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We investigate a simple realistic grand unified theory based on the SU(5) gauge symmetry, which
predicts an upper bound on the proton decay lifetime for the channels p — K0 and p — 77, ie.,
7(p = K70) £3.4x10% and 7(p — 7+0) < 1.7 x 103 years, respectively. In this context, the neutrino
masses are generated through the type I and type III seesaw mechanisms, and one predicts that the field
responsible for type III seesaw must be light with a mass below 500 TeV. We discuss the testability of this

theory at current and future proton decay experiments.
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I. INTRODUCTION

One of the main goals of theoretical physics is to
understand the unification of fundamental forces in nature.
In 1974, H. Georgi and S. Glashow proposed the simplest
grand unified theory (GUT) [1], based on the SU(5) gauge
group, and it has since been considered as one of the most
appealing extensions of the standard model of particle
physics. One of the most impressive predictions of SU(5) is
the decay of the proton; for a review on proton decay, see
Ref. [2]. This theory could describe physics at the high
scale, Mgyt ~ 10'*15 GeV, but unfortunately, it is ruled
out by experiment. The main problems of the Georgi-
Glashow model are the following:

(1) Gauge Coupling Unification: If one assumes the
existence of the SU(5) theory at high scale and
studies the running of the gauge couplings, it is
simple to show that the values of the SM gauge
couplings cannot be reproduced at the electroweak
scale. To rectify this, one can include new degrees of
freedom which help to achieve unification in agree-
ment with experiment.

(2) Charged Fermion Masses: The theory predicts
that the masses of the charged leptons and down
quarks are equal at the high scale, ie., Y, = YI.
Unfortunately, this prediction cannot reproduce the
observed values for their masses at the low scale.
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Conventionally, there are three ways to achieve a
consistent relation between these masses: a) Include
higher-dimensional operators suppressed by the
Planck scale [3], b) Add a new Higgs in the 45
representation [4], or ¢) Add new vectorlike fer-
mions. The last possibility is the simplest, and in this
case, the theory can be more predictive. We will
discuss this possibility in detail.

(3) Neutrino Masses: As in the Standard Model,

the neutrinos are massless in SU(5). One can

generate neutrino masses through the different see-

saw mechanisms:

(i) Type I [5]: The masses can be generated by
adding at least two copies of right-handed
neutrinos, 1;.

(i) Type II [6]: The masses can be generated by the
addition of a new Higgs representation, 15y. In
this case, the field important for the seesaw
mechanism, A~ (1,3,1), lives in the 15y
representation. See Ref. [7] for a simple model
that implements the type II seesaw mechanism.

(iii) Type LI [8] and I: The masses can be generated
by adding the fermionic 24 representation. In
this case, the fields needed for type I and
type Il seesaw mechanisms are py ~ (1, 1,0)
and p3 ~ (1,3, 0), respectively. See Refs. [9-13]
for the implementation of this mechanism.

(iv) Zee mechanism [14]: One can generate neutrino
masses at the one-loop level by adding two new
Higgs fields: a charged singlet in 10y and a
second Higgs doublet in 45g. See Ref. [15] for
the implementation of this mechanism in a
simple renormalizable model.

Following the above discussion, one can think about
different realistic extensions of the Georgi-Glashow model.
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In this article, we investigate a simple renormalizable
extension of the Georgi-Glashow model that corrects the
three major problems with the Georgi-Glashow model:
neutrino masses, consistent charged fermion masses, and
unification of gauge couplings. In this theory, one can
achieve a consistent relation between the charged fermion
masses by adding vectorlike fermions in the 5§ and 5’
representations. The neutrino masses are generated through
the type I and type III seesaw mechanisms, but in this case,
the new vectorlike fermions also play a crucial role. In this
context, we show that we can achieve the unification of the
gauge couplings in agreement with the low energy con-
straints. We find that the field generating neutrino masses
through the type III seesaw mechanism must be light, i.e.,
M, <500 TeV. We discuss the predictions for proton
decay and show that the theory predicts an upper bound on
the proton decay lifetime for the channels p — K7, i.e.,
7(p - K*0) <34 x 10 years, and p—7'D, ie.,
7(p = nt0) < 1.7 x 10* years. We discuss the constraints
on the spectrum of the theory and the generation of neutrino
masses in detail. The model proposed in this article can be
considered as one of the most appealing realistic extensions
of the Georgi-Glashow model.

This article is organized as follows: In Sec. II, we discuss
the main features of our model: the unification constraints,
the generation of neutrino and charged fermion masses,
and the predictions for proton decay. We summarize our
main results in Sec. III.

II. THEORETICAL FRAMEWORK

We focus on a simple renormalizable theory with the
following properties:

(a) Fermions: As in the original Georgi-Glashow model,
we have the Standard Model fermions in the 5 and 10
representations. We add the 24 representation to
generate neutrino mass and, in the spirit of the
Standard Model, three copies of vectorlike fermions
in 5 and 5 representations to achieve a realistic
relation between the charged fermion masses. We list
the representations to set our notation,

S:<d6>, 10=<"C Q),
4 0 e
_ D¢ D
5/:< >’ 5/:< >7

L L€

14 P32
24 = ( : >) + daapo,
P(32) P3

where 1, = 1/(2v/15)Diag(2,2,2, -3, -3).

(b) Gauge Bosons: The Standard Model gauge bosons live
in the adjoint representation, and we use the following
notation:

G, V
A, = < ' ") + AB,.
Vi oW,

(c) Scalar Sector: We stick to the minimal Higgs sector of
the Georgi-Glashow model,

T 28 232
S5y = , 245 = ' AraZng.
o V) CR ) R

Now we describe the splitting between the fields in the new

fermionic representations:

(a) New Seesaw Fields: We write the following terms
relevant for the mass of the 24:

—Lo4 D MTr{24%} + ATr{24%24,} +H.c. (1)
After the grand unified symmetry is broken, the

masses for the fields in the 24 representation are
given by

s Mgur 3= Mgur
Mp8:M+,1—, Mp3:M—— ,
aGur 2 \/m

1~ Mgur 1= Mgur
M/’(s.z) =M _Z/l faGor ’ Mﬂo =M _5'1 aGor

where ;1 = ﬂ/ V 257 and MGUT = 4/ SﬂaGUT/3v24'

Defining 7y, = M, /M, , the masses in the 24 can
be defined as a function of M,

My, = ipaM,,, M,, =< 3+ 2ﬁ124)MP3’
1
Mﬂ(zz) = Mﬂ(iz) - 2 (1 + m24)Mﬂz (2)

(b) 5" and 5' fields: Using the following terms in the
Lagrangian:

—Ls D Ms5'5' + 455'24,5 +He., (3)

we can find the masses of the fields in the 5’ and 5’
fermionic representations,

- M 3. M
MD:M5+/15\/%’ MZ:M5—§/15\/2,
aGuT aGur

where 15 = As/v/25x. In the same spirit as the split-
ting of the 24, we can define /its = M/ M to write
the mass of the down-type quarks as a function of the
mass of the leptons.

(¢c) Yukawa couplings: The Yukawa terms relevant to
understanding the generation of fermion masses are
given by
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TABLE I. Contributions to the beta functions from the new particles in the theory.
Su 24y 5+5 24
H T 23 Zg L + Le D + D¢ P3 P3 [)(3’2) + /)('22)

B, L rr 0 0 Sr, trp 0 0 Dy,
B2 é 0 %r23 O 2rL O %r:; 0 2r32
B3 0 é 0 %rzg 2rD 0 2r8 %’"32
By — 15 57T 37, 0 -5 7D -3r3 0 3732
By 5 —§T 35, —37y, 2rg —2rp i —2ry irn

— L; D yy5,245y + yi5/245, + 353,245/
+Y,55510 + Y,555'10 + ¥,1010 5,
+ M5555' + 255524,5' + Hec.

A. Gauge unification constraints

The pragmatic way to determine if one can achieve
gauge coupling unification in agreement with the low
energy constraints is to assume unification at the high
scale and to constrain the full spectrum of the theory using
the allowed freedom. The equations for the running of the
gauge couplings are given by

B, (M
ai—l(MZ) = aa%n + Zln( A;§T> ’ (5)
where
In(Mgur/M
B; = b + by, Ty _W, (6)
ur/Mz

and M; is the mass of any new particle living in the great
desert. These equations can be rewritten in a more suitable
form in terms of the differences of the coefficients and the
low energy observables. Assuming unification, these equa-
tions can be reduced to

By; 5 (sin’Oy(My) —a(My)/a,(My)
By, 8 ( 3/8 — sin6y (M) > )

Mgur\ 16z (3/8 —sin?0y (M)
hl( My ) a Sa(Myz) ( By, > ®)

where B;; = B; — B;. Using the experimental values
ay(M;)=0.1182, a=' (M) = 127.95, and sin® Oy, (M) =
0.2313 [16], we find

B
ZB 0718,

| (M GUT)
n

By Mz
These equations can be used to constrain the spectrum of
the theory.

184.84

BlZ <9)

In Table I, we list the contributions to the B;; coefficients
in the theory. The relevant equations for our analysis can be
explicitly written as

4 4 1
Blz:B%/I—g”s—gr?,—grzg‘i‘gﬁz» (10)
4 1 1 2
323 :B%\A—i—ZrS +§}"3 +§r23 —2}’8 —EFZS +§r32,
(11)

where B{M = 109/15, B3\ = 23/6, and rs = r; — rp. We
assume that the colored triplet in the Sy lives at the high
scale because it mediates proton decay. We note that rs is
only a function of the mass splitting s, i.e.,
rs = Ins/(In Mgyt —InMy). Since unification is only
sensitive to the splitting in the mass of the representations,
we can eliminate the overall mass scales and write the
above equations in a simple way as follows:

By =BM i ——py —— . (12
0= B =5 T3 T gy — ) 2
1 ln(ﬁl24) 1
By; = BM 12 - 2 -
2 s 3 N In(Mgur) — In(M7) Zrzg
2 In((1+ 4
n(2( +m24)) (13)

3 In(Mgyr) —In(M7)

In Fig. 1, we show the parameter space allowed by the
unification of gauge couplings in the plane Log,,Mgyr—
Logo71,4. We note that even though there is a large overall
parameter space, the parameter space that gives unification
compatible with proton decay is limited. Specifically, we
find that /715, > 10°, /15 < 1072, and that g and X5 should
live near the electroweak scale. We find that the maximum
possible GUT scale is 10'3> GeV. The bounds coming
from proton decay experiments will be discussed in the
next section.

We have shown the unification and proton decay con-
straints on the mass splitting for the fermionic fields living
in the 24, 5, and 5 representations, but it is also useful to
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Parameter space allowed by the unification of gauge couplings in the plane Log;oMgyr — Logo/4. Every point in the

colored area corresponds to a scenario in which the gauge couplings unify at the high scale. In the left panel, we show the constraints on
the mass spectrum when My, = M, while changing the mass of Z; between the electroweak and the GUT scales. In the right panel, we
show the same constraints in the case when My, = M, while changing the mass of Xg.The red horizontal line corresponds to the current
bound on the proton decay lifetime for the channel p — K™ [17], and the orange dashed line corresponds to the projected bound from

the Hyper-Kamiokande collaboration [18].

explicitly show the allowed masses for these fields. In
Fig. 2, we show the allowed parameter space for the masses
of the new fermions for the most optimistic case:
Mz, = My, = M. We find that the seesaw field generat-
ing neutrino masses through the type III seesaw, ps, has a
mass at the multi-TeV scale, with an upper bound of
M, <500 TeV. This is an interesting result which allows
for the possibility to test the type III seesaw mechanism at
current or future colliders.

For completeness, in Fig. 3, we show the running of
the couplings for a given point in the parameter space
allowed by unification consistent with proton decay
bounds. As an illustrative example, we choose the
scenario corresponding to the maximal GUT scale
allowed by the theory. In the left panel of Fig. 3, we

show the results at one-loop level, while in the right
panel we show the results for the maximal GUT scale at
two-loop level. Notice that the GUT scale increases
approximately by a factor of 1.6 when we go from
one-loop to two-loop level. This means that the proton
lifetime increases in a factor of 6.3 approximately.

B. Proton decay

The most dramatic prediction of grand unified theories is
the decay of the proton. In this theory, it is important to
understand if we can satisfy the current proton decay
bounds and if we can hope to test its predictions at current
or future proton decay experiments. The relevant decay
widths for the proton decay into charged leptons or
neutrinos are given by

15 14
14 12
3 3
S 43 S 10
s s
2 2 8
[e)) (o))
g §

6

11

4

10

Log1oM,,(GeV)

Log1oMp(GeV)

FIG. 2. Allowed masses of the fields p; and pg consistent with the unification constraints for the most optimistic case:
My, = M5, = M. The white region below the diagonal line is excluded by the bounds on the proton decay lifetime from the

Super-Kamiokande collaboration [17].
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On the left panel, running of the couplings at 1-loop level for the scenario where My, = My, = M,
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py =Mz, My, = Mgur,

10" GeV. On the right panel, running of the couplings at 2-loop level for the
10195 GeV, M, =

10*> GeV, and Mgyp = 1017 GeV.

|(ud)gur|p) ).

2
o = K0) = 2 (128 ) At s () + o) s
P i
[ = 79) = 2 A Jewr . ) o) ) (14)
where
) (0) )t Y
A =AocpAsg = | ————= , 15
QepTE ((13(Mz) as(my,) a3(Mgur) 13)

where the parameter k; = ggur/Vv2Mgut, and A encodes the information for the running of the operators. The numerical
values we use are Agg ~ 1.5 and Agcp ~ 1.2 [2]. The matrix elements present in the different decay channels can be
computed using lattice QCD. We use the values reported in the recent lattice study [19],

(7°|(ud), ur|p) = 0.134(5)(16) GeV?,
(K*|(us)pdy|p) = —0.049(2)(5) GeV?,
(mt](du)pd;,|p) = —0.186(6)(18) GeV>.

The c coefficients [20] in the above decay channels are
given by

(e dy) = VIV + (ViVyp)P(VaVip)™,  (16)
c(eq.ds) = VIV, (17)
C(’/hdwd/@) = (ViVup)'*(V3Vien)?, (18)

where a, f = 1,2 and i = 1, 2, 3. The mixing matrices are
defined as

(7°|(ud) gur | p) = —0.131(4)(13) GeV?,
(K™ |(ud)gsL|p)

= —0.134(4)(14) GeV?,

vV, =ULU, V, = EL.D, V3= D.E,
VUD - U D, and VEN - E N, (19)

where the matrices U, E, D, and N define the diagonaliza-
tion of the Yukawa couplings,

ULY, U = Yo
di
ELY,E = vy,

DLy,D = Y5,
and NTY,N = yoee, (20)
In our theory, Y, = Y, and this allows us to make a clean
prediction for the decay channels into antineutrinos.

Therefore, the different proton decay channels can be
written in a simple way,
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m

D(p = alej) = = AZKI((V2! + Viip(VaVup) ') (2% (ud) Lur p)* + V3! (2% (ud) e ) ),

m mZA 2
(o K°9) = 2 (1= 5 ) AV K ) P + [V K )t )P

4 p

m
D(p = &°0) = g2 AKIIVip (" | (du) g p) P,

where V), are the elements of the Vg matrix. We note
that one cannot predict the decay width for the channel
p — et x° since we do not know the mixing matrices V,
and V5. However, the decay widths for the proton decay
channels into antineutrinos are predicted, and one can use
them to define the lower bound on the GUT scale imposing
the proton decay experimental bounds.

In Fig. 4, we show the values for the unified gauge
coupling, agyr, in the most interesting scenario allowed
by proton decay. Using these results, we can predict the

14.4 14.6 14.8 15.0 15.2 15.4
LogioMaur (GeV)

FIG. 4. Parameter space for the gauge couplings at the GUT
scale consistent with unification for the most interesting scenario:
MZS - M23 — Mz.

5x10% [
p- KV

Hyper-K

Super—K excluded

Log1oMaut(GeV)

14.8 15.0 15.2 15.4 15.6

(1)

|
proton decay lifetime for the most relevant proton decay
channels. In Fig. 5, we show the predictions for the p —
Kt and p — xD channels. These results are striking
because we can predict an upper bound on proton decay,
ie, t(p - KT0) <3.4 x 10% years and 7(p - 71D) <
1.7 x 10°* years. In Fig. 6, we show the predictions for
the p — et z° channel, but since the theory does not predict
the relevant mixing matrices, we cannot make a strong
prediction. We emphasize that in contrast to other GUT
theories, where the correction of the fermion mass relations
sacrifices the prediction Y, = Y7, we find clean channels
which do not depend on any unknown mixing matrix. This
allows us to set an upper bound on the proton decay lifetime;
thus, there is hope to test this theory in future proton decay
experiments.

C. Neutrino masses

It is important to show that one can generate at least
two massive neutrinos in the context of this theory. The
relevant terms in the Lagrangian for our discussion are
given by

1}5 . . . .
—L£ D —=(yiv: + YiN; — YiN¢) (p3 +
Wi (ovi + i V5N§) (p3 + Epo)

1 1 _
~ NM N+ > M, p3 +~M, p% — ulMssN° + Hec.,

2 2
(22)
1x10%F p > TV
5x10%3 |
@
3]
]
2 1x10% |
~
5x10% |
Super—K excluded
1x10% b : : :
14.8 15.0 15.2 15.4 15.6

LogioMaut(GeV)

FIG. 5. Predictions for the proton decay lifetime for the channels p — K*o (left-panel) and p — z "0 (right-panel). The red line
corresponds to the current proton decay lifetime for the different channels, i.e., 7(p — K*0) > 5.9 x 10 years [17] (left-panel) and
7(p = 77D) > 3.9 x 103 years [21] (right-panel). The orange dashed line on the left-panel shows the projected bound on p — K*7
from the Hyper-Kamiokande collaboration, i.e., 7(p — K*o > 2.5 x 10** years [18].
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1x10% . . . .
14.8 15.0 15.2 15.4 15.6

LogioMaut(GeV)

FIG. 6. Predictions for the proton decay lifetime for the channel
p — et 0 using three different values for the unknown mixing
V, = Vil = VIl The red line shows the current proton decay
lifetime, i.e., 7(p — 7% ") > 1.6 x 103 years [22]. The orange
dashed line shows the projected bound on proton decay lifetime
from the Hyper-Kamiokande collaboration, i.e., 7(p — z%e*) >
8 x 103 years [18].

where &=3/\/15, M35 =Mss—325sMgur/ (2v/25macur);
and vs is the vacuum expectation value of the Standard
Model Higgs.

The achievement of unification together with proton
decay bounds imposes a well-defined hierarchy in the
neutral fermionic sector; see Fig. 7. As we have shown, the
minimum mass splitting in 24 required by proton decay
bounds is nine orders of magnitude, which places p; and p,
near the electroweak and GUT scale, respectively. As we
show in Fig. 2, one has more freedom for the mass splitting
in 5 and 5’ representations, and the vectorlike fermions
could live anywhere in the great desert.

According to the established hierarchy, M, > M; >
M, > M,, we first integrate out the heaviest neutral field,
po- This generates a contribution to the neutrino mass
and some mixing terms between N and N¢, all suppressed
by M, . At this point, the mass matrix for the N and N¢
fields is

GUTf = =2 = = =

P3
EW p— — — — — — —

v

FIG. 7. Hierarchy of the neutral fermionic fields required by
unification and proton decay constraints.

_zltyliyjl‘fzvg/Mﬂo
_MJL’

, -MY N;
(Ni N§)< Lijg2,2 ><NC‘>’
—3Y2)¢ 715/Mp0 j
(23)
where we keep only the lowest-order terms. The N and N°¢
fields can be written as a linear combination of the new
fields,
N = cosON; + sin ON,, (24)
N¢ = —sinON| + cos N, (25)

where the mixing angle @ is defined by the diagonalization
of the mass matrix,

SM/M,,
(yhyh = viy]) &2

tan 26 = (26)

Clearly, since M, M, > vg, the mixing angle is 0 ~ z/4,
and the eigenvalues are +£M;. Note that we can always
rotate the field N, — N,es to define positive masses.
According to the mass hierarchy in the neutral fermions,
we can integrate N; and N, out, which leads to the
following effective Lagrangian for the light degrees of
freedom:

2

.o 1 v .
LV o | g2yiy) Us U4 —M. p2 5 (vi
eff (‘f YoYo 8M, vivj + ) pP3t 2\/§”z(yo

— (M ML) vips, (27)

where we do not include terms of order (M, M, )~" and we
neglect corrections to the p; mass suppressed by M;. We
note that in the limit & — /4, there is no contribution to
the light neutrino mass term from the vectorlike leptons;
however, we point out that they do contribute to the
effective coupling between v and p3. This will be a key
point to predict a consistent neutrino mass spectrum.

Finally, by integrating out p;, the final seesaw takes
place, and one generates a new contribution to the light
neutrinos suppressed by M, .. The effective mass term for
the light neutrinos is given by

a4\ Mm

2 i)
v 5 (izyoy{)
Po

* M

P3

(vh = OTMZ ML) (v) - (leMZ'MSTS)"))'
(28)

We summarize below the different contributions to the light
neutrino mass term in a schematic way,
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Vi

— R _ X a QP w— | P4 Q)
vi v + v (29)

0

Vi Vi P3

where x symbolises a tree-level interaction between the fermions, @ represents a mass term insertion, and we define the

effective vertex,

) — X P
P3 2 ps v T p3 N; v - (30)

We note that with only the contribution of the 24, the model would predict two massless neutrinos; thus, the presence of
the 5’ and 5’ is crucial to guarantee the consistency of the theory with experiments.

D. Charged fermion masses

As we discussed above, one of the main problems of the Georgi-Glashow model is that one predicts ¥, = Y7 In this
theory, we can achieve a consistent relation between the masses for charged leptons and down quarks. We can compute the

masses using the following terms:

.M 3. M
—L > EME° + D°MpD + M, pip5 + d° <M55 + Az — T )D +e (M55 — 5% out )E

Va&cur V&aur
v . N Vs, . _
+75§(eY1e” +d°Y d + DY,d + EY5e) + Es(y{)e,»pgL + Y Eip5 + yhp3 ES). (31)
where 1s5 = As5/v/157. We find the following mass matrix for the down-type quarks:
v _ 3. M,
(& D) Vw5 Mss+is g\ d (32)
V)% My, D)’

where we have neglected the mixing proportional to d“p(3 ) and Dp(3 ») since they enter in the light neutrino mass matrix.

The mass matrix for the charged leptons is given by
vi
(e B p) | MI,~37L

1
2YoUs

Clearly, there is enough freedom to have a consistent relation
between the masses of the charged leptons and down quarks.
We refer the reader to Ref. [23] for a detailed study on the
role of 5 and 5 representations in the achievement of
realistic charged fermion masses at the low scale.

III. SUMMARY

We have investigated a simple, realistic grand unified
theory based on SU(S5) where one can generate fermion
masses consistent with experiments and predict an upper
bound on proton decay for the channels with antineutrinos:
7(p » K*0) <3.4 x 10% years and 7(p - 770) < 1.7 x
103* years. In this context, we can have a consistent relation
between the charged lepton and down quark masses due to
the presence of the new vectorlike fermions. The neutrino
masses are generated through the type I and type III seesaw

Mcur

55 \/agur

vinooo \ /,
MZ %yz’l}s E . (33)
avs M, ’3

mechanisms, and we find that the field responsible
for the type III seesaw mechanism must be light, i.e.,
M, <500 TeV. This theory can be considered as one of
the appealing candidates for unification based on SU(5), as
it can be tested in current or future proton decay experiments.
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APPENDIX: RGE OF THE GAUGE COUPLINGS AT TWO-LOOPS

The RGEs at two-loop level can be written as

1 3
_ZZ lJl

where a; = ¢?/4x and the Y, are the Yukawa couplings. The b; and b;; are given by

bi
2n’

da; (ﬂ)

din i (u) Tr[C;r Y, Y /]

¢=UD,E

ﬂ)+32 3

2 2 8 1 1
_ _ 15 5 15 15 10 1 1
b?lc — leL — 0 , be‘ _ 0 , bi,{‘ — 0 , b? — 1 s bfl = % = Eblf’ = EblL
2
3 0 3 3 0
0 0 0 % 0
X 1 Xy o 0 4 03y D
b =131 b*=10]. br = B prr=11, b 0
1 4
0 b 0 3 3
Notice that here we show the contributions of only one family of the SM fields.
2 8 9 9 1 3 4 32 32
o % 0 45 55 15 O 30 20 15 7% 0 55
(D) _ H _ q _ 149 ut _
bij =10 0 0], b = % % 0|, b w1 4 bij =10 0 O],
1 1 4 1
5 0% 0 0 0 6w o33 s 0%
9 9 25 15 20
3 00 ” 0 20 0 2 4 3 0 0 O
e L)y _ po | 5 49 Py
bij— 0o 0 0], bij = 23—0 ‘l‘g 01, b32 1 1 4. bijf 0O 0 0|,
5 3 38
0 0 O 0 0 2 2 3 0 0 48
0 0 O 0 0 0 0 O
_ 64 Z 28
bf]? =10 % 0, bij?‘ =10 0 0 % 0
0 0 O 0 0 21 0 0 O
Here we follow and use the notation of Ref. [24].
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