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Abstract

The aim of this paper is to present some contributions to the theory of finite transfor-
mation monoids. The dominating influence that permutation groups have on transforma-
tion monoids is used to describe and characterise transitive transformation monoids and
primitive transitive transformation monoids. We develop a theory that not only includes
the analogs of several important theorems of the classical theory of permutation groups
but also contains substantial information about the algebraic structure of the transforma-
tion monoids. Open questions naturally arising from the substantial paper of Steinberg
[A theory of transformation monoids: combinatorics and representation theory. Electron.
J. Combin. 17 (2010), no. 1, Research Paper 164, 56 pp] have been answered. Our results
can also be considered as a further development in the hunt for a solution of the Cerny
conjecture.
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Introduction

The principal objects of interest in the present paper are finite nonempty sets and finite
monoids acting on them. An action or act of a monoid M on a nonempty set €2 is a monoid
homomorphism from M to the transformation monoid Tg of 2. The action is faithful if
the corresponding morphism is injective. In such case, we say that the pair (Q, M) is a
transformation monoid.

Actions are quite natural, and turns out to be a useful tool to study monoids. From an
algebraic point of view, monoid actions can be seen as a generalisation of group actions in
group theory. From the computer science perspective, monoid actions are closely related to
automata; the set models the state space of the automaton and the action models transfor-
mations of states in response to inputs.

Transformation monoids play to some extent the role that is taken by permutation groups
in group theory. One of these relations is manifested by the Schiitzenberger group of an
element of a transformation monoid, which is represented by a permutation group rather
than a group of transformations. Another relation which is used by most functions that
deal with transformation monoids is the fact that a transformation monoid can be efficiently
described in terms of several permutation groups ([17, 18]).
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The importance of permutation groups in the study of groups comes from a theorem of
Cayley asserting that any group is isomorphic to a permutation group. The proof extends
to monoids as well: every monoid is isomorphic to a transformation monoid. This classical
result justifies the importance of these structures in semigroup theory and motivates their
study as general algebraic objects.

Recent applications to decision problems, automata theory and Markov chains, for exam-
ple, have strengthened the status and interest of the theory of transformation monoids. In
fact, most of the books and research articles dealing with these structures focus on specific
transformation monoids, and on computational, combinatorial or categorical issues (see for
instance [6, (1], 14, [16]). The Cerny conjecture, for example, is an interesting problem in
automata theory that naturally requires the study of full transformation monoids. Given a
set of tranformations on n letters such that some products of elements are a constant map,
the Cerny conjecture states the existence of a product of length at most (n — 1)? which is a
constant map. There exists a vast number of papers on the subject ([26] 19, 20, 24]).

The research presented in this paper has its origin in an earlier work of Steinberg [25],
where the ideas that have been used by several authors while working on the Cerny conjecture
are systematised and developed. The end result starts a theory of transformation monoids
based on Green’s theory [13] of induction and restriction functors relating an algebra A with
local algebras of the form eAe with e idempotent, and the theory of semigroup representations
introduced by Clifford, Munn and Ponizovsky [6] [I]. The functorial approach used by Stein-
berg allows him to generalise results from modules to transformation monoids. It is based
in the description of restriction and induction functors that provides a way of transforming
monoid actions into group actions and vice versa.

The second part of Steinberg’s paper is a first step in the program of understanding prim-
itive transformation monoids. Steinberg obtains a generalization for transformation monoids
of the classical result of D. Higman [8, 5] that states that a permutation group is primitive if
and only if each associated orbital digraph is connected.

The underlying motivation of the present paper is to take the studies of transformation
monoids as algebraic objects further. We exploit the dominating influence that permutation
groups have on transformation monoids and we offer a complete description of transitive
transformation monoids and primitive transformation monoids. We develop a theory that
includes the analogs of several important theorems of the classical theory of permutation
groups. These results answer some open questions naturally arising in the paper [25] and can
be considered as further developments in the hunt for a solution of the Cerny conjecture.

Studying transformation monoids by a complete analogy with permutation groups is not
a good enterprise. Instead, one should benefit from the distinguishing feature of semigroups:
the existence of proper ideals. Let us recall that transitive representations of finite monoids by
total mappings correspond to the action by right multiplication on eM, with e an idempotent
in the minimal ideal of M. This is a particular case of the results proved in [2I], where it is
shown that transitive representations of finite monoids by partial mappings are precisely the
quotients of Schiitzenberger representations by a right congruence.

In fact, the existence of a unique minimal ideal 1(M) in a given finite monoid M is a
keystone in our work. The structure of the principal right ideal eM characterises any monoid
M having a transitive and faithful action as a submonoid of a wreath product of a group with
a right letter mapping monoid [2, 6, [7]. Moreover, the minimal ideal is a simple semigroup
and it is, therefore, a disjoint union of isomorphic groups. Simple semigroups were completely
determined up to isomorphism by Rees’s theorem [22), 23] as Rees matrix semigroups.



The groups G, included in the minimal ideal play an important role in the present work
as transitive transformation monoids actually restrict to transitive permutation groups and
we can establish a description based on the cosets of a core-free subgroup. For every core-free
subgroup we set as many equivalence relations on the set of idempotents of eM as the index
of such subgroup in the group G.. These equivalence relations, together with the study of
the permutation representations of G, are crucial in our first main results: the description
of all the congruences on eM that lead to transitive transformation monoids (Theorems
and . These theorems can be used to construct all transitive and faithful actions of a
transformation monoid that restrict to a given transitive and faithful action of its maximal
subgroups at each idempotent of the minimal ideal.

The second part of the paper is motivated by the following quote by Steinberg in [25]:

“We hope that the theory of primitive permutation groups can be used to
understand primitive transitive transformation monoids in the case the maximal
subgroups of |(M) are non-trivial”.

Theorems [38] and [39| respond to that hope and characterise the primitive transitive trans-
formation monoids in terms of the primitive permutation representation of G, for all idem-
potent e in the minimal ideal. These are improvements on the machinery used to study
transitive transformation monoids. Among other applications, we prove that no non-trivial
induced group action can be primitive, and if G, is a primitive permutation group there exists
a unique action of M that restricts to this action. This confirms the idea that the primitive
transitive transformation monoids can be understood in terms of primitive groups in much
the same way that irreducible representations of monoids can be understood in terms of irre-
ducible representations of groups [10]. We also prove that for every transitive transformation
monoid M with maximal subgroup G, nilpotent, for an idempotent e in the minimal ideal
of M, then the monoid M has a primitive action if and only if M is a cyclic group of prime
order. A last consequence on our study is that there is no primitive action of M on a set €
if |Qe| = 2, for e an idempotent in the minimal ideal 1(M).

The paper aims at being largely self-contained, but it is assumed that the reader has some
familiarity with basic semigroup theory results. The first section of the paper introduces basic
concepts and classical results of transformation monoids. A basic study of the most important
properties of the principal right ideal eM, for e idempotent in (M), is also presented there.
Section 2 is devoted to the description of transitive transformation monoids. It contains our
first main contribution; Theorems and This section also contains some applications
of these results to specific transformation monoids. In section 3 we study primitive actions.
It contains our second main contribution; Theorems and Finally, we present a useful
method to construct examples of primitive and transitive transformation monoids.

We believe that a good understanding of interesting examples is important in any algebraic
theory. Thus, we have made a strong emphasis on this point throughout all sections.

1 Preliminaries

Unless otherwise stated, all semigroups and monoids here are finite.



1.1 Basic concepts

An element e of a semigroup S is said to be idempotent if e = e. The set of idempotents of
S shall be denoted E(S). Note that eSe is a monoid with identity e. The group of units of
eSe is denoted G, and is called the mazimal subgroup of S at e. If s € S, then s* denotes the
unique idempotent that is a positive power of s. Such power exists because of finiteness (|23,
Appendix AJ). A subset I C S is said to be an ideal of S if SIS C I. A semigroup S is called
simple if it has no proper ideals. A semigroup S has a unique minimal ideal I(S), which is
a simple semigroup. For a semigroup S, we can always extend its structure to a monoid by
adding an extra unit element. We denote it by S* = S U {1} where 1 is a new unit element
if S has no unit. If S was already a monoid, then S' = S. For an element s in S, the set
S1sSt is the smallest ideal containing s. Moreover, for all s € 1(.9), it holds StsSt = I(S). If
s € 1(S), then s¥ € I(S) and, thus, I(S) contains idempotents.

From now on, we will only consider monoids.

A mapping f: M — N between monoids M and N is a monoid homomorphism if

(mn)f = (m)f(n)f, forall m,n e M;
(1p7)f = 1n, where 17 and 1y are the identities on M and N, respectively.

For a non-empty set €2, the monoid of all maps on 2 acting on the right is called the full
transformation monoid of 2 and it is denoted by Tq. Furthermore, the group of units of Tg
is called the symmetric group of €2 and it is denoted by Sq. For a natural number n, the
set {1,---,n} is denoted by n. If the set © contains n elements and the denotation of such
elements is not relevant, we shall use the notation T, and Sy, respectively. A transformation
f in T, shall be denoted by an n-tuple [a1,- - ,a,] with a; = (i)f for all i« € n. Hence, in
T3, for example, the tuple [1,2,2] represents the transformation f defined by the equations
(1)f =1, and (2)f = (3)f = 2. For an element f € Ty, the rank of f is |[n]f].

An action of a monoid M on a non-empty set €2 is a monoid homomorphism ¢ from M
to Tq. In this case, we say that € is an M -set. To simplify the notation, if the action ¢ is
fixed, for m € M and o € Q we will write am instead of («)(m)yp. The M-set obtained by
considering the action of M on itself by right multiplication is called the regular M-set.

For an element a € 2, we define the stabiliser of o to be the submonoid Stabs(a) =
{m € M | am = «a}. The action is faithful if the corresponding monoid homomorphism is
injective. In this case M can be seen as a submonoid of Tg, and we refer to the pair (2, M)
as a transformation monoid.

A morphism f: Q — T of M-sets is a map that preserves the action, that is (am)f =
(a)fm, for all @ € Q and m € M. If f is a bijection, we say that the actions are equivalent.
A non-empty subset A C Q is M-invariant if AM C A. The subset A inherits the action
defined on ). With this action, the inclusion map is an injective morphism of M-sets.

We say that a binary equivalence relation = defined on an M-set € is a congruence, if for
all a, 8 € Q and m € M, a = 8 implies am = fm. If = is a congruence on §2, the quotient
/= is an M-set for the action [a]m = [am], for all & € 2 and m € M, and the quotient
map from Q to /= is a surjective morphism of M-sets.

As usual, the kernel of a morphism f: Q@ — I" of M-sets, defined as

kerf = {(a, 8) € A x Q| () f = (B)f}

is a congruence on {2 and the image set



imf = {p € I | there exists some « € 2 with (a)f = 5}

is an M-invariant subset of I'. Moreover, the actions of M on §/kerf and imf are equivalent.

An M-invariant subset of the form aM, for o € €, is called cyclic. A cyclic subset of M
is called minimal if it does not contain any proper cyclic subset. Cyclic sets allow us to define
an equivalence relation on 2. We say that two elements «, 5 € §2 are related if aM = M.
The classes of this equivalence relation are called orbits. The action of M is called transitive
if it has a single orbit. Equivalently, the action is transitive if, for every «, 8 € €2, there exists
m,n € M with am = § and fn = a.

For example, the inclusion map define actions of T, and S, on n. These actions, which
are called natural, are faithful and transitive.

1.2 Preliminary Results

One of the main goals in this paper is to characterise transitive monoid actions. This problem
is completely solved in the group case. If a group G has a transitive action on a set €2, then
the action of G on 2 is equivalent to the action of G by right multiplication on the right
coset space of a subgroup H, defined as the stabiliser of an element. The kernel of this action
is called the core of H in G, denoted Coreg(H), and is the largest normal subgroup of G
contained in H. We say that H is core-free in G if Coreq(H) = 1. Consequently, the study
of transitive permutation groups G is equivalent to the study of core-free subgroups of G.

As expected, the monoid case is not so transparent but we can still prove some interesting
structural results. The following propositions have been included for the sake of completeness.
See [11l Chapter 10] for a general overview on the subject. Generalizations to representations
by partial mappings can be found in [21].

Proposition 1. The action by right multiplication of a monoid M on mM , with m € M, is
transitive if and only if mM is minimal. Moreover, |(M) is the set of all m € M with mM
minimal.

Proof. If nM C mM and the action is transitive, it necessarily holds that nM = mM. On
the converse, if p,q € mM then pM,qM C mM. Minimality of mM yields pM = qgM = mM.

Let m € (M) and x € mM. Then aM C mM. Since z € (M), it follows that
MxM = MmM. Then m = uzv for some u,v € M. This means that mM is contained
in uxM. Since |[uxM| < |xM|, we have that xtM = mM and mM is minimal. Conversely,
suppose that mM is minimal for some m € M. Let n € I(M), then mn € |(M). Since mnM
is contained in mM, minimalily of mM yields mnM = mM. Therefore m € |(M). O

Since (M) contains idempotents, we will use idempotents instead of arbitrary elements
from [(M).

Proposition 2. Let M be a monoid and e € E(I(M)). If M has a transitive and faithful
action on a non-empty finite set 2, then the action of M on eM by right multiplication is
transitive and faithful.

Proof. Let e be an idempotent in I1(M). By Proposition M acts transitively on eM by right
multiplication. Let a be an element in Q2e and consider the morphism of M-sets : eM — €,
given by m — am. Assume that m,n € M satisfy that epm = epn for all p € M. It follows
that a(pm) = «a(pn) for all p € M. On the other hand, let 8 be an element in 2, as the



action on {2 is transitive there exists an element ¢ € M with 8 = «aq. It follows that for all
B € Q, pm = a(gm) = a(gn) = Pn. Finally, m = n as the action on (2 is faithful. O

Since the action on 2 is transitive, it follows that the map constructed above is surjective.
As a consequence, we have:

Corollary 3. Any transitive and faithful action of a monoid M on a finite non-empty set €2
is equivalent to the action of M on some quotient eM /= by right multiplication, where e is
an idempotent on (M) and = is a right congruence on the M-set eM.

Note that the action of M on eM is the right Schiitzenberger representation, since eM
coincides with the R-class of e [21]. Corollary [3| highlights the need to develop a structural
study of the principal right ideals eM, for e idempotent in I(M). The next two results provide
useful information in this direction. The first one describes the maximal subgroup of M at
these idempotents and it states that, up to equivalence, there is a unique action of M by right
multiplication on such minimal cyclic sets.

Proposition 4 ([25, Proposition 3.3]). Let M be a monoid and e, f € E(I(M)). Then:
i) Ge =eMe.
ii) eM and fM are equivalents as M -sets.
iii) If f is an idempotent in |(M), then G and Gy are isomorphic.

Note that eM is contained in I(M) for all e € E(I(M)). However, the equality does not
hold in general as the following example shows.

Example 5. Let M be the monoid consisting on two left zeroes e and f and an identity
element. Hence, the ideal I(M) is given by the set {e, f}, which also coincides with the
idempotent elements in E(I(M)). The corresponding cyclic subset of e is given by the principal
right ideal eM = {e}, which does not contain f.

According to [25, Proposition 3.3], (M) is a disjoint union of the maximal subgroups G,
with e € E(I(M)). The following theorem is crucial for analysing transitive transformation
monoids. It shows that the principal right ideal eM, with e € E(I(M)), are disjoint unions of
isomorphic maximal subgroups as well. The next result easily follows from Rees’s Theorem
and Green’s Lemma [6]. We include its proof for the sake of completeness.

Theorem 6. Let e be an idempotent in |(M). Then:
i) The classes {Gem | m € M} form a partition of eM ;
ii) Gem has exactly |Ge| elements;
iii) If f is an idempotent in eM, then fe = e and ef = f. Moreover, for all g € G, fg = g;
w) If f is an idempotent in eM, it holds Gof = fMf = Gy;

v) Gem has exactly one idempotent.



Proof. Let g,h € G, myn € M and f € E(I(M)). If en € Gem, then Gen C Gem and
en = gm for some g € G.. Hence g-'n = ¢ 'gm = em. Thus, for all h € G., we have
that hm = hem = hg~'n € Gen. Therefore Gen = Gem and item i) follows. For item ii),
if gm = hm, we derive the equation geme = heme in G, = eMe. It follows g = h. Hence
G.m has exactly |G.| elements. For item iii), suppose that f € eM. Since G, = eMe, we
have that fe € E(Ge). Thus, fe = e and ef = f. For every element g € G, we have
fg = f(eg) = eg = g. For item iv), assume that f € eM. Then G.f = feMef C fMf. On
the converse, fMf =efMef C G.f. Finally, for item v), note that em € Gem and for every
natural number k > 1, (em)¥ = [(em)*~te]m € Gem. It follows that f = (em)* € E(G.m).
Then Gem = Gef. Assume there exists some g € G, such that ¢gf idempotent. Then
gfgfe = gfe. Since, by iii), fe = e, it follows that gfg = g. Hence gfe = gfgg ' = g9~ ' =e.
Consequently gfe = e. By iii), fe = e. Hence g = e and gf = f. Therefore G.m has exactly
one idempotent. O

The sets Gem are precisely the H-classes of eM [6]. The last theorem can be summarised
in the following equation

eM= |t Gy
feE(eM)
being all groups G, for f € E(eM), isomorphic to G.. Note that the action of M by right

multiplication on eM transforms H-classes into H-classes. This action is transitive but it is
not necessarily faithful as the next example shows.

Example 7. Consider any non-trivial group G whose identity element shall be denoted by e.
For a natural number n, we denote the minimum of ¢, j € n by min(é, j). The set M = G x n
is a monoid with the operation

(9,9)(h, 7) = (gh, min(, 7))

with g,h € G and 7,j € n, and unit element (e,n). It is straightforward to see that I(M) =
{(g9,1) | g € G} = G. The element (e,1) is the unique idempotent in I(M). Moreover, the
principal right ideal (e, 1)M coincides with I(M). The action of M on I(M) is transitive.
However, for n > 2, the action is not faithful.

Two interesting particular cases arise. We can consider the case where the maximal
subgroup G, of the minimal ideal I(M) is trivial and the case where |(M) is a group. In
the first one, eM is a union of idempotents and, in the second one, (M) has exactly one
idempotent e and (M) = eM = G..

Corollary 8. Let (2, M) be a transitive transformation monoid.

i) [25, Proposition 3.13] If G, is trivial for some e € E(I(M)), then (M) = eM, Q and
eM are isomorphic M -sets, and |(M) is the set of constant maps on Q.

ii) IfeM is a group for somee € E(I(M)), then M is a group. In particular, every transitive
transformation inverse monoid is a group.

Proof. For item i), assume that G is trivial for some e € E(I(M)). Then eMe = {e} and Gy
is trivial for all f € E(I(M)) by Proposition |4, By Theorem @, eM 1is a set of idempotents on
which M acts transtively and faithfully by right multiplication. Let o be an element in Qe.



Then ae = a. If 5 € €, there exists m € M such that § = am by transitivity. Therefore,
Be = ame = aeme = ae = «. Hence e is a constant map on €2, and the same is true for all
f € E(I(M)). In particular, f = ef and so (M) = eM. Since the congruence in Corollary
is the identity, it follows that {2 and eM are isomorphic M-sets. Finally, for item ii), suppose
that eM is a group. Then, the unique idempotent in eM is exactly e . By Theorem [6]
eM = G.. The monoid M acts transitively and faithfully on eM by Proposition [2] Since
eme = em = eml for all m € M, it follows that e =1 and eM = M = G, = I(M). O

To this matter recall that, if M is a transitive transformation inverse monoid, then (M)
is a group ([6], [23]).

Example 9. Consider the full transformation monoid on n elements T,. For j € n, denote
by ¢; the constant mapping to j, that is (k)s; = j for all k£ € n. The set ¢, = {s; | j € n} is
an ideal in T,. In fact, for f € T,, we have:

VSEESE Sif =<y -

Clearly I(Ty) = ¢y and G, = {e} for all e € E(I(Ty)).

On the other hand, it is clear that the identity morphism defines an action of T, on n
which is transitive and faithful. This action is called natural. By Corollary |8 I(Tn) = ¢;Tn
for all ¢; € I(Ty,), and the action of T, on I(T,) by right multiplication is equivalent to the
natural action. It shows an striking difference with S,: any transitive and faithful action of
Tn on a non-empty finite set is equivalent to the natural action (see [11, Theorem 10.3.1]).

Example 10. Let T3 be the full transformation monoid on 3 elements. Let N be the subset
of T3 containing all transformations whose image belongs to the set 2. N is a subsemigroup
of T3. Consider the monoid M = N'. Clearly the action of N on 3 is not transitive. Then
(M) = {s1,52} = 1M, and so G, is trivial for any idempotent e € I(M). However, the action
of M on I(M) is transitive but it is not faithful, as the mappings f and g given by

f:[1’2’1]7 92[1’2’2]

satisfy that f # g, but they have the same action on the elements of I(M).

1.3 A wreath product construction

For a monoid M having a transitive and faithful action on a set eM we can better describe
the structure of M through an embedding into a wreath product which heavily depends on
the partition of the right ideals e M studied before. Basic concepts about wreath products are
introduced in order to keep the paper self-contained. The work presented in this subsection
can be found in [2| 23]. The reader may consult [9, [15] for further results in group theory.
Let G be a group and let D be a monoid acting on a finite set of n elements. We can
assume this set isn = {1,--- ,n}. Consider the group G" of all functions from n to G on which
the monoid D has an action given by (j)(¥m) = (jm)y, with m € D, j € n and ¢ € G". We
define a binary operation on the set G" x D = {(¢»,m) | ¢»: n — G, m € D} as follows

(¥, m)(¢),m") = (@, mm’),  where (j)¢ = (j)¢(jm)¢".

Then it is straightforward to verify that, with respect to this binary operation, the set
G" x D is a monoid in which (¢, 1) is the identity element, where e is the identity of G, 1 is



the identity of D and (j)i. = e for all j € n. In general, we shall use ¢4 to denote the map
(4)¥g = g, for all j € n. We call G" x D the wreath product of G with D with respect to the
aforementioned action and we denote this monoid by G 1, D. It is also straightforward to see
that the projection (¢, m) — m is a surjective monoid homomorphism from G, D to D.

Let M be a monoid and let e be an idempotent in |(M). Assume that the action of M
on eM by right multiplication is faithful and transitive. By Theorem[6] {Gem | m € M} is a
partition of eM. Let E(eM) = {e,ea,- - ,e,} be the set of all idempotents of eM. Then M
acts on E(eM) in the following way: for m € M and e; in E(eM), e;m is defined to be the
unique idempotent in G.(e;m). This action is transitive, but it is not faithful in general (see
Example @) Let M be the quotient monoid of M over the kernel of the morphism M — T,
corresponding to the above action. This monoid is called Right Letter Mapping of M in
[2, 23, 25]. Clearly M has a transitive and faithful action on n. Moreover, by Theorem @,
e; acts as the constant function ¢; on n for all idempotent e; in eM, and every maximal
subgroup Ge; is trivial.

The following proposition is a particular case of [25, Corollary 3.18]. We have decided
to include a proof since it turns out to be crucial in our study of transitive transformation
monoids.

Proposition 11. The monoid M can be embedded in Ge 1y M.

Proof. We use the notation introduced above. Let m € M and e; € E(eM). Then, by
Theorem [0} there exists a unique element g € G, such that e;m = ge;s for some idempotent e;s
in eM. We denote the element g by (7)p., since only depends on e; and m. To simplify notation
we will denote the idempotent e; by the symbol i. Hence we have a map pp,: n — G.. We
denote the image of m in M by m. We define a map ¢: M — G 4y M by (m)é = (pm, m).

Let m' € M. We have ejmm’ = giej and ejm = gae;jn where g1,g2 € G and ejr,ejn €
E(eM). Then (j)pmm = g1 and (j)pm = g2. It follows gie; = eymm’ = goejpm’ and so
ey’ = gy gie;r. Therefore (j")pmr = (jm)pme = g3 'g1. Hence (})pmm: = ()pm(Gm)om.
It proves that ¢ is a monoid homomorphism.

Suppose (pm, M) = (pp, ). Let p be an arbitrary element in eM, then p = ge; for some
g € Ge and e; € E(eM). As m =, the cosets Ge(e;m) and Ge(ejm’) are equal. Therefore,
there exist an idempotent ej; € E(eM) and elements g1,92 € Ge with g(ejm) = giej and
gle;m’) = goejr. Thus, (j)pm = g g1 and (j)pm = g~ 'g2. Since (j)pm = (§)pny, it follows
that g = go. Hence pm = pm/ for all p € eM. Since the action is faithful, we have m = m/.
Consequently, ¢ is a monomorphism. ]

Note that M can also be embedded in G ¢, M for any other idempotent f € E(I(M)) and it
would immediately follow from Proposition [4 that this two embeddings would be isomorphic.
With the embedding considered in Proposition we can better describe elements of eM
as elements in the wreath product. Let p € eM. Then there exist elements g € G, and
e; € E(eM) such that p = ge;. Moreover, ejp = (ejig)e; = ge; for every e € E(eM) by
Theorem |§| iii). It follows that p corresponds to ¢j, the constant mapping to j in T,, and
pp = ¥g. Therefore [eM]p = {(g,5j) € Geltn M | g € Ge, j € n}. Now, if (¢,,5;) is an
element in [eM]¢ and (p,,,m) is an element in [M]¢, the multiplication is given by

(g, i) (Pm, M) = (Yy((G)pm) > Sim)-

Let n be a natural number and let N be a submonoid of T, containing all constant
mappings {; | j € n}. Then (N) = I(Tn) = {; | j € n}. Furthermore, let G be an arbitrary



group whose identity element shall be denoted by e. We define the following subset of the
monoid G, N

L={(¢g,5;) | g€ G, jen}

A simple calculation shows that the equation (t)g,<;) (¥, 1) = (¥gn,;7) holds for all pairs
g,h € G and j,7' € n. Thus, L is a subsemigroup of G, N. It is straightforward to see that
L is contained in the minimal ideal I(G 1, N). The set of all the idempotent elements in L is
given by E(L) = {(te,<;) | j € n} which is bijective to n. Moreover, fixing some element j in
n, the idempotent €; = (¢, ;) in L satisfies that Gz, = {(¢y,<;) | g € G} which is isomorphic
to G. It also holds that €;(G tn N) = L.

Combining some of the above results, we have:

Theorem 12. A monoid M is a transitive transformation monoid if and only if there exist
a group G, a natural number n and a submonoid N of T, containing all constant mappings
I(Tyn), such that M is isomorphic to a submonoid of the wreath product Gy N containing the
subsemigroup L = {(1g,5;) | g € G, j € n}.

Proof. Bearing in mind Proposition and the subsequent discussions, it is clear that only
the sufficency of the condition is in doubt. Assume that M is a submonoid of Gy N containing
L. If j is an element in n, the idempotent e; = (1e, ;) of L satisfies ;M = L. Consider the
action of M given by right multiplication on the subsemigroup L. As €; is an idempotent in
the minimal ideal, the action is transitive by Proposition |1} Let (£, p), (&', p") be two elements
in M such that

(@, 5jp) = (g, ) (&, p) = (Yg,5) (&, 0") = (¢, 5jp), for all g € G and j € n.

Then (k)¢ = (k)vbg(ke;)§ = g(4)€ and (k)¢" = (k)ibg(ks;)€" = g(5)€, for all k € n. Hence, £ =
¢ and p = p/. Thus, the action is faithful and M is a transitive transformation monoid. [

2 Transitive and faithful monoid actions

The main goal in this section is to describe all transitive and faithful actions of a monoid.
The following simple result provides the key to the study of transitive and faithful actions.

Lemma 13 ([25 Corollary 2.11]). Let M be a monoid and e € E(M). Every transitive and
faithful action of M on a set Q2 restricts to a transitive and faithful action of the monoid eMe
on (e.

An important fact about irreducible representations of a semigroup is that they can be
parameterised in terms of the irreducible representations of its maximal subgroups. This is a
consequence of the results of Clifford, Munn and Ponizovsky (see [0, Chapter 5]).

Our main objective in this section is to parameterise the transitive and faithful actions
of a monoid M in terms of transitive and faithful actions of the maximal subgroups at each
idempotent in I(M).

We begin with a preparatory result that is a direct consequence of Theorem [6] The first
part of this theorem can be found on [II, Theorem 10.4.1]. We have include it for the sake
of completeness.
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Proposition 14. Let M be a monoid and let e be an idempotent in |(M). If H is a subgroup
of Ge, {z1, -+ ,z,} is a transversal of H in G. and {e,ez--- ,e,} is the set of idempotents
of eM, then

1. The set = {Huxe; | 1 <i<r, 1< j<n} forms a partition of eM. The monoid M
acts on H by right multiplication and this action is transitive.

2. FEvery transitive action of M is equivalent to a transitive action of M on a quotient of
an M-set H.

3. Every transitive and faithful action of M is equivalent to a transitive action of M on a
quotient of an M-set H with Coreg, (H) = 1.

Proof. 1f {x1,--- ,x,} is a transversal of H in G., then {Hz; | 1 < i < r} is a partition of
Ge. By Theorem|6] if {e,e2 -+ ,e,} is the set of idempotents of eM, then {Gee; | 1 < j <n}
is a partition of eM, and every G.e; is bijective with G.. Consequently H = {Hz;e; | 1 <
i <r, 1<j<n}isa partition of eM of rn elements. It is clear that M acts on H by right
multiplication. This action is transitive because the transitivity of the action of M on eM.

Assume that M has a transitive action on 2. Consider an element o € ) and the mapping
from eM to (2 that sends em € eM to aem. This mapping is a surjective morphism of M-sets.
Moreover, for the subgroup H = {h € eMe | ah = a} of G, we have that the associated
partition H lies in the kernel of this morphism. This proves Statement 2.

Assume now that the action described in Statement 2 is faithful. Then the restriction
of the action of eMe on Qe is faithful by Lemma Consequently, the stabilizer of ce is a
core-free subgroup of Ge. O

According to Corollary [3| and following the results presented in Proposition the de-
scription of the right-congruences on the M-set H is of interest.

Definition 15. Bearing in mind the notation introduced in Proposition [14] and the partition
described there, we define an equivalence relation ~*, for each i € {1,---r}, in the set n =
{1,---n} as follows:

J ~' i e Hzi(j)pm = Hwi(j/)Pm for all m € M,
where p,, is the map introduced in the proof of Proposition Recall that (j)pm = ejme.

Note that this family of equivalence relations does not depend on the choice of the transver-
sal. Moreover, another choice of a minimal idempotent f in (M) would lead to the same
definition up to an ordering in the set of indices. That is, the family of equivalence relations
only depends on the given subgroup.

Assume that a monoid M has a transitive and faithful action on a set Q. Let e € E(I(M)).
By Proposition 2] M has a transitive and faithful action on eM by right multiplication. If we
consider a submonoid of a wreath product as in Theorem [I2] the last family of equivalence
relations can be further described as follows.

Proposition 16. Let G be a group with identity e, let n be a natural number, and let N be a
submonoid in T, containing all constant functions |(Ty,). Let M be a submonoid of the wreath
product monoid Gy N containing the subsemigroup L = {(1g,5;) | g € G, j € n}. Let H be
a subgroup of G and fix some transversal {z1,--- ,z,} of H in G, then

jot i e forall (v,p) € M, Hx;(j)p = Hai(5).

11



Proof. From Proposition we have the following equations (¢, <;)(1,p) = (¥(jyy, Sjp) =
(Vi) 1) (Ve Sjp)- O

Theorem 17. Let M be a monoid having a transitive action on a set €2 such that the restricted
action of G, on Qe is equivalent to the action of G on the right cosets of a subgroup H of
Ge. Let T ={x1, -+ ,x,} be a right transversal of H in G, and let {e,ea--- ,e,} be the set of
idempotents of eM . The right congruence = that defines the M-set €2, is a right congruence
on the set H = {Hxze; | 1 <i<r, 1< j < n} satisfying the following statements:

i) If Hxie; = Hxyej, i.e, Hrie; and Hxyej are both contained in the same =-class, then
i=1 and j~"j;

i) If Hxie; = Hazejy and m € M, then Hxy(ejm) = Hay(ejm), with () pm € Hxy,.

Every equivalence relation on the set H satisfying Statements i) and ii) is a congruence
on the M-set H whose action is transitive and whose restriction to G, is equivalent to the
action of G. on the partition {Hz; | 1 <i <r}.

Proof. Since the action restricted to G, on €. is equivalent to the action of G, on the right
cosets of H, there exists a € Qe such that H = {h € G, | ah = a}. By the proof of
the Statement 2 of Proposition the right-congruence = defining the M-set € is a right-
congruence on the set H.

Since the restricted action of G, on e is equivalent to the action of G, on the right cosets
of H < G, we have that Hr; = Hx;e = Hxye = Hxy if and only if ¢ = 4/,

Assume Hxjej = Hxyey. Then Hrjeje= Hxyeje that is Hr; = Hxy and 1 = i’. More-
over, let m € M, Hziejm = Hxi(j)pm(ejm) and Hxzeym = Hxi(j') pm(ejm) are contained
in the same =-class and arguing as before, we have that Hx;(j)pm = Hzi(j')pm, that is,
j ~* j'. This proves Property i).

Let k € {1,---,r} be such that x;(j)pm € Hxy. Then Hxy(ejm) = Hxp(eym) and Prop-
erty ii) holds.

Conversely, an equivalence relation satisfying Statements i) and ii) is a right congruence
on H. The action of M on the quotient, say €2, is transitive and Qe = {Hz; | 1 <i <r}. The
action of GG, on this set is the desired action. O

The proof of Theorem depends on the construction of a surjective morphism from
eM to Q. To do so, we choose an element a € e and use the map : eM — () defined in
Proposition |2l Any other choice of the element in Qe would lead to the same construction.
This is due to the following:

Proposition 18. Let ¢: Q — T’ be an injective morphism between the M-sets Q) and ', let e
be an idempotent in (M) and let o be an element in Qe. Then Stabeps(a) = Stabeas(¢p(ar)).

We apply the above result to a concrete example.

Example 19. For the set 5= {1,---,5}, consider the following submonoid of Ts :
M ={feTs| fi123 €Su23, 4)f=(2)fand (5)f=(3)f} U
{9 € Ts | gjp1a5) € Squasy (4)g=(2)g and (5)g = (3)g} U {ids}.

Every element f can be labelled as f, with o € Sg; 53y, and every g can be labelled as g,
with 7 € Sy 45y, where fi(123) = 0 and g|f1 453 = 7. Clearly M has a transitive and faithful
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action on 5. Moreover, |(M) = M \ {ids}, and it has two idempotents, f; and g;. Note that

fiMfi 2 1Mg; = Ss3. For the element 1 € (5)f;, we have that the action of M on Q is

equivalent to the action of M on f; M /=, where = is the congruence given by
=={(m,m)e M| (1)m=(1)m'}.

Furthermore, if we define N = [fi]= = {m € M | (1)m = 1} and H = N f;, we have:

N = {f1, f2,3), 91, 945 }> H={f1, fo,3}
A set of transversals of H in Gy, could be {f1, f(1,2), f(1,3)}, thus fiM can be partitioned as:

H  Hfaz  Hfug
Hgy Hfu29 Hfazo

Note that H and Hg; lie in the same =-class. The other 4 blocks form a =-class on
themselves. With such quotient, we recover the original action on 5.

H | Hfug Hfugs)
Hgi | Hfa2o | Hfgz9n

Theorem 20. Let M be a transitive transformation monoid, let e € E(I(M)), let E(eM) =
{e,ea, - ,en}, and let H be a subgroup of G.. Assume that T = {x1,--- ,x,} is a transversal
of H in Ge and | - | is a partition on set H = {Hzie; | 1 < i <r, 1 < j < n} satisfying
Statements i) and ii) of Theorem . The congruence defines a faithful and transitive action
if, and only if, the following statements are satisfied.

M =

hiM/= =

ii1) H is a core-free subgroup of G,
w) For each pair ej,ej there exists some x; € T with [Hxie;] # [Hxiej].

Proof. Assume that the congruence induces a faithful and transitive action. From Lemmal[T3]
it follows that G, has a transitive and faithful action on H. Consequently, H must be a
core-free subgroup of G. and Statement iii) holds.

Let e; and e; be elements of E(eM ). Suppose that [Hze;] = [Hxiey ], for every 1 <i <.
Then, for every class [Hx;ei|, we have that

[Hmiek]ej = [Hxiej] = [Ha:iej/] = [Ha:iek]ej/.

Since the action is faithful, we have that e; = e; and Statement iv) holds.

Conversely, assume that the congruence | - | satisfies Statements iii) and iv). Let us prove
that the action of M on the quotient is faithful.

Let m,m’ € M be such that [(Hz;e;)m] = [(Hz;e;)m'] for all x; € T, ej € E(eM). Then
[Hzi(j)pm(ejm)] = [Hai(j)pny (€;57)]. To this regard, note that (j)pm, (j)pm: € Ge, e;m =
(7)pmejm, e;m' = (j) P € - Statement i) of the characterization given in Theoremyields
Hzi(§)pm = Hzi(j)py for all z; € T. Then (()pm)((j)p,) € Coreg, = {e}. Consequently,
Pm = Pm/-

Let ej € E(eM) and x, € T. Then there exists ; € T such that Hz;(j)pm = Hxy. Hence
[Hryejm]) = [Hapejm]. Statement ii) of the characterization given in Theorem (17| implies
that ejm = ejz. Since the action of M on E(eM) is faithful, it follows that m = m'. The
embedding of Proposition [11] yields m = m’.

Therefore M acts transitively and faithfully on the quotient by [ - ]. The proof of the
theorem is now complete. O

13



Corollary 21. Let M be a transitive transformation monoid. If G. is trivial for some idem-
potent e in |(M), then M has a unique transitive and faithful action up to equivalence.

Corollary 22. Let M be a transitive transformation monoid. Let e € E(I(M)), and let H be
a core-free subgroup of G.. Then M has a transitive and faithful action that restricts to the
action of G. on the right coset space of H in G, by right multiplication.

Proof. Let {x1,---,x,} be a transversal of H in G, and let {e,e2, - ,e,} be the set of
idempotents of eM. The action of M on H is transitive and faithful and recovers the original
action of Ge on {Hx; | 1 <i <r}. O

The induced functor introduced by Steinberg in [25] clearly corresponds with the parti-
tion described in Corollary Our main goal now is to give a criterion for two M-actions
determined in Theorem [20] to be equivalent. In the following, we assume that M is a monoid
satisfying the statements of Theorem

Proposition 23. Let [ - | be a equivalence relation on the set H satisfying the statements
of Theorem [20, Then Stabey([H]) = [H] and Stabg, ([H]) = [H] N Ge = H. Moreover,
Stabeas([Hzg))e = Stabg, ([Hz;i]) = H™, for 1 <i<r.

Proposition 24. Let [ - |1, [ - ]2 be two equivalence relations on the set H satisfying the
statements of Theorem [20} Let ¢: [ -]1 — [ - ]2 be a bijective morphism of M-sets. Then
®([H]1) = [Hx;)2 for some transversal x; of H in Ge.

Proof. Assume that ¢([H]1) = [Hz;ej]2 for some idempotent e; € eM. As [H|;e = [H];, then
[H:L‘iej]g = [sz]g ]

Proposition 25. Let [ - |1, [ - ]2 be two equivalence relations on the set H satisfying the
statements of Theorems[17 and[20. Let ¢: [ - |1 — [ - |2 be a bijective morphism of M -sets
with ¢([H]|1) = [Hz;]2, then x; € Ng, (H).

Proof. Applying Propositions (18| and we have [H]; = Stabea([H]1) = Stabeas([Hzs)2).
Thus H = [H]ie = Stabep([Hx;)2)e. By Proposition [23| on Stabilizers, Stabeps([Hzil2)e =
z; 'Stabg, ([H]2)x; and Stabeys([H]2)e = H. Consequently, x; € Ng, (H). O

We close our treatment of transitive transformation monoids with an example showing
how we can use Theorem [20| to construct non-equivalent transitive and faithful actions of M
that restrict to a given transitive and faithful action of G..

Example 26. Let G = S3 be the symmetric group of order 3. We will denote the identity
in G by e. Let 2 = {1,2} be a set with two elements and let N be the submonoid of Tj
containing the identity and the two constant functions, that is N = {15,¢1,¢2}. Consider the
following submonoid of the wreath product:

M ={(Yg,5;) | g€ G, j €2} U{(pe,12)} <G 0 N.

In this example, (M) = {(¢g,5;) | g € G, j € 2} and E((M)) = {e1 = (Ye,61),€2 =
(Ye,s2)} = E(é1M). The maximal subgroup of M at €; is isomorphic to G. Let H =
{e1, (23),51)} < Gy, and let {z1 = €1, x2 = (Ya9),51), 23 = (Ya,3),61)} be a right

transversal of H in Gg . In this case, all the relations ~' for i = 1,2,3 are total. The
following seven equivalence relations on the set H = {Hz;e; | 1 <i <3, 1 < j < n} satisfy

the statements of Theorem RO
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H Huxo Hzxs
H/G\Q H:L'Q/S\Q Hl‘gé\g

H Huxo Huxsg H Huxo Huxsg H Haxo Hxs
Hé\g HSUQé\Q Hﬂ?gé\Q H/G\Q H.%‘QE\Q Hﬂfgé\g H/e\g Hﬂ?gé\g H.’Egé\g
H Huxo Huxsg H Haxo Huxs H Haxo Haxs
Hey | Hxoey | Hxsen Hey | Hxoes | Hxses Hes | Hxoes | Hxses

The partition on the top corresponds to the induced action on H. Applying Theorem
we have that M has a transitive and faithful action on each of the seven quotient sets, and
each action restricts to the action of G, on H by right multiplication. Recall that not every
quotient of the induced action satisfies this property (consider the extreme case when every
coset Ha;e; lies in the same | - ]-class). Since Ng, (H) = H, we can apply Proposition
to conclude that these actions are not equivalent. Moreover, in this particular case, M is
isomorphic to submonoid of all three transformations monoids T4, Ts, and Tg.

3 Primitive monoid actions

Following [25], an action of a monoid M on a set (2 is said to be primitive if it admits no non-
trivial proper congruences. This is to say that if the action is primitive, then every congruence
on  must be equal to the diagonal relation, denoted by Aq = {(a, 8) € A x Q | a« = B}, or
to the total relation, denoted by Vo = 2 x Q.

Primitive groups actions are completely characterised in terms of core-free maximal sub-
groups. We reproduce here this well-known and important result.

Theorem 27 ([3, Theorem 1.1.5]). Let G be a group. The following statements are equivalent:
i) G is a primitive permutation group.
ii) There exists a core-free maximal subgroup of G.

The main aim of this section is to describe and characterise primitive transitive transfor-
mation monoids. If || < 2, every action on € is primitive, so we shall assume in the sequel
that |Q2] > 3. In general, primitive actions are not transitive as the following example shows.

Example 28. Consider the submonoid M of T3 generated by the transformations [1, 1, 2], and
[1,3,1]. The monoid M contains 6 elements and its minimal ideal is given by (M) = {[1, 1, 1]}.
The action of M on 3 is primitive as any congruence containing a pair of different elements
is equal to the total relation. However, this action is not transitive as 2M = 3M = 3, but
1M ={1}.

Throughout this section, M will denote a monoid having a transitive and faithful action.
Let e € E(I(M)). Write E(eM) = {e1,ea,---en}. Let H be a subgroup of G, = eMe. If
T ={e=ux1, - ,x,} is aright transversal of H in G, let H= {Hzse; |1 <i<r, 1 <j<n}
be the associated partition of eM.

Theorem 29. Assume that | - ] is a congruence on the M-set H satisfying the statements of
Theorem[17. If H # Ge, and the action of M on [ - | is primitive, then [Hze;] = [Haxiey] if
and only if j =~ j', for all i € {1,--- ,r}.
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Proof. Let i € {1,---,r}. Only the sufficiency condition is in doubt. Consider the following
equivalence relation ~ on the set {Hz;e;}:

Hziej ~ Hxyey if and only if i=1i and j ~° j'.

By Theorem the equivalence relation associated to the partition [ - | is contained in
~. Therefore ~ induces an equivalence relation on the partition [ - |. We show that ~ is a
congruence. Let Hx;e; ~ Hx;ej and m € M. Then:

(Hzie;)m = Hxyp(ejm) with () pm € Hay;
(Hxiej/)m = ka(ej/m) with :L'i(j/)pm € Hxy,.

Let m’" € M. According to the proof of Proposition it follows the equation (j)pm (JM)pry =
(7)pmm. Hence

ka(jm)Pm’ = sz(])ﬂm(]m)pm’ = Hxi(j)pmm’
= sz(],>pmm’ = sz(]/)pm(jlm)pm’

Therefore (Hx;ej)m ~ (Haxiejy)m. Then ~ is a congruence on the primitive M-set [ - |.
Moreover, |T| = |Ge : H| = |Qe| > 2. Hence there exist x; # xy € T such that [Hz;e] and
[Hxye] are not ~ -related. By primitivity, ~ coincides with the diagonal relation on partition
[ -]. Hence j ~ j’ implies [Hxz;e;] = [Hxiej] O

We derive now some interesting consequences of Theorem

Corollary 30. Two primitive and transitive actions of M satisfying that the restriction of
the action of M to eMe is equivalent to the action of G, by right multiplication on the coset
space of H are equivalent.

Corollary 31. Suppose that the action of M on € is transitive, primitive and faithful, and
|Qe| > 2. Then if e; # ej € eM, there exists x; € T such that j #* j'.

Theorem 32. Assume that the action of M on Q is faithful, transitive and primitive and
|Qe| > 2. Let [ -] be a congruence on H defining this action and satisfying that the restriction
to Ge on Qe is equivalent to the action of G. on the set of right cosets of H. Then, for all
ej # eji € eM, there exist finite sequences (x;,);_; and (e;,)iX} of elements in T and E(eM),
respectively, such that

Jom g gy i it s =
Proof. We consider the following binary relation = on H:
Hziej = Hzypep if and only if 3k € {1,---,r} with j ~F j/

If [Hzie;| = [Hzxiej], then j ~' j'. This means that [ - ] is contained in = and so = induces
a binary relation on [ - |.

Let < be the transitive closure of =. Thus, < is a binary equivalence relation on [ - |. We
prove that < is a congruence. Let m € M and suppose that [Hz;ej] = [Hxyey]. Then there
exists some k € {1,---,7} with j ~* j'. By Theorem we have [Hx(ejm)] = [Hxi(ejm)]
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with zypm(j) € Hz;. Hence jm ~' j'm and [(Hazie;)lm = [(Hziej)m] = [(Hzyej)m] =
[(Hxyej)|m.

The primitivity of M implies that either < is the diagonal relation or < is the total
relation. Moreover, |T| = |G, : H| = |Qe| > 2. Therefore, there exists z € T such that

x ¢ H. Then [H] and [Hz] are two different =- related elements of | - |. Consequently,
< is the total relation on [ - |. Thus, for any pair of idempotents e;,e;, there exist finite
sequences (x;,);—, of T and (ejt)fill of eM such that j; = 7, js+1 = 7' and j; ~* jiyq for all
t=1,-- s 0

Theorem can be better understood as follows: let I' = (E, D) be a graph whose set
of vertices is the set of idempotents in eM. Two idempotents e; and e;- are connected by an
edge in D if there exists some transversal z; € T' for which j ~' j’ holds. Theorem |32]implies
that I' is a connected graph.

One of the first consequences of the last theorem is that in a monoid M with more than

one idempotent in eM, no induced action, in the sense of [25], can be primitive.

Corollary 33. If |E(eM)| > 2, for any subgroup H in G, the corresponding induced action
cannot be primitive.

Proof. We cannot find a sequence as in Theorem [32|relating He and Hes, for different idem-
potents e and es. O

We bring the first part of this section to a close with a nice consequence of Theorem
It reveals another strikking difference between group actions and monoids actions.

Corollary 34. Let M be a transitive transformation monoid whose maximal subgroup G is
a non-trivial nilpotent group, for some idempotent e in |(M). Then M has a primitive action
if and only if M is a cyclic group of order prime.

Proof. If M is a cyclic group of order prime then M is primitive by Theorem Thus, it
has a primitive action. On the converse, assume that M has a primitive action. Assume
towards a contradiction that E(eM) contains more than one idempotent, that is E(eM) =
{e,ea,--- ,en}. Since G, is a non-trivial nilpotent group, the subgroup H must be equal
to {e} and so |Qe| = |G| = r > 2. By Corollary the action of M on  is necessarily
equivalent to

e J;Q “ .. xr
€2 | T2€2 | - Tr€2

eM = = 0O
en | xaen | -+ | TrEp

This configuration contradicts Theorem Therefore, E(eM) contains a unique idempo-
tent which must be equal to e. It follows that eM is a group and by Corollary [8, the monoid
M is equal to G.. Thus, M is a primitive non-trivial nilpotent group. By [0, Chapter A,
Theorem 8.3] M is a cyclic group of prime order. O

Corollary 35. If |Qe| = 2 for some idempotent e in |(M), then the action of M on Q cannot
be primitive.
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Proof. Note that |G, : H| = |Qe| = 2. Then H is a normal subgroup of G, and so H = {e}.
In particular, G, is a cyclic group of order 2. Assume towards a contradiction that the action
on {2 is primitive then, by Corollary [34] the monoid M is equal to the cyclic group of order 2.
Moreover, for e € I(M), we have eM = M = G.. Consequently, the action on € is equivalent
to eM/] - | for some congruence | - |. Note that || > 3, whereas |[eM/] - ]| < 2. Therefore,
the action cannot be primitive. ]

Having identified some of the natural properties of the primitive transitive transformation
monoids, we are led naturally to inquire about characterisation results. Having seen that
transitive permutation groups play an important role in the study of transitive permutation
monoids, it is reasonable to think that primitive permutation groups play a similar role in the
study of primitive transitive transformation monoids. The first indication that this is true
follows from the following lemma.

Lemma 36 ([25, Proposition 5.2]). If the action of M on Q is primitive and e is an idempotent
on M, then the action of eMe on Qe is primitive.

Of course, the interesting case is when e € I(M). In this case, H is a core-free maximal
subgroup of G, that is, G, is a primitive permutation group. The converse of Lemma
does not hold as the following example shows.

Example 37. Let G be a group having a maximal core-free subgroup H. Let e be the
identity of G. By Theorem [27| the action of G on © = {Hg | g € G} by right multiplication
is primitive. For a natural number n, consider the monoid M we constructed in Example
from the cartesian product G x n. The monoid M acts on the set 2 = © xn by (Ha,i)(b,j) =
(Hab, min(3, j)). The restriction of this action to G'= G, 1) is primitive as it is equivalent to
the action of G on ©. However, for n > 2 the set {2 admits a non-trivial congruence - given
by (Hg,i) «~ (Hg',i') if and only if Hg = Hg'.

In the first part of this section, we have established some results which, when taken
together, give a rather good picture of the structure of a primitive transitive transformation
monoids in which |Qe| > 2. If |Qe| = 2, the action cannot be primitive. Hence, we must
consider two different cases: |Q2e| > 3 and |Qe| = 1.

3.0.1 Casel- Qe >3

Theorem 38. Assume that M has a faithful and transitive action on € for which the restric-
tion of G on Qe is equivalent to the action of G on the set of right cosets of H. Let [ -] be
the congruence on H defining this action. Assume that |Qe| > 3. Then the action of M on £
is primitive if and only if the following statements hold:

i) H is a core-free maximal subgroup of Ge;
i) [Hxiej| = [Hxiep) if and only if j =~ j' for alli € {1,--- ,r};

iii) for all e; # ey € eM, there exist finite sequences (;,)5_, and (e;,)it} of elements T
and E(eM), respectively, such that

. S SN Lis—1 ; ~Uds . Y
=1t o Tl go e goy =)
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Proof. Keeping in mind the previous results, it is clear that only the sufficiency of the condi-
tions is in doubt. Assume that M has a faithful and transitive action on the quotient by [ - |
and satisfies Statements i) to iii). We prove that this action is primitive.

Suppose there exists a proper congruence = relating two distinct classes [Hz;,ej,] and
[Hzyej]. Hence the classes [Hx;,le = [Hw;y) and [Hay le = [Hay | are = -related.

Assume that i = i. Since [Hwjej,] and [Hzj ey | are distinct classes, there exists an
element m € M with Hzy, = Hxi, (Jo)pm # Hxiy(J))pm = Hayy . Again, as = is a congruence
relating [Hz;oej,| and [Hz ey ], multiplying by me, we conclude that [Hxy,| and [Hzy ] are

= -related.

In both cases, we conclude that a pair of classes [Hxy,] and [Hay, | are == -related for some
pair of different elements xy, and @y of T.

Thus, the action of M restricts to the action of G, on the coset space of H in G by
right multiplication. This action is primitive because H is a core-free maximal subgroup of
G. Hence [Hz;] = [Hzy] for all 4,7 € {1,---,r}. We conclude [Hzje;] = [Hzye;] for all
i,i' € {l,---,r}and 1 < j < n.

Let [Hxzie;] and [Hzyej] be two arbitrary classes with j # j/, then there exists a finite
sequence of elements (z;,);_; of T and a finite sequence of idempotents (ej,)iT1 of eM satisfy-

ing j = ji ~" jo =2 ... et g s Gy = 50 The condition j; ~% jiyq implies [Hw;,e;,] =

[Hxj,ej,,,] for all t = 1,---s. Hence [Hxjej,| = [Hwiej,] = [Hxiej, | = [Hxyej,, ). The
existence of the above chain implies that [Hz;e;] and [Hzyej] are =-related. Thus, = is
necessarily the total relation. The proof of the theorem is now complete. ]

Theorem 39. Let M be a transitive transformation monoid such that G is non-trivial. Then
M has a faithful primitive transitive action on a set £ if and only if there exists a maximal
core-free subgroup H of G, such that the relations ~ defined by H on the set of idempotents
of eM satisfy the following statements:

i) for all ej # eji € eM, there exist finite sequences (x,)5_, and (ej,)it] of elements of T
and E(eM), respectively, such that

J=giot ool oot G =
i) for all ej # ey € eM, there exists x; € T with j oL

Proof. If there is a faithful and primitive action, the above statements follow immediately
from Theorem [32 and Corollary

Conversely, assume that M is a transitive transformation monoid such that G, has a core-
free maximal subgroup H satisfying the statements of the theorem. Let | - | be the equivalence

relation in A:
-/

[Hziej| = [Hziej] if and only if  j =~

It is clear that [ - | satisfies Statement iii) of Theorem [20] We shall see that it also satisfies
Statement iv). To this end, let m € M and let [Hz;ej] = [Ha;e;]. It holds

Hzxieym = Hxi(§)pm(ejm), and  Hzieym = Hxi(j') pm(ejm)
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As j ~' j', we have Hxipy,(j) = Hxipy(j') = Hxp. We need to check that jm ~F j'm.
Let m/ be an element in M, it holds

Hzxy(jm) pmr = Hzi(§) pm () prr = Hxi (§) promy =
= H-Ti(j/)pmm’ = Hfi(j/)ﬂm(j/m)ﬂm’ = ka(j,m)pm’ (]lm)

It follows from Theorem [20| that M has a transitive and faithful action on [ - |. Moreover,
this action satisfies conditions of Theorem Consequently, M has a primitive, transitive
and faithful action on [ - |. O

Constructing primitive actions

In this subsection we provide a method to construct primitive transformation monoids by
means of primitive permutation groups. The reader should note that the wreath product
construction studied in subsection [L.3] is an effective one. We will follow the notation intro-
duced there.

Theorem 40. Let G be a primitive permutation group. For any natural number n and any
submonoid N of T, containing all the constant mappings, there exists a submonoid M of
G in N such that M has a primitive, transitive and faithful action, the maximal subgroups at
every idempotent in the minimal ideal of M are isomorphic to G, and the restriction of the
action of M to these mazimal subgroups coincides with the primitive action of G.

Proof. Let H be a core-free maximal subgroup of G. Let us denote the identity element in
G by e. Let n be a natural number and let N be a submonoid of the full transformation
monoid T, containing the set I(T,) of all constant mappings on n. In this case, I(N) =
I(Tn) = {s; | 7 € n}. As in subsection we consider the subsemigroup L of G, N given by
L ={(¢g,55) | g € G, j € n}. Finally, consider the set

S ={(¢,¢;) | there exists g € G such that for all k € n, (k)y € Hg, j € n}.

We claim that S is a subsemigroup of G !y N. In fact, let (¢,¢;) and (¢,¢;) be two
elements in S. Let g and ¢’ be the elements in G satisfying that, for all & € n, the equations
(k)Y € Hg and (k)y' € Hg' hold. The product of (¢,¢;) and (¢',<;) in S is given by

(¥, ) (W' ) = (@,50), where (k)p = (k)¢ (k;)y"  for all k € n.

Note that k¢; = j and (k) = (k) (j)¢’. Moreover, (j)y' = hg' for some h € H. Hence, for
all k£ € n, we have

(k)p = (k) (ksj)y" € Hghg'.

Let M = S'. Clearly, M is a submonoid of G 2, N containing the subsemigroup L. By
Theorem M has a transitive and faithful action on L by right multiplication and G is
isomorphic to the maximal subgroup of M at each idempotent of I(M). Clearly, the restriction
of the action of M to G is just the action of G on the right coset space of H in G by right
multiplication. Consider the |G : H| equivalence relations ~' defined on n = {1,--- ,n}. By
Proposition we have that k ~! k" if and only if H(k)y = H(K')y, for all (¢,¢;) in M.
Hence ~! is the total relation on n and it fulfils the condition stated in Theorem [32l Let
us check if it also satisfies Statement ii) in Theorem Let h # e be an element in H,
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there exists a coset Hx; such that h ¢ H* as Coreq(H) = {e}. Hence, Hx;h # Hx;. Let
k, k' be two arbitrary elements in n and let (¢, ¢;) be an element in M such that (k)Y = e
and (k")) = h. As Hx;(k)y # Hz;(k'), then k 2° k'. By Theorem M is a primitive
transformation monoid. ]

We close our treatment of primitive monoids with an example showing how can we dis-
criminate which actions of a transitive transformation monoid are primitive.

Example 41. Let G = S3 be the symmetric group of order 3. We will denote the identity
in G by e. Let H be any subgroup of G of order 2, hence |G : H| = 3. Let 2 = {1,2} be a
set with two elements and let N be the submonoid of T, containing the identity and the two
constant mappings, that is N = {15,¢1,¢2}. Consider the following submonoids of the wreath
product G o N:

L=A{(tg, i) 19 € G, je2};
S ={(¢,5j) | there exists g € G such that for all k € 2, (k)Y € Hg, j € 2}.

The monoid M = S contains L. By Theorem M has a transitive and faithful action
on L. In fact, for the idempotent €1 = (¢¢,<1), we have e M = L. Therefore €; M has only
two idempotents, €; and €3 = (¢, <2). The maximal subgroup of M at ej is isomorphic to
G. Let {z; = €1, 2,73} be a right transversal of H in Gg. In this case, ~! is the total
relation, whereas ~? and ~3 are equal to the diagonal relation. The following two equivalence
relations on the set H = {Hx;e; | 1 <i <3, 1 < j <2} satisfy statements of Theorem

H ng H.%’g H Hl’g H(L‘3
Hé\g HCCQ??\Q H.Tgé\g H/E\Q Hl’gé\g H:L'gé\g

The partition on the left corresponds to the induced action on H which cannot be primitive
by Corollary The action on the right is primitive as it corresponds to the action we
constructed in Theorem

3.0.2 Case2- |Q¢|=1

Assume that M has a primitive action on Q. If |Qe| = 1, then H = G, = {e}; Moreover,
condition || > 3 implies n > 3. By Corollary there is only one action of M on 2, up to
equivalence.

eM :’6‘62""‘671‘% Q.

Moreover, M = M and M is isomorphic to a submonoid of T,, the transformation monoid
on n elements. Applying Corollary 8] eM = I(M) and I(M) is the set of constant mappings
Gj, for j=1,---,n.

Due to the nature of this case, we have not found a complete characterisation of such
monoids. Of course, the natural action of the full transformation monoid T, on the set
n={1,---,n} is always primitive. However, we have found many submonoids of T, having
also primitive actions on n. A first attempt in GAP4 [12] for n = 3, the smallest possible
case, returned several submonoids of T3 with primitive, faithful, and transitive actions on
3. At least we found monoids of size 6, 8, 9, 10, 11, 12, 13, 16, 17, 22, 23, 24, and 27 with
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this property. The description of this kind of monoids seems intractable with the current
techniques, and therefore it remains as an open question.

However, there still quite a bit of structure for these type of monoids based on the study
of the possible ranks of the elements of M as a submonoid of T,. We hope that our next
results could help in future characterisations.

On the study of ranks

Let M be a monoid having a primitive, transitive and faithful action on a set with n elements.
Suppose G, is trivial for some idempotent e in I(M). Assume towards a contradiction that
M = 1(M)* = I(M) U {1}, then for j # j', the relation

AeM/E U {(ej7 ej’)v (ej/7 ej)}

is a non-trivial congruence on e M /=. As the action is primitive, this congruence must be equal
to the total relation V.7/=, which implies that eM has only two idempotents, contradicting
the fact that n > 3. Hence, there exists an element m € M, different from the identity 1,
with rank(m) > 1 (as a mapping of T,,).

This argument, based on the rank of the elements on M, can be extended to more general
situations. In order to obtain refinements of the above argument, we will introduce further
concepts. Denote the set of all two-sided ideals in M by Z(M). It is clear that (Z(M), Q)
is a finite partially ordered set by inclusion. It has a lower bound given by I(M), whereas
M itself is an upper bound in Z(M). Moreover, it is closed under finite intersections. The
product of two ideals I, J € Z(M) given by IJ = {ij | i € I, j € J} is an ideal. It satisfies
)£ 1IJCINJ. Let ® be an arbitrary M-set and let I be a two-sided ideal of M. We define
the I-center of ®, denoted by Z;(®) to be a new relation in ® defined as follows

(o, B) € Z;(®) if and only if Vm,n € I (aem = an < Sm = n)

Proposition 42 ([4]). The center Z;(®) of an M-set ® is a congruence in ® for every ideal
I in M.

As expected, the center congruences reverse inclusions.
Proposition 43. Let I,J be two ideals in M with I C J, then Zj(®) C Z;(P).

If the transitive and faithful action of M on 2 is primitive, then either Z;(2) = Agq or
Z1(Q2) = Vq, for every ideal I € Z(M).

Proposition 44. If |Qe| = 1 for some idempotent e € I(M), then Z;3)(2) = Vaq.

Proof. Applying Corollary (8| eM = |(M) and (M) is the set of constant mappings on g;
on (2, for j = 1,--- ,n. It follows that all elements in Q are related in Zj;7)(£2). Therefore
Zin)(Q) = V. O

In fact, last condition characterises |(M). It will follow from the following Lemma.

Lemma 45. Let M be a monoid having a primitive, transitive and faithful action on Q.
Assume that |Qe| = 1 for some idempotent e € |(M). For an ideal I of M, the following
statements are equivalent:

i) I contains an element m with rank(m) > 2;
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i) Z1(Q) = Aqg.

Proof. Assume that Z;(Q) = V. Then for all , 5 € Q and all p, ¢ € T the following equation
is satisfied

ap = aq if and only if Sp = Sq.

Fix some a € Q. Recall that m and ¢4, are elements in I, and the equation am = a(sam)
holds, therefore fm = B<am for all § € Q. As the action is faithful, we conclude m = ¢y,
contradicing the fact that rank(m) > 2. Hence, Z;(Q2) = Aq. On the other hand, assume I
does not contain any element m with rank(m) > 2. Then I = (M), which contradicts the
assumption Z;(2) = Aq. O

Whereas the minimum ideal |(M) is mapped to a maximal center (in fact, it is mapped to
the greatest possible congruence), all the other ideals are mapped to the minimal center (in
fact, they are mapped to the smallest possible congruence). In an arbitrary M-set different
gradings could occur, but primitive M-sets are extreme cases. Consider the set of ideals

D = {I € Z(M) | Z1(®) = Aq}.
As expected, D stands for diagonal. This set has some interesting properties.

Proposition 46. Let M be a monoid having a primitive, transitive and faithful action on Q.
Assume that |Qe| =1 for some idempotent e € |(M). Then D is a filter in (Z(M),C).

Proof. Clearly M is an element in D, thus D is not empty. If I € D and I C J, Proposition [43]
implies that Z;(Q2) C Z;(Q) = Aq, thus Z;(©) = Aq. Now, let I,J be two ideals in D,
then for all o, 8 € Q with o # 3, the pair (o, 8) € Z;(Q2) = Aq. Therefore, one can assume
without loss of generality that there exist elements m,n € I with

(a) am=an and [Sm # fn

again, as fm # fn and Z;(Q2) = Agq, one can assume without loss of generality that there
exists elements p, ¢ € J with

(b) Bmp = pBmq and Bnp # Bng

Assume that Z;;(€2) = Vg, then the elements a, f in Q considered above satisfy that for all
r,s € 1J, ar = as if and only if Sr = Bs. The following double implications hold:

Bmp = Bmqg <& amp = amg (Z17(Q) =Vq, mp,mq € 1J)
& anp = ang ( By (a) an = am)
& pnp = fBng (Z15(Q) = Vaq, np,nqg € 1.J).

This contradicts (b). It follows that Z;;(Q2) = Aq. Since IJ is always included in I N J, it
follows that Z;n7(Q2) = Aq. O

Corollary 47. If M has a primitive, faithful and transitive action on Q with |Qe| = 1 for some
idempotent e € |(M), and I is an ideal in M containing an element m with rank(m) > 2, then
for every non-zero natural number k € N, the ideal I* contains an element p with rank(p) > 2.

We hope that the above corollary can be used to further understand primitive, faithful
and transitive actions of monoids M whose maximal subgroups at the idempotents of (M)
are trivial.
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