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We investigate a simple realistic grand unified theory based on the SUð5Þ gauge symmetry, which
predicts an upper bound on the proton decay lifetime for the channels p → Kþν̄ and p → πþν̄, i.e.,
τðp → Kþν̄Þ≲ 3.4 × 1035 and τðp → πþν̄Þ≲ 1.7 × 1034 years, respectively. In this context, the neutrino
masses are generated through the type I and type III seesaw mechanisms, and one predicts that the field
responsible for type III seesaw must be light with a mass below 500 TeV. We discuss the testability of this
theory at current and future proton decay experiments.
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I. INTRODUCTION

One of the main goals of theoretical physics is to
understand the unification of fundamental forces in nature.
In 1974, H. Georgi and S. Glashow proposed the simplest
grand unified theory (GUT) [1], based on the SUð5Þ gauge
group, and it has since been considered as one of the most
appealing extensions of the standard model of particle
physics. One of the most impressive predictions of SUð5Þ is
the decay of the proton; for a review on proton decay, see
Ref. [2]. This theory could describe physics at the high
scale, MGUT ∼ 1014–15 GeV, but unfortunately, it is ruled
out by experiment. The main problems of the Georgi-
Glashow model are the following:
(1) Gauge Coupling Unification: If one assumes the

existence of the SUð5Þ theory at high scale and
studies the running of the gauge couplings, it is
simple to show that the values of the SM gauge
couplings cannot be reproduced at the electroweak
scale. To rectify this, one can include new degrees of
freedom which help to achieve unification in agree-
ment with experiment.

(2) Charged Fermion Masses: The theory predicts
that the masses of the charged leptons and down
quarks are equal at the high scale, i.e., Ye ¼ YT

d .
Unfortunately, this prediction cannot reproduce the
observed values for their masses at the low scale.

Conventionally, there are three ways to achieve a
consistent relation between these masses: a) Include
higher-dimensional operators suppressed by the
Planck scale [3], b) Add a new Higgs in the 45
representation [4], or c) Add new vectorlike fer-
mions. The last possibility is the simplest, and in this
case, the theory can be more predictive. We will
discuss this possibility in detail.

(3) Neutrino Masses: As in the Standard Model,
the neutrinos are massless in SUð5Þ. One can
generate neutrino masses through the different see-
saw mechanisms:
(i) Type I [5]: The masses can be generated by

adding at least two copies of right-handed
neutrinos, 1i.

(ii) Type II [6]: The masses can be generated by the
addition of a new Higgs representation, 15H. In
this case, the field important for the seesaw
mechanism, Δ ∼ ð1; 3; 1Þ, lives in the 15H
representation. See Ref. [7] for a simple model
that implements the type II seesaw mechanism.

(iii) Type III [8] and I: The masses can be generated
by adding the fermionic 24 representation. In
this case, the fields needed for type I and
type III seesaw mechanisms are ρ0 ∼ ð1; 1; 0Þ
and ρ3 ∼ ð1; 3; 0Þ, respectively. See Refs. [9–13]
for the implementation of this mechanism.

(iv) Zee mechanism [14]: One can generate neutrino
masses at the one-loop level by adding two new
Higgs fields: a charged singlet in 10H and a
second Higgs doublet in 45H. See Ref. [15] for
the implementation of this mechanism in a
simple renormalizable model.

Following the above discussion, one can think about
different realistic extensions of the Georgi-Glashow model.
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In this article, we investigate a simple renormalizable
extension of the Georgi-Glashow model that corrects the
three major problems with the Georgi-Glashow model:
neutrino masses, consistent charged fermion masses, and
unification of gauge couplings. In this theory, one can
achieve a consistent relation between the charged fermion
masses by adding vectorlike fermions in the 50 and 5̄0
representations. The neutrino masses are generated through
the type I and type III seesaw mechanisms, but in this case,
the new vectorlike fermions also play a crucial role. In this
context, we show that we can achieve the unification of the
gauge couplings in agreement with the low energy con-
straints. We find that the field generating neutrino masses
through the type III seesaw mechanism must be light, i.e.,
Mρ3 < 500 TeV. We discuss the predictions for proton
decay and show that the theory predicts an upper bound on
the proton decay lifetime for the channels p → Kþν̄, i.e.,
τðp → Kþν̄Þ ≲ 3.4 × 1035 years, and p → πþν̄, i.e.,
τðp → πþν̄Þ≲ 1.7 × 1034 years. We discuss the constraints
on the spectrum of the theory and the generation of neutrino
masses in detail. The model proposed in this article can be
considered as one of the most appealing realistic extensions
of the Georgi-Glashow model.
This article is organized as follows: In Sec. II, we discuss

the main features of our model: the unification constraints,
the generation of neutrino and charged fermion masses,
and the predictions for proton decay. We summarize our
main results in Sec. III.

II. THEORETICAL FRAMEWORK

We focus on a simple renormalizable theory with the
following properties:
(a) Fermions: As in the original Georgi-Glashow model,

we have the Standard Model fermions in the 5̄ and 10
representations. We add the 24 representation to
generate neutrino mass and, in the spirit of the
Standard Model, three copies of vectorlike fermions
in 5̄0 and 50 representations to achieve a realistic
relation between the charged fermion masses. We list
the representations to set our notation,

5̄ ¼
�
dc

l

�
; 10 ¼

�
uc Q

Q ec

�
;

5̄0 ¼
�
Dc

L

�
; 50 ¼

�
D

Lc

�
;

24 ¼
�

ρ8 ρð3;2Þ
ρð3̄;2Þ ρ3

�
þ λ24ρ0;

where λ24 ¼ 1=ð2 ffiffiffiffiffi
15

p ÞDiagð2; 2; 2;−3;−3Þ.
(b) Gauge Bosons: The Standard Model gauge bosons live

in the adjoint representation, and we use the following
notation:

Aμ ¼
�Gμ Vμ

V†
μ Wμ

�
þ λ24Bμ:

(c) Scalar Sector: We stick to the minimal Higgs sector of
the Georgi-Glashow model,

5H ¼
�
T

H

�
; 24H ¼

� Σ8 Σð3;2Þ
Σð3̄;2Þ Σ3

�
þ λ24Σ24:

Now we describe the splitting between the fields in the new
fermionic representations:
(a) New Seesaw Fields: We write the following terms

relevant for the mass of the 24:

−L24 ⊃ MTrf242g þ λTrf24224Hg þ H:c: ð1Þ

After the grand unified symmetry is broken, the
masses for the fields in the 24 representation are
given by

Mρ8 ¼ M þ λ̃
MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p ; Mρ3 ¼ M −
3

2
λ̃
MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p ;

Mρð3;2Þ ¼ M −
1

4
λ̃
MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p ; Mρ0 ¼ M −
1

2
λ̃
MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p ;

where λ̃ ¼ λ=
ffiffiffiffiffiffiffiffi
25π

p
and MGUT ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

5παGUT=3
p

v24.
Defining m̂24 ¼ Mρ8=Mρ3 , the masses in the 24 can
be defined as a function of Mρ3 ,

Mρ8 ¼ m̂24Mρ3 ; Mρ0 ¼
1

5
ð3þ 2m̂24ÞMρ3 ;

Mρð3;2Þ ¼ Mρð3̄;2Þ ¼
1

2
ð1þ m̂24ÞMρ3 : ð2Þ

(b) 50 and 5̄0 fields: Using the following terms in the
Lagrangian:

−L5 ⊃ M55̄
050 þ λ55̄

024H50 þ H:c:; ð3Þ

we can find the masses of the fields in the 50 and 5̄0
fermionic representations,

MD ¼ M5 þ λ̃5
MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p ; MT
L ¼ M5 −

3

2
λ̃5

MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p ;

where λ̃5 ¼ λ5=
ffiffiffiffiffiffiffiffi
25π

p
. In the same spirit as the split-

ting of the 24, we can define m̂5 ¼ MD=ML to write
the mass of the down-type quarks as a function of the
mass of the leptons.

(c) Yukawa couplings: The Yukawa terms relevant to
understanding the generation of fermion masses are
given by
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− Lf ⊃ yi05̄i245H þ yi15̄
0
i245H þ yi25

�
H245

0
i

þ Y15
�
H5̄10þ Y25

�
H5̄

010þ Yu10 10 5H

þM5̄55̄5
0 þ λ5̄55̄24H5

0 þ H:c: ð4Þ

A. Gauge unification constraints

The pragmatic way to determine if one can achieve
gauge coupling unification in agreement with the low
energy constraints is to assume unification at the high
scale and to constrain the full spectrum of the theory using
the allowed freedom. The equations for the running of the
gauge couplings are given by

α−1i ðMZÞ ¼ α−1GUT þ
Bi

2π
ln

�
MGUT

MZ

�
; ð5Þ

where

Bi ¼ bSMi þ biIrI; rI ¼
lnðMGUT=MIÞ
lnðMGUT=MZÞ

; ð6Þ

and MI is the mass of any new particle living in the great
desert. These equations can be rewritten in a more suitable
form in terms of the differences of the coefficients and the
low energy observables. Assuming unification, these equa-
tions can be reduced to

B23

B12

¼ 5

8

�
sin2θWðMZÞ − αðMZÞ=αsðMZÞ

3=8 − sin2θWðMZÞ
�
; ð7Þ

ln

�
MGUT

MZ

�
¼ 16π

5αðMZÞ
�
3=8 − sin2θWðMZÞ

B12

�
; ð8Þ

where Bij ¼ Bi − Bj. Using the experimental values
αsðMZÞ¼0.1182, α−1ðMZÞ ¼ 127.95, and sin2 θWðMZÞ ¼
0.2313 [16], we find

B23

B12

¼ 0.718; ln

�
MGUT

MZ

�
¼ 184.84

B12

: ð9Þ

These equations can be used to constrain the spectrum of
the theory.

In Table I, we list the contributions to the Bij coefficients
in the theory. The relevant equations for our analysis can be
explicitly written as

B12 ¼ BSM
12 −

4

5
r5 −

4

3
r3 −

1

3
rΣ3

þ 4

3
r32; ð10Þ

B23 ¼ BSM
23 þ 2r5 þ

4

3
r3 þ

1

3
rΣ3

− 2r8 −
1

2
rΣ8

þ 2

3
r32;

ð11Þ

where BSM
12 ¼ 109=15, BSM

23 ¼ 23=6, and r5 ¼ rL − rD. We
assume that the colored triplet in the 5H lives at the high
scale because it mediates proton decay. We note that r5 is
only a function of the mass splitting m̂5, i.e.,
r5 ¼ ln m̂5=ðlnMGUT − lnMZÞ. Since unification is only
sensitive to the splitting in the mass of the representations,
we can eliminate the overall mass scales and write the
above equations in a simple way as follows:

B12 ¼ BSM
12 −

4

5
r5 −

1

3
rΣ3

−
4

3

ln ð1
2
ð1þ m̂24ÞÞ

lnðMGUTÞ − lnðMZÞ
; ð12Þ

B23 ¼ BSM
23 þ 2r5 þ

1

3
rΣ3

þ 2
lnðm̂24Þ

lnðMGUTÞ − lnðMZÞ
−
1

2
rΣ8

−
2

3

ln ð1
2
ð1þ m̂24ÞÞ

lnðMGUTÞ − lnðMZÞ
: ð13Þ

In Fig. 1, we show the parameter space allowed by the
unification of gauge couplings in the plane Log10MGUT−
Log10m̂24. We note that even though there is a large overall
parameter space, the parameter space that gives unification
compatible with proton decay is limited. Specifically, we
find that m̂24 ≳ 109, m̂5 ≲ 10−2, and that Σ8 and Σ3 should
live near the electroweak scale. We find that the maximum
possible GUT scale is 1015.5 GeV. The bounds coming
from proton decay experiments will be discussed in the
next section.
We have shown the unification and proton decay con-

straints on the mass splitting for the fermionic fields living
in the 24, 50, and 5̄0 representations, but it is also useful to

TABLE I. Contributions to the beta functions from the new particles in the theory.

5H 24H 5̄0 þ 50 24

H T Σ3 Σ8 Lþ Lc DþDc ρ3 ρ8 ρð3;2Þ þ ρð3̄;2Þ
B1

1
10

1
15
rT 0 0 6

5
rL

4
5
rD 0 0 10

3
r32

B2
1
6

0 1
3
rΣ3

0 2rL 0 4
3
r3 0 2r32

B3 0 1
6

0 1
2
rΣ8

0 2rD 0 2r8 4
3
r32

B12 − 1
15

1
15
rT − 1

3
rΣ3

0 − 4
5
rL 4

5
rD − 4

3
r3 0 4

3
r32

B23
1
6

− 1
6
rT 1

3
rΣ3

− 1
2
rΣ8

2rL −2rD 4
3
r3 −2r8 2

3
r32
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explicitly show the allowed masses for these fields. In
Fig. 2, we show the allowed parameter space for the masses
of the new fermions for the most optimistic case:
MΣ3

¼ MΣ8
¼ MZ. We find that the seesaw field generat-

ing neutrino masses through the type III seesaw, ρ3, has a
mass at the multi-TeV scale, with an upper bound of
Mρ3 ≤ 500 TeV. This is an interesting result which allows
for the possibility to test the type III seesaw mechanism at
current or future colliders.
For completeness, in Fig. 3, we show the running of

the couplings for a given point in the parameter space
allowed by unification consistent with proton decay
bounds. As an illustrative example, we choose the
scenario corresponding to the maximal GUT scale
allowed by the theory. In the left panel of Fig. 3, we

show the results at one-loop level, while in the right
panel we show the results for the maximal GUT scale at
two-loop level. Notice that the GUT scale increases
approximately by a factor of 1.6 when we go from
one-loop to two-loop level. This means that the proton
lifetime increases in a factor of 6.3 approximately.

B. Proton decay

The most dramatic prediction of grand unified theories is
the decay of the proton. In this theory, it is important to
understand if we can satisfy the current proton decay
bounds and if we can hope to test its predictions at current
or future proton decay experiments. The relevant decay
widths for the proton decay into charged leptons or
neutrinos are given by

FIG. 1. Parameter space allowed by the unification of gauge couplings in the plane Log10MGUT − Log10m̂24. Every point in the
colored area corresponds to a scenario in which the gauge couplings unify at the high scale. In the left panel, we show the constraints on
the mass spectrum whenMΣ8

¼ MZ while changing the mass of Σ3 between the electroweak and the GUT scales. In the right panel, we
show the same constraints in the case whenMΣ3

¼ MZ while changing the mass of Σ8.The red horizontal line corresponds to the current
bound on the proton decay lifetime for the channel p → Kþν̄ [17], and the orange dashed line corresponds to the projected bound from
the Hyper-Kamiokande collaboration [18].
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FIG. 2. Allowed masses of the fields ρ3 and ρ8 consistent with the unification constraints for the most optimistic case:
MΣ3

¼ MΣ8
¼ MZ. The white region below the diagonal line is excluded by the bounds on the proton decay lifetime from the

Super-Kamiokande collaboration [17].

FILEVIEZ PÉREZ, GROSS, and MURGUI PHYS. REV. D 98, 035032 (2018)

035032-4



Γðp → π0eþβ Þ ¼
mp

8π
A2k41ðjcðec; dÞhπ0jðudÞLuLjpij2 þ jcðe; dcÞhπ0jðudÞRuLjpij2Þ;

Γðp → Kþν̄Þ ¼ mp

8π

�
1 −

m2
Kþ

m2
p

�
2

A2k41
X
i

jcðνi; d; scÞhKþjðusÞRdLjpi þ cðνi; s; dcÞhKþjðudÞRsLjpij2;

Γðp → πþν̄Þ ¼ mp

8π
A2k41

X
i

jcðνi; d; dcÞhπþjðduÞRdLjpij2; ð14Þ

where

A ¼ AQCDASR ¼
�
α3ðmbÞ
α3ðMZÞ

�
6=23
�
α3ðQÞ
α3ðmbÞ

�
6=25
�

α3ðMZÞ
α3ðMGUTÞ

�
2=7

; ð15Þ

where the parameter k1 ¼ gGUT=
ffiffiffi
2

p
MGUT, and A encodes the information for the running of the operators. The numerical

values we use are ASR ≈ 1.5 and AQCD ≈ 1.2 [2]. The matrix elements present in the different decay channels can be
computed using lattice QCD. We use the values reported in the recent lattice study [19],

hπ0jðudÞLuLjpi ¼ 0.134ð5Þð16Þ GeV2; hπ0jðudÞRuLjpi ¼ −0.131ð4Þð13Þ GeV2;

hKþjðusÞRdLjpi ¼ −0.049ð2Þð5Þ GeV2; hKþjðudÞRsLjpi ¼ −0.134ð4Þð14Þ GeV2;

hπþjðduÞRdLjpi ¼ −0.186ð6Þð18Þ GeV2:

The c coefficients [20] in the above decay channels are
given by

cðecα; dβÞ ¼ V11
1 Vαβ

2 þ ðV1VUDÞ1βðV2V
†
UDÞα1; ð16Þ

cðeα; dcβÞ ¼ V11
1 Vβα

3 ; ð17Þ

cðνl; dα; dcβÞ ¼ ðV1VUDÞ1αðV3VENÞβl; ð18Þ

where α, β ¼ 1, 2 and i ¼ 1, 2, 3. The mixing matrices are
defined as

V1 ¼ U†
CU; V2 ¼ E†

CD; V3 ¼ D†
CE;

VUD ¼ U†D; and VEN ¼ E†N; ð19Þ
where the matrices U, E, D, and N define the diagonaliza-
tion of the Yukawa couplings,

UT
CYuU ¼ Ydiag

u ; DT
CYdD ¼ Ydiag

d ;

ET
CYeE ¼ Ydiag

e ; and NTYνN ¼ Ydiag
ν : ð20Þ

In our theory, Yu ¼ YT
u , and this allows us to make a clean

prediction for the decay channels into antineutrinos.
Therefore, the different proton decay channels can be
written in a simple way,

α
α

1
–1

α2
–1

α3
–1

2 4 6 8 10 12 14

10

20

30

40

50

60

Log10 E (GeV)

i–1

α
i–1

1–loop

α1
–1

α2
–1

α3
–1

2 4 6 8 10 12 14 16

10

20

30

40

50

60

Log10 E (GeV)

2–loops

FIG. 3. On the left panel, running of the couplings at 1-loop level for the scenario where MΣ8
¼ MΣ3

¼ Mρ3 ¼ MZ, Mρ8 ¼ MGUT,
ML ¼ 1010 GeV, MD ¼ 104.9 GeV, and MGUT ¼ 1015.5 GeV. On the right panel, running of the couplings at 2-loop level for the
scenario where MΣ8

¼ MΣ3
¼ Mρ3 ¼ MZ, Mρ8 ¼ MGUT, ML ¼ 1010.5 GeV, MD ¼ 104.5 GeV, and MGUT ¼ 1015.7 GeV.
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Γðp → π0eþβ Þ ¼
mp

8π
A2k41ðjðV11

2 þ V11
UDðV2VUDÞ11Þhπ0jðudÞLuLjpij2 þ jV11

3 hπ0jðudÞRuLjpij2Þ;

Γðp → Kþν̄Þ ¼ mp

8π

�
1 −

m2
Kþ

m2
p

�
2

A2k41ðjV11
UDhKþjðusÞRdLjpij2 þ jV12

UDhKþjðudÞRsLjpij2Þ;

Γðp → πþν̄Þ ¼ mp

8π
A2k41jV11

UDhπþjðduÞRdLjpij2; ð21Þ

where Vij
UD are the elements of the VCKM matrix. We note

that one cannot predict the decay width for the channel
p → eþπ0 since we do not know the mixing matrices V2

and V3. However, the decay widths for the proton decay
channels into antineutrinos are predicted, and one can use
them to define the lower bound on the GUT scale imposing
the proton decay experimental bounds.
In Fig. 4, we show the values for the unified gauge

coupling, αGUT, in the most interesting scenario allowed
by proton decay. Using these results, we can predict the

proton decay lifetime for the most relevant proton decay
channels. In Fig. 5, we show the predictions for the p →
Kþν̄ and p → πþν̄ channels. These results are striking
because we can predict an upper bound on proton decay,
i.e., τðp → Kþν̄Þ ≲ 3.4 × 1035 years and τðp → πþν̄Þ ≤
1.7 × 1034 years. In Fig. 6, we show the predictions for
the p → eþπ0 channel, but since the theory does not predict
the relevant mixing matrices, we cannot make a strong
prediction. We emphasize that in contrast to other GUT
theories, where the correction of the fermion mass relations
sacrifices the prediction Yu ¼ YT

u , we find clean channels
which do not depend on any unknown mixing matrix. This
allows us to set an upper bound on the proton decay lifetime;
thus, there is hope to test this theory in future proton decay
experiments.

C. Neutrino masses

It is important to show that one can generate at least
two massive neutrinos in the context of this theory. The
relevant terms in the Lagrangian for our discussion are
given by

−L ⊃
v5
2
ffiffiffi
2

p ðyi0νi þ yi1Ni − yi2N
c
i Þðρ3 þ ξρ0Þ

− NMLNc þ 1

2
Mρ0ρ

2
0 þ

1

2
Mρ3ρ

2
3 − νM̃5̄5N

c þ H:c:;

ð22Þ

M 3
max , ML

max

M 3
min , ML

min

M 3
max , ML

min

M 3
min , ML

max

14.4 14.6 14.8 15.0 15.2 15.4

20

25

30

35

40

Log10MGUT (GeV)

α
G

U
T

–1

FIG. 4. Parameter space for the gauge couplings at the GUT
scale consistent with unification for the most interesting scenario:
MΣ8

¼ MΣ3
¼ MZ.

Hyper–K
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1× 1034

5× 1034

1× 1035

5× 1035

Log10MGUT(GeV)
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)
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14.8 15.0 15.2 15.4 15.6
1× 1032

5× 1032

1× 1033

5× 1033

1× 1034

Log10MGUT(GeV)

(y
ea

rs
)

FIG. 5. Predictions for the proton decay lifetime for the channels p → Kþν̄ (left-panel) and p → πþν̄ (right-panel). The red line
corresponds to the current proton decay lifetime for the different channels, i.e., τðp → Kþν̄Þ > 5.9 × 1033 years [17] (left-panel) and
τðp → πþν̄Þ > 3.9 × 1032 years [21] (right-panel). The orange dashed line on the left-panel shows the projected bound on p → Kþν̄
from the Hyper-Kamiokande collaboration, i.e., τðp → Kþν̄ > 2.5 × 1034 years [18].
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where ξ¼3=
ffiffiffiffiffi
15

p
, M̃5̄5¼M5̄5−3λ5̄5MGUT=ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25παGUT

p Þ,
and v5 is the vacuum expectation value of the Standard
Model Higgs.
The achievement of unification together with proton

decay bounds imposes a well-defined hierarchy in the
neutral fermionic sector; see Fig. 7. As we have shown, the
minimum mass splitting in 24 required by proton decay
bounds is nine orders of magnitude, which places ρ3 and ρ0
near the electroweak and GUT scale, respectively. As we
show in Fig. 2, one has more freedom for the mass splitting
in 5 and 50 representations, and the vectorlike fermions
could live anywhere in the great desert.
According to the established hierarchy, Mρ0 ≫ ML ≫

Mρ3 ≫ Mν, we first integrate out the heaviest neutral field,
ρ0. This generates a contribution to the neutrino mass
and some mixing terms between N and Nc, all suppressed
by Mρ0. At this point, the mass matrix for the N and Nc

fields is

ðNi Nc
i Þ
�−1

4
yi1y

j
1ξ

2v25=Mρ0 −Mij
L

−Mji
L −1

4
yi2y

j
2ξ

2v25=Mρ0

��Nj

Nc
j

�
;

ð23Þ

where we keep only the lowest-order terms. The N and Nc

fields can be written as a linear combination of the new
fields,

N ¼ cos θN1 þ sin θN2; ð24Þ

Nc ¼ − sin θN1 þ cos θN2; ð25Þ

where the mixing angle θ is defined by the diagonalization
of the mass matrix,

tan 2θ ¼ 8Mij
LMρ0

ðyi2yj2 − yi1y
j
1Þξ2v25

: ð26Þ

Clearly, since MLMρ0 ≫ v25, the mixing angle is θ ∼ π=4,
and the eigenvalues are �ML. Note that we can always
rotate the field N2 → N2ei

π
2 to define positive masses.

According to the mass hierarchy in the neutral fermions,
we can integrate N1 and N2 out, which leads to the
following effective Lagrangian for the light degrees of
freedom:

−Lν;ρ3
eff ⊃ −

�
ξ2yi0y

j
0

v25
8Mρ0

�
νiνj þ

1

2
Mρ3ρ

2
3 þ

v5
2
ffiffiffi
2

p νiðyi0
− ðyT1M−1

L M̃T
5̄5
ÞiÞνiρ3; ð27Þ

where we do not include terms of order ðMLMρ0Þ−1 and we
neglect corrections to the ρ3 mass suppressed by ML. We
note that in the limit θ → π=4, there is no contribution to
the light neutrino mass term from the vectorlike leptons;
however, we point out that they do contribute to the
effective coupling between ν and ρ3. This will be a key
point to predict a consistent neutrino mass spectrum.
Finally, by integrating out ρ3, the final seesaw takes

place, and one generates a new contribution to the light
neutrinos suppressed by Mρ3. The effective mass term for
the light neutrinos is given by

Mij
ν ¼ v25

4

�
ξ2yi0y

j
0

Mρ0

þ ðyi0 − ðyT1M−1
L M̃T

5̄5
ÞiÞðyj0 − ðyT1M−1

L M̃T
5̄5
ÞjÞ

Mρ3

�
:

ð28Þ

We summarize below the different contributions to the light
neutrino mass term in a schematic way,

Hyper–K

Super–K

Ve
0.1

Ve

1Ve
0.3

14.8 15.0 15.2 15.4 15.6
1 ×1033

5 ×1033

1 ×1034

5 ×1034

1 ×1035

5 ×1035

Log10MGUT(GeV)

(y
ea

rs
)

FIG. 6. Predictions for the proton decay lifetime for the channel
p → eþπ0 using three different values for the unknown mixing
Ve ¼ V11

2 ¼ V11
3 . The red line shows the current proton decay

lifetime, i.e., τðp → π0eþÞ > 1.6 × 1034 years [22]. The orange
dashed line shows the projected bound on proton decay lifetime
from the Hyper-Kamiokande collaboration, i.e., τðp → π0eþÞ >
8 × 1034 years [18].

FIG. 7. Hierarchy of the neutral fermionic fields required by
unification and proton decay constraints.
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ð29Þ

where × symbolises a tree-level interaction between the fermions, ⊗ represents a mass term insertion, and we define the
effective vertex,

ð30Þ

We note that with only the contribution of the 24, the model would predict two massless neutrinos; thus, the presence of
the 50 and 5̄0 is crucial to guarantee the consistency of the theory with experiments.

D. Charged fermion masses

As we discussed above, one of the main problems of the Georgi-Glashow model is that one predicts Ye ¼ YT
d . In this

theory, we can achieve a consistent relation between the masses for charged leptons and down quarks. We can compute the
masses using the following terms:

−L ⊃ EMLEc þDcMDDþMρ3ρ
þ
3 ρ

−
3 þ dc

�
M5̄5 þ λ̃5̄5

MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p
�
Dþ e

�
M5̄5 −

3

2
λ̃5̄5

MGUTffiffiffiffiffiffiffiffiffiffi
αGUT

p
�
Ec

þ v5ffiffiffi
2

p ðeY1ec þ dcY1dþDcY2dþ EY2ecÞ þ
v5
2
ðyi0eiρþ3 þ yi1Eiρ

þ
3 þ yi2ρ

−
3E

c
i Þ; ð31Þ

where λ̃5̄5 ¼ λ5̄5=
ffiffiffiffiffiffiffiffi
15π

p
. We find the following mass matrix for the down-type quarks:

ðdc DcÞ
 
Y1

v5ffiffi
2

p M5̄5 þ λ̃5̄5
MGUTffiffiffiffiffiffiffi
αGUT

p

Y2
v5ffiffi
2

p MD

!�
d

D

�
; ð32Þ

where we have neglected the mixing proportional to dcρð3;2Þ and Dcρð3;2Þ since they enter in the light neutrino mass matrix.
The mass matrix for the charged leptons is given by

ðec Ec ρþ3 Þ

0
BBB@

YT
1

v5ffiffi
2

p YT
2

v5ffiffi
2

p 0

MT
5̄5
− 3

2
λ̃T
5̄5

MGUTffiffiffiffiffiffiffi
αGUT

p MT
L

1
2
y2v5

1
2
y0v5

1
2
y1v5 Mρ3

1
CCCA
0
B@

e

E

ρ−3

1
CA: ð33Þ

Clearly, there is enough freedom to have a consistent relation
between the masses of the charged leptons and down quarks.
We refer the reader to Ref. [23] for a detailed study on the
role of 50 and 5̄0 representations in the achievement of
realistic charged fermion masses at the low scale.

III. SUMMARY

We have investigated a simple, realistic grand unified
theory based on SUð5Þ where one can generate fermion
masses consistent with experiments and predict an upper
bound on proton decay for the channels with antineutrinos:
τðp → Kþν̄Þ ≲ 3.4 × 1035 years and τðp → πþν̄Þ≲ 1.7×
1034 years. In this context, we can have a consistent relation
between the charged lepton and down quark masses due to
the presence of the new vectorlike fermions. The neutrino
masses are generated through the type I and type III seesaw

mechanisms, and we find that the field responsible
for the type III seesaw mechanism must be light, i.e.,
Mρ3 ≲ 500 TeV. This theory can be considered as one of
the appealing candidates for unification based on SUð5Þ, as
it can be tested in current or future proton decay experiments.
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APPENDIX: RGE OF THE GAUGE COUPLINGS AT TWO-LOOPS

The RGEs at two-loop level can be written as

dαiðμÞ
d ln μ

¼ bi
2π

α2i ðμÞ þ
1

8π2
X3
j¼1

bijα2i ðμÞαjðμÞ þ
1

32π3
α2i ðμÞ

X
l¼U;D;E

Tr½CilY
†
lYl� ðA1Þ

where αi ¼ g2i =4π and the Yl are the Yukawa couplings. The bi and bij are given by

bd
c

i ¼ bD
c

i ¼

0
B@

2
15

0
1
3

1
CA; be

c

i ¼

0
B@

2
5

0

0

1
CA; bu

c

i ¼

0
B@

8
15

0
1
3

1
CA; bqi ¼

0
B@

1
15

1
2
3

1
CA; bHi ¼

0
B@

1
10

1
6

0

1
CA ¼ 1

2
bli ;¼

1

2
bLi

bΣ3

i ¼

0
B@

0

1
3

0

1
CA; bΣ8

i ¼

0
B@

0

0
1
2

1
CA; bρ3i ¼

0
B@

0

4
3

0

1
CA; bρ32i ¼

0
B@

5
3

1
2
3

1
CA; bρ8i ¼

0
B@

0

0

4
3

1
CA:

Notice that here we show the contributions of only one family of the SM fields.

bd
cðDcÞ

ij ¼

0
B@

2
75

0 8
15

0 0 0
1
15

0 19
3

1
CA; bHij ¼

0
B@

9
50

9
10

0

3
10

13
6

0

0 0 0

1
CA; bqij ¼

0
B@

1
300

3
20

4
15

1
20

49
4

4

1
30

3
2

38
3

1
CA; bu

c

ij ¼

0
B@

32
75

0 32
15

0 0 0
4
15

0 19
3

1
CA;

be
c

ij ¼

0
B@

18
25

0 0

0 0 0

0 0 0

1
CA; blðLÞij ¼

0
B@

9
100

9
20

0

3
20

49
12

0

0 0 0

1
CA; bρ32ij ¼

0
B@

25
12

15
4

20
3

5
4

49
4

4

5
6

3
2

38
3

1
CA; bρ8ij ¼

0
B@

0 0 0

0 0 0

0 0 48

1
CA;

bρ3ij ¼

0
B@

0 0 0

0 64
3

0

0 0 0

1
CA; bΣ8

ij ¼

0
B@

0 0 0

0 0 0

0 0 21

1
CA; bΣ3

ij ¼

0
B@

0 0 0

0 28
3

0

0 0 0

1
CA:

Here we follow and use the notation of Ref. [24].
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