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Abstract

Our first main result proves that every element of order 4 of a Sylow 2-subgroup S of a
minimal non-2-nilpotent group G, is a real element of S. This allows to give a character-free
proof of a theorem due to Isaacs and Navarro, (see [9, Theorem B]). As an application, the
authors show a common extension of the p-nilpotence criteria proved in [3] and [9].
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1 Introduction

All groups considered in this paper will be finite.

Let p be a prime, that we hold fixed in the whole paper, and consider the
following common situation: a p’-automorphism « acting on a p-group P.
If p # 2 and « fixes all elements of order p in S, then o acts trivially on P. To
obtain the corresponding conclusion for p = 2, an additional assumption
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would be required: for example, that every element of order 4 in P is also
fixed by « (see [7, Kapitel IV, Satz 5.12]).

In [9, Theorem B], Isaacs and Navarro showed that, when p = 2, this
result survives under the weaker assumption that « fixes all real elements
of order 4 in S. Recall that an element g of a group G is said to be real if g

is conjugate to its inverse g~ .

Theorem 1 Let « be a p’-automorphism of a p-group P. Assume that « cen-
tralises all elements of order p and all real elements of order 4 if p = 2. Then «
acts trivially on P.

The proof of this theorem given in [9] is character theoretic. As an appli-
cation of Theorem 1, the authors improved a p-nilpotence criterion showed
in [6, Main Theorem].

Recall that a group G is said to be a minimal non-p-nilpotent group if
G is not p-nilpotent but all proper subgroups of G are p-nilpotent. The
knowledge of the structure of minimal non-p-nilpotent groups provides
a powerful tool to establish p-nilpotence criteria by direct arguments, ba-
sically because it can give some insight into what makes a group to be
p-nilpotent. Assume that we want to prove that a subgroup-closed class £
is composed of p-nilpotent groups. If a non-p-nilpotent group G belongs to
£, then G has a subgroup in £ which is a minimal non-p-nilpotent group.
Therefore one has only to check that no minimal non-p-nilpotent group
belongs to £.

These ideas have been succesfully applied in several papers (see [2],
[3], [10]). In fact, the understanding of the structure of minimal non-p-
nilpotent groups is crucial in the character-free proofs of Theorem 1 in [3],
[10].

The principal aim in this paper is to present some results in this spirit.
Our main result contains some useful information about the structure of a
minimal non-2-nilpotent group. Applying [7, Kapitel IV, Satz 5.4], we have
that the exponent of the Sylow 2-subgroup of a minimal non-2-nilpotent
group is at most 4. Moveover, we have:

Theorem A Let G be a minimal non-2-nilpotent group and let S be the Sylow 2-
subgroup of G. If S has exponent 4, then every element of order 4 is a real element

of S.

We see that not only Theorem 1 follows directly as a consequence of
Theorem A, but also it allow us to show a common extension of the p-
nilpotence criteria proved in [3], [9].

If G is a group, we write G™* to denote the nilpotent residual of G, i.e. the
smallest normal subgroup of G with nilpotent quotient group. It is clear
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that G™ is the last term of the lower central series of G.

Theorem B Suppose that S is a Sylow p-subgroup of a group G. Then the
following statements are pairwise equivalent.

1. G is p-nilpotent.

2. For every cyclic subgroup P of the focal subgroup SN G’ of S in G, such that
P is generated by an element of order p or a real element of order 4 if p = 2,
S controls fusion of P in S.

3. For every cyclic subgroup P of SN G™ such that P is generated by an element
of order p or a real element of order 4 if p = 2, S controls fusion of P in S.

2 Proofs

Proor or THEOREM A — Applying [7, Kapitel 1V, Satz 5.4]), we obtain
that G has order 2'q", where q is an odd prime, G has a normal Sylow
2-subgroup S of exponent at most 4, ®(S) is elementary abelian, and the
Sylow g-subgroups of G are cyclic. By a theorem of Gol’fand [5], G is
an epimorphic image of a universal minimal non-2-nilpotent group Go of
order 290q", where ap = a if a is odd and ap = 3a/2 if a = 2m is even,
and a is the order of 2 modulo g, i.e., a is the least positive integer such
that 2¢ =1 (mod q). A construction of the Gol’fand group is given in [1].
Let Sp be the Sylow 2-subgroup of Gy and assume that z is a generator
of the Sylow g-subgroup of Gy. If a is odd, then S is elementary abelian.
It follows that a = 2m is even. Let g € S be an arbitrary element of order 4.
Since ®(S) has exponent 2, we have that g € S\ ®(S). We can now take an
element gp € Sp \ @(Sp) of order 4 whose image in G under the above epi-

morphism is g. In the proof of Gol’fand’s theorem given in [1], it is shown
that ®(Sp) can be generated by m elements of the form u; = [go, ggi] for
ie{s—m+1,...,s}, where q = 2s + 1. Since g% € ®(Sy), there exist nq, ...,
Nm € Z such that g% = u?lmH --.ug™. Since Sy < D(Sp) < Z(Sp), by [4,
s—mm+j )“i

Chapter A, 7.2] we have that g% = [go, g1l, where g7 = ]_[]’11 (95
Therefore 981 = 9093 = golgo, g1] = g3', that is, go is a real element of S.
By taking images in G, we obtain that g is a real element of S. 0
Proo¥ oF THEOREM 1 — Let G = [P](«x) be the semidirect product of P by

(x). Suppose that G is not p-nilpotent. Then, by [7, Kapitel 1V, Satz 5.12],
p = 2 and G possesses a minimal non-2-nilpotent subgroup X. Then X =
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AB, where A = XN P and, by considering a suitable conjugate, we can also
assume that B = () < (). By Theorem A, all elements of order 4 are real
elements of P. The hypothesis of the theorem implies that B centralises A.
This means that X is 2-nilpotent, a contradiction that proves the result. O

Proor oF THEOREM B — The arguments of the proof of [8, Theorem 5.25]
prove that (1) implies (2) and (3).

Conversely, we assume, arguing by contradiction, that G is a non-p-
nilpotent group which satisfies condition (3). Then G contains a minimal
non-p-nilpotent subgroup C. By [7, Kapitel 1V, Satz 5.4], C = AB, where
A is a normal p-subgroup of C and exp A = p if p is odd, or exp A < 4 if
p =2, and B = (g) is a cyclic Sylow g-subgroup of C, where q # p. More-
over, by Theorem A, every element of order 4 in A is real. The minimality
of C implies that A = [A, g]. By [4, Chapter A, Corollary 12.4(b)], we have
that A =[A,g] = [A, g, g] and then A < G¥, by [7, Kapitel III, Satz 1.11]. Let
S be a Sylow p-subgroup of G such that A < S. Let a € A. The hypothesis
on G implies that there exists xq € S such that a*e = a9. Hence A < [A, S].
Assume that the nilpotency class of S is n. Then

A<ASICAS SIS <[AS,..L ST =1,
W—/

n

Thus A = 1. Hence G cannot contain a minimal non-p-nilpotent subgroup
and therefore G is p-nilpotent. 0
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