensor turns out to be

(T, = 55 820n2 —%(I)HW + % OH,.|, (3.69)

where
DH,, = 2R.,,-20Rgu +2RR,, - %R%g,w : (3.70)
®H,, = RiR, - gRRW - %Rpng“gW + %Rzguv . (3.71)

Therefore, we get the following expression for the renormalized energy density and

pressure

+ _ _
koot kot koot koot

m4d2 m2d2 (4)

40502  4w3a? AR

I IT* I 11
l(hI ahk Ilahk _hl*ahk _hll*ahk

1 o 9

+2w + (3.72)
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and
-1 [ 2k . T 2 m?
<T”>"e":%fo dk kzlg[hihff +hl hg]-g [w—?] (3.73)
m2ad? B m2d N m4d N m*d? 5mba? +<Tii>5le ’
120302 6wda  6wda 2wda? 12w7a2

where the functions (k1 ,hil ) above are exact solutions to the equations (3.9) and provide
the mode functions defining the quantum state. Using (3.72) and (3.73) with (3.67), it is
easy to see that, in the massless limit, the trace of the above tensor turns out to be

2 11
288072 2

(Tl =(Th' = +30R (3.74)

1
(R,WRW - §R2

in exact agreement with the conformal anomaly computed by other renormalization
procedures.

Before seeing some examples of this formalism, we would like to discuss briefly the
interpretation of the subtraction terms in terms of redefinitions of constants in the
gravitational action, and the potential ambiguities of the renormalization algorithm.
As we have seen, the integrals of the zeroth and second order adiabatic subtractions in
(3.52) and (3.62) do contain divergences. Following the procedure of [53], we can isolate

them using dimensional regularization (n is the space-time dimension). We obtain

ma
1
2,0 n=2,0) _
n2a3f dkk™p,” — n2a3f dkk™ " p,, ﬁ—4+0(n 4), (3.75)
m2 1 g2
2,2 _, n-2 (2) _
27[2(13] dkk”p, n2a3f dkk" “p," = S n_da 2+O(n 4),(3.76)
and
m*a? 1
— 4 .
8n2 4 4+O(n ), (3.77)
2.2 1 . .9
27_[2 f dkk2 (2) kn_ng): ’;147(:2 - 4(ZZ +a_)+0(n 4378)

The zeroth and second order adiabatic subtraction terms, (3.75)-(3.76) and (3.77)-
(3.78), are formally divergent, but can be suitable expressed as geometric tensors. Using

the geometric identities of Appendix B one can easily find

T, = m 1 +0(n—4) (3.79)
miad T gp2n _48M ’ '

2

m 1
Ty = —ga7—4Gmw+0(n-4), (3.80)

with G =Ry — %gwR, the Einstein tensor.
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Recall now the Einstein’s gravitational field equations
Guv+Aguy =—-81G(Tyy) . (3.81)

Equation (3.79) suggests the possibility of absorbing the UV-divergence of the zeroth
adiabatic order into the cosmological constant, A, while expression (3.80) offers the
possibility of renormalizing the second adiabatic order divergence into the Newton’s
universal constant, G. This way, the adiabatic subtraction terms can be nicely interpreted
in terms of renormalization of coupling constants, in parallel to the scalar fields case
[53].

On the other hand, as we have stressed before, in a general space-time the fourth-
order subtraction terms give rise to proper UV divergencies [60]. They turn out to be
proportional to a linear combination of the two independent geometric tensors with
the appropriate dimensions, namely VH w and @f wv- The four type of divergent
subtraction terms, proportional to m4gﬂv,m2G s O wv and @f uv»> generate intrinsic
ambiguities in the curved space renormalization program for the stress-energy tensor [94,
185]. The first two can be naturally associated to the renormalization of the cosmological
constant and Newton’s constant. In our FLRW spacetime @H v 1s proportional to OH Lwvs
and hence we are left with only one relevant renormalization parameter ambiguity. This
translates to the fact that the general expression for the finite fourth order adiabatic
contribution (TW)E& contains actually an arbitrary coefficient ¢
2

288072
Our adiabatic regularization methods leads to ¢; = —1/2. Other renormalization methods

11
Ty = c1VH,, + ) ®OH,,| . (3.82)

can only potentially differ from our results on the value of this coefficient. However, we
remark that the ambiguity disappears for spacetime backgrounds for which the tensor
Oy wv vanishes. This happens for physically relevant space-times, like de Sitter space or
the radiation-dominated universe.

Note that if one considers the general expression (3.82), instead of (3.69), the numeri-

cal coefficient of OR in (3.74) is actually proportional to c;.

Stress-energy conservation

The above (T',y)

equations in a FLRW spacetime can be spelled out as

is, as expected, a conserved tensor V¥(T';,) = 0. The conservation

ren ren

. | iy
(T = (Too)+3=(Too) + —5—(Tit) =0, (3.83)
a a“a

T,y = 0, i=1,2,3 (3.84)
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and they can be checked by direct computation. This is a consequence of the fact that, for
(n)

each adiabatic order of the formal subtraction tensors (T'), ;, where
(Too)(") = —Lfoodkk%(n) , (3.85)
Ad 971203 0 k
(Tip)) = -2 f " drR?p, (3.86)
Ad 27120 0 k

we have the independent conservation laws V# <TMV>E£()1 =0, forn=0,2,4.

3.4 Examples

In this section, we work out the renormalized stress-energy tensor for two different
spacetimes: de Sitter space-time and a radiation-dominated universe. For a given scale
factor a(¢), we need to solve (3.9). As it is a system of two coupled first-order differential
equations, we have two free parameters which have to be fixed somehow. More specifically,
given a particular solution (AL ,hil ) normalized as in (3.15), we can construct the general

solution by a Bogolubov-type rotation

ki — Ephl+Fphil*

hil — Ephi —Fphi*. (3.87)

where Ej;, and F}, are two arbitrary complex-valued constants. On the other hand, we
should also ensure the normalization condition (3.15), which implies the following con-
straint

|ERI?+|Fpl?=1. (3.88)

Note that the renormalization ambiguity associated to the VH v tensor disappears for

de Sitter space-time and the radiation-dominated universe.

Renormalized stress-energy tensor in de Sitter spacetime

For de Sitter spacetime a(¢) = et with H a constant, the general solution to the field
equations (3.10) and (3.11) can be conveniently expressed, using the transformation in

(3.87), as the following linear combination

] b 1 7 *
hi(t) = Ey (% nz eTHH(llziu(z)) +Fy, (5 Tz eTHH(_li_iu(z)) , (3.89)
2 2
1 7 ] b *
hil(t) = E; (5\/712 eTHH(_li_iH(z)) -F (%\/nz eT#H(llziu(z)) . (3.90)
2 2
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where z = kH 'e 8! = m/H, HV(z) are Hankel functions of the first kind and E,
and F', are constants that need to be fixed with appropriate initial conditions. A crucial
physical requirement is that, as & — oo, the physical solutions should have the adiabatic

asymptotic form

w+m _. fw—m  _.
h{eN o e if w(t/)dt” h£I~ " o if w(t’)dt’. (3.91)

This way, one recovers in this limit the Minkowskian solutions. This leads to
E,~1, F,~0, (3.92)

as k — oco. The above condition can be naturally achieved by the simple solution E; =1
and F}, = 0. This determines a vacuum for spin one-half fields analogous to the Bunch-
Davies vacuum [171] for scalar fields. It is also the natural extension of the conformal
vacuum for massless fields. It can be uniquely characterized by invoking de Sitter
invariance [157].

By changing the integration variable from % to z, we obtain that the energy density
(3.53) is

(Toodror = L *4 2005 — 00 _ p@ _ ,@) (3.93)
00/ren = 272 0 22 \Pr — Py, Py, Py ) .
where from (3.89), (3.90) and (3.92), the bare contribution (3.42) is
aHe™ 2z (1 1) 1o D g2 (D) 7@ D@
pue)= = (C[HD H - B HY | +i[HO HY, -HPH®)]), G99

with v=(1/2)- iy and H (V1’2) =H (Vl’z)(z). On the other hand, the subtraction terms, from
(3.45), (3.50) and (3.51), take the form

pgeo) =-2H\/22+u2 , (3.95)
2 4
@ _ M 0 )
=H - , 3.96
P ( 42+ 1232 422 1 p2) (3.96)
10548 119u8 165u* 2
@ _p p _ [ R ) (3.97)
64(22 + ,112)11/2 32(22 + M2)9/2 64(22 + I~t2)7/2 2(22 + ,112)5/2

Similar expressions can be obtained for the renormalized pressure (3.61),

a’H? O _ @ _ @
(TiiYren = —Zf dzz (pk_pk —DPp TP ), (3.98)
274 Jo
where, from (3.59),
nHe™ Mz
pr(2)=i 7P g? -HVYH? (3.99)
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From these results, one can obtain (To)re, and (T'j;)re.n, numerically with very high
accuracy. We reproduce exactly the analytical expression already obtained in [126, 127]

from the trace anomaly and the symmetries of de Sitter space-time

11H* + 130H2m?2 + 120m2(H? + m?) (log(%) ~Re [w (—1 + L%)])] ,
(3.100)

1
(Tyv)r = Wé’/w

where ¥(2) is the digamma function.

Radiation dominated Universe

In this section, we apply our general results for a radiation dominated universe. This
is also a nice example to show how the general procedure works. In this case, the two
independent solutions of the differential equation for the field modes with a(¢) =gVt
are given in terms of the Whittaker functions ﬁWK,N(z) and ﬁW_K,M(—z) (see [40]),
where

L 1 jomt (3.101)
K=——1x", =—, z=12mt, .
4 H=7

with x? = kz/(a%Zm). We choose a set of two linear independent solutions for the field

modes of the form

Wi
hi:Ek (N ’M(Z))-i-Fk( k

Va(t) 2ma(t)32 ) . (3.102)

3
Wi u(2) + (K - Z) Wi—1,u(2)

1/2 .
where the constant N = (2‘;%6—7362 and the condition |E;|? + |F|? = 1 are fixed from the

normalization condition (3.15). The adiabatic condition (3.91) for £ — oo also requires
that E; ~1 and F, ~ 0. Moreover, a detailed analysis (see Appendix C) of the asymptotic
properties of the stress energy tensor components using the Whittaker functions [130] al-
lows us to characterize the condition for the renormalizability of the vacuum expectation

values of the stress-tensor as
IEx>—|Fp2=1+0 ™). (3.103)

As one can see from Appendix C, this particular combination of E; and F, is the crucial
one in the analysis of the renormalized energy density (3.308) and pressure (3.309) for
1/2 spin fields.

In contrast with the previous example of de Sitter space-time, the absence of extra
symmetries (in addition to the standard homogeneity and isotropy of a FLRW space-time)

for the radiation-dominated background does not allow us to fix a natural preferred
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vacuum state. However, the early and late-time behaviors (¢t << m~! and ¢ >> m™!,

respectively) of the renormalized stress-energy tensor can be obtained generically, and
agree with the forms assumed by classical cosmology. As detailed in Appendix C, we have
that, as time evolves and reaches the regime ¢ >> m™!, the renormalized energy density

takes the form of cold matter

(Toodren ~ 25" (3.104)

where
Oum = %fo dkk2[1-(E}2 - |F}3)] 20 (3.105)

Notice that, 2= 1—(|E3|? - |F3|?) = 2|F%|? = 0, and together with the renormalizability
condition (3.103), we see that the energy density po,, is finite and definite positive. The
specific value of pg,, depends on the form of the quantum state for our spin-1/2 field, i.e.

of the choice of E;, and F,. Since at late times ¢ >> m ™! the relation (3.102) transforms

REO ~ B[ 25 il oty = et ot (3.106)
w w

the coefficients F, are actually the fermionic S-type (Bogolubov) coefficients [147, 148].

into

Therefore, we actually get po, ~ m(n(¢)), where (n(¢)) is the number density of the

created particles. Moreover, we find

<Tii>ren
2

~0, (3.107)
a

and hence the pressure obeys the cold matter equation of state.

On the other hand, for sufficiently early times in the evolution, t << m~1, we have
(see Appendix C)
(T00)ren ~ % : (3.108)
with
_1 e 371_ 2 2
por =5 | dkR[1-(EL"-IF: D] =0, (3.109)
and additionally
Tii)r 1
< >2 =~ (To0)ren - (3.110)
a 3

Note again that pg, is finite and definite positive. The specific value of pg, depends on the
specific form of the quantum state throughout the complex functions E; and F. From
(3.110), we see that p ~ p/3, in agreement with the assumptions of classical cosmology

for the radiation.
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The analysis and phenomenology of the renormalized stress-energy tensor obtained
from specific choices of the vacuum state is beyond the scope of the present work. Note
again that any choice for the quantum state has not a preferred status, in contrast
with the Bunch-Davies type vacuum of the previous example, due to the absence of the

additional symmetries endowed by de Sitter space-time.

3.5 Quantized Dirac field with Yukawa coupling.

Einstein’s semiclassical equations

We consider now a theory defined by the action functional S = S[g,,®,y,Vy], where v
represents a Dirac field, @ is a scalar field, and g, stands for the spacetime metric. We

decompose the action as S =S, +S,,, where S, is the matter sector

Sw= [ @svF {0y V- @pr - miy-gyopl, @

and S, is the gravity-scalar sector, which will be presented in the next subsection.
Here, y*(x) are the spacetime-dependent Dirac matrices satisfying the anticommutation
relatio_ns {y*,v"} = 2g"", related to the usual Minkowski ones by the vierbein field
V;}(x), deﬁr;ed_through guv(x) = V;}(x)Vj’(x)nab. On the other hand, V,, is the Levi-Civita
connection, which in a suitable coordinate chart we can express as V, =0, —I', with Iy,
the 1-form spin-connection; m is the mass of the Dirac field; and gy is the dimensionless
coupling constant of the Yukawa interaction. In (3.111), both the metric g,,(x) and the
scalar field ®(x) are regarded as classical external fields. The Dirac spinor w(x) will be
our quantized field, living in a curved spacetime and possessing a Yukawa coupling to

the classical field ®. The Dirac equation is
@YV —-m—-gy®y =0, (3.112)

and the stress-energy tensor is given by [48]

2 68 Via 68m Q7. i
m _ Vva 0Snm %WZ(HVW-(VW)ZV)W' (3.113)

m

e V-8 6g"v  detV sVF -

The presence of the Yukawa interaction with the external field ® modifies the standard

conservation equation. We have, instead,
vV Th =gyyyV'o. (3.114)
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These equations can be easily seen as the consequence of the invariance of the action
functional S under spacetime diffeomorphisms dx/ = €#(x): 6® =€V, @, 6 gy = 2V (,€4).

One gets
1 6S
VMT#lV'nga—q;nvvq):O , (3115)

which reproduces (3.114). We will assume that the quantum theory fully respects this

symmetry. Therefore, we demand

(VuTh)y =gy @y)V'® . (3.116)

Adding the gravity-scalar sector

The complete theory, including the gravity-scalar sector in the action, can be described
by

1

S=8g+S, = T6nC

fd‘*x,/——gR(ngd‘*x —g {%vi#@vV@—V(@)}wm , (3.117)

where S, is the action for the matter sector given in (3.111). We will reconsider the
form of the action in Section 3.8, in view of the counterterms required to cancel the UV
divergences of the quantized Dirac field. However, let us work for the moment with the

action (3.117). The Einstein equations are then
1
G" + 81G(VF OV D — 5zg,erP@vpcp + gV (D) = -81GTE (3.118)
and the equation for the scalar field is

ov
O+ —=—gyyy. 3.119
O+ -5 = —8yyy (3.119)

The semiclassical equations are obtained from (3.118) and (3.119) by replacing T%’

and 1y by the corresponding (renormalized) vacuum expectation values (T ), and

<1/_/1//> rens

1
G"Y + 81G(VF OV D — 3 g"'vPOv, @+ gV (D)) —81G(TE Yren ,  (3.120)
oV
Od+ —
oD

-8y <1/_”//>ren . (3.121)
These equations are consistent with the Bianchi identities V,G/" =0 , since
T AvAd 1 wvge 1y oV o
V, (VEOV P — §g VPOV, ® + gV (D)) = (0D + E)V D, (3.122)
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and, from (3.116) and (3.121), we have
ov
v#<T#1V>rerL =8y <¢w>renvvq) = —(DQ) + %)vvq) . (3123)

When the spacetime is an expanding universe (ds? = dt? — a?(t)d%2), and @ is an
homogeneous scalar field ® = ®(¢) (e.g. an inflaton), the equations (3.120) and (3.121)
describe the backreaction on the metric-inflaton system due to matter particle produc-
tion and vacuum polarization, codified in the renormalized vacuum expectation values
(TEY ven and (W) ren. It is then important to elaborate an efficient method to compute

these quantities in this cosmological setting.

3.6 Adiabatic expansion for a Dirac field with

Yukawa coupling

Recall that in a spatially flat FLRW spacetime, the time-dependent gamma matrices
are related with the Minkowskian ones by y°(¢) = y° and y!(¢) = %, and the components

of the spin-connections are ' =0 and I'; = %)fo)/i. The Dirac equation with the Yukawa
interaction iy*V,y — my = gy Oy, taking ® as a homogenous scalar field ® = ®(¢), can
be written in the FLRW coordinate chart as

3a 1 >
(a(, 2 2070 s im s(t)))/o) w=0, (3.124)
a a

d’k 7%
(27)372 WE(t)el * ’

and we substitute it into (3.124), we obtain the following differential equation for y;:

where we have defined s(¢) = gy @(¢). If we expand the field v as y = [

3d k
(0t + 22 iy°7= +iy%(m + s(t))) y;=0. (3.125)
2a a

In order to solve this equation, it is convenient to write the Dirac field in terms of two

two-component spinors of the generic form

o
hi(£)é (k) ) ’ (3.126)

O L
wk,/l a®2(¢) ( hil(t)akfkf/l(k)
where ¢} with A = +1 are two constant orthonormal two-spinors (¢ ;6 A =0,.1), eigenvec-
tors of the helicity operator g—zé 1= %E 1- The explicit forms of {1 and {_; are given in
(3.12). where k= (k1,k9,k3) and Il_él = k. The time-dependent functions hfe and hil satisfy
now the first-order coupled equations

i ia(Ohy I ;_ia okl 11
hk :? W'l‘l(m'i‘S(t))hk , hk:? 7—l(m+3(t))hk . (3.127)
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Given a particular solution {hi(t), hil (¢)} to equations (3.127), one can construct the
modes as in (3.8). This will be a solution of positive-frequency type in the adiabatic regime.
A solution of negative-frequency type can be obtained by applying a charge conjugate
transformation Cy = iy?y* and reads as in (3.13). Recall that the Dirac inner product
is defined as in (3.14): (v1,w9) = [ d3xa3w1w2; and that the normalization condition for
the above four-spinors (um, v,;,/l,) =0, (um, u];%,) = (v,;/,l,v,;w) = 6,1,16(3)(]; — 75’), reduces
to equation (3.15):

W2+ 2 =1. (3.128)

Since the Dirac scalar product is preserved by the cosmological evolution, the normal-
ization condition (3.128) holds at any time. This ensures also the standard anticommu-
tation relations for the creation and annihilation operators ({B; A’B:? /1'} =53k —-kN6 AN

kA’
expansion of the Dirac field operator (3.16)

{B; ,»Bj y1 =0, and similarly for the D+ D;g., v operators), introduced by the Fourier
(o) = f PEY (B up, @+ D v, @)] - (3.129)

Adiabatic expansion

We now compute the adiabatic expansion of a Dirac field living in a FLRW spacetime,
and possessing a Yukawa interaction term with a classical background field. We proceed
similarly to previous sections. We know that, in the adiabatic limit, and in the absence of

interaction, the natural solution of the field modes hi and hil is

hi(t)~ /%e—iftw(t’)dt', hf(t)~ /w(zta))—(;)rne—iftw(t’)dt” (3.130)

where w = ’;—; +m? is the frequency of the field mode. This will constitute the zeroth-

order term of the adiabatic expansion. Mimicking the ansatz introduced in (3.17) and in
[126, 127], we write the Al and A2l functions as

Top_ @@ +m  _itqungy o (@@ —m  _irtoqngy
hy,(t) = 20(0) e F@), hy, () = 20(0) e G(), (3.131)

where Q(t), F'(t) and G(¢) are time-dependent functions, which we expand adiabatically

as [since this case is more general than (3.18) we use the same letters, no confusion
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should arise]

Q = w+w(1)+w(2)+w(3)+w(4)+...,
F = 1+FP+F@+F® 1 FW 4 |
G = 1+GP+G?+q®+6%W+... . (3.132)

Here, F"™, G™ and o™ are terms of nth adiabatic order. By substituting (3.131) into
the equations of motion (3.127) and the normalization condition (3.128), we obtain the

following system of three equations,

_iF 11
(@—m)G = QF +iF + £9¢ ——)—(m+s)F,
2 dt\w+m w
(w+m)F:QG+iG+gcfl—i)(%—i)+(m+s)G,
—m
(0 +m)FF* +(w-m)GG* =20 . (3.133)

To obtain the expressions for Q™ F™ and G, we introduce the adiabatic expansions
(3.132) into (3.133), and solve order by order. As usual, we consider a of adiabatic order
1, d of adiabatic order 2, and so on. On the other hand, we consider the interaction
term s(¢) of adiabatic order 1, so that the zeroth order term in (3.131) recovers the free
field solution in the adiabatic limit, defined in (3.130). Similarly, time-derivatives of the
interaction increase the adiabatic order, so that s is of order 2, § of order 3, and so on.
With this, a generic expression £ of adiabatic order n (e.g. f™ = F® G™ Q") will
be written as a sum of all possible products of nth adiabatic order formed by s, a, and
their time-derivatives. For example, functions of adiabatic orders 1 and 2 will be written

respectively as

O = ais+asd,

f? = Pis®+Bos+ Pai+ Pad® + Prds (3.134)

with a, = a,(m,k,a) and B, = B,(m,k,a). The assignment of s as adiabatic order 1
is consistent with the scaling dimension of the scalar field, as it possesses the same

dimensions as a.
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First adiabatic order

By keeping only terms of first adiabatic order in (3.133), the system of three equations

gives
(w-m)GV =(w-mFP +oP -5+ idw (L _ l) ,
2dt \w+m o
(w+m)FY = (w+m)G?V + 0 + 5+ id_w (L_ l) ’
2dt \w-m o
(w+m)EFDY + FOY L (w-m)GP +G P =0. (3.135)

We now treat independently the real and imaginary parts by writing F1 = f,ﬁl) +1 f;,l)

(1)

and G = gﬁ}’ +1ig,’. We obtain for the real part

y
-m)gd - = oP-s,
(w + m)(ggcl) _ f;:l)) _ —(l)(l) -5,
+m)fP+(w-mgP = o, (3.136)
which has as solutions
w_S$ _ms  o__S _ms o w_m 3.137
I 20 202 5% 20 2w?’ w (3.15)
On the other hand, the imaginary part of the system gives
ldo( 1 1
_ O _ ey - 27 (_ - =
(w=m)gy =1y") 2dt \w+m w)’
ldow 1 1
(1) @)y _
+ - = —————-— 3.138
(rm)gy ~1y") 2 dt (a)—m a)) ( )
These two equations are not independent. The obtained solution for g(l) and f (1) jg
y y
M _ md W _
yEAS— gy =A, (3.139)

where A is an arbitrary first-order adiabatic function. We will choose the simplest

solution _ .
ma 1) _ ma

fP=-1s-" & : (3.140)

4w3a 4w2a
obeying the condition FV(m,s) = GV (=m,—s). Therefore, the adiabatic expansion will
also preserve the symmetries of the equations (3.127) with respect to the change (m,s) —
(-=m,—s). We have checked that physical expectation values are independent to any

potential ambiguity in this kind of choice.
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Second adiabatic order

In the same way, the second-order terms of (3.133) give

FOde( 1 1
2 dt ( ) ’
GVdw( 1 1
2 dt (a) -m a))
(w+m)F? + FOFD* L F@O4 4 (0 —m)G? +GVGY* +GP*) =0, (3.141)

(w— m)G(Z) = (w— m)F(2) + ((1)(1) )F(l) + w(Z) + ZF(l) +i

(@+m)F? =(+m)G? +(V +8)GP +w® +iGP +i

where the first-order terms have already been deduced above. Taking the real part of

these equations, we obtain
Dadw( 1 1
(w-m)g? - F2) = (P =) fV 4 @ - fO_ 1222 (— ) _)
X X R

g
(w+m)(g(2) f(2)): _(w(1)+s)g(1) w(2)+g(1)+ ;’ =

(@+m)CFP + (2 + () +(w-m)2g2 + (PP + g =0,  (3.142)

(l)dw( 1 1)

which has as solutions

2.2 » 2.2 2 2

@) m2d  md 5m*d®? 5m3d? 3m2d ma 5m<s® ms s

- - + + - + -
8aw? 8awd 16a2w® 16a2w® 32a2w* 8a2w3 8wt 2w3  8w?’

@) -m?s?  s2 bBm*d? 3m2%2d? mZd

_ A _ _mid 3.143
2w3 20 8a2w® 8al2w3 4dawd ( )

and g(z)(m,s) = f,ﬁz)(—m, —8). On the other hand, taking the imaginary part of the equa-

tions, we have

) 1 g 1 1
(@-mEg?-f?) = @V -s)fP+ f;1>+fx__w(___) ’

2 dt\w+m w

(1) d 1 1
(w+ m)(g(z) f(2)) = —(0WP+ s)g(l) (1) £z 00 ( - —) . (3.144)

2 dt\w-m o

As before, this system contains an arbitrariness in its solution,
5m2sd sd $

® =B+ - - ®=B 3.145
y tao®  2a0? 202 ° % ’ ( )

where now B is a linear combination of second order adiabatic terms. By imposing again
the condition F®(m,s) = GP(-m,—s), one finds
@ _ 5m?sa  sd S

= — — , 3.146
f 8aw? 4daw? 4w? ( )

and g(z)(m s)= f(2) -3).
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Third and fourth adiabatic order

The same procedure can be repeated for all orders. The real part of the expansion is totally
determined by the system of equations (3.133), while every imaginary part contains and
arbitrariness that can be solved by fixing the condition F™(m,s) = G™(-m,—s). The

third and fourth order terms of the expansion are explicitly written in Appendix D

3.7 Renormalization of the stress-energy tensor (T',,)

and the bilinear (yy)

Recall from previous sections that the classical stress-energy tensor in a FLRW spacetime

(3.37) has two independent components. For a Dirac field, they are (no sum on i),

i:2a

i(_. o0y oOvw . 1L (_ 0y Oy

T =~ |y —= - ==9° ) T! ( T —Tyly . 3.147

We define the vacuum state |0) as BIZ 410) = D,; ,10) =0, and denote any expectation
value on this vacuum as e.g. (Tyy) = (0|Ty|0). In the quantum theory, the vacuum

expectation values of the stress-energy tensor take the form (recall (3.41), (3.42) and
(3.58), (3.59))

1 o0 ohl* )
Too) = ——— |  dEE20.(¢ t)=2i Rl =L yplI—k .
(Too» 2n2a3f0 pr@),  pr@®) l( [arvaidl) vl B (3.148)
and
1 [ 9 2k 1oIIe | Ik, I1
(Tii> == 5 dkk pk(t) ) pk(t)E __(hkhk +hk hk ) (3-149)
2n2a Jo 3a

The above formal expressions contain quartic, quadratic, and logarithmic UV divergences,
which turn out to be independent of the particular quantum state. These divergences
are similar to those described in [181]. To characterize them, one plugs in (3.148)-(3.149)
the adiabatic expansion of hi and hil , given in equation (3.131). We shall see that, in
the presence of a Yukawa interaction, all adiabatic orders up to the fourth one generate
UV divergences. This is different to what happens in the case of a free field, where the
divergences only appear at zeroth and second adiabatic orders [68]. In general, adiabatic
renormalization proceeds by subtracting those adiabatic terms from the integrand of
the expectation values, producing a formal finite quantity. There are two important
considerations regarding these subtractions. First, they must refer to all contributions

of a given adiabatic term of fixed (adiabatic) order, othe rwise general covariance is not
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maintained. And second, one subtracts only the minimum number of terms required to
get a finite result [157].
We now proceed to calculate the renormalized expressions for the energy density and

pressure.

Renormalized energy density

We start by performing the adiabatic expansion of the energy density in momentum

space (3.148)

Pr = pg)) + pg) + pf) + pf) + pgl) +..., (3.150)

where pﬁen ) is of nth adiabatic order. The adiabatic terms producing UV divergences (after

integration in momenta) are

pY = 2w, (3.151)
oD = _2Zms (3.152)
ol(é)m4 a?m? m2s?2  §2
pf) = 420 " 40203 " 0 0’ (3.153)
3 5d2mSs B Td%m3s N a’ms B am3s N ams m3s3 N ms3 (3.154)
Pr T 4207 T 40?0 | 20%0° 200 | 2a0°  wb w3’ '
@ _ 105d*m® 91d*mS .\ 81d*m*  d*m®  7d*mC . 5d*m*i  3d*m®d, 3.155)
Pe T 64wl  320%w? | 64atw’ 16aiwd  8aw? 4a3w’ 8adwb
35d°mb%s? 15d%’m*s?  mi*a?  27d’m?s®  m?g? a%s2  dam*a®
TT8a%° | 22207 16a%0  BaPwd | 16a2ab | 4a’e® | 8alw
am?a®  Bam*ss 3am?ss dss Bmis* 3m2Zs* m2s? st §?
" 8aZw® - 2a0w7  aw® * 2aw3 * 407 205 40P * 403 * 403"’

where we have used the notation a® = d3a/d#?,a™® = d*a/dt?, ete.
We note that if we turn off the Yukawa coupling, we recover the results obtained
in previous sections [68]. The Yukawa interaction produces new contributions and,

in particular, we have now non-zero terms at first and third adiabatic orders. The
) _ k
k >
(pfkl) + pf)) ~k~! and (pg’) + pgl)) ~ k3. This indicates that subtracting the zeroth-order

physical meaning of them will be given later on. Note here that in the UV limit, p

term will cancel the natural quartic divergence of the stress-energy tensor, subtracting
up to second order will cancel also the quadratic divergence, and subtracting up to
fourth order will cancel the logarithmic divergence. Therefore, defining the adiabatic

subtraction terms as

1 o 1 *© _
(Too)ad = 55— fo dkk (0 + oV +pP + pP + pi¥) = P fo dkk*p0™? | (3.156)
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the renormalized 00-component of the stress-energy tensor is

1 oo _
(To0)ren =(T00) — {T00)Ad = Wfo dkk*(p; - PZO D). (3.157)

This integral is, by construction, finite.

Renormalized pressure

The method proceeds in the same way for the pressure. The renormalized ii-component

of the stress-energy tensor is given by

1 o0 _
(Tiidren =Tii) —Tiidaq = 2n2af0 dkE%(py —pg) 4y, (3.158)
where pg)_‘“ = p;io) +p§€1) +p562) +p§e3) +p§€4), and
1 [ 9 (0-4)
(Tiidaq = 92%a Jo dkkp, " . (3.159)

The corresponding adiabatic terms for the pressure are

20 2m?
0)
= ——t+—, 3.160
D, 3 3, ( )
2ms 2m3s
1)
= ——, 3.161

Pr 30 30° (3.161)
5@’m®  d?m?* a2m? m*i m2i m*s? 4m?s2  §2

pf) _ _ + _ + _ + — +—, (3.162)
126207  2a20w% 12a20w3 6aw® 6aw? « wd 3w3 3w

@ 35a2m"s 5a’m’s N 9d2m3s d’ms BmSsd  5amSs N Tm3sd N Tam3s
Py = 120209 alw’ 4a20° 6a2w3 6aw” 6aw’ 6awd 6awd
msd ams 5mPs® 8m3s® m3s ms® ms
_ _ _ + + _ - , (3.163)
3aw3 38awd 307 3w® 6w® w3 6ws
@ _ 385a*m!® 791a*m® . 1477a*m8 m*a®  263d*m* .\ m2a® .\ a*m?

Pr = 64atwl3  64atw!l 192040 24aw” 192a%0w” 24a0w® 48atwd
T762m8d .\ 203d%mbd  191d%mid .\ a’m2i  105a2m8s? .\ 665a2m5s? .\ Tm8a2
16a3w!! 24a3 w9 48a3w7 3adwd 8a2pwll 24209 16a2w?
145d2m*s?2  5m*q? N 2962m2s2 N 3m2a2 a?s? N 7am®a®  5am*a®

8a2w” 8a2w’ 8a2w® 16a20w® 12a2w3 124209 6a2w”
am2a®  35m%s2i 35ambss bBmis?d  10am*ss 9m2s2d  9dm?2ss
+ + - - +
4a20® 12aw0® 6aw? aw’ aw’ 4aw® 2aw®
s2d dass 35mBst 65mis?t Bmiss 5m%*s? 11m2s* m2ss m2¢2
- - + - - - + + +
6aw?® 3awd 120w° 1207 6w’ 1207 4wd w® 3wd
st sS§ §2
_ (3.164)

- + )
403 6w 1203
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As before, we see that in the UV limit, p(O) ~k, (pgel) +p§3)) k71, and (pf’) +p§€4))

k3. Subtracting the zeroth-order term eliminates the quartic divergence, subtracting
up to second order removes the quadratic divergence, and subtracting up to fourth
order removes the logarithmic divergence. If the Yukawa interaction is removed, we
recover again the results of previous sections [68]. The interaction produces also non-zero

contributions to the first and third adiabatic orders.

Renormalization of (yy)

As argued in section 3.5, we are also interested in computing the renormalized expecta-

tion value (Y¢)ren. The formal (unrenormalized) expression for this quantity is
_ -1 [ _ _
= = fo dRR2@y , Gy = IRLE - R (3.165)

We define the corresponding terms in the adiabatic expansion as (Yy), = <¢w>20) +

(1&1//)(1) + (ww)(2) + (1&1//)5? + ... . Due to the Yukawa interaction, ultraviolet divergences
arrive until the third adiabatic order. In general, we have
(n) _ Fi2)\_ 277 a2y 3.166
wy), o0 (ll) o0 (IGIF)™ . (3.166)
From here, we obtain
an® = = (3.167)
)
2
_ 1) S m-s
= ——— 3.168
Wy, 5 o3’ ( )
@ _5d2m5 N 7a2m? 3 a’m N m3d _ md N 3m3s? B 3ms? (3.169)
VY7 8a2w”  8a2w® 442w 4awd 4aw®  20° 203 "’ '
(G ® 3562m5s B 15a2m*s N 27d%m?s B a?s B 5m*sd B 5am*s N 3m2sd N 2am?s
VY 8a2w? 20207 8a2w®  4a2w® 4aw”  4aw’  2awd awd
sd 3das Bm*s? N 3m2s® m2s §° § (3.170)
4aw® 4daw® 207 wd 405 203 403’ '
The adiabatic prescription leads then to
. . . -1 [ e - \(0-3)
YY) ren = (YY) = (YY) aq = Wfo dRE“(Qydr — (W), ™) . (3.171)

In this case, we observe that in the UV limit, ((1&1//)20) + (@w);@n) ~k7L and ((@1//)5? +

)P ~

to third order removes the logarithmic one.

£~3). Subtracting up to first order eliminates the quadratic divergence, and up
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Our results can be generically implemented together with numerical methods to
compute the renormalized expectation values (T'y)ren and (Y9)re,. On the other hand,
we would like to briefly comment that a higher-order adiabatic expansion also serves to
generate asymptotic analytical expressions for the renormalized stress-energy tensor in
some special situations. This happens in spacetime regions where the relevant modes
always evolve adiabatically. For instance, if we approximate the form of the exact modes
(nt ,hil } by their higher-order adiabatic expansion, we can find in a very straightforward
way an analytic approximation for the renormalized quantities in the adiabatic regime,
as in the example given in Appendix E. Outside the adiabatic regime one should use
numerical methods to find the exact modes and plug them in the generic renormalized

expressions obtained above.

3.8 UV divergences and renormalization

counterterms in the effective action

The ultraviolet divergent terms of the adiabatic subtractions can be univocally related to
particular counterterms in the Lagrangian density including the background gravity-

scalar sector. By writing

1 1 1
L = Lp+-g|-g"V,0oV,0- —cpl R®— —&HRP2 - — A+ 172
g g Z é1 3%2 871G 167:GR(}K )
m 1
+ V=g 5£1R®——5€2R®2——5A+—5G IR
—1 2 167

the equations of motion for the scalar field read
(1+8Z)0D + (A1 +641) +(Ag +5A2)D + (A3 + 513)301)2
bSO LD+ (@ DR + (6 + OEIRD= gy (Fy) . (3173)
From (3.171), we can write the identity
WGy = <w>ren+ﬂ2—1a3 fo oodkkz(«pw)g” + @)D+ @ + @y (3.174)

where (Y1) ., is finite and the remaining integrals at the right-hand-side of (3.174)
are the adiabatic subtraction terms. As we shall see, the ultraviolet divergences of the
adiabatic subtraction terms can be removed by counterterms of the form: 6Z0®, 614,
SAa®, 5A3D2, 5143, 6&1R, and 5ERP. To deal with the UV-divergent subtraction terms
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we use dimensional regularization [53]. We can check that the (covariantly) regulated
divergences take the same form as the above covariant counterterms. For (ry)© we
have (n denotes the space-time dimension)
1 © m 1 © m m3
O =——— | dkk? (— )é— f dkk”‘2(— ): +
W) n2a3 fo w(t) n2a3 Jo w(t)) 2n2(n-4)
(3.175)

where we will retain only the poles at n = 4. This divergence can be absorbed by 61;.

Additionally, we also have

2 2
@ = - (— S(t)k )— 38YM”_ iyt . (3.176)

w3B)a)?]  272(n-4)

This divergence of adiabatic order one can be absorbed by 61s. The divergences of

adiabatic order two

U (2) = — m 3 gY 2 oo
vy ey Ly RO g (3.177)

can also be eliminated by 6¢; and 6 13. Finally, the three divergences of adiabatic order
three

8y 8y 8y 3
—Dfl)t ————R®(¢ —CD t)+- 3.178
0 B0 G RO+ o L)+ (3.178)
are absorbed by 6Z, §¢9 and 6 14.

On the other hand, the tensorial equations are

) =

1 (1
— | =+6G7H|GH +
Sn(G )

4 (A +6A,
+ g“VZ—( " Joi 9

i

A 1
G + 5A) g™ +(1+6Z)VHDOVYD - §g’”VPCDVp<D)

Z ¢
.
=1

and we find similar cancelations. However, two extra divergences appear. Focusing, for

i+06;

i!

(GH D' — gV O + VFVY DY) = —(THy (3.179)

simplicity, at zeroth adiabatic order, we have

4
1
dkk"2p@ ~ o
n2a3f Pr 872n—-4
4.2
n2 2 © _ _ma 1

At first adiabatic order we encounter the following divergences

n2a3 o2n2 n—-4"’
3.2
n-2 2 (1) . _mas 1
n2a3f dkk" “a"p,’ = 2 a4 (8.181)

66



3.8. UV DIVERGENCES AND RENORMALIZATION COUNTERTERMS IN THE
EFFECTIVE ACTION

At second adiabatic order we find these divergences

2 .2 2
1 a 3m* 1
dBk™™ 2 (2) ~ m ~ + 2
2n2a3.[ Pr 872n—4a®  4n2n-4°
2 2 S .2 2. 2.2
1 ad d 3a“m<s® 1
dkk"2a2p® ~ -T2 (2—+—)—— . (3.182
27‘[2(13f @ P " 24n2n-4\"a  a? 472 n-4 ( )
At third adiabatic order we get the following divergences (H =d/a)
drk"2p® ~ 3H?s + 3Hs + 65> 3.183
n2a3f Pr 1272n—-4 oq 3 §+6s7] ( )
2 ..
1
——f dkk" 24> 23) = ma s+2Hs+(H2+2g)s+6s3] .
2n2a3 Jo 1272n-4 a
Finally, at fourth adiabatic order the divergences are
f dkk"™ 2p(4) s 1 1 [H282+S +2Hss +§ ] , (3.184)
2n2a3 8n2n—4
2 Sy L2 &2
4 2
f dkk" 242 24) e s4+(H2+2a— s——s—+—Hss'+—s§
2n2a3 8n2n-4 a3 3 3 3

All the above divergent expressions arising from the Yukawa interaction can be written

covariantly as

m4

<T/,w>(0) ~ mgw ) (3.185)
Ty, = %};mz)gw, (3.186)
Ty @, = 3i§(i’2 - 247:2"(15_4)(;% (3.187)
(Tp)®) = —#?7_4)[Guvd)—DCDgW+VuVVCD—6g§,CD3gW] , (3.188)
Ty, = % G ®* — g#VD®2+VuVV<D2—6(Vy(DVV®—%ngpd)qu))—3g%®4gm(13.189)

and can be consistently removed (including also the divergences for (¢v)) by the renor-

malization parameters

m* 1 m? g%

oN=-———, G =——, 0 L=——F— 3.190
n(n—4) 3n(n—4) 4n%(n —4) ( )

3 3m2g? 3mg3 3g%

5/11:_m—gY, Azz—i, 13:—i, /14:_i,
212(n —4) 212(n —4) m2(n—4) 72(n —4)
) (3.191)
mgy gY

0éi=———7——, 0ég=——7——. 3.192
Y Rl A Y Ty ( )
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We remark that the set of needed counterterms are all possible counterterms having
couplings with non-negative mass dimension, up to Newton’s coupling constant. This
is also in agreement with the results in perturbative QFT in flat spacetime. The renor-
malizability of the Yukawa interaction gy @y of a quantized massive scalar field ¢

with a massive quantized Dirac field ¢ requires to add terms of the form Aﬁ‘ ¢, ng ©°,

and also a term linear in ¢ [178]. The presence of a curved background would require
to add the terms {;R¢ and EzR(p2. We note that a term of the form éoR (p2 is required
by renormalization for a purely quantized scalar field ¢ if a self-interaction term of the
form %(,04 appears in the bare Lagrangian density [52, 54]. Here we have found that the
Yukawa interaction demands the presence of the renormalized terms {;R¢ and 2R (,02
(as well as the terms 1;¢?), even if they are not present in the bare Lagrangian density.
Similar counterterms have been identified in the approach in Ref. [37].

Therefore, the tentative semiclassical equations presented in Section 3.5 should be
reconsidered to include the above required counterterms. In terms of the renormalized

parameters we have

1
g G+ A+ (VHOV D~ g VPOV, 0+ V(©)g™)

81 G
- Z (G“VQJ‘ g O + VAV D) = —(TH"Y e | (3.193)
and
ov _
D®+£+€1R+52R®: —8Y{UVW)ren , (3.194)
where the potential V(®) should contain the terms
A A A
V(@)= 110+ 202+ 2207+ 220t (3.195)

2 3! 4!
Obviously, additional terms, not required by renormalization, can be added to the poten-
tial if one adopts an effective field theory viewpoint. Some of the renormalized parameters
(A, &1, Aq, --+) could take, by fine tuning, zero values. We do not consider these issues in
this work.

3.9 Conformal anomaly

In this section we will analyze the massless limit of the theory and work out the conformal
anomaly. In the massless limit the classical action of the theory enjoys invariance under

the conformal transformations

gu(®) — QP)g ), @) —Q Hx)d(x), (3.196)
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with
Y(x) — Q @), ¥ — Q)P (3.197)
Variation of the action yields the identity
1 6S,
”VT’” CD—— =0 3.198

which, in our case, turns out to be g""' T}, — gy @Yy = 0. At the quantum level the theory
will lose its conformal invariance as a consequence of renormalization [which respects

general covariance and hence (3.116)] and generates an anomaly

guv<TZ;>ren _ng)<1/_/1//>ren = Cf £0. (3-199)

Cy is independent of the quantum state and depends only on local quantities of the
external fields.

To calculate the conformal anomaly in the adiabatic regularization method, we have
to start with a massive field and take the massless limit at the end of the calculation.

Therefore,

Cr =" (T ren = 8Y PGP ren = Hm m(Gy)ren — Gy ?) (3.200)

Since the divergences of the stress-energy tensor have terms of fourth adiabatic order, the
adiabatic subtractions for (¢y) should also include them. The fourth order subtraction
term, which produces a non-zero finite contribution when m — 0, is codified in ((uw)(‘l).
The term m (Y ) e, vanishes when m — 0. The remaining piece produces the anomaly
[recall (3.165)-(3.166)]

Cr = —lim f dkkz( @+m) pa |, p@s | pORG | ppG) | | p@)2)
m—0 n2a3 2w
((l) m) * * *
——IG? +GP* + PGP + GV 6P + 16?17 . (3.201)
2w
Applying the adiabatic expansion computed in Section 3.6 and doing the integrals we
obtain
a®  $%q 42 3ssa  s%2a?  8da® 4% ss s st

Cr= + + + + + - + + 3.202
I~ 80720 8n2a  80n2a  4n2a  8n2a?  80n2a? 607243 472  8n2 8n2( )

Since C is an scalar, we must be able to rewrite the above result as a linear combina-
tion of covariant scalar terms made out of the metric, the Riemann tensor, covariant

derivatives, and the external scalar field ®. Our result is

1

gY
Cr=—"
'~ 988072

1
[—11pamR“ﬁ—§R2)+6uR

1
vW®v<b+2¢m®+6¢ﬁR+gY®4. (3.203)
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The same result is obtained by using the results of Section 3.7. C can be re-expressed
as [recall (3.157)-(3.158)]

Cr = lim ——— f dkk? (p0~ - 3p0 0 —2As)+ mI@ ) . (3.204)

Performing the integrals we get exactly (3.202) and hence (3.203).

In Appendix F we have computed the conformal anomaly for a massless scalar
field ¢ with conformal coupling to the scalar curvature ¢ = 1/6, and with a Yukawa-type
interaction of the form g% ®2¢p?. Adiabatic regularization predicts the following conformal

anomaly

OR - |R*™R —ER2 - h* (@O + VOV q>+3—hzq>4) (3.205)
g 4872 K 2 ' :

Cs=

288072

In the absence of Yukawa interaction (2 =0, gy = 0) we reproduce the well-known
trace anomaly for both scalar and spin-1/2 fields (restricted to our FLRW spacetime) [48].
We recall that the trace anomaly is generically given for a conformal free field of spin

0,1/2 or 1 in terms of three coefficients
gt <T#V>ren =aCuypeC"P7 +bG + cOR (3.206)

where C\;, ¢ is the Weyl tensor and G = Ry, o R*'P? —4R ,,R*Y +R? is proportional to the
Euler density. The coefficients a and b are independent of the renormalization scheme

and are given by [76, 114]

a (N +6Nf+12N,)

1
120(4 )2

where N is the number of real scalar fields, Ny is the number of Dirac fields, and N, is
the number of vector fields. Our results with gy = 0 fit the values in (3.207). [We note that
in the FLRW spacetime of adiabatic regularization the Weyl tensor vanishes identically].
In contrast, the coefficient ¢ depends in general on the particular renormalization scheme
[183]. A local counterterm proportional to R? in the action can modify the coefficient
c. For instance, for vector fields the point-splitting and the dimensional regularization
method predict different values for c.

When the Yukawa interaction is added, the general form of the conformal anomaly is

g (i) + oL (25m

=Y ren aClvpsC*"P? +bG + cOR (3.208)
Vg 6(1)

d gy V'OV, D +egy ®OD+ fgy D°R +g g7 D* .

+
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Now, the coefficients f and g are independent of the renormalization scheme but d and
e are not. The finite Lagrangian counterterms required by the renormalizability of the

Yukawa interaction obtained in previous sections,

0Z 0¢9

oA
?g”VVN(DVV(D— 4

7Rq>2 - qu‘ , (3.209)

might alter the values of the coefficients d and e, but not the coefficients f and g. Note
that, due to classical conformal invariance, one should consider only those countert-
erms having dimensionless coupling parameters. Therefore, our results for the f and g

coefficients are

1 -1 (3
f= 3(47[)2Nf , &= 3dn)? (§Ns —6Nf) . (3.210)

Finally, to show explicitly that the above coefficients are independent on the renor-
malization scheme, we will compute them using the heat-kernel method given in [157],

by means of the one-loop effective action.

Consistency with the heat-kernel results

The conformal anomaly for a field ¢/ (x) obeying the second-order wave equation
558"V Yy +Q4w) | ¢ =0, (3.211)

is given by

C:J_r(4ﬂ)2

where E9(x) is the second Seeley-DeWitt coefficient. The minus sign is for bosons and

tr Eo(x) (3.212)

the plus sign is for fermions. These coefficients are local, scalar functions of @(x) and the
curvature tensor. Eq is given by
1 1 1 1 1 1 1 1
Eo=|-—0OR+—=R?- —R"R,,+ —R"P'R 10 | I+ =WH'W,,+-Q*-=RQ+-0Q,
2730 727 180 M7 180 o 5T g g @ mghRrEoe
(3.213)

where W, =[V,V,]. For a single massless scalar field with ¢ = 1/6 and an interaction of
the form A2¢2®? we have

1
Q=R +h%®?, (3.214)

and W, = 0. For a spatially flat FLRW universe we get

2 3h2
- 48n2(cpmq>+v“q>vuq>+ 7c1>4) . (3.215)

1
OR - (R“VRW - §R2)

C=———
288072

in full agreement with the result (3.205) obtained using adiabatic regularization.
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For a single massless Dirac field with a Yukawa interaction we have [(iy#V,—gy @)y =
0]
1 .
Q= (ZR +g%,q)2)l +igyy'v,®, (3.216)

and
. ap 1 ap
Wy =—iR,, "Zap = _§R#V [Ya,ypl . (3.217)

Using the properties of the trace of products of gamma matrices, we get

1

co 1
288072

2 1 2 2 n4
—EV“CDVM(D+§<DD¢>+6CD R+chD .
(3.218)

The above result reproduces the coefficients f and g obtained from adiabatic regulariza-

Nid
872

1
[—11 (Ra,jR“ﬁ ~ gRZ) +60R

tion. We note that there is a mismatch in the coefficients d and e. These are, however,

the coefficients that might depend on the renormalization scheme.

3.10 Adiabatic vs DeWitt-Schwinger formalisms.
Spin-0 fields

We study now the equivalence between the adiabatic formalism presented above and the
DeWitt-Schinger one. As we have already mentioned in the introduction, the equivalence
between both methods has been checked in [25, 47] for scalar fields by direct computation.
We present here an alternative and simpler approach for scalar fields that will allow us

to prove the equivalence for spin-1/2 fields.

Adiabatic regularization

The general wave equation for a scalar field ¢ in a curved space-time is (O0+m2+ER)p =0,
where m is the mass of the field and ¢ is the coupling of the field to the scalar curvature R.
If the field propagates in a FLRW space-time [for simplicity we shall assume a spatially

flat universe with metric ds? = dt% — a?(t)d%?], it can be naturally expanded in the form
() = f &k [Agfi@ 0+ ALFG D] (3.219)

where the field modes f; are

i3
f3(t,%) = S —O) (3.220)

V2(27m)3a3(¢)
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These modes are assumed to obey the normalization condition with respect to the con-
served Klein-Gordon product. This condition translates into a Wronskian-type condition
for the modes: h,’;h B— fz,’;h » = —2i, where the dot means derivative with respect to proper
time ¢. Adiabatic renormalization is based on a generalized WKB-type asymptotic expan-

sion of the modes according to the ansatz

hp(t) ~ ot Wit (3.221)
VWi (®)
which solves the Wronskian condition. One then expands Wy in an adiabatic series, in
which each contribution is determined by the number of time derivatives of the expansion
factor a(t)
Wi (1) = 08 + 0@ @) + 0P @) + ..., (3.222)

where the leading term v @ () = w(t) = \/W is the usual physical frequency.
Higher order contributions can be univocally obtained by iteration (for details, see
Appendix G), which come from introducing (3.221) into the equation of motion for the
modes. As we have learnt from previus sections, this adiabatic expansion (3.222) is basic
to identify and remove the UV divergences of the expectation values of the stress-energy
tensor.

The adiabatic expansion of the modes can be easily translated to an expansion of the

two-point function (¢p(x)p(x')) = G(x,x’) at coincidence x = x':

Gag(x,x) = f PRl ' +WHP ywH® 4+ 1. (3.223)

2(2m)3ad

As remarked above the expansion must be truncated to the minimal adiabatic order
necessary to cancel all UV divergences that appear in the formal expression of the vacuum
expectation value that one wishes to compute. The calculation of the renormalized

variance (¢2) requires only second adiabatic order, given by

WH® = m?¢®  m*’d  bm*d® 3(3 - )d? +ad)
20205  4awd 8a?w’ a2w3

(3.224)

The renormalization of the vacuum expectation value of the stress-energy tensor needs
up to fourth adiabatic order subtraction. The corresponding fourth order contribution
(W~H™® has 30 terms and can be found in [152]. Therefore, the asymptotic two point
function at coincident points, truncated to fourth adiabatic order, can be rewritten as

1 G-9R m24® m%i 5m*d?

S + + -
) 2w3 2a2w%  4aw® 8alw7

+ (W H#|(3.225)

1 .
VGaa(w)= 5o [
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where we have taken into account that R = 6[d%/a® + d/a] in FLRW universes.

We note that only the first two terms in (3.225) are divergent. The remaining terms
can be integrated exactly in momenta producing well-defined finite geometric quantities.
Taking into account that w = (E%/a? + m2)V 2 the integration of the second order adiabatic

terms is independent of the mass and gives

1
&
2(27)3a3 f

The integration of the fourth order terms turns out to be also a well-defined geometrical

m2a? m2d 5mia? 3 R
24205 | dawd  8a?w’| 28872

(3.226)

quantity

f dBEWhH® = 22 (3.227)

2(271)3 3 1672m?2°

where
1 112 1]1
2 [f } a] R [5 -t ] OR = o BB =Ry s BRI (3.228)

is just the coincident point limit as(x) = lim,_.,» as(x,x’) of the second DeWitt coefficient
as(x,x") [71]. (We note that, for our conformally flat space-times, the Weyl tensor vanishes
and R, sR*7° = 2R, R* - 1R?).

In summary, the asymptotic two-point function for a scalar field at coincidence

truncated at fourth adiabatic order is given by

1 F-OR
—+
w 2w3

N R N as
28872  1672m?2’

1 o0
DG, x) = oo fo dkk? (3.229)

where the formal divergent term can be understood, for future purposes, as the point-

splitting limit

1 [ 1 (G-OR
_f dbhk2 _+L
4n2a3 Jo

) 2w3

. f dkk2s1n(k|Ax|) (%—_«f)R
|Ax|—>047t2a3 E|AX| w 2w3
(3.230)

Local momentum-space representation and DeWitt-Schwinger
expansion

An alternative asymptotic expansion of the two-point function in momentum space was
introduced by Bunch and Parker in [54]. It was proposed to aim at extending to curved

space the standard momentum-space methods of perturbation theory for interacting

fields in Minkowski space. This way the standard Minkowskian propagator of a scalar
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free field in momentum space (—%2+m?)~! is replaced by a series expansion. The Fourier
transform leading to local-momentum space is crucially performed with respect to
Riemann normal coordinates y* around a given point x/, which constitutes the best
possible approximation in curved space to the inertial coordinates of Minkowski space.
In contrast to adiabatic regularization, the method is valid for an arbitrary space-time.
It does not serve to (adiabatically) expand the mode functions, which are otherwise
highly ambiguous in a general background. The method works directly with the two-
point functions, which are regarded as the basic buildings blocks of the renormalization
process.

The covariant expansion of the two-point function Gpg(x,x’), obeying the equation
(Ox +m® +ER)Gps(x,a0") = —lg)| ?6(x '), (3.231)

is defined in the local-momentum space

_ —ilglo)"

 — 4 iky A~
Gps(x,x’) @)t fd ke™G(R), (3.232)

where ky = koy°® - 125/’ (note that y*(x') = 0), by the series

_ 1 G-OR  iG-O_ 0 1 1 0 0 5 9.9
Gk) = + + R. +-aep— (R + -
B = 2t w2 T T 2 e, G T3 P ar, ok )
1 )\ 2 1
+ |[z-¢| R2+2a%| ————— + ... 3.233
[(6 ‘t) 3% | Cr2rm2p T (8.233)
where
-9 1 1 1, 1 1,
= R.gg+—R.g5— —0ORgs— —R R+ —ReqrsR* + —R™™ R .
Gap = g uap T 5q hap T ggHep T gglta A+ gafianp 60 7‘(“;234)

To compare this local-momentum expansion with the adiabatic one introduced in the
previous subsection we have to convert the momentum-space four-dimensional integrals
into three-dimensional integrals. After performing the %£° integration in the complex
plane, where the poles in G(k) at ko = +V £2+m? have been displaced in the same
way as the analogous Green function in Minkowski space-time, one gets tridimensional
integrals. Since all Green functions have the same UV divergences we can perform the

contour k° integration using, for instance, the Feynman prescription for displacing the
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poles. The result is, up to fourth adiabatic order,

~1/4 e E
DGpsix,a) = % f Pk e iR VR My (3.235)
T
y [ ao N a1(x,x)(1-iy’w) N 3ag(x,x" )1 -iy'w - (y0)2a)2/3)]
(B2 + m2)12 (k2 + m2)3/2 4(k2 + m2)5/2
1/4
'f;(x;'z' - f dk Esin(k|y)e’VE Y’ (3.236)
m)*|y
§ ao . a1(x,x)1-iy’w) s 3as(x,x )1 —iy'w— (y0)2w2/3)]
(£2 + m2)l/2 k2 + m2)32 4(B2 + m2)5/2 ’

where ao(x,x’) =1 and, to fourth adiabatic order,

1 1[1 1
n o — - N ) Na,& _ — INa, & B
ai(x,x’) [6 f]R(x)+2 5 ¢ R.alx)y 3aaﬁ(x )yoyr,
! _ 111 2 201 1 ac. .t
ag(x,x’) = 3 [g -¢| R°(x)+ §a“(x ), (8.237)

which turn out to be the first DeWitt coefficients. The integrals can be worked out
analytically and (3.235) gives the first three terms in the DeWitt-Schwinger expansion
of the two-point function [48]

lg ()|~ 14 [
472 vV-20
+“2i’;; *) oo Kimv=2a)| | (3.238)

WGpsx,x) =

Ki(mv—=20)+ ‘“(’;’x ) Ko(mv/—20)

where o(x,x') is half the square of the geodesic distance between x and «/, i.e., o(x,x") =
% yuy* = %2 —5%)/2, and K are the modified Bessel functions of second kind.

It is also important to note that the factor Ig(x)l'l/4

in the above expressions is
evaluated in Riemann normal coordinates with origin at x’. The biscalar that reduces to
Ig(ac)l_l/4 in arbitrary coordinates is AY2(x, x"), where A(x,x') is the Van Vleck - Morette

determinant, defined as
Alx,x") = —|g(x)| "2 det[-0,,0, 0 (x,x)]Igx") V2 . (3.239)

These expressions fit identically with the conventional definition of the DeWitt-Schwinger

expansion, as first stressed in [54], which is usually written as

AV2(x, %) ids o
Iy = .2 /A
Gps(x,x') = 162 f G5 exp —im“s+ z—is)F(x,x ;18), (3.240)
with
F(x,x";is)=ag+a1(x,x)is+ ag(x,x')(is)Z +..., (3.241)
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where ag = 1,a1,a9,... are the DeWitt coefficients. To sum up, the Bunch-Parker local
momentum-space expansion turns out to be the momentum-space version of the DeWitt-

Schwinger expansion of the two-point function.

Comparison between “G 4,(x,x) and PG pg(x,x)

To compare the expression (3.238) for Gpg(x,x’) with the result of adiabatic regulariza-
tion (3.229) we have to take the coincident limit x = x’ and restrict our analysis to a
spatially flat FLRW universe ds? = d¢% — a?(¢)d%?. The comparison is not trivial since in
the DeWitt-Schwinger formalism the point-splitting is studied in terms of the geodesic
distance o. As a first approximation, the normal Riemann coordinates in our FLRW
space-time are y =~ aAX. To rigorously compare with the adiabatic expansion we need the
higher order relations between the physical coordinates (¢,X) and the normal Riemann
coordinates (y°,3). The following relations (with H = d/a) hold [51]

1 1 R
¥ = At+=ad?A¥?H + —a2A5c'2At(— +H2) o, (3.242)

2 3 12

. . 1 At? (R
¥ = alAxt 1+HAt+éa2A552H2+?(E—H2 +... (3.243)
Moreover,
1 R AAx4

— 920 = -A2 +a2AZ2 + a2 ARZH AL + §a2A5c'2At2 (E —H2) +2 1; H2+..., (3.244)

where, in order to compare to our previous result using the adiabatic regularization, we
can just take At = 0 without loss of generality and retain the point splitting in AX.

A useful identity for our purposes, using (3.244) at temporal coincidence At =0, is

1 1 H?
= - +0(ARD). 3.245
“20 a2 13 TOA) (3.245)

Note also that the factor | g(x)l_l/ 4 in (3.238) is evaluated in Riemann normal coordinates
with origin at x’ so we can expand |g(x,x')| "4 = AY2(x,x") = 1— 1—12Ruvy“y" +... . Another
useful relation can be derived using this last result with formulas (3.242) - (3.243) [note
also that Rog = 3%;R;; = —a® (% +2H?)],

g™ = 1- [2H2 +§

% +0(0%?) . (3.246)
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Taking into account (3.245) and (3.246), the zeroth order contribution to ‘“Gpg(x,x)

can be reexpressed as

lim mKl(m\/—Za) = lim |g(x)| ™" [—L+O(log(—a))] (3.247)
x—ux! (27[)2\/—20' x—x' 8n20

R m
= 288n2 T A Tapa s A% 3.248
28871'2 Ag'lC’I_I,l() 47T2a|A55| 1(ma| xl) ( )

. sin(k|AX]) 1
= ——+ lim —— dkE2———"""7(3.249
28872 AT-0 4n2a3f0 IR
Furthermore, the second order contribution is
1/4
lim BT a5 oy - lim |g(0)| " x O(log(~0)) (3.250)
x—x' 47‘[2 2 x—ux'
1
1 (3-¢)R
= lim —((;—)Ko(malAfl) (3.251)
Ai—047m2 2

lim ——
AT—0 472a3

osin(k|AZ)) (5 —¢)R
fo dRrk*— = 2w3‘”252)

while the fourth adiabatic term is given by

|—1/4

. lg(x)
lim
x—x' 47[2

“2(”)\/—2 Ky(mv—20) = 229 (3.253)

622

To sum up, we finally get

1 sin(k|AX|) -&R R as(x)
e = 1 f drR?>————" | = + + .
psl,x) = lm o5 Jo EIAE |o - 20° | 28872 1672m?
(3.254)
By direct comparison with (3.229) and (3.230) we obtain
DG pqlx,x) = PGps(x,x) . (3.255)

Equivalence for (T,,)

For the sake of simplicity it is now convenient to restrict ourselves to the case { = 1/6.
The reason for which we focus on this particular case is because the spin-1/2 case turns
out to be completely analogous, so that it is an illustrative example. In this situation
the trace of the stress-energy tensor can be expressed as (T') = mz((,bz). The equivalence
(TYyA4 = (T)DS and hence (TW>Ad (T#V)DS (i.e., cg = 0, according to the definitions
and arguments given in Sec. 5.1), comes directly from the equivalence DG pg(x,x) =

DG ps(x,x), since
(YA — (TYPS = ;2 | DG pe(x,x)— PG ag(x,x)| = 0. (3.256)
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For a general ¢, one can compute the stress-energy tensor by acting on the symmetric
part of G(x, x")— PG (x,x) with a certain nonlocal operator, (Ty(x)y =limy . Dy (x, "G (x,x")—
DG (x,x")] [48, 59, 71]. In Section 3.13 we will show the equivalence PG4 4(x,x) =

V>Ad =

@G pg(x,x), which immediately implies (T, (T'LW)D S for a general £.

3.11 Adiabatic vs DeWitt-Schwinger formalisms.
Spin-1/2 fields

We extend the ideas presented in the previous section for the spin 1/2 case.

Adiabatic regularization

The first step in the adiabatic regularization is to define an asymptotic expansion of the
field modes. The expansion can be regarded as definitions of approximate particle states
in an expanding universe in the limit of infinitely slow expansion.

Spin-1/2 fields obey the Dirac equation (3.5). Taking a spatially flat FLRW space-
time, with line element ds? = dt? — a?(¢)d*%?, it yields (3.6). Recall that we work with
the Dirac-Pauli representation of the Minkowskian Dirac matrices (3.7). For a given
comoving momentum E , the basic independent (normalized) spinor solutions are (3.8)
and (3.13). where k = IE | and &) are constant and normalized two-component spinor
6;6 2 =02 See section 3.2 for more details. In this decomposition, hi and hfe] are two
particular time-dependent functions obeying the following coupled differential equations
(3.9), and we take, as in previous sections, the following self-consistent expansion for the
field modes

hi(t) . ,a)2+_m e—ift Q(t’)dt,F(t) , hil(t) . a)z__m e—ift Q(t')dt,G(t) , (3257)
w V w

where w = w° = v/(k/a(t))?2 + m? is the frequency of the mode and the time-dependent
functions Q(¢), F'(t) and G(¢) are expanded adiabatically as

Q=Y o™, F&)=Y FP@, Go=Y ™. (3.258)
n=0 n=0 n=0

o™, F™ and G are functions of adiabatic order n, which means that they contain n
derivatives of the scale factor a(t). We impose F© = G =1 at zeroth order to recover
the Minkowskian solutions for a(¢) = 1. We can solve 0™, F® and G™ for n > 1 by

direct substitution of the ansatz (3.257) into (3.9) and solving the system of equations
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order by order. We also have to impose, as an additional order by order requirement, the
normalization condition Ihi(t)l2 + Ihil (1)|2 = 1. For details, see section 3.2, from (3.19) to
(3.23). The adiabatic series obtained in this way contain ambiguities. The ambiguities
disappear in the adiabatic expansion of physical vacuum expectation values. It is very
convenient, for the sake of simplicity, to impose at all adiabatic orders the additional
condition ImG™(m) = —ImF™(m). It implies that F"(-m) = G™(m) and removes all
the ambiguities. Explicit expressions for the series expansion up to fourth adiabatic order
are displayed in (3.20), (3.21), (3.22), (3.23), and Appendix A. The algorithm to obtain
systematically 0™, F™ and G for any nth adiabatic order is shown in Appendix H.
In parallel with the scalar field, the adiabatic expansion of the spin-1/2 field modes
can be translated to an expansion of the two-point function (wa(x)i/'/ﬁ(x')) =S, ﬁ(x,x' ) at
coincidence x = x'. Moreover, since we are mainly interested in studying the stress-energy
tensor we will restrict our analysis to the trace of the two-point function (¥(x")y(x)) =

trS(x,x'). Evaluating this at coincidence, the adiabatic expansion up to fourth order is

-2
S aate, 0= oo [ d RN R 18O, (3.259)
where

+ 4 t 4

gi(“)(t) = wrm ZF(”)(t)exp —if Zw(")(t')dt'} ,
20 n=0 n=0

11(4) w-—m' & (n) [ O YPR

g, (@ = ZG (texp [—1 Zw (tHdt (3.260)
20 n=0 n=0

Taking into account that the trace of the stress-energy tensor can be expressed as
(T(x)) = m(y(x)w(x)), it is very convenient for our purposes to rewrite (3.259) in terms of

the expansion for the energy density and pressure (??),

1 2 . .
(4) _ 3 (2i) (2i)
tir'’S ,X) = —fd k -3 , 3.261
r'vSaq(x,x) @n3am ;)[pk D, ] ( )
where,
Y = 20, (3.262)
4.2 2.2
(2) m-a m-a
= - + 3.263
Pr 4wda?2  4wda?’ ( )
20 2m?2
0)
_ 20 , 3.264
Pr 3 " 30 (3.264)
pg) _ m2a? B m2d N mid N m*a? B 5mba? ’ (3.265)
12w3a?2 6wda 6w’a 2wda? 12w7a?
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and the contribution of the fourth adiabatic order is itself finite and gives

trAog
———— | &®k[p?W -3pW= ———, 3.266
(2n)3a3 f o : 1672m ( )

where Ao turns out to be one of the DeWitt coefficients for spin-1/2 fields at coincidence
[54, 157] (see next subsection)

1
— Ag(x) = ag(é = V) + Ez[amsz“ﬁ“RYﬁf : (3.267)

In this equation as(¢ = 1/4) is the DeWitt coefficient for a scalar field with curvature

coupling ¢ = 1/4, and

1
2lapl = ~ 3.268
[af1 =7 |V Y 7YY, ( )
Taking into account that
tr{Ziap1Ziys1} = 8as8 py — 8ay8ps » (3.269)

the term (3.266) accounts for the trace anomaly in the massless limit

trAg 2 11

“1672  28807% | 2

Let us analyze in detail the lower orders. The zeroth order contribution is easy to
handle

(3.270)

1

1
———— | &Pk [p©-3p 1= f dkk*— 3.271
(2n)3a3mf o pl= n2a3 w ( )
However, the second adiabatic order is more subtle. Using the stress-energy tensor
conservation [which is equivalent as imposing the condition p(”) +3H p(") 0, see (??7)],

and dimensional regularization, one can eventually arrive at the following expression

R 1 4
[ dPr[p® - 3p@]=1im —— | —— + = —log2 3.272
(2n)3a3mf Lp P g 2472 n—4+3 o8 ( )
Using now the identity
4m [ 9 R -mR [ 1
—_— =lim —— +1-log2 2
412a3 Jo dkk 243 el 2472 | n— 4+ o8 (3.273)
(3.272) can be ﬁnally expressed as
— | Pk [p? -3pP1=—4 f dk k> ] 3.274
(2n)3a3 f L™ =3p™1 288712 4n2a3 2403 (8.274)
Summing up we have
R 4mR trA
(4) _ 2 2
tr’'S = dkk - +
rSaale, ) 7r2a3f [w 240% |~ 28872 " 1672m
trAg
= —4m(2)GAd(x,DC)|§=1/4+M . (3275)
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Local momentum-space representation and DeWitt-Schwinger

expansion

Following [54, 157], one can construct an asymptotic expansion for the two-point function

(w(x)w(x"))y = S(x,x’) as follows. Introduce the bispinor ¥(x,x’) as
S(x,x') = YV, + m)¥4(x,x') . (3.276)
This way we have, as desired,

i7"V —m) Stx,x) = (m +m2+ %R) [-GCx,x)] = 1gl) 2o —x"),  (3.277)

2
where we used the identity, (WV#) =0+ %R [157]. We can perform a Fourier expansion

in Riemann normal coordinates around x’, as in the scalar case,

 —ilgla)
A= o

The local-momentum expansion for spin-1/2 fields is basically that one for spin-0 fields

f d*k e*YG (k) . (3.278)

taking ¢ = 1/4, except for additional spinorial contributions. The detailed expansion can
be looked up in [54, 157], and up to fourth adiabatic order reads

_ ] RI I apr] 0 1
Gk) = - - —i|—R.g+—3sR
(k) {—k2+m2 12-kZ+m2)2 |24 % 12719 wd| ok (—k2 + m2)2
+ gaaﬁ(fz1/4)—Ez[aﬁ](RR“ﬁW+R“ﬁu;M+R“ﬁv;/w)
1 @b Yo @b 170 g 0 2, . 2\-2
+%Z[O§ﬁ]z[Y§](R /JR AV+R VR /l,u) Oka%(_k +m®)
R? 1 1 5 2
+ || —=— +Za%E = V) |1+ — 141 Z(ys1RPYRY —+} 3.279
(288 3%(5 )) 18 Zlap11yol 2| Che s m2)e , ( )

The above expression for the spinor matrix S(x,x’) provides an asymptotic expansion
of the two-point function (y(x)¥(x')), which also turns out to be equivalent to the DeWitt-
Schwinger expansion [54]. Since we are mainly interested in (y(x)y(x)) we take the
trace of S(x,x’) in formulas above. Taking into account that ¢r (y#1...yF2+1) = 0, and after

performing the contour %£° integration, as in the scalar case, we obtain

~1/4 . 0
tr(4)SDs(x,x')=—4m—|g(x)| 3 fdske'i(ky' RErm2y) | ! — Ril—zy ©)
2(2m) (B2 +m2)V2  24(k2 + m2)3/2
(3.280)

Restricting now the analysis to a spatially flat FLRW spacetime with metric ds? =
dt? — a®(t)d*? and proceeding in parallel to the scalar case we get, at coincidence x = x/,
trAz(x)

_— 3.281
1672m ( )

tr WSpg(x,x) = —4m PG pg(x,x)| =14 +
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Comparison between tr YSpg(x,x) and tr PS s4(x,x) and

equivalence of (T',,)

It is clear from our previous results that we have a complete agreement between
tr DSps(x,x) and tr DS 44(x,x) :

R 4dmR trA
tr YSps(x,x) =tr (4)SAd(DC,x):—n2 3[ dkkz[ ] m ras(x)
a

-~ +
o 24w3| 28872 1672m
(3.282)

As argued in section 5.1, and taking into account that (T') = m(yy), the equivalence
(TYA4 = (TYPS for spin-1/2 fields, and hence (T#V)Ad (TW)DS , can be simply derived
from (3.282).

3.12 Extension of the equivalence to higher orders

The results obtained in previous sections suggest that the equivalence may go be-
yond the fourth adiabatic order, i.e., the order required to prove the equivalence of
the renormalized expectation values of the stress-energy tensor. We have checked by
computed assisted methods that our fundamental relations @G 44(x,x) = PGps(x,x)
and tr WS 44(x,x) = tr PSps(x,x) are also valid at sixth adiabatic order. In the former

case we have

1 [ 1 (G-9R| R a a

(6) _ () _ 2 6 2 3

Gad(x,x) =" Gps(x,x) = 4m2q3 fo dkk o 200 | 28872  1672%m®  16m2mA’
(3.283)

where the value obtained for the purely sixth adiabatic order contribution matches
exactly with the third order DeWitt coefficient a3. The general expression for the coef-
ficient a3, which has 28 terms, was first obtained in [103, 173], and can also be found
in [157] (see Chapter 3, Sec. 3.6). We note that the above agreement is consistent with
that found in [121, 134, 135] in terms of the sixth order adiabatic approximation for the
renormalized stress-energy tensor of scalar fields.

We have also tested the equivalence at sixth adiabatic order for spin-1/2 fields

1 R 4mR  trAs trAs

S - + + )
o 24w3| 28872 1672m 167a2m3
(3.284)

©) ©) m [
tr 7’Sps(x,x) =tr S aq(x,x) = _ﬂf
mea 0

The adiabatic method produces the result

2a4a' 8 aZ¢2 443 2a 4 2ddd @2 4%2d  dd 2da®  af

- + + +—,
21a%a 21a2 2 45q3 21a3a 5 a3 21002 15a3 10502 35(12(3 ggg)

6)
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where we have used the obvious notation [a™ = d o 4" 4]. We have checked that (3.285)
agrees with the third order DeWitt coefficient for fermions [34, 35],

R 1 : . 1 .
— — [abls[cd] uv HU Vi viap
—A3(.’)C) = a3(é =1/4)0-X adlyte %Rab,uvR + %Rabpv Rcda + ﬁRabf“’Rcd(x
1
+ﬁRabuv;aR d + 7_RaﬁRab aRcduﬁ 240R”V ﬁRab,uchdaﬁ
1
+%z[“b]z[cdlz[e’f RapiwRoq" R, (3.286)

We have also checked that this contribution is consistent with the purely sixth adiabatic
order of the renormalized stress-energy tensor that has been reported in [134, 135].
Taking into account all this, it seems natural to argue that relations (3.283) and
(3.284) are also valid for an arbitrary nth order, since both adiabatic and DeWitt-
Schwinger methods provide a series expansion in which each contribution is univocally
derived from some well-defined recursion relations using the first order terms as seeds
for iteration. We have explicitly seen that the leading sixth order contributions agree,
so it is very likely that higher order terms will agree as well. The calculation of the
fourth and higher order DeWitt coefficients has been an elusive problem for a long
time. The formal solution, given by a very involved recursion mechanism, was given in
[34, 35]. To show the power of the adiabatic method for cosmological space-times, and
also as an illustrative example, we have easily worked out the explicit form of the fourth

DeWitt-Schwinger coefficient a4(x) using (3.376). It is given in Appendix I.

3.13 Extension of the equivalence to separate points

Finally, we would like to analyze the two-point functions, expanded up to a given adiabatic
order, at separate points. The calculations are much more involved. We illustrate here
explicitly the equivalence found at fourth adiabatic order for scalar fields. The adiabatic

scheme provides the following result:

1 > zaz| 1 (l—f)R m2d?2 m2i b5m*d?
4) > =/ _ 37 ikAX 6
Gaa((t,2),(2,2)) = 2(2n)3a3fd ke 5+ 2w3 20205 ' 4aw® 8a207
1
m . (G-OR )
= —— K AxX)+ =>——K A
1r%a| 7] 1lam|AZ|) 5,z Kolaml x[)

2

R H
+ 9880 2(moLIAxI)Kl(OLmIAxI)— (amIAxI) Kolam|AZX))

d3k LkAx W—l (4)
" 2(271)3(13[ e W,
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where

1 fd3]‘e’eiEA£(W—1)(4) _

2(2m)3ad
Kolam|AX) [ 7TIA%|*a*H* 11m2|A%*a*H?%4  |AZ2éaH?a  43|A%|12a?H?d
2 {_ 5760  5760a ___ 4a | 960a
3|AX2G2  |ARI2Ea2 TIAR?? G |AR2EHGE  |AR|2a?d
32002 162 T 960 la  16a 960a }
+K1(am|A5e|) {H4 |AZla  3¢|A%la N 9E2|A%|a _ m|A%3a3 . m|A%13a3¢  m3|A%|Pab
n2 32m 8m 8m 180 32 4608
oG [ mIAZa’® .\ mé|A%3ad , 2910%la  171A%la¢ | 9|AF|ac?
al 2880 32 240m 16m 4m
d? [3|A%la —5&AXla  9AX|aé? m|AXPa3é] G [3|A%la  3|AX|laé m|AX|2ad
o | 160m  16m | 8m | 640 @ | 80m " 16m | 480
a _@erclé }
a 80m 16m

On the other hand, the DeWitt-Schwinger calculation provides (3.238). To compare it
with the above result just expand it up to fourth adiabatic order (for the following identi-
ties we shall use the auxiliary parameter T to denote the number of time-derivatives

that are present). Use

1 1 1 1 1 _
g=1+ gRa,Byayﬁ + gRaﬁ;yyayﬁyY + _RaﬁRy6 - %R;mﬁkRAY(sk + %Raﬁ;yé yayﬁyyyé +0(T 5) ,

18
(3.291)
and relations (3.242)-(3.244) including the fourth adiabatic contributions [51] (for sim-

plicity we only show here, without loss of generality, the corresponding expressions for
At =0)

1 1
¥ = ZHa?Ax?+ —a*Ax*HR +O(T7?), (3.292)
2 144

_ . 1 1 .
y' = alAx' {1 + gazAxZH2 + an‘le‘le [Hz + 3g } +O(T%), (3.293)
a

) : “
20 = Ax2a®+ —a*AxtH? + ——aSAxSH? [H2+3g +O(T-% .  (3.294)
12 360 a

Using all these auxiliary expressions we can prove that the adiabatic scheme generates
the same two-point function as the DeWitt-Schwinger one up to fourth order in the

derivatives of the metric,
@Gps(a,a') =BG aq(x,x) . (3.295)
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We believe that one might extend this identity up to any order by induction. We note in
passing that the result (3.295) implies the equivalence of the renormalized stress-energy
tensor for ¢ # 1/6 (see comments below (3.256)).

3.14 Summary and final comments

When a quantum field is coupled to a dynamical classical background, it gets excited,
and undergoes a phase of particle creation. In this case new UV-divergent terms ap-
pear in the expectation values of its quadratic products, which must be appropriately
removed to obtain a physical, finite quantity. In cosmological scenarios, adiabatic regu-
larization provides an appropriate solution to this challenge: by means of an adiabatic
expansion of the field modes in momenta, one can identify the covariant UV-divergent
terms of the corresponding bilinear, and subtract them directly from the unrenormalized
quantity. The background may be the expansion of the Universe itself, as in the case
of inflation, or a classical homogeneous scalar field, as in the preheating phase. The

adiabatic scheme can be applied in both situations, for both bosonic and fermionic species.

We began this chapter by presenting an extension of the adiabatic regularization
method in order to find the renormalized spin-1/2 stress-energy tensor in a FLRW
expanding universe. The main results are equations (3.72) and (3.73), which provide
expressions that are simple and numerically easy to compute, once the quantum state
is given. Then we illustrated this approach by briefly analyzing de Sitter space, with
an assumed Bunch-Davies type vacuum state. The renormalized energy and pressure
densities coincides with those predicted by symmetry arguments [126, 127]. We have also
analyzed the renormalized stress-energy tensor in a purely radiation-dominated universe.
In the latter case the early and late-time behavior of the renormalized stress-energy
tensor can be worked out explicitly, irrespective of the specific form of the quantum
state, and agree with those assumed by classical cosmology for radiation and cold matter,

respectively.

After that, we developed the adiabatic regularization method for spin-1/2 fields in
an expanding Universe when coupled to a classical background scalar field through a
Yukawa interaction term. This is of particular physical interest in models of cosmological
preheating. The results of this work are a natural generalization of the above, and

broaden significantly the range of applicability of the adiabatic method. We have com-
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puted the adiabatic expansion of the spin-1/2 field modes up to 4th adiabatic order, and
used it to obtain expressions for the renormalized expectation values of the stress-energy
tensor (T'yy)ren and the bilinear (Y ) .,. These quantities are fundamental ingredients
in the study of the semiclassical equations of fermionic matter interacting with a back-
ground field, as they codify the backreaction effects from the created matter on the
metric/background fields. Therefore, it is essential to develop an efficient renormalization
scheme to correctly quantify the effects of this backreaction. All expressions obtained are
generic, depending only on the background scalar field and scale factor time-dependent
functions. This constitutes probably the major advantage of the adiabatic renormaliza-
tion scheme. We leave the method prepared to perform numerical computations in future

investigations for cosmological scenarios of interest.

We tested the overall theoretical construction by justifying the method in terms of
renormalization of coupling constants, as well as by computing the conformal anomaly.
Our calculation of the conformal anomaly with the Yukawa interaction has been proved
to be fully consistent with the generic results obtained via the one-loop effective action.
Therefore, by considering such a system, we have also improved our general understand-

ing of quantum field theory in curved spacetimes.

A final goal of this chapter was to show the equivalence of the renormalized expec-
tation values of the stress-energy tensor for spin-1/2 fields using both adiabatic and
DeWitt-Schwinger methods. This is a very natural question since the adiabatic renor-
malization scheme for Dirac fields has been introduced very recently in the literature.
The employed strategy to achieve our goal has led us to show the equivalence for scalar
fields as well, in a simpler way to that used in [25, 47]. Moreover, we were naturally led
to investigate the equivalence for the two-point function at coincidence for both DeWitt-
Schwinger and adiabatic series expansion at any order. We have checked explicitly that
the equality holds at sixth adiabatic order and we have argued that the equivalence
must hold at an arbitrary order. This way, the adiabatic regularization method will offer
a very efficient computational tool to evaluate the higher order DeWitt coefficients in
FLRW space-times for both scalar and Dirac fields. This may be relevant to capture
nonperturbative aspects of the effective action in cosmological space-times, as those
found in [154-156, 158]. Finally, we would like to remark that these results suggest that
the equality MG paqlx,x) = MGps(x,x), n=0,2,4,6,... (and the analogue for Dirac fields)
could even hold for separate points. This is actually supported by the fact that (3.255),

(3.282), extended to separate points, coincide at least up to the fourth adiabatic order.
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3.15 Appendices

A. Fermionic adiabatic expansion

We give here the third and fourth order contributions to F(¢) and w(¢) in (3.18) by solving
the set of equations (3.19) order by order [we have G (m) = F™(-m)].

w® = o0, (3.296)
(65m5d®  9Tm3a®  md®  19mPdd  mdd @ md
FO® - _ + _ + + . (3.297)
64a3w® 128a3w® 16a3w? 32020 4a2w? 16aw?
and
SO 1105m®a* s 33Tm%*  377m*¢* s 3m?d* . 221m%d%a  389m*dd s 13m*d*d  19m*G”
a 128a4wll  32a%0°® 128atw” 32atwd 32a3w? 64a3w” 16a3w®  32a2w7
N m2i?2  Tmidid N 15m2dd N mZa
40205 8a2w’  32a2w®  16aw®’
PO _ 2285m%d* 565m’d* 1263mfa* 2611m°d* 2371m*d* 333mPd*  3mZd*

45Tm%a%26 113mPa2a¢ 726m*a%d  749mia%d  19m2d%2d 11md2d  41m*a?

- - + + - - +
512a%wl2  128a%wll 256a%wl® 512a%w?  2048a%w® 256atw’ 128a%*w® 32a%wd

- + + - - + + -
128a3w10 32a3w? 256a3w8 256a3w” 64a3w®  32a3w5 128a2w8 164207

17m242 md?2  Tm*dd Tm3dd 13m2dd  Tmdd m2a m'a

- + + - - + - + .
128a2w®  8a2w® 16a2w® 16a2w’ 64a20® 322205 32a0® 32aw®

B. Useful formulas for a FLRW spacetime

In checking that the fourth order adiabatic subtraction terms (3.54) and (3.66) give the

covariant result (3.69) we used the following results

i o[ d? d
Ry = 35, Rij:—a 2a—2+a 6ij’ (3.300)
4 2 2
R? = 36|42+, (3.301)
a a“a a
@2 4 _d’d _ad
OR = 6|—+—-5—5—+3——|, (3.302)
a a a“a aa
4 2 22
a a-a
L — 4 —
RuRY = 12|45+ —— |, (3.303)
o ..9 .9 .. .4
Roop = 6|—+>-852162|, (3.304)
a a a“a a
o[dda da® _a*
R;iJ = —6a ;a+;a—2—2ﬁ 6” (3305)
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C. Asymptotic analysis of the energy density and pressure for a

free spin 1/2 field in a radiation dominated universe

In this Appendix we shall study the asymptotic properties of the stress tensor components
in a radiation-dominated universe. The main results are collected and used in section 3.4,
starting from formula (3.103). The large momentum behaviour of this tensor will give us
a necessary and sufficient condition for its renormalizability, while the late/early-time
behaviour will reproduce the classical results of physics of fluids for a matter/radiation-

dominated universe.

Recall the general solution (3.102) for the modes in a radiation-dominated universe,

and define for simplicity the following quantities,

Wi u(2)
Ity = N—£E22 3.306
g.,(t) NFO) ( )
gk (t) = W WK,M(Z) + (K - Z) WK—l,IJ(z) . (3307)

Expressions (3.42), (3.59), and (3.67), can be rewritten in terms of these independent

solutions by doing a a Bogolubov-type rotation (hf‘3 —E gi +Fy, gil ", hf‘f —Ep gil —-Fy, gi*)

pr = pp[IEP-IFI?|+EF*pY? +E*FpYP* | (3.308)
pr = py [[EP-IFP|+EF*py? +E*Fpy"*, (3.309)
PP = -3pp-2m|IghlP- gk |, (3.310)
where
ag * agll* agl agll
D . I k II k I+ k e k
_ 4 _ _glIx Ck 3.311
P = V8T TR T TER T TER T |0 (8.311)
agll agl
ND _ . I k II1°5k
Zk * *
py = —g[gigf vaell], (3.313)
2k
PP = _3_[(g1)2—(g”)2]. (3.314)
a

The energy density and the pressure functions, expressed this way, show explicitly the

dependence on the vacuum state.

Using the result (3.311), and derivative and functional properties of the Whittaker
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functions [8], one can find for the energy density,

dma2e
D _

pr = —2m- |2|3/2

1
2
W, 1@~ |7+

X

)|W @)

(3.315)

For large values of the momenta, k2/a? >> m2, the Whittaker function can be very well

approximated by [130]

v { M) MyR) (M1<z) Ms(2)\ [(3/4—x)
W, = 2 + — _
x,1/4(2) F(% ) cos(2vkz) |1 2 " 2 | TWwi—rn
in(2y/ M M M M
_ sin(2yxz) Mi(z)— 3(2) 5(2) 1— 2(2) 4(2) Lo,
VK K2 K K2
where M ,(z) are a set of polynomials that satisfy
232
Mi(z) = _E , (3.317)
2
My(z) = -116 (1 - i—s) : (3.318)
12 52 9/2
Msz) = -2+ -2 | (3.319)
32 120 10368
1 1922 1124 28
M = - + - + 3.320
4(2) 128 * 1536 23040 497664 ° (8.320)
3/2 2 4 6
2721600 — 291924 z“ + 3528z2* — 7
Msz) = ° 2272 (3.321)
209018880
After a long calculation one can find that
W, 1) ) W12 (3.322)
(Z 3/2 2 2(1 + 22) ( _7)) enx
x 22 8x3 128x°
so that, taking the change x = /5~ m?2), one gets
PR = | ~2w+ e + Ow” )] : (3.323)

From this expression it is easy to see that we recover those terms of zeroth and second

adiabatic order found in Egs. (3.45)-(3.50) for a radiation dominated universe. These

contributions give the divergences of the stress-energy tensor. Additionally, the no-

diagonal terms are shown to be
pfev D = Ow™.
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On the other hand, taking (3.313) (or more easily (3.310)) we can find for the pressure

D 4dm 4m9c2e_’”“2
L e
z 2 1 4 2
x [(1—E)IWK,%(Z)I —(Z+x W1,1(2)l
2 2m?2 m?
- _|Z2, _ _ +0(™ N, 3.325
3w 3w 481203 (@ )] ( )

which also agrees with the divergences found in (3.63)-(3.64). Additionally,
pR? = OW™). (3.326)

The choice of the parameters E;, and F}, (the choice of the vacuum state) is determined
by imposing some initial condition at a given instant of time, ¢¢. This choice must be in
such a way that leave the stress energy tensor without divergences. According to (3.323),
(3.325) and (3.53), (3.61) respectively, the stress energy tensor renormalizability imposes

a natural constraint on the vacuum state (recall (3.308) and (3.309)),
Ep2 = 1Fp2=1+0w™) . (3.327)

This means that E; = 1+ O(w™°) and F}, = O(w™*?), which makes EF; = O(w™?), and
it is enough for the no-diagonal terms, (3.324) and (3.326), to not to give new divergences.
Let’s focus now on the stress-energy tensor for late times in the expansion of the

universe. Taking ¢ >> m ™!, equation (3.315) behaves as

4mx®  4mx?
pP=—om- T T8 L (3.328)
z z
while
pgeo) + pf) + pgj) = p? +0(z7"), (3.329)
so we may state, recalling (3.53),
1 o0
(TooYren E>>m = —— f dEek?2m[1-(Ep > - 1F1®)] +0"H| . (3.330)
2n2a3 | Jo

Similarly, one can study the late times behaviour of the pressure (3.325), and find

8mx® 16mx* 2mx2(—1+8x%) N

D
=- + - . 3.331
Pr 3z 322 23 ( )
while the corresponding adiabatic subtractions are
pg)) +p§€2) +p§g4) = pi) +0@E™). (3.332)
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Again, following (3.61) we find

e’} 2
(Tii)yon (¢ >>m™1) = fo dkkgs';; (1= (Ex2-1Fy®] +0:D)| . (3.333)

1
212a
This time, the dominant contribution to the total pressure, p = (T;),.,,/a?, decays with
time. Basically, equations (3.330) and (3.333) tell us that in a radiation dominated
expansion of the universe, a spin 1/2 field tend to behave as a source of cold matter in
cosmology. This may be useful to analyze in detail the phase transition from radiation to
matter dominated universes, in the standard cosmology.

On the other hand, at early times ¢ << m ™1, (3.315) reads [we analyze only the large

momentum behaviour since it is in this case where any problem with divergences might

arise]
2
Amme™"™ (-1)v4 (—1)%*
D 0
= + +0 3.334
Pr T/ TGaAT(12—ix?)  T(—ixd[(1/2 + ix2) ()« )
1 m 21m
= — |-4mx+ + +0 | +0° 3.335
V7 | T 5508 Fggger TOW D TOED, (8.335)
and just as in the late-time case we obtain
m 21m

o, @, @__1

P, o, P, NG +0(z"?), (3.336)

—4dmx

+ +
32x3  8192x7

so at early times,

1 o0 dmx
-1y 2 2 2 0
(T00) ren (t <<m )~—2n2a3 fo dkk 7z [1—(|Ek| — | Fg| )]+O(z ). (3.337)

Finally, if one tries to do the same calculation to the pressure (3.325), one finds just the

same results for (3.335) and (3.336) but with a factor 1/3, so recovering this way the

equation of state for classical radiation in cosmology.

D. Adiabatic expansion with Yukawa coupling. Explicit

expressions

In this appendix, we provide the terms of the adiabatic expansion of the spin-1/2 field
modes up to fourth order, discussed in section 3.6. Although the first and second or-
der terms have already been written in there, we copy them here for convenience. As

introduced in equations (3.131) and (3.132), the adiabatic expansion takes the form

w+m _.t Dy, 3,4 /
; I(t) e i [f(w+o'P+0P+0P+0P+.)de 1 F(l) F(Z) F(3) F(4) )
k 2 ’
w

w—m i [t D4 )@ 4 )3 )@ !
hfel(t) _ /z_e—lf(a)+w1+w2 +oP+o®+.0d 1 LD L @ 1P 1@+ (3.338)
w
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The terms G™ can be obtained from F™ with the relation G™(m,s) = F™(-m,—s), so

we do not explicitly write them here. We denote by f,

(n) and f(n)

y  to the real and imaginary

parts of F™ respectively, so that F™ = £\ + if;”).
The first order terms are:
o - 27 3.339
w - _md 3.340
fy 402a’ (8:340)
o = (3.341)
w
The second order terms are:
© m?2d  md  5m*da? B5m3d? 3m2d®? ma? 5m?s? ms? 2
£ = 4 3 26" 25+ 24 =237 4 3_§§7§42)
Saw Saw 1604w 1604w 32a‘w 8a“w 8w 2w w
5m?sd sa S
@ _ _ _ 3.343
Iy 8aw? 4daw? 4w?’ ( )
2.2 2 4.2 2.9 2.
5 3
w(z):—ms s_+ma_ma_ma. (3.344)
203 2w 8a?w® 8a2wd 4awd
The third order terms are:
e 15m3s®  11m?2s® N Tms3  3s® N 65m5sa? 15m%sa? 97m3sd? N 93m?2sd?
o 16w° 16w° 16wt 16w3  32a2w8 8a2w’ 640208 64a2w®
N msd?  sd® 5mPds b5m2ds b5mds 3ds 9m3sd mZsd s 3msd
8a2w? 8a2w?® Saw® 8aw® 16aw? 8aw?® 16aw® 2aw® 16aw?
sd ms S
" 8aw3 * Sw* 8wd’ (3.345)
e 45m3s%a  31ms?a  65m®d®  9Tm3q3 N ma® N 5mss  19m3dd N maa
yoo 32awb 32awt 640308 128a3w® 16a3wt 8wt  32020w°® 4a2wt
ma®
3) m3s3  ms® 25m®sa? 13m3sa? msd® N 5m3as  Tmads N 3m3si  3msd ms
w = - - - - - - )
20° 2w3 8a2w” 4a020® 20203  4aw® Saw?® 4daw® Saw?® 4w3
(3.347)
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Finally, the fourth-order terms are:

2285a0%m® 565d*m’ 1263d*m® 1105s52d2m® 4574%im® 2611d*m® 965s2d2m

4 _
= - - - - + +
fx 512a4wl? 128a4wll 256awl0 128210 128a3w10 512a4w? 128a2w?
113d2a6m® 2371d*m* 2441s%a2m* 416°m* 65sdasm?* 7254%am* 117s2dm*
+ + + + + +
32a3w? 2048a%w? 256a2w8 128a2w8 16aw? 256a3w8 64aw8
Taa®m* N 195s*m* 333d*m® 1049s2d%2m® 5a%m® 15sdasm® 7494%Gm?
16a2w8 128w8 256a4w7 128a2w7 16a2w7 4aw’ 256a3w7
97s2im® Taa®m? 17s*m3 3d*m?2 561s2d2m? 5$2m?2  1742m?
64aw’ 160207 16w 128a4wb®  256a2w° 1608 128a2wb
95sasm?  19d2dm?2 73s2im?2 9ssm? 13da®m?2 aPm?2 71s*m?
32awb 64a3w" 64aw® 16w% 64a2wb 32awb 6405
a‘m 111s%d%2m 5°m  d2m  89sdsm 11d2dm 49s%im  ssm
+ + + + + + +
32a4w®  64a2wd 16w°  8a2w® 32aw® 32¢3w® 64awd  2w°
7aa®m N a®Pm N 9s*m N s242? §2 N sas N s2¢ N s§ N 11s* (3.34
3202w%  32aw® 16w5 3202w* 32w* 8aw? 16aw? 16w* 128w’ o
[ 195m*s®a  187Tm?s®d  11s%d 1105m63d3+2571m4sd3 329m2sd3+ sd®
yoo 64awd 64awb 32aw* 128a3wl0 256a3w8 128a3wb  16a3w?
45m2s%s . 11s%§ .\ 195m%d2s  367Tm2d%s .\ Ta2s$ s 24Tm%*sad  18Tm?sdd , _sad
3208 3204 64a2w8 128a20w®  16a20w* 64a2w8 64a2w® 4a2w*
19m2sc sd 19m2ds  3d§  9m2sa® sa® s®
- + - + - + + , (3.34
32aw® 4aw?t 32a0® Saw?* 32awb 16aw? 16wt
@ 5m*s* s 3m?st s . 175m®s%a®  245m*s%a? .\ 79m2s?a®  s%a®  1105m®a?
w= - - - - —
8w’ 40°  8w3 160209 16a2w7 16a2w® 8a2w3 128atwl!
337Tmbq* 37Tm*a* 3m2d* 25m%sds 23m2sds  38sds 5m2s®2  15m*s?a
- + - + - + -
32a%w? 128atw’ 32a4wd 4aw’ 4awd 8aw3  8w® 8aw”
+25m232d s2d s 221m%i2i 389m*d?d . 13m2d2d  19m*a? . m2i? . 3m?2sg
16aw®  8awd 32a3w? 64a3w7 16a3w® 32a20w" 4020  40d
B s§  Tm*aa® 15m2da® m2a™@ (3.35

- + + )
8w3 8a2w’ 32a2wd 16aw®

E. A simple realization of the Yukawa coupling

In this Appendix we consider a simple mathematical example to illustrate how the
adiabatic method works. This is complementary to the results presented in 3.7. We
compute the bilinear (Y v),., of a Dirac field, coupled to a background scalar field

evolving in Minkowski spacetime (a(¢) =1) as

s(t) = gy D(t) = wit . (3.351)
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For convenience, we have absorbed the Yukawa coupling gy in the dimensionless con-
stant u. To avoid the mathematical instability at ¢ — 0, we will only consider times in the
range —oo < ¢ < 0. This model has three convenient aspects which simplify significantly
the analysis. First of all, the field mode equations (3.127) have an analytical solution in
terms of the well-known Whitakker functions, so we do not have to solve the equation
numerically. Second, at time ¢t — —oco we have s,s--- — 0, so that the system is adiabatic
initially, and there is no ambiguity when imposing initial conditions to the field modes.
And third, as we shall see, the system behaves in such a way that, as long as we are well
before the instability, (¢ v),., can be approximated by the fourth order in its adiabatic
expansion, giving a final renormalized bilinear that can be easily integrated.

It is useful to define a new dimensionless time z = m¢ and momenta x = k/m. The
field equations (3.127) for hfe and hil in terms of these variables become

11
on!

m_1i —E i1+ g)h{j‘ : (3.352)

I
L K| 0z

0z

%+i(1+g)hi] , hi:

and from these, we obtain the second-order uncoupled equations

d2hI 9 I thII 9 .
= 2k+ 1+1<2+?#+#('u2 l))hi=0, d—§+(1+"2+£+”w;1))h”=0- (3.353)
V4 V4 V4 V4

Let us also define a dimensionless frequency wy = ViZ+1 ,sothat w = VEZ+m?2 = mwy.
The general solution for hé(t) is a linear combination of the first and second kind
Whittaker functions M 3, (2iwit) and Wy 3, (2iwit), where a = \/% and 11 = —%i(Qu -
1). The solution for hil (¢) is similar, with the change 1; — 19 = —%i(Zu +1), so we have

hi = ALlMga, (iwgz)+BiW,a, (Qiwyz) ,
R = AITM, 2, (2iwgz) + BEW, 2, Qiwyz) . (3.354)

Note that hi and hil must obey the constraint (3.128), so there is only one degree
of freedom in the fermion solution, which is determined when imposing the initial
conditions. To fix the constants in the linear combinations, we impose the adiabatic

behaviour (3.130) at z — —oo, getting

I AII I_ I(i)K+]_ P I _ wK—l b
Ak_Ak —0, Bk_ sz e 2wk s Bk = WQQ‘“K . (3355)

The final solution is then

+1 pr -1 &
Yx e;:*’_KWa,ll Qiwgz), hil= wk—e;"_KWa,ilz (2iwyz) . (3.356)

hj, =
2(1)1( 2wK
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Figure 3.1: The red line shows #l(ﬁ’ﬂl)reﬂ as a function of time for y = 1, given by
equation (3.357). For m¢ < —0.4 we have (Yy),., <0 (red continuous line), while for
mt 2 —0.4 we have (Y¥) e, > 0 (red dotted line). The purple dashed line shows the
corresponding approximation at 4th adiabatic order, given in equations (3.360).

The renormalized expectation value (Y ¥),., is given, from (3.171), by

3 poo 2 2
_ -m 1 U U 3u 3u
= — dxx? (hlz—hnz——— + + -
WYoren 72 fo Prl” = | W Wz Wiz 20322 2022
3 3 3
+ +6 5
I ] ]

20323 20823  2w!23

, (3.357)

where we have that the adiabatic contributions of order 7 go as (Fy)™  c,(u,x)z 7",

with ¢, time-independent functions of y and k. The above integral is finite, as one can

easily check from the asymptotic expansion of the Whittaker function Wy ;(x).
We can compute analytically the leading term at z — —oco by performing the adiabatic

expansion of (¢y) up to fourth order, and subtracting from it the Oth, 1st, 2nd, and 3rd

orders. Therefore, the leading behaviour at very early times is

- _ 1 *© 4) 4)
@Pdren~ G = ——— fo dkkz((lhiﬁ) - (1ng112) )
1 [ —
— _n2a3j(; dkkz((wzwm)[G(4)+G(4)* +G(1)G(3)* +G(1)*G(3)+|G(2)|2]
——(“’;wm)[F“” +FW* L FOF®*  pO*p@ 4 |F(2’|2]) : (3.358)
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Computing the integral, we finally get

<¢w>(4) _ (1(4) N aza ~ d282 _ d2 _ Sda(?’) _ Szd
807m2am 60n2a3m 8n2a?m 807m2a?m 80n2a?m 8nlam
34 4 .. .9
_ 3adss s s§ $ (3.359)

dn2am 872m 4n?m  8nm
Substituting (3.351) in this expression, and setting a = 1, we finally obtain
m3 MZ( 'UZ + 5)

8m2z4

where we have written the solution in terms of z. In Figure 3.1 we show #l«pu/) |ren, @s

@yy® = - (3.360)

a function of time, comparing the exact result (3.357) with the approximation (3.360).
At very early times z — —oco we have, as expected, (Y{)en, ~ 0. We observe that the

approximation holds quite well, except when the instability is approached.

F. Scalar field with a Yukawa-type coupling

In this appendix we compute the conformal anomaly of a quantized real scalar field ¢,
coupled to another background scalar ® with a Yukawa-type interaction. This result
is used in Section 3.9. The interaction term can be chosen of the form g®¢? or h2®2¢2.
Although the adiabatic regularization can be equally applied in both cases, we will focus
on the latter case, since the coupling constant A2 is dimensionless and the classical
theory inherits the conformal invariance. Therefore, the action functional of the scalar

matter field is given by
1
Sy = f d*x\/—g é(g“VVp(,bVV(/) —m2¢p? —ER¢P? - h2D%p?) . (3.361)

As before, the scalar field lives in a spatially flat FLRW metric ds? = dt? — a2(t)d%2,
and we assume that the external field is homogeneous ® = ®(¢). In this case, the equation
of motion is

@O+m?+s%t)+ER)p=0, (3.362)

where we have introduced the notation s(¢) = A®(¢), similar to the one used for the

spin-1/2 field in the main text. The quantized field is expanded in Fourier modes as

) = f dHA )+ AL @, (3.363)

1
V2(2ma3)
where f7(x) = ei’;’zh #(8), and A;% and A; are the usual creation and annihilation operators.

Substituting (3.363) into (3.362) we find

2

%hk(tH [w2(t) + s%(®) + o(®)] hi(t) =0, (3.364)
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where o(t) = (6 — %)(Z—z) +(6¢ — %)(%), and wp(#) =4/ % +m?. The adiabatic expansion
for the scalar field modes is based on the usual WKB ansatz

hy(t) = W = 40P+ 0@ 4 (3.365)

W

which solves the Wronskian condition A kk}: - h,’:fz 1 = 2i. One can substitute the ansatz
into equation (3.364), and solve order by order to obtain the different terms of the

expansion. The function W;(¢) obeys the differential equation
4 2, .2 2 Sy Lo
W, = (0" +s"+0)W, + ZWk - EWk Wy . (3.366)

Note that here, s(t) = h® is assumed of adiabatic order 1 as in the fermionic case. One
obtains systematically w®?? = 0 for all terms of odd order in the expansion. At second

adiabatic order one gets

1 302 @
2 _ 2
= —(s°+0)+—%
@ 2w(s 7) 8w3 4w?
2 .. . .. 4.9 2.9 .9 .9 2
3 5 3
_ _ma+€a_ a +ma m*a +g‘a a +s (3.367)

4a0®  aw 2a0 8a20w® 2a203 dPw 2420 20’
and at fourth adiabatic order, the result is

2(s2 + 0)ww?® + 3/2(0?w) - 1/2 [0Pw + 00 ] - sw?(0?)?

0@ = —
1105a*m® 221dda2m® 221d*m® 7aa®m* 25s2d2m* 1962m*  75&a%am*
T 128000l | 32a3@% | 16a%0® | 8aPw!  16a2w’  32a207  8adw’
111d26m*  75&a*m* 69d*m* 9d2ém?  156a®ém?2  18dd2¢m?  9d%ém?
162307  8atw? _16a4w7+ 4a2wd * 4a20® - adwd M 2atw®
N 5sds‘m2+3c’iszm2+a(4)m2+232d2m2+ i2m?2 +da(3)m2_15d2dm2_ a*m?
4awd 8awd 16aw® aw® 16a2w® 16a20® 16a3w® 4atw®
. 3a'a2§+ 3a4¢ .\ a® ¢ s5  s* 3&sd bsas 3¢a™®  3¢s%d?
4a3w3  2atwd 8aw?® 4w? 403 8wd 2awd® 4dawd 4awd 20203
9&262 %242 3ég? 2 15¢da®  5aa®  9¢82%d%G  da?
- 2a2w3_4a2w3_4a2w3+4a2w3_ 40203  8a2w3 adwd = 8adwd
2.4 -4
_ Yd  d (3.368)

204w?  8atwd
Expressions for the subtraction terms in conformal time have been obtained in [137].
Here we will briefly sketch the renormalization counterterms associated to the UV

divergences of the stress-energy tensor and the variance ((,bz). We follow a strategy similar

to the one used in Section 3.8. The Lagrangian density with the required renormalization
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counterterms is

1 m?2 A 1 1
L = Lo+ =g |=g"V,0V cI>——c1>2——c1>4—— R®? - A+ R +aR?
mTVTE |8 VuBPVWET T 41 62 snG 1enGg ¢
om?2 oA

+ V=g 6Zg”VV oV, »— — % - @4——5§2RCI>2——6A+—5G 'R +5aR?(3.369)
2

4! 167

One can check that the above counterterms are enough to absorb all the UV divergences
that emerge in the quantization of the scalar field. We note that, due to the symmetry
® — —® of the matter Lagrangian, counterterms of the form R®, ®, ®3 are absent.
However, a higher-derivative term of the form R? is now necessary, which did not appear
for the Dirac field in a FLRW spacetime.

We assume the conformal coupling to the curvature ¢ = 1/6 in order to make the

classical theory conformal invariant. For a massive field we have
g Ty — K2 @%¢* = m*¢” . (3.370)

Classical conformal invariance is obtained then when m? = 0. In adiabatic regularization
the conformal anomaly is computed by taking the massless limit
o0
Cs = 8" (Tyy) = R*®* (@) = = lim m*¢H)® = - lim m*(4na’®)™" f dER* (W, ()@,
m2—0 m2—0 0

where (W, L)@ = 0 3(w?)2—w~2w™ is the fourth order term in the adiabatic expansion
of Wk_ 1 Note that here, (¢2)(4) is evaluated including fourth-order adiabatic subtractions.
This is different to the physical vacuum expectation value ((¢2) .., which has to be
evaluated with subtractions only up to second order. This is why only the purely fourth
order adiabatic piece contributes to the anomaly. The explicit expression of (W, 1@ for

arbitrary ¢ is

1155a*m® 231a26m® 231d*m® .\ 105¢a4m* s 63a4m* . 35s2d2m*
128a4w13 32a3wll 16a4w!l 8atw? 16a4w? 16a2w?
1056¢a2m?*  105da2m?* Ta®am?* 21a2m* 3d*m?2  27da%m?

W, HPw = +

" 8adw? " 16a3w? " 8aZw? +32a2w9 +4a4w7 " 16a3w?
5assm?  5s2im?2 aPm?  5d2s2m? 15¢@2m?  156éa®m?  3d2m?

440’ 8aw’ 16aw’  2d20"7  4d20w? 4207 +16a2w7
aa®m?  45d2%¢am?  15a*ém?  278%* 3d* 9s%¢a?  27dE2%a2

162207 238307  2a%07 20%w5  8atw® 2aZwb adwd

. 3dd2 2 15a®&d Bsas  ss 3s* s2a 9s%2a¢ 3aW¢

+ + - +
8alw® 4wd 4ad?wd 4aw® 40® 8w® 2aw® 200’ 4aw®
a® +27a'252 a2s2  9¢@?2  Baa®  27d%¢d 9a*¢ (3.971)
8aw® 2a2w% 4a20w5 4a?2wd 8a?w® 4a3w® 2atwd '
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The integral in comoving momenta is finite and independent of the mass. Assuming
now ¢ = 1/6, the result is
c. - a® .\ @ sds . a®i % s8¢ s
480n2a 4807m2a2 167n2a 1607222 16072a® 4872 4872 3272
We can rewrite the expression in terms of covariant scalar terms as

. (3.372)

1 1 h2 3h2
C, = R-|R*™R V——RQ)} OOD + VHOV,D + —* 3.373
s 2880n2{D ( A 487 5 (PO + T3 ), )

which is the result given in equation (3.205).

G. Adiabatic expansion for Klen-Gordon fields. Master formula.

In this section we show the generic expression for the nth contribution in the WKB
adiabatic expansion given by (3.222). Introducing the ansatz (3.221) into the equation of

motion for the modes, one finds the following equation [48, 157],

W2 = o? S 2 3.374
k w +0'+4 Wf 2Wk 5 ( )
where
3 N2 3\ d
a:(sf——)(f) +(6§——)9. (3.375)
4)\a 2 a

Equation (3.374) can be solved algebraically by iteration for initial value w®

V/ (k/a)? +m?2. Performing the calculation up to nth adiabatic order it can be shown that

=W =

1 n/2-1 . n/2-2 .
w(n) — _{w2 (w(n/2))2+2 Z w(z)w(n—z) +o (w(n/2—1))2+2 Z w(z)w(n—Z—l)] (3.3’
203 ~ =
1=2 1=0
+3 (o (n/2— 1))2+2 Z w(l) (n-2-1) 1 (n/2 1) (n/2 1)+ Z ( - (1) (n 2— l)+w(i)(b(n_2_i))
4 1=0 2 1=0
n/4-1 _ .
6 Z (w(z))2(w(n/2 L))2+4 Z (w(k))2 Z w(L)w(n i—- 2k)+4 Z (w(k))2 Z w(l)w(n—z—Z;
n/A-2  n/2-2-i  n—j—2i-2 n/4-3/2 n/2—k-1
+8 Z w® Z o Z (k) (n k—i -N48 Z (w(k))2 Z w(z)w(n i— 2k)+(w(n/4))4}
' j=i+2 k=j+2 k=0 i=k+2

with 0® =0 for s < 0 or s being a fractional number. With this formula we can recover
0® =0, for s being an odd integer, and the corresponding expressions for orders 2 and 4
from [48, 157],

1 d? 1
@2 _ -1/2 -1/2 -1
w = 5(» ﬁw + §a) o, 3.377)
1 d? 1 1 d?
4 _ ), .-3/2 -1/2 1/, (212 -1/2 -3/2 (2
w = Zw w Wa) _50) (™) —Zw @[a) w ] ,  (3.378)
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as well. In general, (3.376) allows us to obtain any o™ in terms of lower order adiabatic

terms and its derivatives.

H. Adiabatic expansion for Dirac fields. Master formula.

In this section we present the generic expressions for the nth contribution in the Dirac
adiabatic expansion given by (3.257)-(3.258). Introducing these expressions into the
equation of motion for the modes, (3.9), one gets a set of coupled algebraic equations
(3.19):

@-m)G = Q-wF+iF-—" Fiw-mF, (3.379)
20(w +m)

@WtmF = Q-0)G+iG+—"Y Giwrm)G, (3.380)
20(w—m)

20 = (W+m)FF* +(w-m)GG™, (3.381)

which can be solved algebraically by iteration for initial values F® = G® =1 and 0@ = w.
The general algorithm to compute the three fundamental objects [notice that G(—m)

satisfies the same equations as F'(m), so we take G(—m) = F(m)] is provided by

o™ = I nfw(”F(n—”nF("—D——imw FrD (3.382)
w |3 2w(w+m)
~ -1 -1
L (1_E) [F‘” D, Gln- 1)] WO [FD GO0 4 imo [ F*Y gD
w 2 40 |[(w+m) (w-m)|[’
&
ReF™(m) = %0 ™ Z [F(Z)F*(n D(w+m)+GOG* =D — m)] ImF(n D(m)
‘”z
1 :
~ LS R F V) - — [y V() (3.383)
zwl 4w*(m + w)
1
ImF™@m) = ImG™(m)- —— {Zw‘”ImF‘” Dm)+ ReF" m)— — "2 _Reptn- 1>(m§%384)
w-m |3 2w(w+m)

with F = ReF(m)+iImF(m) and G = ReG(m)+iImG(m). Notice that there is an in-
herent ambiguity in the formalism reflected in the choice for Im G(m), but it can be
explicitly seen that it does not affect the observables such as (yy) or (Ty,) [? ]. The
simplest way to remove the ambiguities is to assume Im G™(m) = —Im F™(m). Detailed
expressions for the first adiabatic contributions can be found in [126, 127]. In general,
(3.382)-(3.384) allow us to obtain any Dirac adiabatic contribution in terms of lower order

adiabatic terms and its derivatives.
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I. DeWitt-Schwinger a4 coefficient.

We give here the result for the a4 DeWitt coefficient for a spatially flat FLRW spacetime
obtained with the adiabatic regularization method (3.376). It is used to illustrate the
efficiency of the adiabatic formalism to get the higher-order DeWitt coefficients, as
discused in 3.12.

2968  379d%G 899d%*G2 83d2%i® 13¢a* 47d°d  2d%dd  103dG2d 647d%¢?
- + + - + + - -
120a8 210a” 280ab 35a° 2la* 70ab 3a’ 28a4 840a%
10362'd" 2d%*'a’ 93d%2¢'d  3846%d 199q¢d’d 11d2 13d%a®  41dda®
+ - - + + + - +
210a3  21ab 70a4 105a3 420a3 50422 2104 140a3
29¢a®  3d2a® 133a® e @® 7&d8 398248 .\ 36348 s 54&4G8

ag(x) =

+ + + - - -
1260a2 70a3 1260a2 126a?2 630a 5ad 5a8 al a8
383d%i 15&2d%¢ 234¢&3d%a  216¢%a%G  8123¢d%a?  2859¢2¢%2
- — + — +
20a” a’ a’ a’ 140a% 10a®
432836462 324&%G%a2  254&a%G3 264820263 180830268 2168%G263  523&dt
- + - + - + +
ab ab 15a° 5a8 ad ad 105a4
81&2¢4 18&3¢* 54&%d* 211&d%a 2018205 18&3¢%d  53&ddad 6982d3Gd
10a4 a? a? 20ab 5a6 ab 7ab ad
7283636 439¢aa2d 84¢&2aa2d 908%aa%d  6&ald?  1478%2q%6¢2
+ + — + + —
ad 14a5 a? a? a? 10a4
1883a242 5183Ga2  3&2¢a?  18&%Ga?2  11&a*a’ 15&24%a 1883q¢*d
+ - - + + - +
a? 20a3 as ad 4a5 ad ad

157¢d%d a 15362d2d'd'+36€3d2d"d' 19¢¢%a’ 2452d2'd'+18§3d2'd'

14q4 5a% a? 14q3 5a3 ad
287¢d @ d 278264°d 39¢'d2 . 9¢2'G2 .\ 3¢a®a® .\ 41ada® 15¢ada®
70a3 5a3 140q2 10a2 10a4 140a3 Ta3
18&2a¢6a®  1286a®  6826a®  3d2a®  23¢02a® 382420 6¢Ga®  3&%2Ga®
+ — + + — + — +
5a3 35a2 5a2 70a3 70a3 5a3 35a2 5a2

fda(7) ,fa(S)

+ 2802 + 14022 ° (3.385)
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CHAPTER

LOOP CORRECTIONS DURING INFLATION AND BOUNDS
FROM CMB DATA

uring single-field inflation, spectator or hidden fields — i.e. those that only

propagate in the gravitational background and do not couple to the inflaton

— can typically affect CMB observables only through quantum fluctuations.
After renormalizing background quantities, such as slow-roll parameter ¢ or Planck
mass M,; (that are fixed by observations at some pivot scale), all that remains are
logarithmic runnings that are suppressed by both M,,; and slow roll parameters. In this
paper we show how a large number of spectator fields can overcome this suppression
and induce an observable running in the tensor two point function. As a consequence,
one can infer bounds on the hidden field content of the universe from bounds on the
tensor tilt, assuming primordial tensors are ever detected. We point out that the bounds
obtained from spectral running are more competitive than the naive bound inferred from
requiring inflation to occur below the strong coupling scale of gravity if the eventual
measurement of the tensor tilt is negative, and if we can bound deviations from the
tensor to scalar consistency relation to within the percent level. We finally discuss some
phenomenological scenarios where this idea could have potential implications, such as
constructions that address the hierarchy problem in the standard model with a huge

number of species.

The work presented in this chapter is done in collaboration with R. Durrer and S. P.
Patil [63].
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4.1 Motivation

Observations strongly suggest that our Universe went through an early phase of quasi-
exponential expansion, that we call inflation. Such an inflationary stage not only solves
the horizon and flatness puzzles [108, 129], it also originates in a natural way an
almost scale invariant spectrum of matter density fluctuations [38, 109, 112, 139,
179] in agreement with measurements from the cosmic microwave background (CMB).
These primordial inhomogeneities were generated as quantum vacuum fluctuations that
were forced out of the horizon by the huge gravitational dynamics of the Universe and
subsequently squeezed, resulting in their phase coherence. The inflationary expansion
also amplifies vacuum fluctuations of the transverse traceless part of the metric, leading
to the generation of primordial gravitons [180] as well as fluctuations of all other fields
present in the quantum vacuum regardless they couple directly to the inflaton or not.

In this chapter we examine in detail the contribution of fields that one would natu-
rally be tempted to neglect during inflation: hidden or spectator fields, defined as fields
that only propagate in the curved spacetime background and have no direct couplings to
the inflaton. Typically, such fields would only serve to renormalize background quanti-
ties! and produce unconceivable small (i.e. Planck suppressed) logarithmic dependence
of momentum (runnings) in the cosmological two-point functions. Nevertheless, for suffi-
ciently large amounts, their effects can add up to an observable running of the spectral
index of the two point function of the tensor perturbations, consistently inferable via a
"large N" expansion that allows us to resum a restricted class of diagrams. As we shall
argue, the analogue running produced for correlators of curvature perturbations remains
indistinguishable from the other expected contributions, though, since the relative sup-
pression by factors of € is too great to be overcome by large N and still consistent with
being below the strong coupling scale of gravity.

Taking into account this observation, we can use it to infer bounds on the possible
number of hidden fields present in the universe with masses below the scale of inflation
through bounds on the tensor to scalar consistency relation, provided primordial tensors
are ever observed 2 For simplicity, we focus on hidden scalars, although the argument

follows straightforwardly to particles of any spin. We find that any upper bound on the

1Whose effects therefore would simply be absorbed into physical measurements of quantities such as
€:= —H/H? (e.g. through the detection of primordial tensors) and its derivatives or the ratio H 2/M}Q7 ;> all of
which denote renormalized quantities.

2Although fields with masses much greater than the Hubble scale during inflation also contribute
to the running their spectrum is very suppressed at long wavelengths and so will not contribute to the
bounds derived here.
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tensor to scalar consistency relation

nT+%Scf .1)

for some ¢, translates into a bound on the number of hidden species as

<
it

N=—A? (4.2)
where A; = 2.44 x 1079 [166] is the amplitude of the spectrum of curvature perturbations
at the pivot scale where we determine the tensor to salar ratio. Assuming the value of r

to be that of his current experimental bound, » ~ G(1071), the best we can bound N is by

N < 1—295 ~10M"x¢ (4.3)
s

This result will be only interesting if it gives a stronger bound than the one arising
from the fact that inflation must have occurred below the scale at which gravity becomes
strongly coupled: H? < M 12, /N, [79]. We shall argue that, although in order to get a
better bound it is necessary that nr < 0 in future measurements, the bigger the eventual
measurement of |np| is, the stronger bound we get (as compared to the strong coupling).
As we shall discuss, one can look to bound the parameter space of a variety of models

that attempt to address the hierarchy problem with a large number of sectors.
Notation. In what follows, we shall use the (+,+,+) convention of [136]. We shall

consider a flat FLRW metric in cartesian coordinates
ds® = a®(n)|-dn®+6;;dx'dx’ | = guwdxtdx” (4.4)

where 11 denotes conformal time, while the physical time ¢ is given by dt = adn. Deriva-
tives with respect to n are denoted by a prime and those with respecto to ¢ by an overdot.

The physical Hubble parameter is H = % while the conformal one is A4 = % =ad.

4.2 Qutline of the calculation

In this section we present an outline of our calculations and their results with the details
deferred to several appendices. We consider an inflationary Universe with an inflaton
¢ taken to be the only field with an evolving background (hence energy density) and N
additional hidden scalar fields y, minimally coupled to gravity and taken to be in their
respective adiabatic vacuum states. We only consider hidden fields with mass m? <« H?,

which can therefore be treated as effectively massless but are quantum mechanically
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excited during inflation. By assumption the y, have no non-gravitational interactions.

The action is then given by:

0,0 P+ 2V(P)+ Y. (0,xn0" xn +m>x 4[5

M? 1
S = Tplfd‘lx\/—gR[g]—gfd‘lx\/—g
n

N
=1

where M, = (871G)~2 is the reduced Planck mass®. We presume the background to be
quasi de-Sitter, such that

9 . .
H

LZ:——2<<1, 6::.¢i—.—<<

2H2Mpl H ¢oH 2HH

1, (4.6)

so that H? = V(o) (BM }2) ;) ~ const, and for completeness we introduce the higher order
slow roll parameters €;, defined by

€
H €; ’

€1=¢€, €i41 = 1=1. 4.7

Note that €2 = 2(6 +¢€). These slow roll parameters are then of the same order of magnitude
€i+1 ~€j ~E.
In order to discuss perturbations around this background, we first ADM decompose
the metric as
ds? = —N2dt* +h;j(dx' + N'dt)(dx’ + N/ dt), (4.8)

and work in comoving gauge, defined to be the foliation in which we have gauged away
the inflaton fluctuations. In this gauge, the only dynamical degrees of freedom are
contained in the 3-metric 4;; which has now acquired, or ‘eaten’ the scalar polarization
that was the inflaton fluctuation [57]

¢(t,x)
hij(t,x)

$bo(2), (4.9)
aZ(t)eZC(t,x)fLij’ flij =exp [Yij] (4.10)

where y;: = diyj = 0 is the (transverse traceless) graviton, and { is the comoving curvature
perturbation. The quasi dS background then results in a nearly scale invariant spectrum

of curvature perturbations [77, 138, 189]

H2 k ns—1
P(k)z—(—) , ng—1=-4¢—-26=-2¢—¢9. (4.11)
¢ 8n2€Ml2)l ko : 2

3This so far bare quantity will also end up being renormalized via diagrams involving external graviton
legs with loops of hidden fields. However, we only end up seeing this quantity through the dimensionless
ratio H?/M? ; Which we presume to be fixed through given any observation of primordial tensors at some
fixed scale
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In addition helicity 2 tensor perturbations of the metric are amplified from their initial
quantum vacuum state leading to a power spectrum for primordial gravitational waves
given by

2H? ( k

nr
P k)= ——5(— = —2¢. 4.12
y(k) =, k*) ,  nr=-2 (4.12)

The ratio of these two quantities

Pk
TPk

(4.13)

defines the tensor to scalar ratio. Note that its value depends on the pivot scale k4. At
present, no tensor perturbations have been identified in the observed CMB anisotropies
and an upper limit of r < 0.11 has been derived for %4 = 0.002 Mpc~! [9]. We remind
the reader that there are higher order corrections to the tilt of the scalar and tensor
spectra that come from the background dynamics alone (see (4.51)-(4.55) below). We are

interested in additional corrections to these from virtual effects of the hidden fields y,,.

Diagrammatic preliminaries in the ‘in-in’ formalism

By following a perturbative study in powers of € of the action (4.5) in comoving gauge

(4.9) results in the quadratic action

) 1
Sec=M>, f d*xa’e Cz—a—z(ac)Q} (4.14)
S—1d43"—ia-a~—22 4.15
and the cubic interaction vertex

cf(. . 1 . Y

Ss,c:c=fd4xa3€ 5(sz%“gaixn@ixwm,%xi)—xnaixnaia 2(] (4.16)
1 4

Sy = 3 f d xayij0; Xn0;Xn (4.17)

The form of (4.16) — in particular its € suppression — is not immediately obvious
from naively expanding the original action (4.5) having solved for the lapse and shift
constraints, which would result in an expression that is nominally unsuppressed in ¢
(4.74). However, as shown in detail in Appendix A, similar to what occurs for the cubic and
higher order self interactions for { [131], enough integrations by parts makes manifest
the fact that the {yx cubic interactions are in fact suppressed by an overall factor of

€. Similarly, interactions that are higher order in { will be sequentially suppressed by
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additional powers of €, consistent with its nature as an order parameter parametrizing
the breaking of time translational invariance by slow roll [58].
The standard approach at this stage would be to work in the Schwinger-Keldysh, or

in-in formalism to calculate the finite time correlation functions

B3 (1) p(T)) := 21262 (k + p) P, (R), (4.18)
B3y (DY (1) = 21767567 (k + p) 2y (), (4.19)

These quantities are of the form (0(7)), where the angled brackets denote expectation
values with a given initial density matrix (which we take to correspond to the Bunch-
Davies vacuum in this work) unitarily evolved forward in the interaction picture with

the Dyson operator
T
U(r,—o0) = Texp (—if HI(T')dT') , (4.20)

where T denotes time ordering and where Hjy is the interaction Hamiltonian (which is
equal to minus the interaction Lagrangian eq. (4.16) for the interactions in question

[188]). Explicitly then, the operator expectation value is a shorthand for

+
(O(1)) =(0;nl Oo(7) 10;n) (4.21)

Texp (—ifr HI(T’)dT')

T exp (—ifr HI(T’)dT’)

Reading right to left, one evidently evolves the Bunch-Davies vacuum from the initial
time —oo to 7, acts with the operator @ (7) at time 7 and then evolves back to —oco (see

Fig. 4.1). It can be shown that the above is equivalent to the expression [188]
[eS) T Tn T2
©y=Yi" [ dr [ "dvar [ dndH) Hi), dHi0),00L.0) (422)
n=0 —00 —00 —00

provided one is mindful of how one selects the correct initial interacting vacuum [11].
Although useful for practical purposes, such an expectation value does not lend itself

to the usual diagrammatic expansion one avails of when dealing with S-matrix elements.

In order to implement this one can equivalently consider expressions like (4.21) as the

product of an arbitrary operator &(r) with the unitary operator:

(O(1)) =(0;n|T¢c 10;,,) (4.23)

exp (—ifHI(T')dT') O(1)

with the contour going from —oco — 7 and back again, and with T'¢ denoting contour
ordering with fields living on the reversed contour being treated as independent fields
for intermediate manipulations, only being set equal to the original fields at the end of

the calculation. Due to its formal similarity with an S-matrix element, the former does
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e a7
—00 (0] ‘l—OO

T —00 T

FIGURE 4.1. The S-matrix contour (left) compared to the Schwinger-Keldysh
contour (right)

indeed lend itself to the usual diagrammatic expansion, which we will not make explicit

use of in the following, but we find useful for building diagrammatic intuition.

Suppressing the difference between the fields that live on the future and past directed
contours (as a result of which there are typically cancellations as one sums up relevant
diagrams) as shorthand, one can nevertheless diagrammatically intuit the parametric
and external momentum dependences of the various graphs that one can write down. At
one loop, one has two possible contributions to the correction to the two point correlation
function? as indicated in fig. 4.2. However only the diagram involving two cubic vertices
results in any dependence on the external momenta® and hence contributions to the

running of the spectral index, which is the object of our interest.

Some versions of this calculation in the in-in formalism already exist in the literature
[188], though some conceptual mistakes were detected by [176]. We provide another
version of the calculation done in the Heisenberg picture, after which we will turn to
the main result of this paper — that it is possible to resum these diagrams in the large
N limit so that we could consistently infer the running induced by a large number of
hidden fields.

4There are also contributions from cubic interactions involving ¢ alone, but these will be suppressed
by two extra powers of € [131, 177].

5The quartic seagull interactions contributes to wave-function renormalization which is accounted for
in practice by fixing the (fully renormalized) expressions H 2/M}2) ; and € via the amplitude of the power
spectrum and the tensor to scalar ratio at some pivot scale %..
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FIGURE 4.2. One loop corrections to ({{). Solid lines denote the curvature
perturbation propagator, dashed lines denote the y-propagator.

Heisenberg picture calculation

Let us consider the (classical) equation of motion for a given mode yx of the Fourier mode
k of a hidden scalar field in a FLRW universe (we neglect the mass term, m < H):
.. . k2 " / 2
Xe+3Hir+—xr=0, xp+2Hay, +k“y; =0 (4.24)
a
Assuming that the field be in the so-called Bunch-Davies vacuum initially (in the limit
€ — 0 and |kn| > 1), (4.24) is solved by

(D) = —V2a"H§}> (-km),  m=e. (4.25)

We assume each of these fields to contribute as a first-order perturbation in the perturbed
Einstein’s equations (see Appendix A). The k-modes of the energy momentum tensor of a
hidden field,

T}y =~ 5 8u0oxd X+ 0t
can now be calculated as convolutions. They are second order on the fields y, hence of
second order in linear perturbation theory.

This second order energy momentum tensor also induces metric fluctuations, besides
the fluctuations originated by the inflaton field itself. It provides scalar (helicity zero),
vector (helicity 1) and tensor (helicity 2) fluctuations which decouple in first order. Here
we only consider scalar and tensor perturbations since vector perturbations decay after

inflation.
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Scalar perturbations

Inserting it into the perturbed Einstein equations in unitary gauge and using energy
momentum conservation of the scalar field y we find (see Appendix B for a detailed
derivation),

/

2 qge ad
2 0
-p+-=Ilg+=—— =—, 4.26
@ {p p 3 ° ae}’ ‘ W4 ( )

/
", 9Z 'y B2 =
CH2-C+RYC 202,

We can obtain the above equation of motion also from the cubic interaction eq. (4.16)

fd‘lx a3e{g

fd4x a3€{(p—qé} = fd4x a’e 4

derived in Appendix A:

S3,{x

1 .
i+ a—zai ¥0;x | +¢0720;(30; x)} (4.27)

p+q'+3Hq+€q] (4.28)
€

Using momentum conservation, the source term becomes p + ¢ +3Hq + gq =p—p+ %Hs +
%g, so that the variation of S3;, wrt. { simply yields the right hand side of (4.26). As is
well known, the quadratic action for { yields the left hand side.

Setting the right hand side of eq. (4.26) to zero, results in the Mukhanov-Sasaki
equation. Its solution with initial conditions given by the Bunch-Davies vacuum leads
to the spectrum (4.11). This is the homogeneous part of the solution. The source term
on the right hand side is determined by the scalar fields y,. Their energy density and
pressure are given by p and p, q is the potential of the energy flux and I1; is the scalar
anisotropic stress potential, see Appendix B and C for all details. As the source term
is second order in y, the inhomogeneous contribution to the spectrum is fourth order
in y, and can be computed using Wick’s theorem for the Gaussian (free) fields y,. This
calculation is presented in detail in Appendix D with the result

k ng—1
(Z) . (4.29)

4

15 x 8n2M %,
p

H
c+log—k

Pi(k) = =
*

The parameters ns — 1 = —4e — 28 + O(e2) is the standard scalar spectral index and c is a
constant; k& is the pivot scale, the Hubble parameter and the slow roll parameters have
to be evaluated at H, = H(k ). We denoted H with a subindex % inside the logarithm,
the reason will be made clear in a couple of subsections. The index ’i’ indicates that this
is the contribution from the inhomogeneous solution sourced by the scale field y,. A total
nomber of N such scalar fields contributes
NeH?

——|c+1 —k
c +log
2142
157 Mpl

NP(i(k) ~ H
*

P(k). (4.30)
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As we show below, the first term o ¢ actually just contributes to a renormalisation of
the slow roll parameter ¢, it is not directly observable. However the second term induces

a running of the spectral index which we shall discuss in a couple of subsection.

Tensor perturbations

Tensor perturbations are sourced by the tensor (i.e. transverse traceless) part of the
anisotropic stress of T;CW. Denoting the tensor metric perturbations in Fourier space by

Yi;(t,K), the perturbed Einstein equations are

. . . 2
P+ 2767, + k2= —TI], (4.31)
M
pl
where Hg} are the tensor modes of the anisotropic stress. Alternatively, one can iden-
tify the relevant cubic interaction term as in (4.83). In appendix E we compute the

corresponding power spectrum with the result

NH*
2174
15n2 M3},

(i) ' , (4.32)

+1 H
c+log—
kx

NP,,(k) =
*

where N denotes the number of hidden scalar fields y present in the theory. Since no
tensor perturbation have been detected so far, we can presently only derive an upper

limit on the amplitude.

Running of the one-loop corrections

We notice that the original calculation of [188] and subsequent derivations in [11] using
the in-in formalism obtained a log(k/H ,) dependence instead of the log(H/H ) presented
in formulas above. They concluded this way that one-loop corrections certainly contribute
to the running of the power spectra. However, as realized in [176], the log(k/H ) depen-
dence is only one of two contributions to the loop correction. An additional dependence
log(H/k) also arises from corrections to the mode functions proportional to § in the
dimensional regularization process when one is dealing with 3 + § spatial dimensions.
This results in a log(k/H ) + log(H/k) = log(H/H ) dependence (see section 3.2 in ([176])
for a detailed discussion). Thus, after fixing renormalized quantities at some pivot scale
H,, the dependence in (4.30) and (4.32) arises. Nevertheless, it is important to realize
that H = H}, itself runs as a function of £ as inflation progresses. As we shall see shortly
the dependence is logk again, but suppressed with an extra factor of ¢ and an additional

minus sign. So at the end the original conclusion that one-loop corrections to two-point
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functions induce a running in their spectra is still valid, though further suppressed by
extra factors of slow-roll parameters.

The number of e-folds produced during the expansion at time ¢ is defined to be A (¢) :=
loga(t). At the time ¢, when the mode % crosses the horizon (defined by & =: a(t;)H}), the
number of e-foldings is characterized by A}, = A (¢3,) =logk —log Hy. The evolution of the
inflationary expansion can thus be parametrized by the modes £ as well. On the other

hand, recall that by definition € can be written as g_fv = —¢H. This can be integrated:

H M
log =% ~ — f e(NNdN' (4.33)
H, a
We can further obtain:
H, k
log — =log — — (AN}, — N, 4.34
0og . ng* (N %) ( )

Taking derivatives at both sides

0N, 1 OlogH/H 4

= 4.35
O0logk/k 4 O0logk/k 4 ( )
and using the chain rule
O0logH}/H . 0.4, OlogHp/H, 0N O0logH}/H , (4.36)
= = —€,———— = —¢€ o v 7 .
dlogklk, Odloghklks 0N Y ologklk, " dlogk/k .
Note so far this relation is exact. Therefore:
O0logH/H}, €p
= 4.37
Ok/k « 1-¢p ( )
In the limit in which ¢, is small and constant we get
H k
log—k = —elog— + O(e?) (4.38)

H, ks
This is the reason for which we denoted H a subindex % inside the logarithm. This

contribution will be taken into account in the following discussions.

4.3 Observational limits on the number of hidden
fields N

Running of the spectral index

As alluded to in the outline, in order to consider the contribution of hidden fields to

the running of the spectral index, we only need to consider the contribution of the
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one loop diagram involving two cubic vertices as illustrated in Fig. 4.2. Nominally,
each curvature perturbation propagator contributes a factor 1/(eM 12) ;) due to the non-
canonically normalized nature of its kinetic term (4.14) whereas each {yy vertex is first

order in € due to the factor € in the cubic action (4.16), while the {{yy vertex will be

NH?
1672

regularized. Hence the ‘seagull’ contribution is of the same order in € as the correction

second order in ¢ while each loop contributes a factor after being dimensionally
obtained from the cubic interactions — the extra factor of ¢ is compensated for by the fact
that one fewer vertex is required. However, the loop momentum going around the seagull
graph is independent of the incoming momenta and so cannot affect the dependence of
the correlator of the external momentum and thus only contributes to wave-function
renormalization — in practice accounted for by measurements of H?/M 12) ; and € at some

pivot scale k., the latter requiring an observation of primordial tensors.

Resummation in the large N limit

The correction to the power spectrum of the curvature perturbation at one loop from N
hidden scalar fields is calculated in the appendices and shown in (4.30). The total power

spectrum is given by

- H? (k™! ?H?
PP = Pr+NP = —2(—) 1-N< —log—
87T2€Ml k « 15MPl ks
p
B\ 2H? .k
= A|l— 1-N log— | , (4.39)
(k*) 15M12)l gk*

ns—1
where P, = A (%) , is the standard measured power spectrum with amplitude A =

SnZIZJZW ~ 2.2 x 1079 [166]. All quantities appearing above are presumed to have also
pl

taken wave function renormalization into account, with A and ¢ to be independently

fixed by measurements of the amplitude of the power spectrum and the tensor to scalar
ratio at k..

As illustrated in fig. 4.3 we see that among the two loop graphs indicated, the first
one dominates in the limit of a large number of hidden fields due to its additional factor
N. Hence, in the large N limit, one can perform a resummation of the basic one loop
correction (4.39) such that we can consistently extract the running induced even in the

limit where the one loop correction becomes comparable to the tree-level result:

A (i)ns—l
ks
P(,tot = 22 5 (440)
1 +N15M21 IOgE
P
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FIGURE 4.3. (a) Two loop contributions to the propagator ({{).Solid lines denote
the curvature perturbation propagator; wavy lines represent the graviton
propagator; while dash lines denote the external y field. The double sunset
graph dominates when N >> 1/e. (b) Two loop contributions to (yy), where
now it is only necessary N >> 1 for the double sunset graph to dominate.

The same reasoning applies for the tensor spectrum and the corresponding resummation

gives
2H? (R \"T
N 712M12)l (E) (4.41)
Y tot = 2 P .
1 +N€30M§l logK
20 (2 \"T . :
where P, = FoITEN (k_) is the predicted tree-level result for the tensor spectrum.
pl *
Logarithmic running
Referring to the parametrization used by the Planck collaboration [9]
1 dng
logP; =logA+logk/k, |ng(k.)—1+— logk/k . + ... (4.42)
2dlogklr,
we see from (Table 4) in the same reference that
dlogP
ng(ky)—1 Q08" tot = 0.9644 +0.0049, (4.43)
d(lng) =k,
d? log Pyot
k = — =-0.0085+0.0076, 4.44
alky) ATogh)? s, (4.44)
r(ks) < 0.149. (4.45)
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where the pivot scale is taken to be k4 = 0.05Mpc~'. From Egs. (4.40) and (4.41), one

infers additional corrections to the tilt and the running:

e2NH?2
rot 15M2
nPk) -1 = ngk)—1-——s (4.46)
1+ B log(k/k )
2
1 2NH?
all' (k) = as(k)+ay(k) = as(k)+ 5 615M2 ] (4.47)
H? k
[1+N1€5M2 lo gE] pl
1+e2N¥Z ]{jg log(k/k )
rit) = r (4.48)
ot 14+ 0e ]5[12 log(k/k+)
eNH?
tot(k) (k) 30M2 (4 49)
nT = nT - .
1+ ;%2 log(k/k )
2
1 NH?
al® k) = apk)+al(k) =ap(k)+ - ;0M2 (4.50)
H?2 k l
[1 +N38M2 lo gK] p
To second order in the Hubble hierarchy one gets [56, 175]:
nloky)—1 = —2e—e2—2e%—(2C +3)eeg — Cegez + 2% Ay, (4.51)
Aror(ky) = —2e€9—ege3, (4.52)
riot(ksx) = r(ky)=16¢ (4.53)
nitl(ky) = —2e+edy+2€e+2(C+ Deez, (4.54)
ariorks) = —A3 —2ees. (4.55)

Here C = yg +1log2—2, yg = 0.577 is the Euler-Mascheroni constant, and we have

introduced

H2 2
AN=N——e =NTZ XA <N.10710, (4.56)
30M%, " 60

In this formulas we include the standard slow roll results up to second order in the slow
roll parameters [56, 175].

From these results it is clear that the tensor spectral index and its running contain
the clearest signature of the scalar field contributions. Because N does not appear in the
leading order term in slow-roll parameters in the scalar tilt and running, its contribution

is too feble to compete.
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The leading order contribution to the spectral tilt of tensor modes becomes nfﬁt =

—2¢+ Ae. The consistency relation is then modified since r «, as found above, is unchanged,

but now
tot T'x A
=——|1-= 4.57
nr 3 2 ] (4.57)
The value predicted for N using (4.56) is
15
N =A'—= [r«+8nr] (4.58)

2,2
ry

As a consequence, if we can bound the consistency relation by some positive number, i.e.

if, to some degree of confidence we can find some upper bound ¢:

re+8np <& (4.59)
then
NS 109i2 (4.60)
r
*

The most optimistic case is when r4 ~ 107!, which would imply: N < 1011¢. So the more

the consistency relation is violated, the more stringent bound this calculation provides.

Comparison with strong coupling bounds

The above results are to be compared with the strong coupling bound, which states that
gravity becomes strongly coupled at the scale M 12) /N [79]. This implies an upper bound
on the curvature of spacetime before quantum gravity effects become relevant. Hence a
consistent semi-classical treatment requires that H? < M}% /N, implying that the number

of species cannot be greater than

2Agl
N< = =:B, Anv<1. (4.61)

*

We can rewrite now (4.58) as
15 8nt0t 15 _8ntot
N=A'——|1+—L1|=B—|1-—F (4.62)
2T 4 rx 2 I
—Sn?t

Therefore, deviations on the tensor to scalar consistency relation =1 improve the

%

bound on N imposed by the strong coupling. The more deviated, the strongest constraint
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on N. Note also that, in order to improve the bound on N, it is crucial that the eventual
measure of ntTOt gives a negative value. Assuming this is the case, the experimental

bound on r4 (4.45) leads to
15
N<B§[1—50|nTI] (4.63)

The greater the eventual measure of |n7| is, the stronger the bound on N will be.
Conversely, given a particular value of N, predicted by a specific theory, one could bound
the expected |n7| to be measured.

Of course the strong coupling bound is derived from theoretical consistency of the
theory, while the bounds we have derived are experimental (assuming a phase of slow

roll inflation has taken place).

4.4 Discussion

From the fact that even hidden quantum fields generate, at 1-loop, perturbations in the
metric with a non-vanishing spectrum, we have derived a limit on the number of such
scalar fields. For this we have demanded that their presence does not spoil inflation
(the strong coupling bound). The discussion in this paper is easily extended to fields
with higher spin or to non-minimally coupled scalar fields. All fields lead to very similar
corrections the { and y which differ mainly in their pre-factor but not in the parametric
form. We therefore conclude that N can be considered as the total number of fundamental
degrees of freedom with masses m < H during inflation. This will be worked out in
future investigations.

The bounds found in this work may put serious challenges to some phenomenological
models that request the existence of a large amounts of light degrees of freedom in the
universe. Some of these models propose to solve the radiative stability of hierarchy be-
tween the Planck and the weak (TeV) scale (so-called "Hierarchy problem") by assuming

032 mirror

large numbers of particle species. For instance, in [80], it was proposed that 1
copies of the standard model coupled only through gravity would explain the problem. It
is conjectured that the fundamental cutoff of gravity M, could actually be TeV and that
M, is a derived scale M, ~ VN M,. A similar situation was considered in [29], in which
N copies of the standard model are introduced, each one with different values of the
higgs mass. Depending on whether gauge coupling unification and SUSY is considered or

016

not, they require the existence of 10* or up to 106 extra degrees of freedom. The bounds

considered in this work put additional arguments to constrain the parameter space.
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4.5 Appendices

A. On the ¢ dependence of the vertices

We consider the action for the zero mode of the (canonically normalized) inflaton plus N

hidden scalars.

M?
S = —2plfd4x\/—gR[g]—%fd4x =g [0,¢p0"'$p +2V (¢)] (4.64)
N 1 4 2.2
— Zléfd X\ —8 [aanaan"_man] e

Where the ellipses denote higher order terms which we will consider further. By assump-
tion, the y fields have no classically evolving background, and so appear in the action to

leading order as quadratic in perturbations. We ADM decompose the metric
ds? = —N2dt® + h;j(dx’ + N'dt)(dx’ + N dt), (4.65)
and work in comoving gauge

o(t,x)
hij(t,x)

bo(t), (4.66)
a®(t)e* s, . (4.67)

This gauge is defined by the foliation where the inflaton is the clock (no other field has a
background). Writing

N
N

1+a; (4.68)
0,0+ Nk , w/o;N5=0

where a1, 6 and Né, all first order quantities, we find the solutions (we only need to

calculate to first order for the constraints to obtain the action to cubic order [131])

ay = % (4.69)
2
020 = —% +el (4.70)

where 02 = 3,0; contains no factors of the scale factor, and where ¢ is defined as:

9

€:= . (4.71)
2H2M?,

119



CHAPTER 4. LOOP CORRECTIONS DURING INFLATION AND BOUNDS FROM CMB
DATA

The relevant quadratic and cubic terms are (summation over n implicit)

5 1
Sz,c=Mf,lfd4xa3€ (2—a—2(6()2 (4.72)

1 4,35 4 1 2,2
Soy = gfd xa xnxn—a—zaixnaixn—mnxn (4.73)
S _1 d* 3y inl3 s —2a%%,0,00; (4.74)

3,0y — 9 x a XnXn ¢ H a YnOiboi)Xn .
()1 ¢
a3((+ﬁ)?6ixn6ixn—a3 8+ mixi}

We do not write the cubic action for { since all we will need from it is the fact that it is
suppressed by €2 to leading order after enough integrations by parts [131]. A similar
thing happens for (4.74) — although it may appear that the cubic interactions between (
and the y® might be of order €, these interactions in fact of order e. This is readily seen
by realizing that this contribution to the action is nothing other than the variation of

the quadratic action for the hidden fields to first order in metric perturbations. That is,

2

2), then the cubic interaction action for the hidden fields is

if £y =-10uxn0"xn +m2y

given merely by the first order variation

1
S3:y=0g,, f d*x\/—g L, = 5 f d*x\/=g Ty 518w, (4.75)

where Tf ¥ corresponds to the stress-energy tensor of a minimally coupled massless scalar

field in an unperturbed background

g A 2 2
T/,)Ev = _7 (a/wfna Xn+ mnxn) +a,u)(n6v)(n (4.76)

From (4.65), (4.69) and (4.70) we see that the first order metric variations can be read off

as

—9t 20,0
H 20 ) (4.77)

01 =
Env (a26i9 a26ij2(
One can explicitly verify that the trace of the product of the above with (4.76) reproduces

(4.74). We observe that one can write (4.77) as ©

51guv = vuﬁv + vvﬁu + A,uv, (4.78)

6the underlying reason of this decomposition lies in the fact that the unambigous physical contribution
to scalar perturbations is obtained by writing down the choice of gauge explicitly as a time diffeomorphism,
xt — x# + B*, where f° is the goldstone boson eaten by the metric in comoving gauge [57]
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where
¢
Po = o pi=0 (4.79)
and where
2 a20;07%¢
A, =€ . (4.80)
. (azaia—% 0

Because V MT)‘(W =0, clearly only the second term in (4.78) gives a non-vanishing contri-

bution. Therefore the relevant cubic interactions are given by

S3.cy :fd4xa36

(. . 1 . _9;
5 (ann"_a_zai)(nai)(n"_m%)(%) _%nai%naia 2( (4.81)

where we take note of the advertised ¢ suppression of the cubic interaction vertices.
Similarly, the relevant cubic interaction term for the tensor perturbations can also be
written as (4.75), but now
0 0
618uv = 9 (4.82)
0 a~yij

which has no gauge ambiguities. Thus
1 4. 5mij 1 4. 5rrij
S3,wc:§ d*xa’T Yij=§ d xa’I1Vy;; (4.83)

where in the last line we used the fact that y;; selects the traceless and transverse

contribution of the stress-energy tensor.

B. Equation of motion for curvature perturbations during

inflation

We shall approach the problem now from the perspective of the equations of motion We
derive a second-order differential equation determining the evolution of the comoving
curvature perturbation ( in presence of external sources such as the N hidden scalar
fields, following closely to [50]. This will result in a generalized Mukhanov-Sasaki
equation. As we shall see, energy momentum conservation will be very crucial for
deriving the correct result, as it was in getting from (4.74) to (4.81) with the aim of

determining the correct order of e of the vertex interaction. ’

"The main difference with [50] is that in our case the scalar field energy momentum tensor is separately
conserved while in [50] a U(1) gauge field is considered which is non-minimally coupled to the inflaton.
The resulting equations of motion are different. This is why a new derivation needs to be done.

121



CHAPTER 4. LOOP CORRECTIONS DURING INFLATION AND BOUNDS FROM CMB
DATA

The background inflaton field ¢¢ with its slow-roll potential V(¢y), satisfies the

equation of motion ¢ + 3H g + V'(¢pg) = 0. Its energy-momentum tensor reads
1
TSW = gt 56(,(/)06”(/)0 + V(o) | +0"pd” ¢y . (4.84)

It has the form of the energy-momentum tensor of a perfect fluid, T"" = (p+p)utu’ +pgH"
with ut = —L——9H¢, for the energy-flux vector. Since u u, = —1, one can choose a
sy 00 1Or the enerey- o |
foliation of spacetime with this unit timelike vector, and write g, = —uju, +hyy. Given
that the field is homogeneous, ¢ = ¢o(t), this vector is simply u* =(-1,0,0,0) in the
FLRW coordinate basis. In other words, ¢¢ is our "clock". Energy density and pressure

are given by

1
po = uuungV:—550¢000¢0+V(¢0), (4.85)

1 s 1
po = huTy ==505¢00"do— V(o). (4.86)

We now introduce an external source consisting of a set of N minimally-coupled
light scalar fields {y,}. The energy-momentum tensor is again given by (4.84) with a
negligible potential, but in the foliation determined by u,, and since we admit the
x-fields to be inhomogeneous, this no longer has the form of a perfect fluid, and non-
vanishing anisotropic stresses [1*" and energy fluxes g will appear. The corresponding

decomposition in the foliation defined by ¢ reads
T;CW =(p+p)utu" + pg" +2ultq” + 1M . (4.87)

The imposition, V#T)‘(W =0, leads to 2 conservation equations of the scalar sector:

0 = p+3H(p+p)-9;q’, (4.88)
P ;0 2 o
0 = 0i¢'+3H0;q"' — —p+ 01, (4.89)
a 3a
where 0% = 0;0;, ¢* = —u HT”i, and the scalar contribution of the anisotropic stress is

parametrized by H‘L?J. =—-a%(0720;0 i — %6 ij)Is. In Fourier space we introduce the energy
flux potential ¢ via
k*q=0iqi = ikiq;. (4.90)

Equivalently the scalar anisotropic stress potential is given by

2.9 2 K ij
gk Hsza (—kikj+§5ij)T . (4.91)

122



4.5. APPENDICES

Note that ¢ has dimension 3 while all other variables describing the y-energy momentum
tensor have dimension 4. Using conformal time, the conservation equations in Fourier

space simply become

k2
0 = o' +37p+p)-—q, (4.92)
a

2
0 = q'+37q +p—§HS. (4.93)

We have to consider inhomogeneous linear perturbations of the inflaton field by setting
¢(t,x) = ¢po(t) + 6¢(t,x), which are responsible for the primordial density fluctuations in
the early universe. As a result, this leads to a perturbed metric g,,. We shall work in the
unitary gauge, defined by 6¢(¢,x) = 0. As an additional gauge condition we set go; = 0.
This (nearly) completely fixes the gauge. The first-order perturbed FLRW metric can

then be written as

gudxtdx’ = a® {—(1 +2A)dn? +

H
(1+2HL+2?T)5U‘+2HTY,L‘J'

dxtdx’ } . (4.94)

The first order perturbations of the inflaton energy-momentum tensor in this gauge are

(in Fourier space)

Spp = GodPp+V'(P)5p— A =—-AdZ, (4.95)

Spy = Godp—V'($)5p—Adi=—-Ad3, (4.96)
i ki .

5qp = ik—g(sqf’ = i5ikid00¢ =—go0¢ =0, (4.97)

Inserting this in the first-order perturbed Einstein equations 6G, = M;lzé T,y we find

3%A — 3.76H! — K2(H,, + L) @’ {%ZA }(498)
~8ACH) K HL+ =) = oo S A-p
3 2MPl a
H a
HA-H; -—L = ———q, (4.99)
3 22,
H 2
Hy+2#Hp -R*A+Hp +=0) = I, (4.100)
MPl
k2 H 2 2z
JfA’+(2J£’+Jf2)A—§(A+HL+?T)—zij’L—Hg - 22‘:42 {—¢—3A+1§ 101)
pl a

The first two are the constraint equations, while (4.100) and (4.100) are the evolution
equations. Here p, p, Il;, and q; = —k;q represent the energy density, pressure, scalar

anisotropic stress, and energy-flux vector of the external source, {y,}. Primes denote
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derivative with respect conformal time, dn = %. The equations above have been extracted
from [50], and they have been checked with Appendix B of [43] by translating the
notation.

The comoving curvature perturbation { is gauge invariant, and hence a suitable

physical quantity to describe scalar cosmological perturbations. In our gauge it is given

by { = +Hp+22 - —H_54 = +H; +5Z The above set of equations can be rearranged so
3 Po+Po ¢ 3

to obtain an evolution equation for (:

,}f, %/ 2 %// ejf,
H— "+ | 27% - 2.7 —) —(—) " (- =R = 4.102
( %)( + |7 £ ¢ +( Jf) ¢ ( )
a2 . q/ F' 2
Lo+ Z | -p| T —a
+2M§l{p a[ +J€] p[i‘f ]
%/’ %/ %I
—g k2+%l—2%2+(%) — 2%4‘} [%—4% +2<7£Hs}
a

We make use of the following identities which are realized in slow-roll inflation:

1!

FO%— 70 = e 72, 20 - (1 +6), (4.103)
(pl
0

where € and § are the slow roll parameters, defined in (4.6). We also use [189] ¢ =

2He[6 +€]. At leading leading order in slow-roll parameters, we find

+a?

gy S —
¢ ¢ 2M§leff

(// +

/
2.0+
€

{p' - %Jf(?, —e)+pHB+e)

~L (k2 +97° - 3e.76% — ¢ 76) + 2711,
a

The leading order contribution on the RHS is actually of order €°, and not e~!. Using the

conservation equations (4.92) and (4.93), one finds that all the terms of order ¢! cancel
and we remain with
! 2 !
2 qge
"o k2 = — { —p+=oII +——}. 4.104
Grad CZM?)ZPPSSae ( )

which is the Mukhanov-Sasaki equation, with a source term determined by the scalar
fields y,. It is customary to write it in terms of 2% = a?2M f) €= a21¢7‘2§. Note that it is
important that the hidden fields are separately conserved (do not interact with the
inflaton field) in order for the ¢! contributions to the source term to vanish. If this
were not the case, we would obtain much larger corrections and therefore much tighter

constraints.
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The correction for the power spectrum will have an order of magnitude € in agreement
with the findings of [188]. The equation is manifestly gauge-invariant, and is not limited
to scalar fields, since in the derivation we made only use of the general form (4.87) of the
energy-momentum tensor. It can also be applied to other matter fields, Dirac spinors for
instance. Note also that in the non-relativistic limit the Poisson equation +§’—;( =4nGp
is recovered. Expression (4.104) is our central equation. The last term can actually be
ignored as it is of higher order in the slow-roll parameters.

We now show that (4.104) can also be obtained via the action. The relevant cubic

interaction in the action derived in (4.81) can be arranged as
4

dteael
f x a’e 7
f d*x a’e { £
2

fd4x a3€{(p —ql} = fd4x a’e 4

S3,(x

1 .
T+ a_20i ¥0ix | +(0720)0; (30 )c)} (4.105)

1 .
Ax+—50ix0ix | +{0728;()0; x)} (4.106)
a

(4.107)

é
p+q+3Hqg+-q
€

Using momentum conservation to eliminate ¢ + 3Hq we obtain the source term p + ¢ +

3Hq + gq =p—p+ %HS + %%, which is in full agreement with (4.104).

C. Contribution from the hidden sector to the power spectra

In this appendix we want to determine the particular solution of (4.104) due to the source,
correcting the wellknown homogeneous result. We present the details of the calculation
of the two-point function.

For convenience we introduce an auxiliary field ¢ () = 2{%(n). In terms of ¢;, equation

(4.104) simplifies to
€ '4nG Sp(n)
=4/ . 4.108
Pk 4nG H3® 3 ( )

where S;,(n) can be read off from (4.104). The general inhomogeneous solution of this

a2 5, 1d%
—+
dn? zdn?

equation is given by (we assume the slow-roll field approximation, in which ¢, 6 are

constant with time)

€ '4nG [° Sr(n")
=/— — | dn'9Emn,n 4.109
Pr(n) \/4HG 78 f_oo n'%, (n,n) e ( )

where (5/5(77,77/) is the retarded Green function of (4.108). Since Cﬁ}j(n,n’) x ®m-1n)=0

for n <n’', the homogeneous (Mukhanov-Sasaki) solution corresponds to the solution of

the field equation at n — —oo, i.e. before the interaction with the external source has

taken place.
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Vacuum expectation values of products of free fields can be associated with the Green
functions of the equation of motion [48]. The so-called Hadamard elementary function
(Feynman propagator) 4(x,x) of a linear differential equation like the Klein-Gordon
equation is the difference of the advanced and retarded Green functions, ¥ (x,x’) =
-0 —-1n")4(x,x") and G4 (x,x') = O(n' — ¥ (x,x). It appears as the vacuum expectation

value of the anticommutator of a scalar field with itself,

d3k . ,
G(x,x") = {p(x), p(x ) = f 3@k(n,n’)e““""‘ ). (4.110)
271)

(
which for (exact) de Sitter space leads to, y, = —kn, yl’e = —kn/

Gr(n,n) = 2Re[pr(yp; ()] = [(1+ yry}) cos(yr — ¥,) + (ve — v},) sin(yx <45D]11)

1
kyry,,

Up to a normalization factor ¥ which must be included, the corresponding retarded

function is indeed a Green function:

d? 1d?%z d? 2 k
—— + k= = | DG, )0 = 1) =~k |5+ 1= =5 | Gelyr, 7000~ 1) = —56(yk ;)
dn zdi ¥y ¥y Yy
1
= —0(m-n)
Vi

and hence, the formal expression (4.109) is a solution of the inhomogeneous equation
(4.108) if we set %]f(n,n’) = —yféﬁk(n,n’)@(n —1n'). For practical purposes in future calcu-
lations, it is convenient to take the superhorizon limit of (4.111): y, < 1 or y;e <1.It
yields,

2
¥R, ~ % y, <1,and y, < 1. (4.112)

For a slow-roll inflationary background, the modes become ¢, (1) = _27”' H g}; 96t 5(—k1]),

the large-scale behaviour of the retarded Green function is given by

n/2+2€+6
%?(17,77/) = (—yf)ﬁﬁk(fl,n/)(@(n -7 = _WG(U -n'), y,’e << 1, and y, <&1113)

We use this expression to determine the inhomogeneous solution (4.109). But first, we
need to determine the source which comes entirely from the hidden sector, the N external
fields.

The equation of motion for a massless minimally coupled scalar field y is given by

Ox(x) = 0. In order to solve the equation of motion, we descompose the field in terms
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of Fourier modes yx. We take advantage of the maximal group of spatial symmetries
to decouple the temporal dependence from the spatial one, yx = )(k(t)eik'x. The Klein-
Gordon equation is translated then to a second-order differential equation of motion for

the modes
2

k
Qe +3Hjp+—xr=0, xp+27x, +k*xx=0 (4.114)
a
Assuming the natural extension of the Bunch-Davies vacuum state to slow-roll inflation,

the standard mode solutions are

() = Y— nH‘”( kn). (4.115)

As above, we use the variable y, = —kn = m below.

With the modes solution (4.115) we now determine the source term in the inhomo-
geneous solution (4.109). In the foliation defined by the inflaton field ¢¢, the energy-
momentum tensor of an external field is of the form (4.87). A scalar field produces

Tffv = —%gwdg x07 x +0,x0vx. According to (4.104) we are interested in the following

components:
1
p = Tﬁvu’“‘u": 2+;(V}()2], (4.116)
_ 1 w_1[ o 1 2
b = §hNVTX —5[)( —@(VX) , (4.117)
1
iy = AERITS, =S Thsh™hij= @00 - (vx)2 hij. (4.118)

The corresponding modes are obtained by applying the convolution theorem,

Pr = [(x*x)k+—(Vx*V)()k f(z 3 (Dp (D pt- (V)()p(Vx)k p
= 5 % f(p)*(k—p_yf(p?zk—p : (4.119)
17 1 - - 1rdp [ . . 1 - -
Pk = §[<x*x)k—@<vx*vx)k =3 | G | Detien = 5506 00
= %f% )Zp?k(k—p"'%f(pf(k—p . (4.120)

1 d’p 1 - o
(Hij)k = (alx * a]X)k - ﬁ(vx * VX)khL] = f W [(alX)P(a]X)k—p - Q(VX)p(VX)k_ph”

d’p 1 o
_f(2n)3 pilkj—pj)=53Pk—Phij| Ipik-p- (4.121)

127



CHAPTER 4. LOOP CORRECTIONS DURING INFLATION AND BOUNDS FROM CMB
DATA

where fi(f) = dyz(t) + dik X, (8) is the Fourier transform of the external scalar field,
x(x) = (321;3 )Zk(t)eik'X (reality of y(x) implies )ZL(t) = §-k(?)). The scalar anisotropic contri-
bution is defined by the relation (IT;;)§ = —a? (Bik, - %6ij) IT ; thus, [T = —%a%iﬁj(l'[ij)k.

Namely,

81 &'
2J (2n)3

Iy,

k-p( _k-p) _plk-p)
a? k2 3a?

Tpikp-- (4.122)

Taking into account all these expressions the source term in (4.104) reads

d’p p?-(k-p? . | d®p p?sin?6

2
SkEPk—pk+§Hi’;=

D. Scalar power spectrum

The contribution of the source to the power spectrum of curvature perturbations is

determined by the two-point function of modes (4.109),
k2 () - () = @m)°Pe()6 @k +K') . (4.124)
Thus,

Q) @) GE(n,71) G5 (1, 72)

1 0 0
z ) 4M§la2H6f—oo Tlf_oo T2 r? Tg (Sk(r1)-Sk/(T2))

M -C(m) = (

We define the auxiliary power spectrum (Sk(71)-Sk/(72)) = (2n)3 Ps(11,72)0®(k + K')
which we first determine. The computation of (Sx(71)-Sk/(72)) requires to study the
vacuum expectation value of four fields, and, with the help of jx(¢) = dxxr(¢) + ciT_k )(Z(t),

only the following contributions do not vanish,
<)Zp(T]_)Xk—p(‘rl)Xp’(TZ)Xk’—p’(TQ» = <apak—patp/aikr+p/> Xp(Tl)Xk—p(Tl)X;/(TZ)XZr_p/(TZ)

+apal  apal ) 0pTOx TN X, (T2), (4.125)

using standard conmutation relations and ap|0) =0, we find
Ap(T DA k-p(T A (T2) fk/—p/(T2)) =
(271.)6 5(3)(1{ —p+ pl)5(3)(p +K — p/) + 6(3)(p + p/)5(3)(k —p+ Kk — p "

*Xp(TOXk-p(TOX, (T2 X g0, (T2)
+ (2n)65(k)6(k')xp(Tl)xz_p(n)xpr(rz)xz,_p,(rg). (4.126)

128



4.5. APPENDICES

The first two terms are actually identical and integration over dp’ yields

d’p "
Fsr1,r) = 2 [ S B Mpse p(rOM (72

d3p d3pl
+(2m)36® (k) f N,(11) f G Ve (2, (4.127)

(2m)3

where we have introduced the auxiliary functions (note the difference with (4.123): y is a

function while } is an operator)

2 2
sin“0

Mpk-p = pa—)(p)(k—p, (4.128)
sinZ0

N, = pa—lxpl (4.129)

We neglect the contribution with §® (k) which is a zero mode and only contributes to the

background. The power spectrum of curvature perturbations (4.124) yields finally

i GR(n,11) 9B, 12)
_mRT % (1,71) 9,° (1, 72
P/(n) = dt f dt Ps(11,79)
o AM? H* Jy,, 1), =2 7 3 s(71,72
21,3 3 0 (gR( /) 9
T’ k d p k 17717
= oMt HA (27[)3‘ f dif =5 Mpip(1)] - (4.130)
pl

On subhorizon scales the mode functions oscillate rapidly and do not contribute sig-
nificantly to the result, Therefore we have restricted the integrals to times which are

between 7;, and n, for which the sourcing modes have exited the horizon. This means,

1 1

p’ |k-p|

Max <n'<n. (4.131)

Equation (4.128) can be written as Mpk p(M) = )(p)(k_pﬂznzpzsinze. In the super-

horizon limit |kn| << 1 we have y, = %5 H(l)(yp) V2 (—n)_ep_3/2_€, independent of
time on superhorizon scales. Taking 1nt0 account all this, the time integral in (4.130)
yields
G (n,n) HY 1 1 11 )P
/ N
nmd e Mpx-p() 4I+2e p3/2e |k_p|3/2+eyp sin®0 | 1 - Max Yo Yikpl
and with this, the power spectrum of curvature perturbations reads
y2H4 0o - 1 4+4¢+26
P/(n) = —f dy,y ef dcos0 sin*OMax (4.132)
‘ 28m)2M4, Jo PP a2 I k-l
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where we introduced the Planck mass M, = (87G)~V2. The following consideration

determines the minimum momenta:

Vo~ V2= Vi = 29kYpc0sO = yi(yk — 2y c080), ¥, yp =0. (4.133)

If yr, > 2yp, then y,_, >y, for all angles, —1 < cos0 < 1. For y; < 2y, we have to constrain

the angle of integration. If —1 < cos@ < 0, then y;_, > y, directly. Moreover, this is

satisfied also if 0 < cos < 23’7’;. Then,
“l<cosf< . =y, > . (4.134)
2yp
On the other hand,
2k ccosO<1, =  yh_p<p. (4.135)
2yp

Therefore, we split the integral (4.132) into three pieces, as follows

P = ﬂ{fk Ay fl 91 a2y
2(87[)2M§Z 0 yll)+6r-:+26 -1 y;ffff
foo dyp fzyT’; dx (1 x2)?
ka y}]5+6€+25 ~1 yzi—?f
+ f:dypy§—2€ f; %(1—&)2}. (4.136)
2 2yp Yk—p

The integrals can be solved analytically, for example, with Mathematica. The first
and third integrals have to be regularized properly to avoid an IR divergence (there are
poles at p =0 and p = k). Dimensional regularization amounts in taking the substitution
i = oy, (=2 - (1-aH)22 43— 375 and H — H - (H/H)*'?, where we
introduced a parameter H, that compensates the dimensions of H (this is called the
renormalization constant). To leading order in the slow-roll parameters, the final result
is

8H* 2ny Hy,

c+ log —
15(8m)2 M, np+ns—1" " H,

ns—1
(i) . (4.137)

P((n) ~ 7
*

where ng — 1 =-4¢—26 and np = —2¢ are the scalar and tensor spectral indices, respec-
tively; and c is a constant. The result is nearly the same as the scalar inflaton spectrum.
In addition, there is an implicit logarithmic 2-dependence in H = H;, which comes from

the contribution of the set of N light scalar fields. The constant term cannot discriminated
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from the inflaton contribution, because the observational power spectrum is measuring
the whole curvature perturbation power spectrum. It is important to remark that the

logarithmic contribution comes from the regularization process of the p = 0 pole, only.

Note: for constant ¢ one has [189] § = —¢ and consequently nTiZZ—l = 1. We use this

simplified version in the main text.

E. The tensor power spectrum

Tensor modes are determined by the traceless and divergenceless symmetric contribution
of the perturbed metric at linear order: gzvdx“dxv =a?[-dn®+(6;; +)fij(t,x))dxidxj].
In first order perturbation theory the field y;;(¢,x) is assumed to propagate in the
unperturbed FLRW background. Homogeneity allows to decompose the field in Fourier

modes

APk g A’k
Yiitx) = ) XYt = ) on)3

ik'x s s (1.
e (t,k)el.(k), (4.138)
ol @ = PRy

where s = +2 denote the two possible helicity states of the graviton, 7°(k,¢) = d} yr(¢) +
ds_l:y,’;(t) are the quantum modes, and efj(lA{) is the polarization tensor in direction Kk,
which must verify the above mentioned properties: it is divergencefree kieﬁj(k) =0,
symmetric eﬁj(k) = ej.l.(k), and traceless 6%/ efj(k) = 0. For a wave propagating in the

é,-direction the polarization tensor is of the form

A
efj(éz)zﬁ +i -1 0 |. (4.139)
0 0 0

For a generic direction k, the polarization tensor is given by eiij(l:r) =S (k)S (l::)eil(é),
where S; j(f() is the standard 3-dimensional rotation matrix that takes the é, axis into

the k-direction. For k = (sinf cos ¢, sin@sin ¢, cos0) it reads

cos¢pcosO —sing sinfcoso
Sij(ﬁ)= sin¢cosf cos¢p sinfsing |, S.8ST=8T.5=1. (4.140)
—sinf 0 cos@
. : LTV o LTy — oF (T + o _ ) ot ,F _
It is easy to verify that e;;= (e;j) , el.j(—k) = elfj(k), and e; e = 0, eije;“j =2.
In Fourier space, the differential equation that governs the dynamics of the tensor

metric fluctuations ¥;; is
2
~ N 24 T
Vi + 277+ k7 Fij = —ZZHij, (4.141)
M,
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where 1'[;7';. are the tensor modes of the anisotropic stress. For a massless and minimally-
coupled scalar field y, the total anisotropic stress is calculated in (4.121). By projecting

equation (4.141) with the polarization tensor we obtain

2

N N 2 4 a +
pl
where S;—Z l'[q; :rJ is the external source for tensor fluctuations, introduced to em-

phasize the close analogy with the scalar equation (4.104).

Recalling equation (4.121), since II;; = Hs + HV + HT such that e HS =e;; Hx 0,

one obtains

. R . R A
L WNNM = et @I,00=c;® [ =L pip, toiics

= f(Z 3P 333(k)7(p?(k P

= f@ )3pszi(f()S&'(f()eiij(éz))pr(k—p

1 [d%
= &) en )3p sin® 0 2pfx-p>

so that

2
Sk =- ff(z )3—s1n 20 ¥ pik-p- (4.143)

The contributions from both tensor polarizations are exactly equal (a consequency of
parity invariance), so that an additional factor 2 must be included when considering the
total tensor power spectrum, defined by (fk - Tk} = (271)3PY6(3)(k +Kk).

Comparing with the analogous expression for the scalar source, (4.123), we find that

the tensor spectrum is simply 8 times that found for the scalar case (4.137),

(ki) ' . (4.144)

S S g
c+1lo
274
1572 M2,

Py (k) =
*
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CHAPTER

ELECTROMAGNETIC DUALITY ANOMALY IN CURVED
SPACETIMES

he source-free Maxwell action is invariant under electric-magnetic duality rota-
tions in arbitrary spacetimes. This leads to a conserved classical Noether charge.
We show that this conservation law is broken at the quantum level in the pres-
ence of a classical and dynamical gravitational background field characterized by a
nontrivial Chern-Pontryagin invariant, in parallel with the chiral anomaly for massless
Dirac fermions. We discuss physical consequences in astrophysics, among which the net
polarization of the quantum electromagnetic field is not conserved.
The work presented in this chapter was developed in collaboration with I. Agullo and
dJ. Navarro-Salas [12-14].

5.1 Introduction

Symmetries play a primary role in all areas of physics. They are widely considered as
the guiding principle for constructing any physically viable theory, and their connection
with conservation laws found by Noether almost one century ago [142] is a cornerstone
in understanding all modern fundamental theories.

A particularly interesting example of this is given by Maxwell theory of electrody-
namics, whose invariance under Poincare tranformations, which can also be enlarged

to the full conformal transformation group, leads to conservation of energy, linear and
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angular momentum. The theory is also invariant under gauge transformations when
the electromagnetic potential is introduced and coupled to matter fields, and implies the
conservation of electric charge. But not only that, in the absence of electric charges or
currents, and in four dimensions, there is still another symmetry, which perhaps has
received much less attention historically, at least from a dynamical point of view. It is a
simple exercise to check that both source-free Maxwell equations and stress-energy tensor
are manifestly invariant, in 4 dimensions, under a so-called duality transformation of
the electromagnetic field, that essentially consists of a U(1) rotation between the electric
and magnetic fields. Although apparently trivial, this symmetry can have interesting
consequences.

It seems that it was Heaviside [115, 116], after reformulating Maxwell equations in
the modern language of vector calculous, the first who pointed out the manifest symmetry
of source-free Maxwell dynamics under the exchange of the electric and magnetic fields.
Then Raichnich [167] introduced the continuous transformation in modern terms. Around
50 years later, Deser and Teitelboim [70] (see also [69]) proved that this transformation
is also a symmetry of the standard action by working with the basic dynamical variables,
the electromagnetic potential. The validity of this was extended for an arbitrary curved
spacetime, and the corresponding conserved Noether charge was identified. It should be
stressed that in Minkowski spacetime this charge was previously recognised as the net
difference between right- and left-handed circularly polarized radiation intensity [55]. In
optics literature this is called optical helicity [39], and it corresponds to the V-stokes
parameter describing the polarization state of light. Henceforth, besides conservation of
energy or momenta, the polarization of radiation is also a constant of motion as long as
no electromagnetic sources are present, courtesy of the classical duality symmetry.

A natural question now is whether this symmetry continues to hold in quantum
electrodynamics. Note that it is not trivial to promote a classical symmetry to the
quantum theory: Noether’s theorem states that the continuity equation for a given
current is a linear combination of the equations of motion, with the coefficients being
the fields themselves, thereby leading to a quadratic operator. Off-shell contributions
coming from quantum corrections might spoil the classical invariance, specially if we
have an external background field. When this occurs, we speak of a quantum anomaly in
the theory.

Historically, the issue of quantum anomalies first appeared in the seminal works by

Adler, Bell and Jackiw [10, 44]. They found that the usual chiral symmetry of a massless

Lsee also [45] for a related — but different — notion: the magnetic helicity
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Dirac theory, when the fermionic field is interacting with a classical electromagnetic
field, breaks down at the quantum level due to the renormalization process, thus yielding
the so-called chiral or axial anomaly. Immediately after, Kimura [122] found a similar
anomaly when the massless Dirac field is immersed in a classical gravitational back-
ground. These discoveries led to an outbreak of interest in anomalies in the QFT and
mathematical physics communities, leading to further examples and a connection with
the well-known index-theorems in geometric analysis [81, 140]. From a physical point of
view they have important implications, for instance they provide an understanding of
the pion decay to two photons [44], or a partial understanding of the Standard Model
via anomaly cancelation [174]. They have played a major role in string theories too. A
decade later of the discovery, an important insight about the origin of quantum anomalies
was given by Fujikawa [91, 92] using the path-integral language [119]. He found that,
although the classical action remains invariant, it is the measure of the path integral
describing the transition amplitude that fails to be invariant under the transformation

of interest, and here the reason for the anomaly.

In this chapter we address the question of whether the classical duality symmetry ex-
tends to the quantum electromagnetic theory if a dynamical, classical, curved spacetime
background is switched on, and in the total absence of electromagnetic sources. To clarify
the question in precise terms, one needs to compute the vacuum expectation value of the
continuity equation, (V/ j%), where jg is the Noether current of the duality transfor-
mations. To this matter, we shall stress the role played by a duality transformation in
Maxwell theory as that of a generalization of a chiral rotation for a massless Dirac field.
Then apply standard techniques from quantum field theory in curved backgrounds such
as renormalization, geometric analysis (asymptotic expansion of the heat kernel), and
Fujikawa’s viewpoint using path integrals. In particular we shall show that a duality
anomaly arises in the failure of the measure of the path integral to respect the symmetry
of the action. Discussions on promising physical implications of all this in astrophysics

and connected with gravitational waves are presented at the end of the chapter.

Main results of this chapter were summarized in [13, 14], and a follow-up paper

concerning the rest of results that appear in this chapter are planned to be published

somewhere.
Notation. We follow the convention €°122 = 1 and metric signature (+,—,—,—). More
specifically, we follow the (—, —, —) convention of [136]. We always restrict to 4-dimensional

spacetimes. Greek indices denote spacetime indices while Minkowski space carries latin

indices. We reserve the letters i, j, k... for purely spatial objects. Capital indices I,/, or
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I,J refers to internal indices associated to the three-dimensional Lorentz representations.
Sum over repeated indices is understood. We assume ¢ = 1 but not necessarily /4 = 1. For
any issue related with the electromagnetic theory, we follow notation of [120]. Unless
otherwise stated, we assume all fields to be smooth and that decay sufficiently fast at

infinity.

5.2 Classical theory and electric-magnetic rotations

Lagrangian formalism

In this paper we are concerned with free Maxwell’s theory, i.e. electromagnetic fields
in the absence of electric charges and currents, formulated on a globally hyperbolic

spacetime with metric tensor g,,. The classical theory is described by the action

S[A,]= —i f d*xy=g F*"F, (5.1)

where F is a closed two-form (dF = 0) defined in terms of its potential A as F = dA, or in
components, F,, =V, A, -V, A . Maxwell’s equations read 0OA, - V¥V,A, =0, where V
is the covariant derivative associated with g, and O = g""V,V,. When written in terms
of the dual tensor *F, these equations take the compact form d*F = 0 and, together with

dF =0, make manifest that dynamics is invariant under electric-magnetic rotations

F — FcosO+*Fsind,

*F — *Fcosf-Fsinf. 5.2)

For 6 = /2 one has the more familiar duality transformation F — *F and *F — -F. If
this one-parameter family of transformations are a true symmetry of the action, then
Noether’s analysis must provide a conserved charge associated to it. We now analyze this
problem. Our presentation re-phrases in a manifestly covariant way the results of [70].

The transformation (5.2) is a symmetry of the action if its infinitesimal version (6F =
*F60,6*F = —F 50) leaves the action invariant or, equivalently, changes the Lagrangian
density £ = -1,/=gF,,F* by a total derivative §.Z = /=g V,h*, for some current A"
This must be true even off-shell, i.e. when F and *F do not satisfy the equations of motion.
In analyzing if this is the case one faces two difficulties. On the one hand, since F is by
construction a closed two-form (i.e. dF = 0), for the transformation (5.2) to be consistent
*F must be also closed, and this amounts to say that *F satisfies the equations of motion.

In other words, the transformation (5.2) is only valid on-shell, and a more general
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transformation has to be considered for this analysis (i.e. something like 6F = 60d Z, for
some 1-form Z; see below).2 And secondly, since the configuration variables of Maxwell’s
action are the vector potential A rather than the field F, to apply Noether’s techniques
we first need to re-write (5.2) in terms of A. A convenient strategy to deal with these two
issues is to define a more general transformation, that will agree with electric-magnetic

rotations only on-shell, as follows
0A,=Z,60, (5.3)

where Z,, is a functional of A, implicitly defined by dZ = *F + G, where G is a two-form

whose explicit form will not be needed, but that is subject to the following conditions:

1. It is not closed, dG # 0. This guarantees the off-shell character (d*F # 0) of the

whole Noether analysis.

2. It vanishes when A, satisfies the equations of motion, Gly,—sners =0. This ensures
that the usual electromagnetic transformation between the electric and magnetic
fields is recovered, 6F|,,—sher = *F 0.

3. Fix an arbitrary time-like vector field n¥. Then G should have zero magnetic part,
i.e. n"*Gyy, =0, with *G the dual of G. This is motivated by working in the reduced
phase space, in which the source-free Gauss law holds, and this way Z can be

understood as the "potential" for the electric field (see Appendix A for more details).

Notice that condition 2 also implies that on-shell Z is simply the potential of the dual field
*F, and (5.3) reproduces then the electric-magnetic rotations [take exterior derivative of
(5.3) to see this explicitly]. Note also that Z, is a non-local functional of A,: indeed, as
introduced in more detail in Appendix A, we define Z to be the vector "potential” of the
electric field, and in the lagrangian formalism E, = n®(VyA, — V,A}p) holds. However, as
discussed in [70], this is a non-locality in space, and not in time, and therefore it is not
an impediment to apply Noether’s formalism.
Under the transformation (5.3), we obtain (see Appendix A)

5 =56 —V;g VA FY - Z, (2] = V=V ,h". (5.4)

2This “difficulty” is singular of the second order formalism. If one uses a first order Lagrangian, or a
Hamiltonian formulation, the usual electric-magnetic rotations can be implemented off-shell. This point
has been emphasized in [69] and will be manifest in the rest of this paper.
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This confirms that electric-magnetic rotations are a symmetry of source-free Maxwell’s

theory. The density current associated with this symmetry is

0 1
= (—g) 1 (—5Av) —ht =2 |AVEY -2, 2P -Z,(Fd2"| (55)

OV,A,

(we have dropped 660 from the definition of j%). This current is gauge-dependent and
non-local in space. But this is not a problem, as long as the associated conserved charge

is gauge invariant, which is in fact the case. When evaluated on-shell (i.e. when dZ = *F)
. 1
.]5_‘) lon—shell = 2 [Av -z, Fuv] . (5.6)

Now, if we foliate the spacetime using a one parameter family of Cauchy hyper-surfaces

2, the quantity
1
®@p =f Az, jh == f dzs (A,B"-Z,E"), (5.7)
P 2 Js,

is a conserved charge, in the sense that it is independent of the choice of “leaf” Z;. In
this expression, dX3 is the volume element in X;; E¥ := n,F'* and B* := n,*F'* are the
electric and magnetic parts, respectively, of the electromagnetic tensor field F relative to
the foliation Z;. The same expression for @p is obtained if jﬁt)lon_shell is used in place
of jg in (5.7), and hence the conserved charge is insensitive to the extension of the
transformation done above.

In section 5.4 we will re-derive j% by using self-dual and anti self-dual variables, and
this will make the derivation significantly more transparent. The physical interpretation
of @ p will become also more clear, and we postpone the discussion until then.

The current is conserved on-shell, as it should. Indeed:

1 0L 0L 1 0L
v, it o= \Y SA, + ———V,6A,| -V, k= \Y SA,
#p v—8 [ uavuAv] Y oV, A, o H V-8 MGVHAV
= _Z’Vv'uF'uv (5.8)

so that, by imposing Maxwell equations V,FH'|,, _spe11 = 0, we find the desired result.

Ultimately, the question that we want to address in this chapter is whether the
symmetry continues to hold at the quantum level. This means that we have to calculate
the vacuum expectation value of the divergence of the current and check if it vanishes or

not 3. Notice that this is not a trivial question, since the RHS of (5.8) will be a composite

3There are good reasons to expect a non-vanishing value for the right-hand-side of (5.8). Explicit
calculations for the local expectation values of (F,, F*") [15], (FW*F” Yy [73, 169] produce in a non-zero
result. If the symmetry were preserved quantum-mechanically and the vacuum state were invariant under
this transformation, vacuum expectation values of operators that reverse sign under a discrete duality
transformation [i.e. E — B, B — -EJ, such as F,,F*' = 2[E ,E* — B,B*], or (F,,,*F*"') = —4E ,B* should
vanish.
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operator in the quantum theory and this need not vanish. The subtractions required
to renormalize expectation values of quadratic operators fail, in general, to respect the
classical relations between fields, even if they involve the equations of motion. The main
difficulty in this calculation is the fact that it is a non-local functional of A. To overcome
this inconvenient we shall approach the question from the first-order or Hamiltonian
point of view. Working in phase space allows two additional degrees of freedom per
spacetime point to work with, which we can assign to the potential Z to consider it local
in space. The cost of doing this, as we shall see, is that the fundamental Poisson brackets

will not be local, but this aspect will not be problem at the end of the day.

Hamiltonian formalism

The Hamiltonian formalism provides a complementary approach to the study of the
electric-magnetic symmetry, and in this subsection we briefly summarize the derivation
of @p in this framework. We will restrict here to Minkowski spacetime, since the gen-
eralization to curved geometries using the standard vector potential and electric field
as canonical coordinates becomes cumbersome. The extension to curved spacetime will
become more straightforward once we introduce the self-dual and anti self-dual variable,
and we postpone the discussion to section 5.4 and Appendix D.
Given an inertial frame in Minkowski spacetime, Maxwell’s Lagrangian (5.1) takes
the form
LIA,A]= fd3x££[A,A] - fd%% |(~A-VAa0?- @ x Ay, (5.9)

where V is the usual three-dimensional derivative operator. From this Lagrangian,
we see that the canonically conjugate variable of A is the negative of the electric field
% = (K +§A0) =-E , and the conjugate variable w4, of A¢ vanishes, since the Lagrangian
does not involve Ay. This introduces the constraint 74, = 0. Then A is simply a Lagrange
multiplier, and from its equation of motion one obtains a constraint, the familiar Gauss’
law V-E = 0. Normally one works in the reduced phase space in which 74, = 0 always
holds and Ay is an (otherwise arbitrary) fixed function. Then, the phase space can
be taken as made of pairs (A,E), with a symplectic, or Poisson structure given by

{A;(®),E/ &) = —5{ 5@ —x). A Legendre transformation gives rise to the Hamiltonian
11> S = N
H[A,E]:fd3x§ [E2+(V><A)2—AO(V-E) (5.10)

In Dirac’s terminology, V-E =0 is a first class constraint, and tells us that there is a

gauge freedom in the theory, given precisely by the canonical transformations generated
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by V-E.
Hamilton’s equations read
= {A,H)=-E-VA,
= {E,H}=Vx(VxA). (5.11)

o TR NI

where A((X) is now interpreted as an arbitrary function without dynamics, and the term
proportional to it in the expression for A corresponds precisely to the gauge flow. These
six equations, together with the Gauss constraint, are equivalent to standard Maxwell’s
equations (once we define B=VxA). To get to the 4 dimensionality per spacetime point
of the physical phase space of electrodynamics, one has to fix the gauge.

Electric-magnetic rotations in phase space are given by
SE =(VxA)=B, A = -(V)E=Z, (5.12)

where (Vx)~! is the inverse of the curl; when acting on traverse fields (such as E)it
can be easily computed using the relation (Vx)~! = —V~2V. The presence of the operator
(Vx)~1 in (5.12) makes evident that we are dealing with a transformation that is non-
local in space. Now, the generator of the transformation (5.12) can be easily obtained by
computing the symplectic product of (A,—E) and (6A,—6E):

N - N 1 - > > 1 b > > o
Qp :Q[(A,—E),(GA,—6E)]=éfdsx[A-aE—éA-E]: gfd?’x[A-B—ZE]. (5.13)

We obtain in this way the same result as in the previous section [compare with equation
(5.7]. @p is independent of Aj, and integrating by parts equation (5.13) it is easy to
show that only the transverse part of A and Z contribute to @p; hence it is gauge
invariant. It is also a straightforward to check that @p is indeed the correct generator,
since 5A = {A,Qp} and 6E = {E,Qp} produce expressions that agree with (5.12). Since
the transformation is generated by a charge then the duality transformation (5.12) is
canonical in phase space.

To finish, one can now check that @p = {@p,H} = 0. Therefore, @p is a constant of

motion, and the canonical transformations it generates are a symmetry of the theory.

5.3 Electrodynamics in terms of self- and anti

self-dual variables

Many aspects of the Maxwell’s theory in absence of charges and currents become more

transparent when self- and anti self-dual variables are used (see e.g. [74, 75, 170, 187]).
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Several advantages of these variables are well-known and, in particular, they are com-
monly used in the spinorial formulation of electrodynamics [100, 143, 164]. Our interest
here lies mainly in the fact that the duality transformation can be simply described by
a chiral transformation using this language, and this will help us in following the clue
to Dirac fields and the associated quantum chiral anomaly. For the sake of clarity, we
introduce these variables first in Minkowski spacetime, and extend the formalism later

to curved geometries.

Minkowski spacetime

The self- and anti self-dual components of of the electromagnetic field are defined as
H,= lz (E +iB). We now enumerate the properties and interesting aspects of these

complex variables.

1. Electric-magnetic rotations

The duality transformation rule of the electric and magnetic field

E — Ecos0+B sinf,
B — BcosO-E sind, (5.14)
translates to
H,— e %H, . (5.15)

An ordinary duality transformation xE =B, xB=-E corresponds to 6 = /2. Then,
the operator ix produces* i x H, = +H,. It is for this reason that H, and H_
are called the self- and anti self-dual components of the electromagnetic field,

respectively.

2. Lorentz transformations

The components of E and B mix with each other under a Lorentz transformation.

For instance, under a boost of velocity v in the x-direction

E=(E\E,E,) — [Esy(E,-vB,),y(E,+vB,),
B=(B,,B,,B,) — [B,,y(By+vE.),y(B.-vB,)], (5.16)

41t is common to add the imaginary unit i because in that way the operator ix has real eigenvalues,
and it can be represented by a self-adjoint operator in the quantum theory.
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where y = 1/V1—v2. This transformation does not correspond to any irreducible
representation of the Lorentz group. However, when E and B are combined into

H +, it is easy to see that the components of H +and H_no longer mix
H.=(H%,H),H?) — [H%,y(H) +ivH2),y (HZFi vH))]. (5.17)

These are the transformation rules associated to the two irreducible represen-
tations of the Lorentz group for fields of spin s = 1. They are the so-called (1,0)
representation for H,, and the (0,1) one for H_. More generally, for any element
of the restricted Lorentz group SO*(1,3) (rotations + boots), the infinitesimal

transformation reads
HY —[D(eap)lrgHY = |17 +€ap T2 ;| HY (5.18)

where J—“Z"I} ; are the generators of the (1,0) and (0,1) representations, and the
anti-symmetric matrix €,; = €[5] contains the parameters of the transformation®.
This makes transparent the fact that electrodynamics describes fields of spin s =1,
something that is more obscure when working with E and B, the field strength F,

or even the vector potential A .
3. Maxwell’s equations

The equations of motions for E and B,

-

V-
V x

&=
1

0, V-B=0,

~0,B, VxB=4,E. (5.19)

&=
|

when written in terms of H +, take the form
V-H, =0, VxH,=+id,H,. (5.20)
Notice that, in contrast to E and B , the self and anti self-dual fields are not coupled

by the dynamics. The equations for H_ and H., are related by complex conjugation.

This is a linear theory, and the space of solutions has vector space structure. It is

spanned by positive- and negative-frequency solutions:

-

. d3k O DN
H.(t,7) = f o [hi(k)e‘l(kt‘k'x)+h¢(k)e’(kt_k'x) é+(k), (5.21)

5Along this paper we use latin indices a,b,c¢,--- for tensors in (four dimensional) Minkowski space,
and Greek indices u,v,a,--- for curved spaces. Upper case latin indices I,J,K,--- take values from 1 to 3.
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where k = ||, and hi(ﬁ ) are complex-valued functions that indicate the amplitude
of the positive and negative frequency components of a particular solution. The
polarization vectors are given by éi(ﬁ) = % (él(ié) + iéz(ﬁ)) where él(l_é) and éz(ié)
are any two unit-vectors that, together with %, form an orthonormal triad of space-

like vectors, with orientation defined by é 1(/_% )xé 2(1_%) = +k.

The explicitly form of a generic solution (5.21) helps to understand the relation
between self- or anti self-duality and helicity in Minkowski spacetime. By paying
attention to the way the electric and magnetic parts (i.e. the real and imaginary
parts of H +, respectively) rotate with respect to the direction of propagation E

during the course of time, one finds the following relation:

¢ Positive-frequency Fourier modes hi(l_é )e_i(kt_};"?)éi(l; ) have positive helicity
(that corresponds to left-handed circular polarization) for self-dual fields, and
negative helicity for anti self-dual fields.

¢ For negative-frequency modes hz(B)eit t=k-2) ¢, (k) the relation is inverse: they

have negative helicity (right-handed circular polarization) for self-dual fields,

and positive helicity for anti self-dual fields.

We see that duality and helicity are closely related concepts in Minkowski space-
time, although the relation is not trivial; one needs to distinguish between self-
and anti self-dual fields and positive and negative frequencies. This is the analog
of the familiar relation between chirality and helicity for spin 1/2 fermions. In this

sense, duality is the chirality of photons.

In more general spacetimes where neither Fourier modes nor the notions of positive
and negative frequency are anymore useful, self- or anti self-duality generalizes
the concept of helicity, or handedness of electromagnetic waves.

4. Self- and anti self-dual potentials

The constraints V- H + =0 allow us to define the potentials Ai by:
H.=+iVxA,. (5.22)

It is clear from this definition that the longitudinal part of Ai contains a gauge
ambiguity Ai — Zii +VA%+ where A(J’r(t,a_c’) and A%(¢,%) are arbitrary functions,
complex conjugate from each other. Note that no time derivatives have been in-

volved in the definition of these potentials.
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5. Maxwell’s equations for potentials

Substituting (5.22) in the field equations (5.20), produces
+iVxAL=-0,A.+VAY. (5.23)

These equations by themselves are equivalent to Maxwell’s equations. It may be
surprising at first that Maxwell’s theory can be written as first order equations for
potentials. The reason comes from the fact that in—and only in—the source-free
theory, in addition to the standard potential A defined from B =V x A, Gauss’s law
V-E =0 allows us to define a second potential Z , such that E=-VxZ. Then, the

first order equations
AO
vZz°, (5.24)

x Z +

_§><

<

A =

+ <

N
1l
>y

are equivalent to Maxwell equations (to see this, take curl and use the relation

between potentials and fields). Therefore, Maxwell’s equations can be written as

first order equations for potentials at the expenses of duplicating the number of
1

potentials. The relation between the two sets of potentials is A = —2(A“ +1Z%.

6. Manifestly Lorentz-covariant equations

The equations (5.20) and (5.23) for fields and potentials can be re-written in a more
compact way as
a%v9,HL =0, a%%9,A,=0. (5.25)

The equations for H_ and A_ are obtained by complex conjugation. In these

a
I

complex conjugation. The components of these matrices in an inertial frame can be

expressions a‘;b are three 4x4 matrices, for I = 1,2, 3, and the bar over a?? indicates

identified by comparing these equations with (5.20) and (5.23):

0 1.0 O 0 0 10 0 0 0 1
-1 0 0O 0 0 : 0 0 -1 O
ot = . att= Y, et ST T (5.26)
0 -1 -1 0 O 0 7 0 O
0 0 i O 0 -i 0O -1 0 0 O

This matrices are anti-symmetric (a?b = a[l"b]) and self-dual (i % a?b = a?b). As

mentioned above, the equations for the potentials can be obtained from the equa-
tions for the fields. The reverse is also true. Therefore, either set of equations

completely describes the theory.
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Equations for the field similar to a;‘baaH fr =0 have been written before in [75, 187],
and are also equivalent to Maxwell’s equations when written in the language
of spinors [170]. For the potentials, we are not aware of a treatment similar to
the one presented in this paper. Although electromagnetic potentials have been
defined in the spinorial language [143, 164, 170], to the best of our knowledge their
generalization to curved spacetimes have not been developed. We do this in the

next section.

7. Relation between H + and the field strength F,;

From the fields strength F and its dual *F, we define the self and anti self-dual
two-forms F. = %(F + i *F), obeying i*F‘ib = J_rFib. The relation with H, is then
given by

F = a9PHI Fe® = a3’ H!. (5.27)

These relations imply that one can understand the three a?b matrices as a basis
(thus complete and orthonormal) of the three-dimensional space of self-dual fields
in Minkowski spacetime. Then H fr are simply the components of F‘ib in this basis.

Similarly, d?b provides a basis for anti self-dual fields.

On the other hand, by using the relations (5.27), and the fact that the a;-matrices
are constant in spacetime, so they are transparent to derivatives, the field equations
a?baaH{r =0 and c‘r;‘baaH I — 0 can be written as GaF‘ib =0 and OaF‘fb =0, which

are equivalent Maxwell’s equations in their more standard form dF =0, d*F = 0.

8. Properties of the a?b matrices

To better understand the properties of the a-matrices, and to generalize them
to curved spacetimes (next section), it will be convenient to take a slightly more
abstract viewpoint and think about the field H. as belonging to and abstract
complex three-dimensional vector space V, that is support of a (1,0) irreducible
representation of the Lorentz group. This space is isomorphic to the space of
self-dual tensors F; in Minkowski spacetime, and a?b provides the isomorphism.
Furthermore, if V is equipped with an Euclidean inner product 67, then a?b
provides an isometry between these two complex vector spaces.® This viewpoint
makes clearer the analogy between the a?b and the Pauli matrices U‘L.“B (recall

that U‘LAB provides an isometry between spatial vectors and SU(2) spinors). The

61.e., given any two self-dual tensors WF® and @PF2°, the isomorphism satisfies VF?® @F gy .y =
OHL®HY 577, where VF0 = a‘}b OHTL,
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following properties of @y can be thought as the analog of the familiar properties of
the Pauli matrices:
¢ Anti-commutation relations: {a;,a } = a“bI abf] + a“bJ ab§ =-0rgn%*.

. . . — o0 bec _ ,a be _ 9+vac
¢ Commutation relations: lar,asl=a% a” —af ;a’; =272 ;.

If H + is an element of the complex vector space V, then H_ is an element of V,
the complex conjugate space. Although naturally isomorphic, these two spaces are
different, and we will use doted indices on elements of V 3 H I The properties of
c‘x?b are obtained by complex conjugating the properties of a?b written above. The
anti-commutation relations are identical. However, the conjugation changes the
commutation relation to [a;,a ;] = 2_2‘“} 7
(0,1) representation of the Lorentz group that enters in the equation. Appendix 5.7

where now it is the generator of the

contains a detailed list of other properties of these tensors.

9. Second order equations for the potentials A, ,

We focus on A, since the derivation for A_, can be obtained form it by complex
conjugation. The fastest way to obtain the familiar second order differential equa-
tion for A, , is to take time derivative of (5.23), use commutativity with the curl,
and then use again (5.23) to eliminate the first derivative in time in favor of the

curl. The result can then be written in covariant form as OA ., —3°9,A p =0.

But we are more interested in a derivation that can be generalized to curved

spacetimes.

With the definitions introduced in Appendix B.3, the relation (5.22) between H _{
and A,, can be written as the “curl” H{L =iel?®3,A . Then, by using (5.113),
when A, , satisfies the equations of motion (5.25), (i‘;bdaAer = 0, the relation
between HL and A, reduces to

1
HE = §aa“ OlaA iy (5.28)

Substituting in the equation of motion for H i, (5.25), we find

@320, HL = a320,a° 101 A s gy = —0A 4o +040°A,4 =0, (5.29)

where in the second equality we have used that a?b acd!

is a projector on self-
dual forms, which acts on 9[.A | 4] as the identity operator when A . satisfies the

equations of motion. We show this way that all solutions of the first order equations
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10.

11.

for A, .(¢,X) are also solutions of the familiar second order equations. Reciprocally,
given the RHS of (5.29) we get the LHS with the relation (5.28). The b = 0 equation
allows to write H fr =iel?9, A, again, and by property (5.113) we get again with
the first-order equations (5.25) for the potentials. So all solutions to the familiar
second-order equations are also solutions to the first-order ones, and therefore we

conclude that both sets of equations are equivalent.

Notice that the equations of motion c‘r‘I.‘baaA+ » =0, imply that the two-form 0, A  p;
must be self-dual. This is because, on the one hand, the anti-symmetry of d‘;b makes
that only the anti-symmetric part of 0,A ,; contributes to the equations and, on
the other, because contraction with c‘x?b extracts the anti self-dual component of
dA .. Therefore, when the equations of motion hold, A , is the potential of the self
dual field strength, F |,,_snei; = dA ;. This latter formula can be explicitly checked
by contracting with a? ¥ equation (5.28) and using property (5.95) and (5.92).

Conserved current and charge

In terms of self- and anti-self dual variables, electric-magnetic rotations take the
simple form
Hi(x)—eT0HL(x), A% —e9A%). (5.30)

And the on-shell current (5.6) takes the form

—; HL oA y~H a® AL, (5.31)

j% lon-shell =

(note that this is manifestly real). By using the form of the generic solution to the

field equations (5.21), we find that the conserved charge

d3k 1
= d3 9 on—she :f —R
®p f XJplon-shell 2 e

h2(E)-h2(E)|, (5.32)

is proportional to the difference of intensity between the self- and anti-self dual
parts of field or, equivalently, the difference between the right and left circularly
polarized components—i.e. the net helicity. (@p, therefore, has dimensions of
angular momentum.) For this reason this quantity is often called the optical
helicity of the electro-magnetic field. Note that this is nothing but the V-Stokes
parameter used to describe the polarization state of electromagnetic radiation.
Note in particular that if hi(l; )= ﬁ;(lz ), corresponding to a wave solution with the

same right and left amplitudes, the above charge yields zero.

Energy-momentum tensor
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Maxwell’s energy-momentum tensor, when written in terms of self- and anti self-

dual variables takes the form
1 .,
Tab =5 FacFy + *Fac ' Fy) =FracF_§ = arecd, “HiH_;,  (5.33)

that is manifestly invariant under electric-magnetic rotations. The time-time

component provides the energy density

: : 1
Too = aroc &y HLH ;=8THIH ;= 5(E2 +B?). (5.34)

Curved spacetimes

The generalization to curved spacetimes of the formalism just presented follows the strat-
egy commonly used for Dirac spin 1/2 fields. Namely, one first introduces an orthonormal
tetrad field, or Vierbein, in spacetime e’ (x). This non-coordinate basis is defined by
guv(x) = nabe‘;‘l(x)el;(x), with 14y = diag{+1,-1,-1,—-1}. With it, the curved spacetime

aj-matices are obtained from the flat space ones a?b by
k" (x) = eh (e} (x) af® (5.35)

The Minkowski metric 745 is replaced by g,v(x); 14p is used to raise and lower flat-
space indices a,b,c, -, g,v(x) for indices in the tangent space of the spacetime manifold
i,v,B,---, and 875 and 6;; for spin 1 indices. The matrices aéw(x) satisfy algebraic

properties analog of the ones derived in Minkowski space

{aj,ag} = a”” avg + a”vJa”; = —61Jg“'6. (5.36)
[oq,aJ]Ea””cxvg—a“vJavﬁ;:QJ"Z“?J. (5.37)

The extension of the covariant derivative V, is obtained also using standard arguments
(see e.g. chapter 3.1 and Appendix A of [33]). Namely, the action of V,, on indices I of fields
H! €V is uniquely determined by demanding compatibility with the isomorphism a’; Y(x),
\Y% #af Y(x) = 0. The result, as one would expect, agrees with the text-book expression for

the covariant derivative acting on fields of spin s, particularized to s =1
VyHL =0,H —(wy)ep "2 1 HY
V,H = 0,H! —(wy)ep 2T H (5.38)

where 2*X are the generators of the (1,0) and (0, 1) representations of the Lorentz algebra

introduced in the previous section (by direct calculation one can check: [2* 2?0 27 3¢d] =
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nac2[t 2104 — nad2[*£]%¢ + pbd2[*x]e¢ — pbe2[*£1°?), and (w4 is the standard one form
spin-connection:

(wy) = ef0 ey + e‘éef I (5.39)

where I’ z p are the Christoffel symbols.

With this in hand, the generalization is straightforward:

1. Maxwell’s equations for the fields
o'V, HL =0, a)'v,H! =0. (5.40)

Note the similarity with Dirac’s equation. The relation between H. and the self and
anti self-dual parts of the field strength F is given by F%" = a? YHL and F* = d’;v HI.

With this, and keeping in mind that Vyaf ¥ =0, equations (5.40) become manifestly

equivalent to Maxwell’s equations in their familiar form dF, =0=dF_.

2. Potentials A,

The self- and anti self-dual potentials satisfy the first order equations:
@"VuAsy =0, af'VyA_y =0. (5.41)

These are equivalent to Maxwell equations. The proof follows the same steps as in
Minkowski spacetime, though technically more tricky (see Appendix C for details

of the derivation).

The relation between A., and H f_r (before involving any equation of motion) re-
quires of a foliation of spacetime in spatial Cauchy hyper-surfaces ;. Given that,

A,y and H I are related by means of the “curl”:
H! =ie"™v,A,, (5.42)

(and similarly for A_, and H 1) where el is defined in Appendix B.3 and denotes

a generalized, purely spatial antisymmetric tensor.”

As shown in appendix C, one can easily see that if A, is a solution of (5.41),
then A., are potentials for F., and they also satisfy the second order equation
OA*# =V, VFA*Y = 0. And reciprocally, if A, is a solution to (5.41), then it is a

solution of the second order equations.

"Notice that this curl is independent of the connexion Vi, due to the antisymmetry of el

It is useful to keep this in mind in manipulating expressions involving H f_r and A, .

in pg and v.
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5.4 First order Lagrangian formalism: Dirac-type

formulation

The goal of this section is to write a Lagrangian for electrodynamics in terms of self- and
anti self-dual variables. The similarity of equations (5.40) and (5.41) with Dirac’s equa-
tion, together with the drawback found in the non-locality of Z that makes difficult the
calculation of the expectation value of (5.8), motivate us to write a first order Lagrangian
(i.e. linear in time derivatives) and write it in a form that will make Maxwell’s theory
manifestly analog to Dirac’s theory, where the mathematical structures associated with
spin s = 1/2 will be replaced by their s = 1 analogs. This formulation will become very

useful in the study of the electric-magnetic rotations in the quantum theory.

Hamiltonian framework

Given a foliation X; in spacetime, the Hamiltonian of the theory can be easily obtained
from the time-time component of the energy-momentum tensor (5.33), after adding the

Gauss’ constraint
H[A+,A_]:fdz3 [ﬁHiH_I-—Hiy‘;v#AQ ~HLyv,AY, (5.43)

where ﬁ is defined in Appendix B.3. It is more convenient to take the potentials A and
A_ as coordinates in phase space, since this makes it clear that we are describing the
correct number of degrees of freedom.? H. and H! are then understood a shorthands for
iel MV,ALy and —i el 'V, ,A_y, respectively. However, the basic Poisson brackets take a

simpler form when expressed in in terms of H.
{A_ @), -HL @)} = 616G, 7). (5.44)

and similarly for {A. ,(%),—~H. (%)}, where 6(%,%') = A" V26®(% - #'), and A is the determi-
nant of A, the pull-back of the spacetime metric g, on the space-like hyper-surface X;.
The Poisson brackets between A, and A_ can be derived form the previous ones, and
they are different from zero (although A, and A_ do not form a Darboux pair)

From the Hamiltonian we see that Ag are a Lagrange multiplier. For the spatial

components of A, ;,, Hamilton’s equations read

Ay={As;,HY=H,; +DAY, (5.45)

8We have 8 real degrees of freedom in A, u and A_jand two constraints. Since these constraints are
first class, each removes two degrees of freedom, making the reduced phase space four-dimensional.
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where D;AY = 7/5‘ VHAE)L is the spatial derivative of A?. These equation, when written
in covariant form, are precisely the equations of motion derived in the previos section,
d?VVﬂAJ,V =0, and a?VVuA_V = 0.The charge generating electric-magnetic rotations

6Ai = ¢i9Ai can be again obtained from the symplectic product

i ,
QD:Q[(A+”,A_y),(5A+ﬂ,6A_#)]:+§fz dZ3|As HLSY —A_, H{6T|.  (5.46)
t

This result agrees with (5.7) if we write it in terms of the real variable.

Lagrangian framework

We now obtain a first order Lagrangian, by Legendre-transforming the Hamiltonian

written in the previous section
1. ; 1.
SIA,,A ] = fd4x,rg [—EAWH&S’;—EA_NHié’;—H[A+,A_]]
1 .
- - f dz, [H a"\v,A7 +H L a"}v,47 ] (5.47)

where dZ4 is the four-dimensional volume element, that in a given chart reads d*x/=g.
The Lagrangian density in (5.47) differs by a total derivative from the standard La-
grangian in (5.1), (see Appendix D), thus leading to the same dynamics. The passing
from Minkowski to curved spacetime is achieved using the minimal coupling prescrip-
tion, as the result is written covariantly. The independent variables in this action are
taken A%, and therefore H. and H I are understood as shorthands for i ¢/#'V pAsy and
—ielmvy uA_y, respectively. Note that this action is first order in time derivatives of A, ,,
and second order in spatial derivatives. Extremizing the action with respect to A,
produces the desired equations of motion (the explicit calculation is not direct and is left

in the Appendix E)
oS

5A,,

0 — a}'V,A ,=0. (5.48)

The complex conjugate equation is obtained from 52‘5: o= 0.

For the computations presented in the next section it would be convenient to fix
the Lorenz gauge, V,JAﬁ_f = 0. There is a remarkably simple way of incorporating this
condition in the action (5.47). All we need to do is to extend the domain of the indices
and I from {1,2,3} to {0,1,2,3}, and define agv = c'xf)w = —gHV. This is analog to the familiar
extension of the Pauli matrices & by adding ¢° (the identity), which conmutes with all o?,
i =1,2,3. Algebraic properties of the af V-matrices extended in this way can be consulted
in the Appendix B.1
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To simplify the notation, we will use the same name for the action, although from
now on the index I is understood to run from 0 to 3. The equations of motion still take

take the same form

a' V,AY =0, a" VAL =0, (5.49)

but they now include the Lorenz condition as the equation for I =0 (I = 0)
g"V,AL =0, g""V,A, =0. (5.50)

Note that the variables H g in the action have the sole role of acting as Lagrange
multipliers to enforce Lorenz’s condition. In fact, the equations of motion enforce H g to
be constant (see Appendix G).

Inspection of the action (5.47) reveals that, contrary to the standard Maxwell’s
Lagrangian, the Lagrangian density in (5.47) is manifestly invariant, 6. = 0, under
electric-magnetic rotations Aﬁ_f — eﬁHAf_f. It is straightforward to derive the Noether’s

current (see Appendix F)

) _ A 0%
JDlon—shet1 = () V2| —=———6A,, +

T R T g
6VA Ly 5WA_V6A_”) lon-shett = g [H- 073 Ay ~H a4y |

2
(5.51)
Using the relation between self- and anti self-dual variables, and ordinary variables
A, and F*", it is straightforward to check that this expression agrees with jg lon—shell
obtained in section 5.2, equation (5.6). The agreement is in fact off-shell. This is checked

in Appendix F.

Dirac-type Lagrangian

The goal of this section is to re-write the action (5.47) in a more convenient form. The
new form will make the theory formally similar to Dirac’s theory of spin 1/2 fermions
and will facilitate the computations in the next sections, as well as the comparison with
results derived for fermions.

Integrating by parts (5.47)

1 . .
S = —Zfd“x,/——g [H{ " v, AL - AT v HL + H "V, AL - AL ")V HL|
(5.52)

and this result can be written as
1 _
S[A,,A_]= —ZdeLL‘Piﬁ“V#‘I’ (5.53)
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where we have defined (see Appendix H)

AT 0 0 o0 a*

Y= B , Y=(A"H, A" H), pt=i 0 0 -a (5.54)
A™ 0 a* 0
H_ —a* 0 0 0

Remark: It is convenient to include an (arbitrary) parameter ¢! with dimensions of
inverse of length in the definition of ¥ and W multiplying A* and compensate it by mul-
tiplying the RHS of (5.53) by ¢. The action, and the physical predictions obtained from it
remain obviously invariant, but the introduction of ¢ will make all the components of ¥
and ¥ to have the same dimensions (namely, VE/L3). To simplify the notation, we will
not write ¢ explicitly, but it should be taken into account in counting the dimensions of

expressions containing ¥ and V.

The exact position of the indices in A., H., a” and a* can be easily obtained by
comparing (5.52), (5.53) and (5.54). We have omitted them in the main body of this paper
to simplify the notation, and further details can be found in Appendix H. Equation (5.53)
is formally analog to the action of a Majorana 4-spinor, whose lower two components are

complex conjugate from the upper ones.

From the algebraic properties of the extended a-matrices, (5.132) and (5.134) , we

derive the commutation and anti-commutation properties of g

IR 0 0

0 tIH 0 0
(B", B} = 2gM1, [8Y,B"]=—4 5.55
BB =2g i 0 o mw (5.55)

0 0 0 X

The anti-commutations relations tell us that the matrices " provide a (16 x 16) rep-
resentations of the Clifford algebra, while the commutation relations indicate that
the sub-algebra formed by the quadratic elements p“B"! contains the (1,0) and (0,1)
irreducible representations of the Lorentz group. These are the spin 1 analog of the
properties of the Dirac y* matrices (in the Weyl representation). From the properties of

the a-matrices, we also have that V, f#(x) = 0.
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We now introduce the “chiral” matrix

-1 0 00
_L apbgYEd = 100
Ps = 1€apysP B AP = L o (5.56)
0 0 0 1
Some properties can be immediately checked out:
{p*,pst=0,  PE=0,  (Bs) =Ps. (5.57)

Additional properties of these matrices can be found in Appendix H.

Although the basic variables in the action are the potentials A ,, at the practical
level one can work by considering ¥ and ¥ as independent fields—note that this is the
same as one does when working with Majorana spinors. The equation of motion take the

form
oS B

o
They contain four equations, one for each of the four components of . The upper two

0 — ip'v,¥=0. (5.58)

are equations a" IV VuA} =0and o} 'V,H I'= 0. As discussed in previous sections, these
two sets of equations are equivalent to each other, once the relations HL = ie! VAL
are taken into account. The lower two components in (5.58) produce equations that are
complex conjugated from the previous ones.

Second order equations can be calculated

(—iBoV )iV, W = (9P + pl2 BV, V, ¥ = (0+2)¥ =0 (5.59)

where
2V = % gl W, W (5.60)
with
xop 0 0 0
W W = [V, V¥ = ERW,p 0z 0 L2 (5.61)
2 0 0 xop 0
0 0 0 27z

where 2P =* 30P 4~ 3P,
Looking at the expression for W,, ¥ we see that it contains real terms, Rq,,,2°?,

as well as complex ones, Ryu5p 390 The real terms come from the action of covariant
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derivatives on Ai. Since Ai is a vector in spacetime, the covariant derivatives of them
includes a connexion associated to the (1/2,1/2) (real) representation of the Lorentz
group—although this does not mean that they transform according to the (1/2,1/2)
representation; the do only up to a gauge transformation [187, 190]. The complex terms
in W, ¥ originate from the (1,0) and (0, 1) representations, to which H. are associated
with.

The canonical Poisson brackets of the classical theory read

(WA, %), TIE(, 7)) = 65 6%, %) (5.62)

where [1y = ‘;% = —i‘i’ﬁo. These are promoted to commutation relations in the quantum
theory. If anti-commutators were rather used to quantize the theory, one would find the
quantum propagator to violate causuality, as expected from the spin-statistics theorem.
Therefore, in spite of the fermion-like appearance of the formulation used in this section,

we are describing a theory bosons, with a symmetric Hilbert space.

Axial current

We now describe how electric-magnetic rotations and their associated conservation law
looks like in the language introduced in this section. By using the chiral matrix S5, the

transformation reads
Y 0Py P Peifhs (5.63)

Notice that they have the same form as chiral transformations for fermions. Looking
at the form of f5 in equation (5.56), it is clear that the upper two components of WV,
i.e. (A, ,H,), represent the self-dual, or positive chirality part of the field, while the
lower two components (A_, H_) contain the anti self-dual, or the negative chiral part. As
discussed in previous sections, the Lagrangian density is manifestly invariant under

these transformation, and in terms of ¥ the conserved current reads
ip= i‘i’ﬁ”ﬁﬁ’ . (5.64)
The associated Noether charge is
Qp :fdeﬂjg = ideg V065w (5.65)

This is equivalent to the expressions for @ p we have written in previous sections [equa-
tions (5.7) and (5.46)] when one expands as in (5.54).
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5.5 The quantum anomaly

We present two ways to calculate the anomaly. The first one relies on the familiar
subtraction procedure, in which the UV divergences are identified and subtracted in
a covariant and self-consistent way. The second one is based on the path integral and
Fujikawa’s interpretation on the emergence of anomalies. In this approach an anomaly
arises because, despite the action remains symmetric under the classical transformation,

the measure of the integral fails to be invariant.

5.5.1 Direct computation

Both jg and V, jg are operators quadratic in fields, and therefore the computation of
their expectation values must include renormalization subtractions to eliminate the
potential divergences and to produce a finite, physically reasonable quantity.?® The
regularization of UV divergences can be achieved by subtracting the short-distance
behavior of Green functions S(x,y). The DeWitt-Schwinger scheme is a representative
method of this. In this framework the quadratic operator of interest is evaluated at
different spacetime points and one subtracts the asymptotic short-distance behavior of

the bare quantity by expanding it in powers of derivatives of the metric.

(Vuj%>ren = <v,uj%>formal - (V,uj%>Ad(4)- (5.66)

In this expression, (V, jg) Ad(4) are the terms of the asymptotic expansion of (V, j%) formal
up to four derivatives of the metric. Alternatively to point-splitting, one can keep the
points coincident and introduce a parameter m > 0 in the theory — that will serve as a
regulator, and will be sent to zero at the end of the calculation—by replacing the wave
equation (5.58) by (D —m)¥ =0, with D =iV ,. Then

, L i= i - . o _
Vuih :’}113)—1‘PDﬁ5T+ Z\Pﬁg)D‘P = g%Em\yﬁyy = YLILI%)EmTI‘[ﬁ5\P\P], (5.67)

where we have used {*, 85} = 0 in the first equality, and \i’A(,Bg,)f Vg = (,65)1‘{9 YpPA =
Trl(B5) f WE¥C] in the second one. If we now make a choice of vacuum state |0):
(Ol ¥, (), () 10) = S(x, y,m) and we obtain

. i
(Vi) formal = lim ngr BsS(x,x,m)|. (5.68)

9Recall that one must include all the subtractions that would produce divergences for generic values
of the parameters of the theory—mass, coupling to the curvature, etc.—even if the concrete value of these
parameters that one is interested in makes the divergences to disappear.
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and
(Vasip)ren = lim %mTr[,B5 (S, %,m) = S, 2, m)adcw)) |- (5.69)

In the last expression, S(x,x’) contains the information about the vacuum state, while
S(x,x")aq(s) removes the universal ultra-violet divergences. It turns out that, because
the operator D is not self-adjoint'®, and because the heat kernel expansion is well-
known for second order differential equations, it is convenient to work with the green
function associated with the latter. By writing S(x,y,m) = (D + m)G(x,y,m) one gets that
(D% +m?)G(x,y,m) = 6®(x, y). The asymptotic expansion of G(x,y,m) is now well-known.

It is given by!!

h 2 0o .
G, X aaeh = 1o > fo dre ™ (i) F D E, (x) (5.70)
k=0

16

where the functions E(x) are local, geometric quantities, built from the metric and its

first 2k derivatives. Their specific values are known [103, 157]. For manifolds without

boundary they read:
Eo(x) = 1
1
E\x) = “RI-2
1 1 1 1
E = |=R?- —R,,R" + — Ry R~ —0OR|I
2() 727 180 M 180 “PHv 30"
1 1 1 1
+ —W,WH+-92-_R2+-02,
12 F 2 6 6

where the expression for W, =[V,,V,] and 2(x) were given in (5.61) and (5.60). R, R,
and R,p,y are the Ricci scalar, Ricci tensor, and Riemann curvature tensor, respectively.

It turns out that, because of the symmetry of the classical action, the contribution
of S(x,x') to (5.69) vanishes. Therefore, (V, j%)ren arises entirely from the subtraction
terms, S(x,x')aq(4).This implies that (V, jg)ren is independent of the choice of vacuum.
Once the limit m — 0 is taken the fourth order contribution will provide a residual finite
term, resulting thus in the anomalous conservation of the current. Notice that the same
occurs in the calculation of other anomalies, such as the fermionic chiral anomaly or the

trace anomaly.

0Pprecisely, this is the reason why the anomaly arises from a mathematically point of view: D and its
adjoint DT have different zero-eigenvalue multiplicity and the analitical index dimkerD —dimkerDT # 0.
The Atiyah-Singer index theorems tell us then that the result will depend on the background topology.

1 This expression for G(x,x )Ad(4) is obtained by writing G(x,x')aq in terms of its heat kernel
K(t,x,x"), G(x,x")aq = ihf()oodre_imQTK(T,x,x’), and then using the asymptotic expansion K(7,x,x) ~
ﬁ Zzo:o(i‘r)k_zEk(x) for 7 — 0. See e.g. [157] for further details.
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Taking into account that (for details see Appendix I)

TrlBsEq] = O, Tr[Bs Eol =0
TrifsE1] = O, TrlBsE1]1=0
TrifsEs] = 1—12Tr[,65 W, WH] = i%RaﬁW *RaPrY
TrlBsHEs] = 0 (5.71)

where *RPH = ﬁe“ﬁ‘”’Rwu ¥ is the dual of the Riemann tensor, equation (5.69)

produces:

h
5 Rapuy "R (5.72)

(Vi dren = ~ 9622

A few comments are in order now:

1. This result reveals that quantum fluctuations spoil the conservation of the axial
current j%, and break the classical symmetry under electric-magnetic (or chiral)

transformations.

2. The pseudo-scalar Ry, *R @Puv s known as the Chern-Pontryagin density (its
integral across the entire spacetime manifold is the Chern-Pontryagin topological

invariant).

3. Only the complex elements in the diagonal of W, contribute to (5.71) (see (5.61)
and the discussion below that equation). This means that the anomalous non-

conservation is linked to the (1,0) and (0, 1) representations of the Lorentz group.

4. Tt is important to notice the parallelism with the chiral anomaly for spin 1/2
fermions. The computations in that case would de identical, except that in (5.71)
one would have to used the commutator of covariant derivatives W, = [V, V,]
associated with spin 1/2 fields, rather than spin 1. That would change only the

numerical coefficient in (5.71) and (5.72).

5.5.2 Path integral formalism

The functional integral for the theory under consideration is'?

12A5 usual, the inclusion of the Lorentz gauge introduces two ghost scalar fields. These fields do
contribute to certain observables, such as the trace anomaly. However, one can check explicitly that they
do not affect the computation os V, jZ. It is for this reason that we have not written their contribution to
the path integral.
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7 = f DYDY i/hSIY. ¥ (5.73)

The strategy is the following. The generating functional Z is invariant under the
replacement (¥, V) — (V' = e*1Ps0W P’ = Ye+ihs9) gince this plays the role of a mere
change of variables (it is a canonical transformation in phase space), and the path integral
must remain invariant under such a change. Noether’s theorem in its second version—in
which one considers the parameter of the transformation 6(x) to be a spacetime function
of compact support—, tell us that 6S = - [ d%ﬁ 0(x)Vy, jg. Furthermore, the integral
measure DW DV could change by a non-trivial Jacobian, DYDY — JDY'DVY'. Then,
invariance of Z implies that, quantum mechanically, - e~ h[de/=g00 Yy must be
equal to one. From this we see that quantum anomalies will appear for those classical
symmetries that do not leave the measure of the path integral invariant. The value
of (V, jg) can be then determined by /. The goal of this section is to compute these
quantities.

The Jacobian </ can be determined by using standard functional analysis techniques
applied to the wave operator D := i f'V,,. Consider the space of square-integrable com-
plex fields W(x) with respect to the product (¥, ¥s) = % S d4x\/§ ¥, BW¥s, where the
operator f is an involution defined in Appendix H and « is a parameter with dimen-
sions of action!3. In terms of the original variables A, and H., the norm of W(x) reads
(W,¥) = %fd4x\/§[2 |A,|12+2|H.|%1= 0. Note also that the action can be expressed as
S[¥,¥]=—(¥,BDVY).

The operator DD is self-adjoint with respect to the product (¥1,¥s). The self-
adjointness guarantees the existence of an orthonormal basis {¥,},en made of eigen-
states, DTDW¥,, = A?L V,,. We will denote by a,, the components of a vector V¥ in this basis.
An electric-magnetic rotation ¥ — ¥’ = ¢*9/5¥ can be now expressed as a change of
the components a, — a’, =¥, Cum @m, yielding Cp,,, = (¥, Be %P5 ¥, ). With this, the

Jacobian of the transformation reads

DYDY — JDY'DVY', with J=(detC)?=1+2iTr ) (¥,,B50¥,)+0(6%) (5.74)

neN

Now, the invariance of the path integral implies that, quantum mechanically

. a S -
(Vuipren = ZHZ Y ¥,B5Y,. (5.75)
n=0

131t is introduced in order to make the product dimensionless and, although a = # would be a natural
choice, we leave it unspecified to make manifest that physical observables are independent of it; it cancels
out in intermediate steps.
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To evaluate this expression we use again the heat kernel approach. The heat kernel of
the equation, DDV =0, is [157]

Kaxx)=ay e "W, (x) P, ) (5.76)
n=0

Then

: 1. . _h
(Vuipren = 3 hllir(l)Tr[/isK(T,x,x’)] =i——=TrlBsE2] = — Rapuv *ROPHV.(5.77)

3272 96772

where in the second equality we have used the expansion of K(7,x,x’) for T — 0, written
in Footnote 11, and in the last equality we have used (5.71). For details of the calculation

see Appendix I.

Remark: Recall that the path integral produces transition amplitudes for time-
ordered products of operators between the “in" and “out” vacuum. However, since the
result for (V, j%)ren comes entirely from the asymptotic terms in the heat kernel, those
depend on the background and are universal for any vacuum state. Therefore, the result

(56.77) agrees with the expectation value of V, jg in any vacuum state.

5.6 Conclusions and future prospects

The above result (5.77) implies that the charge @ p, classically associated with the duality
symmetry of the source-free Maxwell action, is no longer conserved in the quantum
theory in a general spacetime.

It is interesting now to estimate in more precise terms which physical implications
this anomaly could provide. Since in flat space @p represents the difference in number
between photons of opposite helicity [55], this result could perhaps be interpreted as
a nonconservation of the V-stokes parameter of the quantum electromagnetic field in
curved spacetimes. In order to figure out quantitatively the significancy of this, one
needs to study the RHS of (5.77). Note first that the Pontryagin density invariant only
depends on the vacuum geometry of the background (even if Ryp # 0): Rgpeq * R0 =
Cabeq*C?¢? = 16E 4, B*?, where Cypeq, Eqp, Bap are respectively the Weyl tensor, and
its Electric and Magnetic parts. The change in @p between two different spatial Cauchy

surfaces could be stated as

2h [t
37[2 t1 JZ
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An analog of this effect arises for fermions in the creation of pairs from the vacuum by
strong electric fields. In this situation the presence of a magnetic field would induce
a non-zero net chirality on the particles created, as predicted by the chiral anomaly
(04779 ~ EaB®, [141, 193]. Likewise, apart from gravitational tidal forces produced by
E,, frame dragging effects, described by B, are necessary to induce net polarization
on the created photons.

To illustrate this, consider the process of collapse of a neutron star into a Kerr black
hole. In the vicinity of the region where the event horizon will form, the gravitational
field is strongly changing and spontaneous creation of photons will occur. Our result
indicates that the created photons, when measured far from the star, will carry a net
polarization given by AQp. Some preliminar numerical simulations done by the Valencia
numerical relativity group (N. Sanchis-Gual, V. Mewes, J. A. Font) indicate that for a
neutron star of M = 1.73 solar masses and angular momentum <J = 0.36 M2 the collapse
produces around 30 photons per second more with one circular polarization than the
other. This process has no classical counterpart and is different from the standard,
late-time Hawking radiation, which does not contribute to AQp.'*Although this number
is small—given the short duration of the gravitational collapse—it is significant if we
compare it with the = 20 total photons per second, steadily emitted by the formed black
hole via Hawking radiation, with net polarization equal zero [145].

It is expected that AQp becomes significantly larger in more violent processes, as
for instance the collision and merger of two black holes as the ones observed by the
LIGO-Virgo collaboration [5]. A toy-model numerical simulation of two ~ 0.5M; merging
Schwarzchild black holes gives an amount of around 1000 photons, for instance. But more
importantly, the existence of spontaneous creation of photons implies that the stimulated
counterpart must exist. Therefore, electromagnetic radiation traveling in spacetimes
with a non-zero value of (5.78), such as the ones mentioned above, will experience a
change in its net polarization. Light rays coming from different sides of those systems
not only would bend around, but an effective difference in polarization could also be
induced between them through quantum fluctuations.

Let us give some additional insights. We need to consider gravitational systems that
present both huge tidal (¥) and frame dragging (B) effects. As argued astrophysical
rotating systems such as stars collapsing to Kerr black holes, or binary mergers in

astrophysics, are ideal to address this question. This requires the study of asymptotically

14 In fact, for an exact Kerr geometry expression (5.78) yields zero if integrated in the whole two-sphere.
Therefore, AQp comes from the (transient) process of collapse, in contrast to the Hawking effect, which is
associated with the final, stationary black hole configuration.
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flat spacetimes, for which a conformal completion a la Penrose can be made. The use of
techniques for dealing with asymptotically flat spacetimes was developed successfully
in the 60’s by Bondi, Penrose and others [49, 161, 172] in order to determine rigorously
the question of gravitational wave emission. See also [30, 99] for comprehensive reviews
and more technical and modern details. The physical spacetime M is compactified by
adding a boundary #* representing future and past null infinity. Incoming radiation or
massless fields start from ¢~ while outgoing radiation propagate to _#*. See Penrose

diagram adjoint.

Figure 5.1: Penrose diagram for Minkowski spacetime. Radiation (waves) described by
massless fields propagate from past null infinity #~, cross the origin r = 0 (vertical line),
and propagate then to future null infinity ¢*.

Given a physical conserved current V, j7, = 0, one can deduce that

0 :f dV ol(x)V % (x) :f d_g;j —f dg;j5=Q.-Q_  (5.79)
MU_g*U 7~ s s

where in the second equality we used Stokes Theorem and assumed that no other bound-
aries exist. The flux of the physical quantity of interest that "enters" spacetime, @ _,
equals the flux of the same physical quantity that leaves, .. This is the standard
conservation law. In our case, the Noether charge associated to the classical electromag-
netic duality symmetry measures the net difference between right- and left- circularly
polarized photons. So this result means, at least classically, that if no electric charges or

currents are present in the spacetime, the polarization measured initially at ¢~ equals
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that measured finally at _#*. In the astrophysical systems that we are interested in, the
appearance of horizons or black hole singularities may require the necessity of taking
into account the contribution of the flux through an internal (timelike or null) boundary

Z as well:

0= dVol(x)Vaj%(x)=Q4+ —Q_ + f d-9.j% (5.80)
Mu_gtu g~ g

On statistical grounds, one could expect the number of right and left photons crossing

the horizon to be the same, so the above conclusion could be achieved as well.

In the quantum theory, however, we would have

<Q+>—(Q_)+f d4, (j“D):f dVol(x)(Vaj%(x))ocf dVol(x)E 4, B*
54 M M

SE A SR

and so gravitation can have an influence on the polarization state of photons. Analitically
it is difficult (possibly not available) to find solutions to Einstein’s equations that give
a non-vanishing value of the RHS. So we are forced to solve them numerically in order
to give an estimate to this integral. Regarding the LHS, we have to focus on each of
the terms individually. In this work we are concerned only with outgoing radiation, i.e.
radiation that propagates to future null infinity #* and is generated through quantum
fluctuations inside the physical spacetime M (i.e. there is no incoming radiation from
#7). Therefore, initially (i.e. at _#~ ) there are no photons and we can safely say that

(Q_) =0 ', The calculation of (@), however, amounts to obtain
f d 74 Jis (5.81)
f+

where Ji ¢ is the Chern-Simons gravitational current (one can check that V,J5 g =
Rabeq*R%¢?). This can be worked out using the above mentioned asymptotic techniques.
A calculation following [31] shows that the result depends on the shear ¢° of the gravita-

tional waves arriving there
d gideg ~ f d_g*Im[5°5°) (5.82)
A A

where dot denotes derivative with respect to retarded time (u = ¢ —r). This is to be

compared with

Qp ~ f d_¢*Tm [AJA)] (5.83)
j+

15(@_) # 0 if the initial quantum state is not vacuum, but this requires another derivation dealing with
the stimulated quantum process, which will be considered in the future.
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where Ag is the transverse component of the electromagnetic potential in the Newman-
Penrose basis at _#*. This expression is formally equal to the above by identifying the
Bondi news N ~ ¢° with the electromagnetic potential. So perhaps we could interpret the
above formula as being the V-stokes parameter associated to gravitational waves. The
Bondi news is important because it is known that GW are emitted if and only if N = 0.
As a consequence, we also conclude that the duality anomaly manifests if gravitational
waves are emitted (assuming the internal boundary to be negligible in this discussion).

Finally, the calculation of the flux crossing the horizon is still subject to study, but
perhaps it could be related to the transient process of black hole collapse, and could give
information about multipole moment expansions of the geometry of the horizon [32].
If so, this anomaly could serve to infer information of the geometry of the black hole
horizon by measuring both gravitational and electromagnetic polarization at future null
infinity.

We plan to address all these issues in detail in the future.

5.7 Appendices

Appendix A. Noether current

We derive here in more detail the variation of the lagrangian density (5.4) under the

infinitesimal transformation (5.3). Namely,

0L 0L
6f = —6A,+—6V,A,=-F*V,6A,=-F"V ,Z, 5.84
0A, " oav,A, peety # (5.84)
The equality *F = dZ+G leads to F = —*dZ-*G. Then *G ,,G*¥ = (*F ;;,~d Z ;, (—~(*d Z)}** -

F¥)y=dZM(*dZ)y, — F**Fy, +2d Z"F,, from which we can deduce

6% = —%Vu(AV*F‘” - Z,*dZ") - i*GwG“V (5.85)
The final term seems to prevents this to be a total derivative. It is, however, vanishing.
Given a foliation of spacetime in spatial hypersurfaces with unit timelike normal vector
nt, the electric field measured by the associated observer is E,, = n"F,,. The magnetic
part of G is zero, i.e. n"* Gy, =0, because we work in the reduced phase space in which
the source-free Gauss law, D, E* = 0, holds [D denoting the 3D Levi-Civita connection]. In
fact, Z is introduced as the "potential” for the electric field that solves the constraint, and

thus defined by E¥ = —e#*PD,Z,. Then, since S is antisymmetric, it can be irreducibly
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decomposed in terms of its electric E; and magnetic Bs parts as well. The final term
on the RHS above is equal to £ s,uB’; , so this term vanishes. Then the variation of the
lagrangian density is a total derivative, 6 £ =V h*,/=g.

The Noether current is finally given by

1 0% 1
TaQ 6A, —ht==[AF" —oFrz —*dz"' 7 5.86
-]D ﬁavyAv v 9 [ v v v] ( )

which agrees with (5.5).

I

Appendix B. The soldering form «a_,

We dwell here on the formal introduction of the a objects and its algebraic properties,
introduced in point 8 of section 5.3, and used throughout the main text.

Remark: the whole derivation can be similarly reproduced for the complex conjugate
vector space V, which is isomorphic to the subspace V_ of anti-self dual 2-forms, V = V_.
All the results are the same, it is only necessary to take the complex conjugate, and

denoting with a dot the indices.

1. Definition and properties

Let {n%,x%, y*,2z%} be an orthonormal basis in 4D Minkowski spacetime associated with a
global family of inertial observers; the metric reads 145 = ngnp —xXaxp — Ya¥p — 2425. The

following set of tensors

1

Ay = —2n0aXp) +12Y[420], (5.87)
aib = —2n[aYp) +122[4Xp], (5.88)
ad, = —2npezp)+ 2%V (5.89)

constitute an orthogonal basis in the subspace V. of complex self-dual 2-forms,

al,a® = -457, (5.90)

al,a® = 0. (5.91)

Then, one can write any self-dual two form in this basis, like the electromagnetic field

*F.p, in terms of 3 components * H;
*Fop="Hral, (5.92)
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Let V be now a 3-dimensional complex vector space endowed with an euclidean metric
nrg I,J =1,2,3], and let (X1 Y! Z1} be an orthonormal basis of (V,n). The metric can
be expressed as nyg = X1 Xg—-Y;Y;—Z;Z;. We define then a linear isomorphism,

"soldering 2-form", between V and V., by identifying the corresponding two basis
al=al, X' +a2, Y +a3, 2! (5.93)

(tensorial products omitted for simplicity) which provides a one-to-one identification
between elements of the 3-dimensional complex space V and the subspace of self-dual
2-forms in Minkowski V,, i.e., aflb+H1 =*F,,, and a“}’*Fab = 4*Hj. Also note that
i*a?b = a?b.

For practical purposes it will be convenient to be aware that in the basis above the

matrix components of these tensors read:

[a]abl =-2

+5071
) ]ab (5.94)

We can work out the algebraic properties of these tensors in the given basis by using
these matrices, and the results will hold for any arbitrary orthonormal basis. For the sake
of clarity, we distinguish between the different indices in order to be able to know which
basis element corresponds to, although in matrix notation they are simple labels. (note

that, as a matrix, the position of the indexes does matter now, even denoted differently)

Proposition. The following properties hold:

aldcar = ~2["Zap) y (5.95)

Aab] a“bJ = 4npg (5.96)

Aap1d@®,; = 0 (5.97)

a®ay, = ™ -2["Zr]" (5.98)

Proof:
aabI Qedl = aablocchmJ =4 [+ZOI]ab +ZOI]cd =-2 [+Zab]cd (599)
b . b
a1 a®; = 4 Zor],, [TZ0s]"” = 20 Zorlap +i [*Zor] ) [T Zos]”

—4[* o]y, - 4 [i**ZOJ]OI = —8["Zos]y; = ~4[Z0. 1o = 471.£5.100)

4[*Zor] ;[ Z0s1%% = 2 Zorlap + i [*Zor] ) [ Zos1®°
—4[ Zoglor —4[i* Zog]o; =0 (5.101)

~ab
Aab1 & 5
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ab _c _ + ab + ¢ _.a,c a c, : C 4@ , 2. @ 4C ab c
a Ay 4["Zor]™ ["Zos]"y =m0+t N1t +l€oJ 1t Ti€or gt —€or €og b

2ie, 1t + e +20'0nY = npm® -2 [T ], (5.102)

The first two expressions reflect the mapping-preservation of the two natural struc-
tures of V, and V. Namely, [+Zab] g @nd 177. On the other hand, taking the symmetric

and antisymmetric parts of the fourth property yields useful equations:

al e, = —2|'z| (5.103)
a(aclab)f] = n“bmJ (5.104)

The quantities 2 [+Z‘“’] 7 are infinitesimal generators of the (1,0) representation, as one

can check by direct computation,

[2+zab’2+zcd] — na02[+z]bd _ nad2[+z]bc + nbd2[+z]ac _ T]b02[+z]ad . (5105)

2. Covariant derivative operator

Let us consider now a globally hyperbolic physical spacetime (M, g ). At each point in
this space, we attach a Minkowski vector space through the vierbein e’ (x). This is a non-
coordinate basis that is defined through the isomorphism g, (x) =145 eZ(x)el;(x), with a,b
some labels and 1,5 = diag{+1,—1,—1,—-1}. At each spacetime point, we regard then e?(x)
as vectors belonging to a certain vector space, that, endowed with 7,3, is isomorphic to
Minkowski. Latin indices are lowered and raised with n,; while greek indices with g, (x).
We extend the domain of applicability of the covariant derivative operator to objects
belonging to this internal space by imposing the compatibility condition Ve (x) =

There should be then a connection 1-form w, that satisfies:

0=Vyel =dye, + T} 08 +w,, e} (5.106)

The metric connection compatibility V,g,4(x) = 0 implies antisymmetry of the connection
1-form, w% u = wL“b] From the previous equation one gets

0% = e%0,e"" +T7 ,e%"? (5.107)

In turn, we will also have the space V attached to each point of M. We need to define
the extension of the covariant derivative operator when acting on objects of this space.
Following [184], we know that the difference between two derivative operators is linear,
so that

(Vu=VH;=-C,’H;, HieV (5.108)
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One of those can be taken to be the partial derivative operator, V, = d,. We choose the

other derivative operator to be compatible with the soldering form, i.e.

= apf _ ap B B ap J ap
0=Vua," =0,a; +nga:1 +T 00 —CHI a;

where we denote oca'?(x) = eg(x)eg(x)aalj. Taking (5.96) into account we now multiply

. I
with Ao po
J_la ochleaPﬁ_lJa a v a_al| cb

1 1 1 J
- Eagba,c”wzc = ia[‘}) 70 wpac = 5%‘“’2 ["Zab); (5.109)

Therefore, the covariant derivative acting on the field Hj is given by
VL H = 0,H -~ 9" 501, TH? 5.110
pip = O0pty oWy ["2Zapl;"Hj (5.110)

We note that the general form of the covariant derivative is given by V, =9, — %wzb Zab >
where X,; stands for the generator of the representation associated to the field to be
derived. For instance, for the field H;“, the generator X,; is 2[* 2,51 IJ and hence the
covariant derivative is (5.110).

One can check immediately the following identities involving the covariant derivative

of invariant tensors

—w, [*Zap ] s — w, [+Zab]JK77[K

= —20,% ["Z4] 1, =0 (5.111)

Vunrg

17Ker 1k = —6]

and the same for n’7 or 5{]. Secondly [e
0 = Vyergx
= —wuab [+Zab]1L €LIK — wyab ["Zab] JL €ILK — wyab [+Zab]KL €1JL
which can be checked to vanish identically by recalling the identity

NIINEMIJK + NJINEMIKT + KINEMIIT = 0. (5.112)

3. 3+1 spacetime decomposition and the ﬁ

If spacetime is globally hyperbolic it can be foliated by a family of spatial hypersurfaces
2, M =R x Z;, all of them orthogonal to a unit time-like vector n* at each point (see
[184]). The metric can be decomposed as g, = nyny + hyy, where hy, is the induced
spatial metric (the projected metric tensor) on the hypersurfaces.

We can now use the isomorphism (5.93) to build the following mixed tensors:
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% . . . . .
. y’; =n,a ‘; provides an isomorphisms between vectors in V and vectors in space-

time that are spatial (in the inertial frame we are using).

o y’; = nvd”; is similar to the previous map replacing V by its complex conjugated

space V
. yf = y’; )f{l provides an isomorphisms between V and V.

o W= nayé €PHv defines a totally antisymmetric, purely spatial tensor with mixed

indces.
In particular, from the last definition one can derive (use €4y = [+Zaﬁ]uv - [_Z“ﬁ]w’)
B (5.113)
As we have just seen, there is a one-to-one correspondence between *F,, and *Hj.
Now we can see that the associated 1-form *H, =n""F,, is also in one-to-one correspon-
dence. Indeed:

Hf = n*'Fu =n"a Hf =y Hf (5.114)

where we introduced ! := afwn“. From the above definitions, and using (5.95) and (5.98),

one can easily verify the following properties,

yiyP = ay’ nu“pﬁlnp =-2 [+2“V]pﬁ Multp =~ [Z”V]pﬁ unltp
= —nvnﬁ-kgvﬁ = hvﬁ (5115)
Yivvs = af nua™?n,= “(Iulvnu“p)”np

= NiJ (5.116)
Notice that V,y; # 0, but D, H * = D;HL holds true. Proof:

D,HY = RMVHY =h"Vy Hf =yMVH + (V7 )H]

YV HF + "’ Hnyao + Kuo)HF =y"V,Hf =DHL  (5.117)

where we used that V,n, =ngas, +Kys, as is the 4-acceleration of n, and K, = K(,y) its

extrinsic curvature.
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4. aé , as an invariant symbol of the Lorentz group

Consider a local Lorentz transformation A acting on the self-dual field |, = H; “alf with

the tensorial rule
F*—F"*=ATF*A=H}d . (5.118)

By construction this transformation leave invariant the quantity

1 1

_ _Fr+abF/+ _ _ZF+abF+

1 = e (5.119)

which corresponds to Hy"H'! = Hf HL. In other words, the Lorentz transformation A
induces an action
Hf —H =RW\/H} (5.120)

preserving the metric 1 of the three-dimensional complex space. This is just the (1,0)
representation of the Lorentz group. The above matrices «, lf define then an invariant

symbol, and hence an invariant mixed tensor, of the Lorentz group:
Rha JN N =a l. (5.121)
The symbol 17 is also an invariant symbol of the Lorentz group:
ﬂMNRAfRZY] =N1J . (5.122)

It can be regarded as the analogue of the metric 7,5 in the three-dimensional complex
space of the (1,0) representation. Note that it is also the analogue of the invariant
(antisymmetric) symbol €44 of the (1/2,0) representation. Moreover, since the matrices
R(A) IJ have unit determinant, the Levi-Civita symbol ¢/?X is also an invariant tensor of
the Lorentz group.

In the spinor language of [33, 100], the basic tensor aal{ can also be regarded as a
“soldering form”, i.e., an isomorphism identifying the space of self-dual two-forms in 4D
Minkowski space and the three-dimensional complex space with an Euclidean scalar

product.

We can also construct the (0,1) Lorentz representation using the anti-self-dual field

strength and the matrices @, 137 . With the definition
- e d
Fopo=Hja,; , (5.123)
we can define the Lorentz action

F-—F~=ATF A=H[d, (5.124)
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and therefore
_ — Jrr—
HI. —»HI. —R(A)I- HJ. (5.125)

Note that R(A) I.J =(R(A) IJ)*. The invariant symbols for the (0, 1) representation are

Rla, /AN =a,l, (5.126)
nMNRJ‘?RA} =Njj (5.127)

where
eunoRRYRG = €1k - (5.128)

5. Extended aé , and its algebraic properties

In order to fix the gauge in the first-order Lagrangian (5.47) in section 5.4 we extended
the internal vector space structure to accommodate for the Lagrange multiplier H f_r’. We
introduced then a fourth a element, as normally done with the spin—1/2 case with Pauli
matrices. We show here the new a elements and its extended algebraic properties, that
are used throughout the main text.

Let V =V &R, endowed with a Lorentzian flat metric n1J, be now our internal vector
space at each spacetime point, with indices I,J running from O to 3. The complex 3-
dimensional vector space V, isomorphic to the space of self-dual 2-forms in Minkowski,
is now a vector subspace. Let n; denote a unit vector (n gnin? =1) orthogonal to the

V subspace (n!m!n;; =0, m? € V). It spans a 1-dimensional vector space. In fact the

metric in this space can be written as 177 = nyng +7yrs. By defining n! aéw =—gtV we
can write
af’ =-nigh + aﬁvyf (5.129)

where we denote now 7/}] :=7Y]YvJ. Notice that agvyl‘] is now what in previous subsections
of this Appendix we identified as a? VwithI=1,2,3.

As argued before, in order to define the actuation of the covariant derivative op-
erator of elements belonging to this (extended) internal vector space we demand the

compatibility condition
Veah =0 (5.130)

and equivalently V, d’l.w = 0. We notice that this condition, in turn, imply several other

useful ones. First of all, by following a similar reason as (5.111) we conclude that
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Vunig = 0. Secondly, by multiplying with the metric g, the above expression using
(5.129) one gets V,n1 = 0. But turning back again to (5.130) one finds the old compatibility

condition:

Voay=0 (5.131)

Therefore, all results that used this condition are still valid with the new extended
internal space and new compatibility condition. Finally, if V,n; =0 and V,n;7 =0, then
Vuyrg =0.

Now we shall derive the algebraic properties of the new alpha matrices when the
index I runs from 0 to 3. Equation (5.95) can be written also as aaé a‘cfd}qJ ==2["Zsclpa—
[Z,4])cn, and then

aaéacdl = %{,achYIJ +8ab&8dc =MNvdMNac —2[ Zaclpa (5.132)

Furthermore, from (5.96) we can obtain

Aab 10y = aup m @ JY VYN +napn®Pning = 4yrs +4ning =4n1g (5.133)

The third property, (5.98), yields

ab c _ ab _c M. N ca ac ac
XTA Gy = Oy NYT Yg —RIG G- RgA T+ RN
b M N + N
= a"ya’,Ny1 Yy tn*nmg +2n[" Zog1° + 2n " Z10]*
= nrn®-2["Z%],, (5.134)

Finally, we shall prove that, as matrices, the alphas are hermitian, (a*)" = a*.

[“a]bl

~nrg® —2[* Xorl* = ~ngg - 207 2%17 - [£719
—nn®n® —nyh® + ieaIb - h‘}nb +h%n —hu; 4 hlI’na

= —nn®n® —nh® —hin® —rln® +ie?? (5.135)

with this expression it is clear that [a“]bl =[a%] Ib.

Appendix C. Maxwell equations in curved spacetime

In this appendix we shall be concerned on deriving the first-order equations of motion
for the vector potentials in curved space, which was presented in Sec. IIIB. Although
conceptually equal to the Minkowskian case, Sec. IIIA, it is technically more involved,

and we give the details here.
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The full set of Maxwell equations V uFf_LW =0 can be rewritten in the Weyl form
oV, HL =0,  a"v,H =0, (5.136)

Given a spacetime foliation, take t# as the unit timelike vector field normal to the

hypersurface ;. We can solve the constraint equations, i.e.,
DiH: =n,(a"),V,HL = 0 (5.137)
(and its complex conjugate) to introduce complex potentials by means of the "curl"
HL =+ie'™v, AL (5.138)
where we define e/#V and Yy asin 5.7. Indeed,
D;H! =D H% = 1D "MV AT =€ DoV, AT =€V, VAT o e“‘“’RaWﬁAE_ =®.139)

where in the first equality we used the identity derived in (5.117); also (5.114) and
(5.115). Note that the potentials inherit the usual gauge ambiguity A} — A +V,A. The
second-order equations of motion for these potentials can be obtained form (5.136). The
projection with n* is trivial by construction, while the remaining components satisfy the

standard wave equations
hS[0AL -V, VPAY1=0 (5.140)

where we made use of (5.113). There are only 3 independent dynamical equations, while
the fourth one is the (Gauss) constraint used to define the complex potentials. Note also
that we have not fixed the gauge freedom so far.

We are interested in getting a closer view to Dirac spin 1/2 theory, in particular,
working with a first-order Lagrangian. Since these equations of motion are of second
order, one may expect that source-free Maxwell action can only be of second-order for
potentials. We shall see right now that, however, that these second order equation can be
obtained from first-order ones thanks to the introduction of complex potentials.

Maxwell equations in the absence of charges and currents can be recovered from
d*F =0, and requiring *Fyp be self-dual, i.e. , "Fyp = %eabcd *F°? which in turn implies
the irreducible decomposition *F,p = % [Fap+i*F 4| for some 2-form F. Indeed, both

expressions lead to
dF =0, d*F =0. (5.141)
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and hence F is an electromagnetic field. Conversely, given these equations for an electro-
magnetic field F, one can construct *F := %[F +i*F], which satisfies "F,; = %%bcd +Fed
andd*F =0.

We shall take this reformulation as our starting point. We shall always assume *F
as a self-dual 2-form. The equation d *F = 0 allows one to define the local potential A,
by writing *F = dA , ; while the self-duality property "F,; = %eabch’FCd, when written

in terms of A ,, gives the dynamical equations (5.41) for A ,:
VoA; — VA =ieapeq VAL (5.142)
The first-order equation of motion for the 4-vector potential can be rearranged as
[z V,AL =0, (5.143)

where [“ZPIHY = L[z —j[* £} with [ZOPIY = 1e@hroe MY [* TP = —eabHY,
Now, we shall show that this equation is equivalent to the standard second-order

equation of motion for the 4-vector potential. Acting with the derivative operator
[PV, VAT =0 (5.144)
leads to
V'VPAT - DAP 1 ey, v, AT =0 (5.145)
The second term vanishes because of the Bianchi Identity:
ePHVY 1,V 1 AT oc €*PFVR 4,100 AR = 0 (5.146)
Thus we get
AP —v,vPAY =0 (5.147)

which is precisely what one gets from V,*F"" =0 if *F = dA™. The same is true for the
antiself dual potential, V,”F*" = 0. Since "Fg; = % [Fap +i*Fap], joining both expres-

sions together we end up with
VuF* =0, V2 F"=0. (5.148)

Note that there are 16 equations in (5.143), but only 3 are linearly independent

(antisymmetry reduces to 6, and anti-selfduality brings down this number to 3). To better
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express the dynamics act on the LHS by [a,] ﬁj , and using properties (5.95) and (5.96)

we get
" V,Ay=0, a"VuAL=0. (5.149)

From this equation we see that Ay has no dynamics (no time derivative for it appears).
There are then 3 (complex) first-order differential equations for 3 (complex) propagating
degrees of freedom in phase space. Since there is gauge freedom (only the transversal
part of the potentials contribute non-trivially to the equations), one can supplement this
purely dynamical equation with a gauge fixing.

We put emphasis in the fact that the the duality condition of the electromagnetic field
gives source-free Maxwell equations, and that complex potentials allow the diagonal-
ization of them, allowing to write first-order equations of motion. It is worth to remark
that in Minkowski one can find an alternative derivation of this equations using vector
calculous identities, as did in the main text.

Alternative derivation: on-shell F* = dA™" holds, so inverting (5.92) using (5.96)

we can also find useful relations:

1 1
H*; = Za“l; *Fap = 50["; VAL (5.150)

but notice this is only valid at the level of equations of motion. In fact, by using the
off-shell valid relations (5.138), together with (5.113), we recover in a different way

equations (5.149) for complex potentials.

Appendix D. Maxwell action from the first-order

Lagrangian in self-dual variables

We prove here that the action functional (5.47) is equivalent to the standard Maxwell
action (5.1). We do the calculation in Minkowski, but the generalization to curved
spacetimes is straightforward.

1. First of all we prove here that the symplectic structure with self-dual variables
is equivalent to the standard one, i.e., that the transformation {A,,A_} — {A;-E} is

canonical.

. . . 1 .
~ f d3%[61AL6oH; —62A 6,H;1 = — f d3%5A. ANGH; — -5 f d*%(6A +16Z)' A(OE - i6B);

1 . . . .
—Efd35c’{6AL NOE; +8Z' N6B; +i6Z' NOE; —i6A' N6B;}
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Since B=VxA andE=-VxZ, by integrating by parts the last two terms vanish. Now:

. 1 . . . 1 . .
—deazaA;AaHf - ——fd35c'6AL/\5E,~+6Z‘/\€ijk6]6Ak:——fd35€'6A‘/\5Ei—€ijk616Zl/\5[
i 2 2

= —fd35c’5Ai NSE;
Exactly the same analysis can be carried out with the other couple (A_,H ). Then
. 1 . .
—fd35c’6A‘ ASE; — —gfd35c’{5Ai NSH; +8A" ASH '} (5.152)

2. We prove now that the first-order action written in terms of self-dual variables

(5.47) is equivalent to the standard one. Namely,
LIA, A A, A 1= —%fd%{fliﬂ; + A HY-HIA,,A_] (5.153)
with Hamiltonian
H[A,,A_]= f dPF(Vx AV xA)+ %AgaiHi + %Aaaiﬂi (5.154)
when we make the transformation {A;,A_} — {A,;—E} it leads to
fdtL[L,A_,L,X_] - —fd“xReAiH; —fdtH[A+,A_]
— —%fd‘*xRe(A +iZ)(E - iB); —fdtH[A+,A_]
= —%fd‘*xAiE,-+z’iBi—fdtH[A+,A_]
= —%fd‘*xAiE,-+z’ieijkafAk—fdtH[A+,A_]
= —%fd‘*xAiE,-—zieijkafAk—fdtH[A+,A_]

1 ) o
= —Efd4xAlEi+€ijk6JZLAk—fdtH[A+,A—]

= - f d*xA'E; - f dtHI[A,,A_] (5.155)
where in the process we integrated by parts in time and space. Notice that in this
transformation

8577i gyt L 3= 2 i A kN2
H[A+,A_]:fd xH' H; —>§fd X(E" +(€;;,0' A")*) = H[A,E] (5.156)

so that in second order or lagrangian formalism [after the Legendre transform which

takes E; to A;] we recover the standard result

- - - - . ]_ ;o ]. : F 1
fdtL[A+,A_,A+,A_] - fdtL[A,A]:fd4x{§(e‘Jk6jAk)2—§AiA‘}:—Zfd“x@bll’o"’f)
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3. Now we prove that this first-order Lagrangian (5.153) can be written in a manifestly

Lorentz invariant way. From (5.47) and (5.43) we can deduce

- . 1 . . . . . .
LAA AL A = —Efd%’{H;(Ag—ie’fkajA,jHH;(Al_+ie”kajA,;)+AgaiHl_+AgaiHl+}

1 . . . . . .
3 f d°#H a" 0,AT +H\a" 0,A7 + AJ0;H. + Aj0,H.)

1 . _
3 f d*#H" a"0,A] + H. a'",0,A})

1 .
5 f d*#HL & 0,A; + HLa""}0,A7)

where in the last step we introduced the appropriate notation to indicate the behaviour
of the indices under Lorentz transformations (this is the correct way to say that this
expression is Lorentz invariant). See Appendix B for details regarding the a matrices.
The generalization to curved spacetime is straightforward from here. In particular, one
can directly invoke the minimal coupling prescription from (5.158) and gets the second
line in (5.47).

Appendix E. Deriving the equations of motion from

the first-order action

We check here that Maxwell equations for the complex potentials are derived correctly.

Given the action functional (5.47)
1 .
SulA,,A_ 1= —§fd4x,/——g [H{a“;vuA; +HLa" VA (5.159)

we recover Maxwell equations. Indeed,

Sy 1 / :
=5ar =g 1VkHL+ Vuge " a" Y, (5.160)
v

we use now the identity (5.113) [note that since V#d“"l # 0, then Vﬂel # 2£0] and (5.95)

to write

P 1 i 1 .
_ 1w i 1, ap - vl af - 1 vi_ap -
0 = —-a IVyH_+Za“Va IVuVaAﬁ—ivua‘“’e IVaAﬁ—Za“Va I.VNVaAﬁ

N|H—=DN| -

P - o1 o1
oV, HL - 2v,a AW U PV aA G + 121V, VB 161)

[at certain points we changed I to I like in a**! daﬁl = ! c‘xaﬁl. in order to take the

derivative operator V, through]. Recalling that H I = _jelivy 4A%, and using the Bianchi
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Identity €2 Ry.q4. = 0, we get

0 = a" V,H -i[*3"1PV, VA5

= @ v,H + éeWﬁRWﬁJAZ
= a"v,H (5.162)
Analogously, by differentiating with respect to A_ we get the corresponding complex-

conjugate equation.

This particular calculation allows to write the action functional (5.47) as
SylA, A 1= —fd4x\/——gH{&”§Vij (5.163)

since, by integrating by parts and assuming the fields to decay sufficiently fast at infinity

so that we can neglect "boundary" terms, one can express

1 4 I - 4 L I 1 4 - ‘
_Qfd xy—gH.a"\V,A, = fd x\/—8g EA;rVye ”Va“ﬁIVaAﬁ = Qfd x\/—gAja“@EsZ;Bﬂf)
where we used the calculation above in the last equality. A last integration by parts gives
the above formula.

Once we derive Maxwell equations for the fields, (5.162), we can obtain the cor-
responding first order equations for the potentials. Recall that *F*" = o VIHfr, then
Maxwell equations above imply V,*F*" = 0. As *F*" is self-dual (hence the motiva-
tion for introducing the a matrices) then V,*F,"" = 0 as well, or equivalently dF* = 0.
Thus we can solve Maxwell equations by introducing "another" potential, *F = dB. This
implies H = %a?”Fﬂv = %a‘IWV#BV. Using (5.95) we can invert this relation

OVBy ="t Fuy=a,JHf =ia,]erqpV Al (5.165)
Then,
2e!"'V,B, = ie"" T eV AL = 2e/MV A (5.166)

where we noticed (5.113) and used (5.96)-(5.97). Recall that the potential A" is defined
through a "curl" like this. Then, without loss of generality we can take B = A ,, modulo
gauge transformation.

Now, using both expressions for H,:
- Tuv + 1 uvl +
and using 2ie!/® = a*'I — @' we finally get the desired result:

a" V,AY =0 (5.168)
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F. Deriving the Noether current from the first-order

action

In this section we derive the Noether current in first-order formalism by working directly
with the standard variables A, and A_ and the action functional (5.47).

If the lagrangian density is the functional L = L[A;,A_], then its variation under an
infinitesimal duality rotation of the potential, A, = FifA., yields

oL oL
5L = SAY +———0V A7 +
AL e T oV, AT c-c
1 1
= 2H‘ a®®.(-i0)V, A} — 5 €' alV AL (-i0)V,A] +c.c.
10 i =ab + 10 i cd - a
= EH_a iVaAb+EH+oc VA +c.c.=0=V,h (5.169)

We find that, unlike in second-order formalism, the duality rotation is an exact symmetry
transformation of the first-order Lagrangian. The Noether current is now constructed as

oL
j*¢ = v, A+6A++c .c.—h"® (5.170)

1
= —§HI A (—i0A] - o ielab Cd,v AL (-i0)A] +c.c.
i

= 2[H‘ a®® A; —H'a"%® A1~ I“bA+aCdIVCA:i+c.c. (5.171)

Note: the last term vanishes on-shell. This term is precisely the one that makes this
expression for the current different to that given by (5.64). Classically it does not matter,
but perhaps quantum-mechanically could be important (actually something similar
appears in the trace anomaly for Dirac fields, in which a piece in the stress energy tensor
is proportional to the equations of motion and one neglects it because classically one is
able to do it, but quantum fluctuations may be important there). However the charge
agrees in both cases since the odd term above vanishes when contracted with n,.

Let us evaluate now the divergence of the current:
Voo = %(VaHf )a® A+ %H{ VAL - é(vaﬂi)aa’}A; - %Hiaab,vaA; (5.172)
1 _ 1 1 ; 1 .

note that the second and last term cancel each other, as well as the fourth and the sixth

terms. We are left with

—Re

Vo' = Re|i(VaHDa" A

AgaCdIVaemecA;]

Re |i(VaF)A; | +Re (5.173)

A}ia® Vo H! | = 2Re[i(V,F?)A]
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Now we would like to compare to the familiar expression that we got in second-order or
lagrangian formalism (5.8). We have to be careful at this point. The relation between the

valid only on-shell. This is equivalent to the equality *F = dA™. To pass from first to
second order one has to do the Legendre transform, which amounts in the relation
E; =A;. It can be readily seen that the real part of the equation above gives this, while
the imaginary part gives the wave equation for the potential B! = ¢'/%9 A = Z'. By
focusing only on the real part, i.e. Re(*F) = Re(dA™"), it turns out that F = d A and this
leads to V,*F"" = 0:

Vo = —(V F)Z, (5.175)

which is what we expected.

Appendix G. Lorentz Gauge fixing and the extension

of the a’s

As argued in the paragraphs following (5.47), there is a very nice way of incorporating
the Lorentz gauge fixing term in the action into the language of a. This is analogous
to what is usually done in the fermion case, in which besides the Pauli matrices one
introduces a fourth matrix 0° = la, that conmutes with the others. In this appendix we
shall check that the standard source-free Maxwell equations are still recovered with this
additional input to the action. In this appendix I =1,2,3 still.

Let us denote the "bare" action by
1 .
SolA,,A 1= f dzs [H! a"v,A7 + HL 0"}V, (5.176)

As shown in Appendix X variation with respect to A; recover Maxwell equations

alf'V,H. = 0. However the extended action reads now
1
S[A,,A_1=SolA,,A ]+ 5fcm [H°V,A% +HOV,AY] (5.177)

Variation with respecto to H g provides the Lorentz gauge fixing: V,A{ = 0. On the other

hand, variation with respecto to A} yields

_ 6SM _ MV I 1 v 70
=5ar =@ Vel - V'H! (5.178)
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Now, on the one hand we can multiply this by ¢,, which taking into account that D ;H I-9
by construction (since H = —ieIWVuA; — see (5.139) ), provides t“VuHQ =0,H° =0.On
the other hand, multiplying by V., one gets 1H® = 0 because of the identity d’;VVVV uH I

0. This last formula can be checked as follows:

: : 1 1
= 1 = 1
@'V HL = VV,ai HL =V, V,F = 5 Ruva HFY + 5 Ruva "FE
1 1
= RvaFY SRy =0 (5.179)

If both OH? = 0 and 8;H° = 0 hold, then D;D'H? = 0 holds. Choosing appropriate
boundary conditions one can solve the equation and get H be constant. Turning back
to (5.178), V,H 0 =0 one gets the desired source-free Maxwell equations. An identical
reasoning can be applied for H . Following now the same arguments as in Appendix E

one gets to the extended first-order equations of motion for the potentials:
@ 'VuAy =0 (5.180)

where I =0,1,2,3 now.

Appendix H. Definition of ¥ and " and properties

In section (5.4) we wrote the action functional as similar to the Dirac case. In the
successive steps of reasoning we introduced without much explanation certain elements
that were used throughout the remaining text. We define here those elements in detail
and provide their main properties.

Given the complex potentials A;—; and the electromagnetic self- and antiself- dual
fields, H. and H’, we can construct the direct sum of their correspondings space of

functions. Let X denote this space. An arbitrary element of this space will have the form:
eX (5.181)

We define now the vector-valued mapping g : X — X as
—uvrrl
a; H”

MY = v (5.182)
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which is well-defined (B*Y € X,VV € X) and is linear. This allows to write

o o0 o0 -a
"y 0 0 af o0
pr=—i o - o0 o0 (5.183)
1
@0 0 0

Define now the product of two B* as the composite operation, /" : X — X, by
(B*BY)Y = BH(BYY), that is well-defined and linear. This leads to

v op
aVVJap 0 0 0
0 a’?a 0 0
BB = 0 T T (5.184)
(04 Jap
0 0 ' 0 7Pat .
pl

whose symmetric and antisymmetric parts, using (5.103)-(5.104), recover formulas (5.55).

The "chiral" operation is a linear application f5:X — X defined by formula (5.56).

It yields

i i
Bs = yeabeaB” BB = freavea BB B

[+zab]ap[+zcd]pa 0
i 0 (=) g [29), 0
B 0 0 2] [2), 0
_ ~ediK
0 0 0 "2k 200
[*Zedl,, [*zed]? 0 0 0
1 0 [Zeal e [F2], 0 0
~ 3 0 0 —[Zealsp [7Z4]°, 0
_ ~ediK
0 0 0 ~[Zealig [TZ];
—2[*Z5p]", 0 0 0
1 0 —2[*zk]%, 0 0
- 0 0 2["Z4p]", 0
0 0 0 2[2]";
—gw 0 0 0
0o - 0 0
= s (5.185)
0 0 guw 0

0 0 0 n
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and satisfies

guw O 0 0
0 0 0
B = b ; {B5, =0 (5.186)
0 0 gw O
0 0 0 mn5
Note that both 56" : X — X and p*f5: X — X are well-defined as composite opera-
tions. The duality transformation is defined by means of a linear application 7 : X — X,
Ty =e'%5 feR.
Let X* be now the dual space, the space of bounded linear functionals ¢ : X — C. We
shall work on a particular class of elements of this space: given ¥ € X, we shall define

¥ e X* by
v=(4a; HL A; HL) (5.187)

This way, the action functional (5.53) is a well-defined quantity.

Lastly, we introduce the "complex-conjugation” in this space of elements by f: X —

X,
Ay
HI
pY = AF (5.188)
B
HY
which leads to
0 0 &5 o
0 0 0 &
B= I (5.189)
5% 0 0 0
0 & 0 o

This is useful since now ¥ BY € C is well-defined, and moreover W ¥ = 0. Thus, the inner

product used in 5.5.2 is well-defined.

Appendix I. Explicit calculations of the

electromagnetic duality anomaly

From (5.69) and (5.70) and text in between we can write

h 2 oo .
(Vudiydren = 35,2 Lm m ];()Tr (MY, +m)BsEp(x)] fo diir)e ™ (in)* 2 (5.190)
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In order to make the integral convergent we need to add here a tiny imaginary contri-

bution to the mass, which amounts in a choice for the Green function. It corresponds to

m?2 — m? —ie. Solving the integral yields

(Vi) ren

2
5% im m Y Tk - DEmH T Tr [V, + m)BsEr(x)] (5.191)
m=Y k=0

In order to obtain the Heat Kernel coefficients we need to obtain a quadratic equation
of motion for the field. Since V,f"(x) = 0, the quadratic operator is 0 = g*"V,V, ¥ =
(B4 + 6 V0,

IR0 0 0
0 X 0 0

{1g"'V ,V, — [V, V,}¥ =0
& Yty 0 0 “I™ 0 A
0 0 0 M
If we express (O +2)¥ =0, then
tymvyap 0 0 0
9= 1R 0 ot yHv+yap 0 0 (5.192)
~ grwvab 0 0 ~suvsap 0 '

0 0 0 2 sHv-yap

Note: given V,¥ =0,V — %w #“bMab V¥, with M,; a generator of the Lorentz symmetry
group, it can be checked that [V 1 VV] Y= %R W“bM b V. The proof can be found in Parker-
Toms, pages 225-226. See Formulas (5.270)-(5.271).

Since Eg =1, then Tr(B5E() = 0 and Tr(B*B5E o) = 0. On the other hand, E = %RI] -9,
and consequently Tr(f5E1) = —Tr(f52),

5
Tr(BsE1) = iRuvapImTr(*2#(27 2% +290)) = —ZRmﬁTr{Zf‘”*z“ﬁ}
5 5 5
—ZRMﬁz%*z“ﬁJ = ~5R11ape!’ P =~ Ryvapet™ ™ = 0 (5.193)

where in the last step we used the Bianchi identity. The equality Tr(8*B5E1) = 0 can be
easily obtained by noting that no diagonal terms appear in the "matrix" #p5E1. The
same argument holds for Tr(B*BsE2) = 0. After all, (5.191) reduces to

-1
3272
—-ih [ 1

1 2
= 327 ETI’(ﬁ5WNVWNV)+§TI'(ﬁ5Q )

(Vi)

Tr(BsE2) (5.194)
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Recall that
b0 0 0
wW,,¥Y=[V,V ]‘If—lR 0 272% 0 0 Y
v =LV, Vy = 5 uvap 0 0 Zaﬁ 0
0 0 0 27x%P
and hence

1
WH’\/WHV = ZRuyaﬁRuVo-p

so that

Tr(B5 W, WH)

On the other hand,
1

Tr(f522%)

+ 4+ o+ 4+

— 4 Buvap

sabyop 0 0 0
0 g+yab+yor 0 0
0 0 sapyop 0
0 0 0 4-3ab-yop

1
~RuvapR"5,2i Im Tr |zoP270 4 43P 50 |

+Za,6+zap]

~2iRyyapR" ;) Im Tr

_%RﬂvaﬁRHVapTr [Z“ﬂ*z"p + *Zaﬁzap]

~iRyyopR" ;T | 2P+ 27F
2iR#V[JR”VUp€UpIJ = —2iRm,aﬁR#vUp€Upaﬁ
4iRuvaﬁ*RlJvaﬁ

—éR ywapRaped TH{EVZaP* 300 sed | xshVsapyabyed
*Zﬂvzaﬁzabzcd +Zuv*zaﬁzabzcd

Zuvzaﬁ*zabzcd +zuvzaﬁzab*zcd
*zuv*zaﬁ*zabzcd " *ZHV*ZaﬁZab*ch
*zyvzaﬁ*zab*zcd n zuy*zaﬁ*zab*zcd}

(5.195)

Rypeq 2i ImTr{t SHVyabt3abyed | gtypviyabryabrged,

(5.196)

Using the Bianchi identity (*R“bac =0), each of these terms vanishes. Finally then,

(Vi)

-ht [ 1
3272 | 12
-h

gor L Blas:

Tr(Bs W WH) + %Tr(ﬁ5£22)
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Since the heat kernel asymptotic series of the heat kernel does not depend on the vacuum

state chosen, this expectation value is (vacuum) state independent.

Appendix J. Trace anomaly

As a non trivial check, one might be interested in reproducing the trace anomaly using
the Dirac-type approach introduced in this work. The calculation is straightforward
following the recipes given above, but considerably more lenghty since there are non-
vanishing contributions coming from all terms in the heat kernel expansion. We can
predict, though, what the result should read by following Chirstensen and Duff analysis
[61, 62].

Our formulation would yield a trace anomaly determined by the A, H. fields,
which transform under Lorentz trasformations according to the (1/2,1/2) and (1,0)/(0, 1)
representations. From the action (5.53) one can conclude that:

(T} —i (YD) +2(cOc)

1
~1 [64(1/2,1/2) + b4(1,0) + b4(1/2,1/2) + b4(0,1)] — 2b4(0,0)  (5.198)

where ¢ represents one of the two ghosts (we omitted them along the text since they are
irrelevant for the duality anomaly), that is described by a minimally coupled, massless,
scalar field. In the second line we introduced b4(A,B); it denotes the coefficient in the
heat kernel expansion of 4th order in derivatives of the metric, and can be determined
by a knowledge of the associated Lorentz representation upon which the field of interest
transforms with, as calculated in [61, 62]. The —% factor would come from the weird
normalization in the action (5.53). It can be deduced from [61] that b4(1,0) + b4(0,1) =
—6b4(1/2,1/2). Then we recover

(Th) = b4(1/2,1/2) - 2b4(0,0) (5.199)

which is the standard result [48].
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CHAPTER

CONCLUSIONS AND OUTLOOK

his thesis is the result of the research carried out by the author during the last

5 years in collaboration with his supervisors and other people. The common topic

is the quantum theory of fields propagating in curved spacetimes. Although more
50 years have passed since the first quantitative paper on the subject [147], the topic is
still of great importance nowadays, not only because it continues to give new insights
in the foundations of a supposed quantum theory of gravity, but it also leads to new
phenomenological implications that, today more than ever, could be tested in experiments.
To the present day, cosmological missions have reached such a level of sensitivity that
quantum effects of fields during the early universe must be taken into account for the
correct interpretation of both CMB and large scale structure data analysis. On the other
hand, the detection of gravitational waves by the LIGO-Virgo collaboration, together with
the electromagnetic counterpart measured by multimessenger astronomy, has opened up
a new era in astrophysics. There is no doubt that this rapidly increasing research area
will provide considerable amounts of data from astrophysical sources that will allow a
better understanding, not only of general relativity, but also of the consequences of the

quantum theory of fields around black holes scenarios.

With this motivation in mind, in the first part of this thesis we have dealt with
several questions related to primordial cosmology. In Chapter 2 we analyzed the most
important observable supporting the theory of inflation, the angular power spectrum,
from a different, not conventional, perspective. We reexamined this quantity from a

spacetime point of view and found that the standard result considered in the literature
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actually diverges in the ultraviolet. This is complementary to the work done in Fourier
space a decade ago. The usually referred assumption of taking the large distance limit
in the two-point function of primordial cosmological perturbations, leading to the well-
known — and experimentally checked — scale invariance of the power spectrum, serves
as a natural regulator of the UV divergences. This, however, turns out to correspond
to a zeroth-order adiabatic subtraction (as it is known in the specialized literature of
renormalization). We argued that subtractions up to second adiabatic order should be
more natural from a physical point of view. By doing this one gets an additional (scale
invariant) term in the power spectrum (see (2.39) for the final result), and its possible

observable consequences were discussed.

Chapter 3 is a throughout text that deals with the calculation of the renormalized
stress-energy tensor of spin 1/2 fields in expanding universes. This was achieved both
when the fermion field propagates freely and when the field is interacting with an
external scalar field through a Yukawa coupling. Final expressions for the renormalized
values can be looked up in (3.72) and (3.73); and (3.157), (3.158), and (3.171). The
underlying motivation was finding the possibility of carrying out the study of matter
(namely, the production of particles and energy) not only during the inflationary regime,
but also during the preheating era, when all matter known in the universe is supposed
to have originated from the inflaton field oscillations. Some examples of cosmological
interest using this formalism were discussed using analytical approximations (see section
3.4 and Appendix B) and some using numerical approaches (see Appendix E). The work
done here paves the way for future projects regarding numerical implementations of

matter particle production during the early universe.

The cosmology study ends with Chapter 4. In single field models of inflation, it is
normally assumed that the only field relevant for the computation of physical observables
is the one that drives the exponential expansion itself. In this chapter we considered
the presence and influence of a large number N of test or spectator light scalar fields,
fields that do not couple directly to the inflaton field, only propagate in the spacetime
background. This is of interest since some fundamental theories (i.e. string theory,
supergravity, etc) generally require the existence of large amounts of light fields for
self-consistency, and their presence should certainly have some imprint somewhere, for
instance in CMB observables. It turns out that they amount to a running contribution
(logk dependence) to both the scalar and tensorial Fourier spectra. We argued that,
though normally neglected in standard approaches to inflation, their impact in the tensor

spectrum could be well relevant to put bounds on the possible number of N light scalar
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fields present in the universe. The bound obtained and associated discussion is found
in (4.58) and ahead. The results could constrain phenomenological models that require
such huge amounts of light fields to solve the hierarchy problem in the standard model

of particles.

Turning then to more fundamental aspects of quantum field theory, in Chapter
5 we dealt with the electromagnetic duality transformation of source-free Maxwell
theory in curved spacetimes. Classically, this was shown to be a dynamical symmetry of
the Maxwell action if no electric charges of currents are present. However, motivated
by the knowledge of other anomalies, the natural question of whether this symmetry
could be extended to the quantum theory was posed and analyzed in detail. Indeed,
as first shown in 1969 [10, 44, 122], this is a non-trivial issue: classical symmetries
may fail to hold in the quantum regime due to off-shell contributions, coming from
quantum corrections. In this chapter we calculated the vacuum expectation value of
the divergence of the Noether current, and found that it is not vanishing due to the
renormalization subtractions that one needs to consider in order to properly account for
the UV divergences. The particular value obtained can be looked up in (5.77). This result
thus leads to an anomaly in the quantum theory. We also checked the calculation by
following Fujikawa’s interpretation: the measure of the path integral — this latter one
yielding the transition amplitudes between quantum states of the field in different times
— transforms non-trivially, providing the anomaly. Finally, we ended the chapter by
commenting on potential physical implications of this in astrophysics and gravitational

wave physics (see section 5.6).

Concerning this last point, our results opens up several avenues for future research,
some of which I proceed to describe now. Immediate questions arise: how should we
interpret the electromagnetic duality anomaly from a physical point of view? Does it
mean that an initial sample of photons get polarized if they pass through a strong gravi-
tational background? Moreover, do deviations from general relativity predict distinctive
signatures? Are there observable implications of all this, say, in astrophysics? Does this
anomaly arise in gravitational radiation as well? We plan to address these questions in
the near future by working out the specific research directions listed below. Answering
them will help us to understand the implications of the anomaly from a measurable
viewpoint, and this will be useful in testing either the validity of general relativity or

quantum field theory in curved spacetimes in an astrophysical context.

1. The detailed calculation of the electromagnetic duality anomaly was only carried

out considering the vacuum expectation value of the duality current j*, i.e. we computed
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CHAPTER 6. CONCLUSIONS AND OUTLOOK

the quantity (0| V,j*|0) # 0. This polarization effect could be interpreted as spontaneous
(asymmetric) creation of particles from vacuum due to the strong gravitational dynamics,
similarly to the celebrated Hawking effect. If, instead, the initial state describing the
electromagnetic field had already a distribution of photons, we would expect an stimu-
lated contribution to this phenomenon from the quantum state, which must be much
more significant in any practical situation of astrophysical or cosmological interest. Our
plan is to determine how big this effect can be. In other words, we need to calculate
(p| Vgt | e in detail, where | p) represents a mixed state describing photons with differ-
ent helicities, frecuencies, etc. Then, we have to figure out how this quantity is measured

by or imprinted in a quantum device.

We shall borrow additional techniques from quantum field theory in curved spacetime
and general relativity. The use of Unruh-DeWitt detectors, in particular, will be important
to understand in more depth what physically the impact of this anomaly on photons could
be, since these detectors can tell what a test field or observer is able to measure or not.
Asympotic analysis in General Relativity will also be important to address the question
of incoming radiation from past null infinity and the scattered radiation to future null
infinity. On the other hand, techniques usually employed in quantum information science
might be well relevant for analyzing the issue of the choice of quantum state, i.e. for

instance by means of density operators.

2. An additional assumption in our computation of the electromagnetic duality
anomaly was the use of conventional general relativity. Since the result is a purely
geometrical contribution, it could be interesting to investigate whether modified theories
of gravity provide new terms to (0| Vj*[0) or (p| vVt | p». If so, this could serve to predict
deviations from general relativity in strong gravitational scenarios, for instance through
new signatures in GW emission. Several approaches in field theory or differential geome-
try could be investigated here. To give an example, if we allow torsion or non-metricity on
the connection, apart from curvature additional contributions to the above expectation

value might arise; etc.

3. Gravitational waves also have two radiative degrees of freedom, namely the
well-known A, and 2« modes, and there exists an analogue of electromagnetic duality
symmetry. Consequently, at the linearized level the notion of a charge measuring the
state of polarization of gravitational radiation should be available as well. We plan to
examine this in detail and study whether there is an anomaly in the theory of gravitons
propagating in a non-trivial curved spacetime, i.e. if the background distinguishes

(quantum-mechanically) between the two degrees of freedom. This could be particularly
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interesting in future measurements of polarization of gravitational waves.

4. Our eventual plan would be to search signatures of all this in astrophysics, namely
in black hole physics and gravitational wave emission. Working in this area will imply
getting familiarized with astrophysical sources, such as binary mergers or dynamical
black holes, as well as the analytical techniques involved to extract physical information
(asymptotic analysis, black hole multipole moments, asymptotic charges, etc). Questions
such as if the effect grows linearly with the mass of the system, or if the polarization or
angular momentum carried away by gravitational waves plays any role, will be addressed.

Close collaboration with numerical relativists is expected.
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