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Resum

Aquest treball esta dedicat a I’estudi de les series de Dirichlet multiples
i es focalitza en tres aspectes principals: convergencia, espais de series
de Dirichlet multiples i els operadors de composici6é de dits espais.

Al Capitol 1 es tracta la convergencia de series multiples. Primer es
mostra com la definicié que s’obté de 'extensié natural al cas multiple
de la definici6é de convergencia d’una successié no implica les propietats
naturals que s’esperarien, com l'acotacié de la successié o el calcul
del limit doble a través de limits iterats. Aquesta situacié es repeteix
obviament al cas de les series miltiples, pel que s’ha de introduir una
definici6 alternativa per la convergencia de series multiples.

Al 1917 Hardy va caracteritzar en [19] el conjunt de multiplicadors
se les series convergents a l’espai de les successions com el conjunt de
successions de variacio acotada, les successions per les quals la serie que
es defineix per les distancies entre termes consecutius es finita. Quan
intenta estendre aquesta caracteritzacio al cas de les series dobles, Hardy
va entendre la necessitat d’una definicié de convergencia estructuralment
més forta per tal de replicar el seu resultat original en el cas doble. Aquest
és cert en un context més general, doncs la definici usual de convergencia
per series dobles posa l'accent en una convergencia combinada en ambdos
indexs, pero permet massa llibertat en les series que s’obtenen quan
es fixa qualsevol dels indexs a un valor concret. Més endavant, Moricz

va caracteritzar aquesta definicié de convergencia regular a les series



multiples a través d’una condicié més tecnica, que fa el paper de condicid
de tipus Cauchy per a la definici6 de convergencia regular.

La caracteritzacié que Hardy dona en [19] per als multiplicadors de
series convergents es reprodueix aci, és a dir, s’inclouen les proves de
Iequivaléncia entre els conceptes de factor de convergencia i de successio
de variacié acotada. També es reprodueix el treball de Moricz, provant
I’equivaléncia entre el concepte que va definir com convergencia en sentit
restringit i la convergencia regular que va definir Hardy, on la condicio
més teécnica de convergencia en sentit restringit es sovint més til que
la definici6 original de Hardy. A més, en la propia reproducci6 de la
caracteritzacié del factors de convergencia en el cas doble s’utilitza la
condicié de Moéricz, que de fet estava implicita en el treball de Hardy.
Aquesta caracteritzaci6 és especialment interessant en la seua aplicaci6 al
treball amb series de Dirichlet, perque d’estendre aquests resultats per a
les successions que es defineixen com uniformement de variacio acotada
s’obté una manera sistematica de treballar la convergencia regular en
series de Dirichlet multiples.

Al Capitol 2 el treball es focalitza en els conceptes i resultats fona-
mentals de series de Dirichlet ordinaries d’'una variable complexa. FEl
primer assumpte que es tracta es el de la convergencia de dites series, i no
només la convergencia, també la convergencia absoluta i la convergencia
uniforme. Es podria dir que la teoria de series de potencies esta inclosa
en la teoria de series de Dirichlet, ja que triant la freqiiencia \, = n i el

canvi de variables z = e™* s’obté que

oo [o.¢]
Z a,e s = Z an2".
n=1 n=1

En aquest cas particular es basic que si una serie de poténcies és con-
vergent en un disc, aleshores convergeix aboluta i uniformement en

qualsevol disc estrictament més menut. Utilitzant el canvi de variables
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invers s’arriba a que si una serie de Dirichlet amb freqiiencia A\, = n con-
vergeix en el semipla que queda a la dreta d'una certa abscissa, aleshores
també convergeix absoluta i uniformement en qualsevol semipla estricta-
ment a la dreta de dita abscissa. No obstant aixo, aquest no és el cas en
general amb les series de Dirichlet ordinaries, per a les quals la freqiiencia
és A\, = logn. En el cas ordinari es defineixen diferents abscisses, una
per cada tipus de convergencia: 1’abscisa de convergencia, 1’abscissa de
convergencia absoluta i I’abscissa de convergencia uniforme. L’amplitud
de la banda vertical que separa cadascuna d’aquestes abscisses és un dels
problemes classics en la teoria de series de Dirichlet, que va ser estudiat
per Bohr i no va ser resolt finalment fins 1931 en [6] per Bohnenblust i
Hille. De fet, hi existeix un altra abscissa més, ['abscissa d’acotacio, que
marca el maxim semipla en el qual una serie de Dirichlet és convergent i
acotada, i és d’especial rellevancia per un resultat de Bohr publicat en
1913 en [7]. Aquest resultat, que es coneix com Teorema de Bohr, es-
tableix que una serie de Dirichlet que té una extensié holomorfa acotada
en un determinat semipla, de fet coonvergeix uniformement a tal extensio
en tot semipla estrictament inclés en l'anterior, o el que és el mateix,
que 'abscissa d’acotacié i la de convergencia uniforme coincideixen.
Una vegada s’han establert els diferents tipus de convergencia per les
series de Dirichlet, es recorden les diferents férmules que poden utilitzar-
se per calcular les abscisses corresponents, formules que son ampliament
conegudes i que van ser publicades juntes en el llibre fonamental sobre
series de Dirichlet escrit per Hardy i Riesz, [20]. Aquestes férmules en
general només funcionen quan ’abscissa que es vol calcular es positiva,
encara que també en el llibre de Hardy i Riesz es poden trobar modifi-
cacions de les féormules que funcionen en els casos en que 'abscissa es
negativa. Hi han, no obstant aixo, férmules que no sén tan conegudes i
per les quals no és rellevant el signe de I'abscissa. La primera d’elles la

va publicar Knopp en [23] per a I'abscissa de convergencia de series de
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Dirichlet ordinaries. Després, Kojima va estendre aquesta formula a les
series de Dirichlet generals en [24], un article que va servir de preparaci6
per un dels treballs més rellevants i extensos de Kojima, pero que també
seria I"altim que publicaria. En aquest article, publicat un any abans
de que morira, Kojima confecciona una formula per al cas doble basada
en la que publica en [24], que li permetra tractar el problema de la
convergencia regular de series de Dirichlet dobles. En la Secci6 2.2 es
reprodueix el treball de Kojima per a series de Dirichlet generals d’una
variable complexa, que servira de preparacié per a l'estudi del seu treball
en series de Dirichlet dobles.

La Secci6 2.3 esta dedicada a l'estudi de Ho.(C, ), 'espai de series
de Drichlet que sén convergents en C,, és a dir, que convergeixen en
el semipla de nombres complexos que tenen part real positiva; i que a
més defineixen funcions acotades en eixe semipla. Aquest espai va ser
introduit per primera vegada probablement en [21], on es va obtindre com
I’espai de multiplicadors de 1’espai de series de Dirichlet els coeficients
de les quals estan en (2, denotat per H?. No obstant aixd, Ho(Cy) es
veritablement rellevant pel Teorema de Bohr, ja que 'acotacié en C,
implica la convergencia uniforme de les sumes parcials a la funcié limit
en qualsevol semipla estrictament inclos en C,. L’'ultima part d’aquest
capitol es dedica a provar una versié quantitativa del Teorema de Bohr,
necessaria per provar que H..(C,) és un algebra de Banach, i que sera
fonamental per construir la inducci6 en el cas multiple. A més, en [21]
es prova que Hoo(C,) és isometricament isomorf a Hoo (B, ), I'espai de
funcions holomorfes i acotades definides en la bola unitat de cg, i el
Teorema de Bohr i les seues extensions als casos doble i multiple seran
fonamentals per estendre aquesta isometria a dits casos.

El Capitol 3 es dedica a l'estudi de la convergencia de series de
Dirichlet multiples, on el primer objectiu és obtindre un teorema que

imite 'estructura del teoremes originals donats per Jensen en [22] i Cahen
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en [8], pero sobre convergencia regular. La primera idea clau és que la
successié harmonica multiple és uniformement de variacié acotada en
qualsevol producte de regions angulars del tipus de les que apareixen en
el resultat original de Cahen. Aquest fet es pot combinar amb I'extensio
a la convergencia regular de series miultiples del treball de Hardy en
[19], que s’ha desenvolupat en I'iltima part de la Seccié 1.3, per tal
d’aconseguir el teorema cercat.

Tant la convergencia absoluta com la uniforme també es poden estu-
diar per a les series de Dirichlet multiples, i un teorema de convergencia
absoluta es pot donar seguint directament el d’una variable. No obstant
aixo, el fet que diferents tipus de convergencia donen lloc a diferents
regions és d’especial interés en aquesta teoria, i en aquest capitol centra
I’atencié en l'estudi d’eixos conjunts per a la convergencia regular de
series de Dirichlet dobles.

Una vegada s’ha donat un teorema de convergencia regular per a
series de Dirichlet dobles és clar que no es poden definir abscisses com en
el cas d'una variable. Per tal de caracteritzar els conjunts de convergencia
regular en el cas doble, s’ha de tornar a [25] (ens centrem en el cas doble
per simplicitat, pero el treball en conjunts de convergencia regular pt
desenvolupar-se analogament per a seéries miltiples). En un treball
extens i exhaustiu, fa ara un segle, Kojima va descriure els conjunts
de convergencia regular de les series de Dirichlet dobles com conjunts
definits per corbes decreixents i convexes, la parametritzacié de les quals
s’obté a través d’una férmula inspirada pel seu treball anterior en [24].
Aquesta féormula té I'avantatge de funcionar en el cas general, per a
qualsevol parell de freqiiencies admissibles A, i p,, pero el desavantatge
de no ser especialment practica a I’hora de fer calculs per obtindre de
forma explicita la parametritzacié de la corba que és la frontera del
conjunt de convergencia regular d’una serie de Dirichlet doble particular.

Recordant les formules que depenen del signe de 1’abscissa que es vol
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calcular, s’han confeccionat extensions de la férmula de Kojima al cas
doble. D’aquestes dues noves formules s’ha de triar una o I’altra en cada
cas en funcio de si la series de Dirichlet doble convergeix regularment
a l'origen, és a dir, de si la successiéo doble de coeficients convergeix
regularment. No obstant aixo, encara que aquestes férmules son més
utils als casos practics, només s’ha pogut provar la seua validesa en el cas
ordinari i en casos en que les freqiiencies creixen a un ritme molt paregut
al que creix la freqiiencia A, = logn. Es finalitza aquesta seccié amb
exemples no trivials de diferents tipus de conjunts de convergencia regular
per series de Dirichlet dobles ordinaries, mostrant aixi que els conjunts
de convergencia regular de les series de Dirichlet dobles componen una
familia més diversa, cosa que essencialment diferencia aquest cas del cas
d’una variable.

Els resultats sobre convergencia regular de series de Dirichlet multiples

d’aquest capitol han estat publicats a I’article:

e J. Castillo-Medina, D. Garcia, and M. Maestre, Isometries be-
tween spaces of multiple Dirichlet series. Journal of Mathematical
Analysis and Applications, 472 (1), 526 — 545, (2019)

Els resultats sobre féormules de convergencia d’aquest capitol poden

han estat publicats a 'article:

o Convergence formulae for double Dirichlet series, to appear in Re-

vista de la Real Academia de Ciencias Exactas, Fisicas y Naturales,

RACSAM.

En el Capitol 4 es construeix de forma sistematica la teoria de series
de Dirichlet dobles i multiples des del punt de vista de I’analisi complexa
i de I'analisi funcional, intentant imitar I'estructura de la teoria de series
de Dirichlet ordinaries d'una variable complexa. Els principals objectius
d’aquest capitol son dos: primer, estendre la definicié d’espai de series

de Dirichlet acotades al cas multiple i provar que dit espai es de fet un
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algebra de Banach; i segon, provar que aquest algebra es isometricament
isomorfa al corresponent espai de funcions acotades en infinites variables.
Per al primer d’aquestos objectius és convenient estudiar el cas doble
abans que el miltiple, ja que la succesié de passos técnics és més clara
en el cas doble, i la intuicié que dirigeix dits passos es pot entendre més
facilment.

En la Secci6 4.1 es defineix Ho.(C?%) com l'espai de series de Dirichlet
dobles i acotades que convergeixen regularment en C?, i immediatament
s’obtenen les conseqiiencies del fet d’utilitzar la convergencia regular. Si
s’entenen les subseries fila i columna de la serie de Dirichlet doble com
series de Dirichlet d’una varaible complexa, i notant que 'acotacié de
la serie de Dirichlet doble implica ’acotacié d’aquestes subseries fila i
columna, es pot desenvolupar un nou punt de vista per a les series de
Dirichlet dobles: series de Dirichlet vectorials els coeficients de les quals
son series de Dirichlet d’una variable complexa. Com els espais de les
series de Dirichlet vectorials ja han sigut estudiats com espais de Banach
en [11] i es té una versié vectorial del Teorema de Bohr, 1'eina fonamental
en el treball amb series de Dirichlet acotades, es tenen a l’abast els
ingredients necessaris per aprofitar per complet els avantatges d’aquesta
nova perspectiva. El primer pas sera obtindre una nova versié vectorial
i quantitativa del Teorema de Bohr, i el seglient pas sera formalitzar
aquesta intuicié vectorial definint una isometria injectiva de I'espai de
series de Dirichlet dobles i acotades a Hoo (Cy, Hoo(C)), Pespai de series
de Dirichlet vectorials els coeficients de les quals sén series de Dirichlet
acotades d’una varaible complexa. Aquest desenvolupament porta de
forma natural a la segiient quiestié: si una serie de Dirichlet doble pot
ser vista com una serie de Dirichlet vectorial, siga bé per files o per
columnes, s6n aquestes dues formes de veure-la equivalents? Es a dir, es
la isometria que s’ha definit també sobrejeciva? La resposta a aquesta

pregunta sera afirmativa, i tant la versié escalar com la vectorial del
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Teorema de Bohr apareixeran de forma més o menos inductiva en la
prova d’aquest resultat (de fet fan el paper de allo que seria I'extensié del
Teorema de Bohr quantitatiu al cas doble). La conseqiiéncia final és que
la isometria entre els espais Hoo(C3) 1 Hoo(Cy, Hoo(C)) és bijectiva i
que es disposa d’una versié doble del Teorema de Bohr, i per tant es
té que qualsevol serie de Dirichlet doble en Ho.(C?) es pot aproximar
uniformement per les seues sumes parcials en qualsevol producte de
semiplans que estiguen estrictament inclosos en C,.

En la segona part de la Seccié 4.1 s’aconsegueix per a series dobles
el primer objectiu d’aquest capitol. Els dos resultats principals que aci
s’obtenen s6n que Ho(C1) és un espai de Banach i que a més és un
algebra. El treball per al primer d’aquests resultats ja esta practicament
finalitzat, doncs la prova de que Hoo(C3 ) es un espai de Banach seguiex
el mateix esquema que la prova de que H..(C, ) és un espai de Banach,
tenint en compte que en el cas doble es treballa amb convergencia
regular. La idea és senzilla: primer es nota que Hoo(C%) és un subespai
de Hy(C2%), que és un espai de Banach, pel que tota successié de Cauchy
en Ho(C%) convergeix a una determinada f € H.(C?%). Després es
defineix formalment la serie de Dirichlet multiple D que seria el limit
hipotetic de la successié de Cauchy prenent els limits dels coeficients, i
es prova que f i D coincideixen puntualment en un semipla en el que
totes les series que apareixen en la prova convergeixen absolutament. Es
conclou aleshores que f es ’extensié holomorfa i acotada de D en C2,
aixi que es pot utilitzar la versié doble del teorema de Bohr per estendre
la convergencia de D i obtindre que en efecte pertany a H.(C2).

El punt clau per obtindre la conclusié en el resultat anterior es
I'extensi6 dels resultats previs necessaris a una versié vectorial. Aquest
és exactament el mateix que s’ha de fer per provar que Ho(C2) és un
algebra: primer es prova que les series de Dirichlet vectorials també for-

men un algebra i a continuacié en el cas doble es canvia a la perspectiva
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vectorial per utiltzar aquest mateix resultat. La clau en aquest tipus
d’arguments és que la isometria entre Hoo(C%) i Hoo(Cy, Hoo(Cy)) és bi-
jectiva, i per tant es pot utilitzar una perspectiva o l'altra indistintament
en la majoria dels casos.

En la Secci6 4.2 es planteja obtindre I'extensio del resultats que s’han
donat a la Secci 4.1, pero ara per al cas multiple. L’interes es centra en
explicar les diferéncies entre el cas doble i el cas miltiple. Encara que la
intuicié és la mateixa, utilitzar la perspectiva vectorial en el cas de les
series de Dirichlet k-multiples implica treballar amb series de Dirichlet
k — 1-multiples, i aquesta és la rad per la qual molts dels resultats
que s’obtenien de forma independent en el cas doble necessiten ser
enunciats en una forma condensada. El Teorema 4.20 és un clar exemple
d’aquesta situacié, doncs conté les extensions de diversos resultats en
el cas doble, pero ha de ser enunciat de forma inductiva. Aquesta
induccié és exactament la rad per la qual s’ha d’aconseguir una extensio
precisa del Teorema de Bohr en la versié quantitativa, doncs una hipotesi
d’inducci6é quantitativa és necessaria per poder provar aquesta extensio,
al mateix temps que s’obtenen els principals ingredients per les proves de
dos dels principals resultats d’aquesta secci6: que Hoo(Cli) és un espai
de Banach i que és isometricament isomorf al seu equivalent vectorial,
HOO(C—HHOO(Ci_I))-

Es interessant notar que la manera en qué es desenvolupa la induccié
que ve de la perspectiva vectorial té un factor arbitrari, doncs es pot veure
una serie de Dirichlet k-multiple com una serie de Dirichlet vectorial els
coeficients de la qual sén series de Dirichlet £ — 1-multiples, o també com
una serie de Dirichlet k—1-multiple i vectorial els coeficients de la qual son
series de Dirichlet de una variable complexa. De fet, es pot triar qualsevol
partici6 de les variables, doncs els espais Hoo (T, Hoo (CE7)) resulten ser
tots isometricament isomorfos a Hoo(CY). Per al desenvolupament que

aci es presenta s’ha triat 'opcié més natural, en el sentit en que imita
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els esquemes de les proves del cas doble, esquemes en que normalment
apareix la hipotesi d’inducci6 en lloc del corresponent resultat escalar.
Aquest esquema també es repeteix en la prova de que Hoo(CE) és un
algebra, resultat que també és cert en el cas multiple.

En la Seccié 4.3 s’estudia com estendre la isometria de [21] entre
I’espai de series de Dirichlet acotades i el corresponent espai de funcions
holomorfes en infinites variables, és a dir, entre H(C%) i Hoo(Be). No
obstant aixo, provant aquesta isometria en realitat s’arriba a una conse-
quencia veritablement rellevant. Els espais Hoo(Bcg) sén tots isometrica-
ment isomorfos, independentment de la dimensid, pel que la isometria
implicaria que els espais de series de Dirichlet multiples acotades HOO(C’i)
son tots isometricament isomorfos. Aquest és un fet sorprenent perque
en la teoria de funcions d’una variable complexa aquest fet no és té, ja
que, per exemple, els espais no sén H., (D) i H,(D?) isometricament
isomorofos.

La idea de d’aquesta isometria esta basada en allo que es coneix com
la transformada de Bohr, una aplicacié que a priori es defineix entre
les series de Dirichlet formals d’una variable complexa i les series de
potencies formals en infinites variables. La idea central és transformar
els indexs de les series de Dirichlet, els nombres naturals, en multi-indexs
de nombres enters no negatius a través de la descomposicié en factors
primers, separant els primers per convertir-los en un nombre infinit de

variables. Més especificament, si m € N, siga la seua descomposicié

. par

@, i sl es denota per p = {p;}, la successié de nombres

_ il
m=p -
primers, aleshores p* = pi* -+ - p% =m, on a = (v, ...,a,,0,...) € coo

és un multi-index, una successio finita de enters no negatius. Per tant,

M = A () 7° = ampy " -

saue

Dy
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on ¢, = a,,, amb la identificacié entre m i el multi-index o que s’obté
en la seua descomposicié en factors primers, i on z; = p;* son les noves
variables complexes de la series de potencies formal. Consequentment,
el monomi de Dirichlet a,,m™* i el corresponent monomi en r variables
complexes coincideixen puntualment, i el mateix es pot dir per a sumes
finites. No només aixo, siné que també els polinomis de Dirichlet, és a
dir, les series finites, coincideixen en norma amb la corresponent series
de potencies formal. Aquest resultat, al que es coneix com Lema de

Bohr, estabeix el segiient:

M A,

sup B
m=1 m

Res>0

= sup
weh™(M)

Apa 2
1<pe<M

)

on m(M) és el primer més gran que és menor o igual que M. Aquest
resultat és el primer pas per probar que Ho(CE) és isometricament
isomorf al espai corresponent de funcions holomofes i acotades en infinites
variables, Hoo(B.x).

En aquesta secci6 es donen dues proves diferents per a la isometria.
La primera prova segueix I’esquema de [3, Theorem 2.5] i involucra els
espais A(C’i) de series de Dirichlet k-multiples que sén uniformement
convergents en (C’i. Aquests espais sén la clausura de I'espai que genera
el conjunt de monomis de Dirichlet k-multiples amb la norma suprem,
doncs es prova que una serie de Dirichlet k-multiple esta en A(C") si i
només si és el limit uniforme d’una successié de polinomis de Dirichlet
k-multiples. Per tant, la extensio de les clausures del Lema de Bohr a les
respectives clausures dona la isometria entre A(C") i Ay (Bcx). Per donar
el segilient pas es necessita la versio per a series de Dirichlet multiples del
Teorema de Montel, un resultat molt 1til en analisi complexa, I’analeg
del qual en la teoria de series de Dirichlet és part del treball de Bayart, [5,

Lemma 18]. Una vegada s’ha obtés aquest analeg per al cas k-miltiple,
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es pot utilitzar per estendre la isometria als espais Hoo(C*) i Hoo(Bcg),
finalitzant la prova.

La segona versio de la prova de la isometria segueix 1’esquema de
[12, Theorem 3.8|, i en comptes de construir des del Lema de Bohr
topologicament, es pren la idea d’aproximar per sumes finites el cas de
infinites variables utilitzant el resultat que els autors de [12] anomenen
el criteri de Hilbert, una eina potent en analisi complexa en infinites
variables que ve de establir condicions suficients i necessaries per fer
que una serie de potencies formal definisca una funcié en Ho(B,,)-
Aquesta prova pot pareixer menys directa, perd presenta un avantatge
en comparacio a l'anterior: no només s’obté I'isomorfisme isometric entre
Hoo(CE) y Hoo(Bex), sind que també s’obté la igualtat puntual entre
I’avaluacié de la series de Dirichlet multiple i de la seua imatge. Es també
interesant notar que l'extensié del resultat de Bayart, que és I’analeg al
Teorema de Montel per a series de Dirichlet k-multiples, es pot obtindre
com a corol - lari, mentre que per a l’altra prova era un resultat necessari.
En aquest sentit es podria dir que aquesta versié del Teorema de Montel
i la isometria entre Ho(CE) i Hoo(Bg) son equivalents.

Els resultats sobre series de Dirichlet miltiples d’aquest capitol han

estat publicats a 'article:

o J. Castillo-Medina, D. Garcia, and M. Maestre, Isometries be-
tween spaces of multiple Dirichlet series. Journal of Mathematical
Analysis and Applications, 472 (1), 526 — 545, (2019)

El Capitol 5 es dedica a I’estudi dels operadors de composici6 de’espais
de series de Dirichlet, que sén operadors que actuen per composicié amb
una funcié, amb la notacié Cy(f) = f o ¢, on ¢ s’anomena el simbol
de l'operador de composicié D,. La Seccié 5.1 es focalitza en una
revisié de la caracteritzaci6 dels operadors de composicié de Ho(Cy), la

Seccid 5.2 es dedica a la caracteritzacio dels operadors de composicié de
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Hoo(C%), 1 finalment en la Seccié 5.3 s’estudien breument els operadors
de superposicié d’espais de series de Dirichlet d’una variable complexa.

Els operadors de composicié de series de Dirichlet van ser estudiats
per primera vegada per Gordon i Hedenmalm en 1999 en [17], on es
caracteritzen els operadors de composicié de H?, 'espai de series de
Dirichlet els coeficients de les quals estan en ¢2. Aquest article es pot
dividir en dues parts. La primera d’elles es basicament la prova de [17,
Theorem A], i conté els arguments més importants que s’utilitzen en el
treball en operadors de composicié d’espais de series de Dirichlet en quasi
qualsevol circumstancia, tant en la prova de la condici6 suficient com en la
prova de la condici6 necessaria. La segona part d’aquest article consisteix
en el treball preliminar per a [17, Theorem B] i la prova d’aquest mateix
resultat, i és en aquesta part on es tracten les particularitats del cas dels
operadors de composicié en I'espai H?. Gracies al Teorema de Bohr no
hi ha necessitat d’aquesta segona part en el treball en H,(C.), ja que
els operadors de composicié sempre sén acotats. Per aquest motiu es
focalitza I’atencié en la prova de [17, Theorem A], que es reprodueix aci,
afegint atencié especial als detalls que potser s’ometeren en [17], amb
la intencié de que aquest capitol siga el més complet possible. També
es reprodueixen aci alguns dels resultats complementaris sobre el rang
del simbol del operador de composicié que es basen en unes propietats
particulars sobre el creixement de la norma de una serie de Dirichlet.
A continuaci6 es dona la prova de la caracteritzacié dels operadors de
composici6 de Ho(C, ) que havia estat donada préviament en el treball
de Bayart en [5], i la qual Queffélec i Seip refinaren encara més en [29].
Es prova a més que es pot enunciar aquesta mateixa caracteritzacio
sense la necessitar de suposar a priori que el simbol ha de ser analitic.
Aquesta part sera clau en la prova del resultat principal de la Seccié 5.2.
Per finalitzar aquesta secci6 s’estableix una relacio entre els operadors

de composicié de Hoo(Cy ) i els de Hy (B, ), seguint la isometria de la
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Secci6 4.3, i es remarca que aquesta relacié funciona només en un sentit,
ja que qualsevol simbol s’un operador de composicié de Ho.(C, ) defineix
un simbol per a un operador de composicié en H,(B.,), pero es donen
exemples de que el contrari és fals.

La Seccié 5.2 es divideix en diferents subseccions. En la primera
es prova la condicié suficient per a la caracteritzacié dels operadors de
composicié de Ho(C2), estenent els arguments de la Seccié 5.1. En la
segona subseccid es dona la prova de condicié necessaria, que requereix
nous arguments inductius que estan inspirats en les proves originals de
[17, Theorem A]. Finalment es dona una caracteritzacié completa que
inclou la extensi6 dels ultims refinaments que havien sigut donats per
Queftélec i Seip en el cas d’una variable, i en aquest cas també es pot
prescindir de la hipotesi d’holomorfia del simbol, obtenint una extensi6
completa de la caracteritzacié final que s’havia donat en la Secci6 5.1.
En la tercera subseccié s’estén satisfactoriament la relacié unidireccional
entre els simbols dels operadors de composicié de Hoo(Cy) i de Hoo(Be,)
al cas doble, donant de nou exemples de com aquesta relacié només
funciona en un sentit.

Finalment, en la Secci6 5.3 es recorda la caracterizaié dels operadors
de superposicié dels espais de Hardy en el disc que es dona en [9], y
s’adapta per obtindre un resultat analeg en els espais de Hardy de
series de Dirichlet d'una variable complexa, finalitzant el capitol amb les
diferencies entre el cas en que p és finit i el cas p = cc.

Els resultastas d’aquest capitol estan recopilats en I'article:

« F. Bayart, J. Castillo-Medina, D. Garcia, M. Maestre and P. Sevila-
Peris, Composition operators on spaces of double Dirichlet series,
en procés de ser publicat. https://arxiv.org/abs/1903.08429



Resumen

Este trabajo esta dedicado al estudio de las series de Dirichlet multi-
ples y se centra en tres aspectos principales: convergencia, espacios de
series de Dirichlet multiples acotadas y los operadores de composicion
de tales espacios.

En el Capitulo 1 se trata la convergencia de series multiples. Primero
se muestra como la definiciéon que se obtiene de la extensiéon natural
al caso miltiple de la definicién de convergencia de una sucesién no
implica las propiedades naturales que uno esperaria, como la acotacion
de la sucesion o el calculo del limite doble a través de limites iterados.
Esta situacion se repite obviamente en el caso de las series multiples,
por lo que se tiene que introducir una definiciéon alternativa para la
convergencia de series multiples.

En 1917 Hardy caracterizé en [19] el conjunto de multiplicadores de
las series convergentes en el espacio de las sucesiones como el conjunto
de sucesiones de wvariacion acotada, las sucesiones para las cuales la
serie que viene definida por las distancias entre términos consecutivos es
finita. Cuando intenté extender esta caracterizacion al caso de las series
dobles, Hardy entendio la necesidad de una definicién de convergencia
estructuralmente mas fuerte para replicar su resultado original en el caso
doble. Esto es cierto en un contexto mas general, pues la definicién usual
de convergencia para series dobles pone el acento en una convergencia
combinada en ambos indices, pero permite demasiada libertad en las

series que se obtienen cuando se fija cualquiera de los indices a algin valor
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concreto. Mas adelante, Moricz extendié esta definicién de convergencia
regular a las series multiples a través de una condicion mas técnica
que juega el papel de condicién de tipo Cauchy para la definicion de
convergencia regular.

La caracterizacion que Hardy da en [19] para los multiplicadores de
series convergentes se reproduce aqui, es decir, se incluyen las pruebas
de la equivalencia entre los conceptos de factor de convergencia y de
sucesion de variacion acotada. También se reproduce el trabajo de
Moricz, probando la equivalencia entre el concepto que acuiié como
convergencia en sentido restringido y la convergencia regular definida por
Hardy, siendo que la condicién mas técnica de convergencia en sentido
restringido normalmente es mas 1util que la definicién original de Hardy.
Es mas, en la propia reproducciéon de la caracterizacion de los factores
de convergencia en el caso doble se utiliza la condicion de Moéricz, que
de hecho estaba implicita en el trabajo de Hardy. Esta caracterizacion
es especialmente interesante en su aplicacién al trabajo con series de
Dirichlet porque, si se va un paso mas alla y se extienden estos resultados
para las sucesiones que a las que se llaman uniformemente de variacion
acotada, se obtiene una manera sistematica de trabajar en convergencia
regular de series de Dirichlet miltiples.

El el Capitulo 2 el trabajo se centra en los conceptos y resultados
fundamentales de series de Dirichlet ordinarias de una variable compleja.
El primer asunto que se trata es el de la convergencia de tales series,
y no solo la convergencia sino que también la convergencia absoluta
y la convergencia uniforme. Se podria decir que la teoria de series
de potencias esta incluida en la teoria de series de Dirichlet, ya que
escogiendo la frecuencia A\, = n y el cambio de variables z = ¢™* se tiene

que

(0.0 (o ¢]
Z ape ' = Z a,2".
n=1 n=1
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En este caso particular es basico que si una serie de potencias es con-
vergente en un disco, entonces converge absoluta y uniformemente en
cualquier disco estrictamente més pequeno. Utilizando el cambio de
variables inverso se llega a que si una serie de Dirichlet con frecuencia
A, = n converge en el semiplano que queda a la derecha de una cierta
abscisa entonces también converge absoluta y uniformemente en cualgier
semiplano estrictamente a la derecha de dicha abscisa. Sin embargo,
este no es el caso en general con las series de Dirichlet ordinarias, para
las cuales la frecuencia es )\, = logn. En el caso oridnario se definen
diferentes abscisas, una para cada tipo de convergencia: la abscisa de
convergencia, la abscisa de convergencia absoluta y la abscisa de conver-
gencia uniforme. La anchura de la banda vertical que separa cada una
de estas abscisas es uno de los problemas clasicos en la teoria de series de
Dirichlet, que fue estudiado por Bohr y no fue resuelto finalmente hasta
1931 en [6] por Bohnenblust y Hille. De hecho, existe otra abscisa més,
la abscisa de acotacién, que marca el maximo semiplano en la que una
serie de Dirichlet es convergente y acotada, y es de especial relevancia
por un resultado de Bohr publicado en 1913 en [7]. Este resultado, que
se le conoce como Teorema de Bohr, dice que una serie de Dirichlet que
tiene una extension holomorfa acotada en un cierto semiplano, de hecho
converge uniformemente a tal extension en todo semiplano estrictamente
incluido en el anterior, o lo que es lo mismo, que la abscisa de acotacion
y la abscisa de convergencia uniforme coinciden.

Una vez se han establecido los diferentes tipos de convergencia para
series de Dirichlet, se recuerdan las diferentes férmulas que pueden uti-
lizarse para calcular las abscisas correspondientes, féormulas que son
ampliamente conocidas y que fueron publicadas juntas en el libro funda-
mental sobre series de Dirichlet escrito por Hardy y Riesz, [20]. Estas
formulas suelen funcionar exclusivamente cuando la abscisa que se quiere

calcular es positiva, aunque de nuevo en el libro de Hardy y Riesz se
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pueden encontrar modificaciones de las férmulas que funcionan en los
casos en que la abscisa es negativa. Hay, sin embargo, formulas que
no son tan conocidas y para las cuales no es relevante el signo de la
abscisa. La primera de ellas la public6 Knopp en [23] para la abscisa de
convergencia de series de Dicihlet ordinarias. Después Kojima extendio
esta féormula a las series de Dirichlet generales en [24], un articulo que
serviria de preparacién para uno de los trabajos mas relevantes y exten-
sos de Kojima, pero también el ultimo que publicaria. En este articulo,
publicado un ano antes de su muerte, Kojima extiende su férmula al
caso doble para tratar el problema de la convergencia regular de series
de Dirchlet generales dobles. En la Seccién 2.2 se reproduce el trabajo
de Kojima para series de Dirichlet generales de una variable compleja,
preparando el terreno para el estudio de su trabajo en series de Dirichlet
dobles.

La Seccién 2.3 estd dedicada al estudio de Hoo(Cy), el espacio de
series de Dirichlet que son convergentes en C,, es decir, que convergen
en el semiplano de nimeros complejos con parte real positiva; y que
ademas definen funciones acotadas en tal semiplano. Este espacio fue
probablemente introducido por primera vez en [21], donde se obtiene
como el espacio de multiplicadores del espacio de series de Dirichlet
cuyos coeficientes estdan en 2, que se denota por H2 Sin embargo,
Hoo(C,) es verdaderamente relevante por el Teorema de Bohr, ya que la
acotacion en C, implica la convergencia uniforme de las sumas parciales
a la funcién limite en cualquier semiplano estrictamente incluido en
C,. La ultima parte de este capitulo se dedica a probar una version
cuantitativa del Teorema de Bohr, necesaria para probar que H..(C,)
es un algebra de Banach, y que sera fundamental para construir la
induccion en el caso multiple. Ademads, en [21] se prueba que Ho(Cy) es
isométricamente isomorfo a H..(B,,), el espacio de funciones holomorfas

y acotadas definidas en la bola unidad de ¢g, y el Teorema de Bohr y
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sus extensiones a los casos doble y multiple seran fundamentales para
extender esta isometria a dichos casos.

El Capitulo 3 esta dedicado al estudio de la convergencia de series
de Dirichlet multiples, siendo el primer objetivo obtener un teorema que
imite la estructura de los teoremas originales dados por Jensen en [22] y
Cahen en [8], pero sobre convergencia regular. La primera idea clave es
que la sucesion armonica multiple es uniformemente de variacion acotada
en cualquier producto de regiones angulares del tipo de la que aparece
en el resultado original de Cahen. Este hecho se puede combinar con
la extension a la convergencia regular de series miltiples del trabajo de
Hardy en [19], que se ha desarrollado en la tltima parte de la Seccién
1.3, para conseguir el teorema que se busca.

Tanto la convergencia absoluta como la uniforme también se pueden
estudiar para las series de Dirichlet multiples, y un teorema de convergen-
cia absoluta se puede dar siguiendo directamente el de una variable. Sin
embargo, el hecho de que los diferentes tipos de convergencia producen
diferentes regiones es un hecho de especial interés en esta teoria, y en
este capitulo se centra la atenciéon en el estudio de tales conjuntos para
la convergencia regular de las series de Dirichlet dobles.

Una vez se ha dado un teorema de convergencia regular para series
de Dirichlet miltiples, es claro que no se pueden definir abscisas como en
el caso de una variable. Para caracterizar los conjuntos de convergencia
regular en el caso doble, se ha de acudir a [25] (nos centramos en el caso
doble por simplicidad, pero el trabajo en conjuntos de convergencia regu-
lar se puede desarrollar andlogamente en el caso multiple). En un trabajo
extenso y exhaustivo, hace ahora un siglo Kojima describié los conjuntos
de convergencia regular de las series de Dirchlet dobles como conjuntos
definidos por curvas decrecientes y convexas, la parametrizacion de las
cuales se obtiene a través de una féormula inspirada por su anterior tra-

bajo en [24]. Esta férmula tiene la ventaja de que funciona en el caso
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general, para cualquier para de frecuencias admisibles A\, y u,, pero la
desventaja de que no es especialmente practica a la hora de hacer calculos
para obtener de forma explicita la parametrizacién de la curva que es la
frontera del conjunto de convergencia regular de una serie de Dirichlet
doble particular. Recordando las formulas que dependen del signo de
la absicsa que se quiere calcular, se han confeccionado extensiones de
la formula de Kojima al caso doble. De estas dos nuevas férmulas se
ha de escoger en cada caso una o la otra en funciéon de si la serie de
Dirichlet doble converge regularmente en el origen, es decir, de si la
sucesion doble de los coeficientes converge regularmente. Sin embargo,
aunque estas férmulas son mas utiles en los casos practicos, solo se ha
podido probar su validez en el caso ordinario y en casos en los que las
frecuencias crecen a un ritmo muy parecido al que crece la frecuencia
A, = logn. Se finaliza esta seccién con ejemplos no triviales de diferentes
tipos de conjuntos de convergencia regular para series de Dirichlet dobles
ordinarias, demostrando asi como los conjuntos de convergencia regular
de las series de Dirichlet dobles conforman una familia mas diversa, que
esencialmente diferencia este caso del caso de una variable.

Los resultados sobre convergencia regular de series de Dirichlet multi-

ples de este capitulo han sido publicados en el articulo:

o J. Castillo-Medina, D. Garcia, and M. Maestre, Isometries be-
tween spaces of multiple Dirichlet series. Journal of Mathematical
Analysis and Applications, 472 (1), 526 — 545, (2019)

Los resultados sobre féormulas de convergencia de este capitulo han

sido publicados en el articulo:

o Convergence formulae for double Dirichlet series, aceptado en Re-
vista de la Real Academia de Ciencias Exactas, Fisicas y Naturales,

RACSAM.

En el Capitulo 4 se construye de forma sisteméatica la teoria de

series de Dirichlet dobles y multiples desde el punto de vista del analisis
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complejo y del andlisis funcional, intentando imitar la estructura de la
teoria de series de Dirichlet ordinarias de una varaible compleja. Los
principales objetivos de este capitulo son dos: primero, extender la
definiciéon de espacio de series de Dirichlet acotadas al caso miltiple y
probar que tal espacio es de hecho un algebra de Banach; y segundo,
probar que este algebra es isométricamente isomorfa al correspondiente
espacio de funciones acotadas en infinitas variables. Para el primero de
estos objetivos es conveniente estudiar el caso doble antes que el multiple,
ya que la sucesién de pasos técnicos es mas clara en el caso doble y la
intuicién que dirige dichos pasos se puede entender més facilmente.

En la Seccién 4.1 se define Ho(C2), el espacio de series de Dirichlet
dobles y acotadas que convergen regularmente en C%, e inmediatamente
se obtienen las consecuencias del hecho de utilizar la convergencia regular.
Si se entienden las subseries fila y las subseries columna de la serie de
Dirichlet doble como series de Dirichlet de una variable compleja, y
viendo que la acotaciéon de la serie de Dirichlet doble implica la acotacion
de estas subseries fila y columna, se puede desarrollar un nuevo punto
de vista para las series de Diriclet dobles: series de Dirichlet vectoriales
cuyos coeficientes son series de Dirichlet de una variable compleja. Como
los espacios de series de Dirichlet vectoriales ya han sido estudiados como
espacios de Banach en [11] y se tiene una version vectorial de Teorema
de Bohr, la herramienta fundamental en el trabajo de series de Dirichlet
acotadas, se disponen de los ingredientes necesarios para aprovechar por
completo las ventajas de esta nueva perspectiva. El primer paso serd
obtener una version vectorial y cuantitativa del Teorema de Bohr, y el
siguiente paso sera formalizar esta intuicion vectorial definiendo una
isometria inyectiva del epacio de series de Dirichlet dobles y acotadas
a Hoo(Cy, Hoo(C)), el espacio de series de Dirichlet vectoriales cuyos
coeficientes son series de Dirichlet acotadas de una variable compleja.

Este desarrollo lleva de forma natural a la siguiente pregunta: si una
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serie de Dirichlet doble puede ser vista como una serie de Dirichlet
vectorial ya sea por filas o por columnas, json estas dos maneras de
verla equivalentes? Es decir, jes la isometria que se ha definido también
sobreyectiva? La respuesta a esta pregunta serd afirmativa, y tanto
la version escalar como la vectorial del Teorema de Bohr apareceran
de forma més o menos inductiva en la prueba de este resultado (de
hecho jugando el papel de lo que seria la extensién del Teorema de Bohr
cuantitativo al caso doble). La consecuencia final es que la isometria
entre los espacios Hoo(C2) y Hoo(Cy, Hoo(Cy)) es biyectiva y que se
tiene una version doble del Teorema de Bohr, lo que asegura que cualquier
serie de Dirichlet doble en H,(C?%) se puede aproximar uniformemente
por sus sumas parciales dobles en cualquier producto de semiplanos que
estén estrictamente incluidos en C,.

En la segunda parte de la Seccién 4.1 se consigue para series dobles
el primer objetivo de este capitulo. Los dos resultados principales que
aqui se obtienen son que Ho(C%) es un espacio de Banach y que ademas
es un algebra. El trabajo para el primero de estos resultados ya esta
practicamente finalizado pues la prueba de que Hoo(C3) es un espacio
de Banach sigue el mismo esquema que la prueba de que H..(C,) es un
espacio de Banach, teniendo en cuenta que en el caso doble se trabaja
con convergencia regular. La idea es sencilla: primero notar que Hao(C?)
es un subespacio de Hw(Ci), que es un espacio de Banach, por lo que
toda sucesion de Cauchy en Ho,(C2) converge a una cierta f € He(C2).
Después se define formalmente la serie de Dirichlet multiple D que seria
el hipotético limite de la sucesion de Cauchy tomando los limites de
los coeficientes, y se prueba que f y D coinciden puntualmente en un
semiplano en el que todas las series que aparecen en la prueba convergen
absolutamente. Se concluye entonces que f es la extensién holomorfa

y acotada de D en C?, por lo que se puede usar la versiéon doble del
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teorema de Bohr para extender la convergencia de D y obtener que en
efecto pertenece a Hoo(C2).

Notese que el punto clave para obtener la conclusion en el resultado
anterior es la extension de los resultados previos necesarios a su ver-
sién vectorial. Esto es exactamente lo mismo que se ha de hacer para
probar que Hoo(C2) es un dlgebra: primero se prueba que las series de
Dirichlet vectoriales también forman un dlgebra y a continuacién en el
caso doble se cambia a la perspectiva vectorial para utilizar ese mismo
resultado. La clave en este tipo de argumentos es que la isometria entre
Hoo(CL) y Hoo(Ch, Hoo(C)) es biyectiva, por lo que se puede utilizar
una perspectiva u otra indistintamente en la mayoria de los casos.

En la Seccién 4.2 se plantea obtener la extension de los resultados
que se han dado en la Secciéon 4.1 pero ahora para el caso multiple.
El interés se centra en explicar las diferencias entre el caso doble y el
caso multiple. Aunque la intuicion es la misma, utilizar la perspectiva
vectorial en el caso de las series de Dirichlet k-multiples implica trabajar
con series de Dirichlet £ — 1 multiples, y esta es la razén de que muchos
resultados que se obtenian de forma independiente en el caso doble
necesiten ser enunciados en una forma condensada. El Teorema 4.20
es un claro ejemplo de esto, pues contiene las extensiones de varios
resultados en el caso doble, pero ha de ser enunciado de forma inductiva.
Esta induccién es exactamente la razén por la cual se ha de conseguir una
extension precisa del Teorema de Bohr en su version cuantitativa, pues
una hipétesis de induccion cuantitativa se necesita ara poder probar esta
extension, al mismo tiempo que se obtienen los principales ingredientes
para las pruebas de dos de los principales resultados de esta seccion: que
’HOO(C’_‘;) es un espacio de Banach y que es isométricamente isomorfo a
su equivalente vectorial, Hoo (Cy, Hoo (CETH)).

Notese que la manera en la que se desarrolla la induccién que viene de

la perspectiva vectorial tiene un factor arbitrario, pues se puede ver una
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serie de Dirichlet k-multiple como una serie de Dirichlet vectorial cuyos
coeficientes son series de Dirichlet k& — 1-multiples, o también como una
serie de Dirichlet k£ — 1-multiple y vectorial cuyos coeficientes son series de
Dirichlet de una variable compleja. De hecho, se puede escoger cualquier
particién de las variables, pues los espacios Hoo(C%, Hoo(C5)) resultan
ser todos isométricamente isomorfos a H(CY). Para el desarrollo que
aqui se presenta se ha escogido el enfoque mas natural, en el sentido
en el que es el que imita los esquemas de las pruebas del caso doble,
esquemas en los que normalmente se reemplaza los resultados escalares
por la correspondiente hipdtesis de inducciéon. Este esquema también se
repite en la prueba de que ’Hoo((Ci) es un algebra, resultado que también
se obtiene en el caso multiple.

En la Seccién 4.3 se estudia cémo extender la isometria de [21] entre
el espacio de series de Dirichlet acotadas y el correspondiente espacio
de funciones holomorfas en infinitas variables, es decir, entre Ho(Ck) y
HOO(BCIS). Sin embargo, probando esta isometria en realidad se llega a
una consecuencia verdaderamente relevante. Los espacios Hoo(Bcg) son
todos isométricamente isomorfos, independientemente de la dimension,
por lo que la isometria implicaria que los espacios de series de Diriclet
multiples acotadas He(Ck) son todos isométricamente isomorfos. Esto
es sorprendente porque en la teoria de funciones de variable compleja
esto no ocurre, ya que, por ejemplo, los espacios Hy (D) y Hoo(D?) no
son isométricamente isomorfos.

La idea de esta isometria esta basada en lo que se conoce como la
transformada de Bohr, una aplicacién que a priori se define entre las
series de Dirichlet formales de una variable compleja y las series de
potencias formales en infinitas variables. La idea central es transformar
los indices de las series de Dirichlet, los niimeros naturales, en multi-
indices de enteros no negativos a través de la descomposicion en factores

primos, separando los primos para convertirlos en un nimero infinito
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de variables. Mas especificamente, si m € N, sea su descomposicion

en factores primos m = pi'---p27, v si se denota por p = {p;}; la
sucesion de numeros primos, entonces p* = pi'---pt = m, donde
a=(ay,...,q.,0,...) € cgo es un multi-indice, una sucesién finita de
enteros no negativos. Por tanto,
ammfs — am(pa)fs — ampfsal . _p;sar
= G (P %) - (D, 5)Y = ca2tt - 2 = cu2®,

donde ¢, = a,,, con la identificacién entre m y el multi-indice o que se
obtiene en su descomposicién en factores primos, y z; = pj_S son las nuevas
variables complejas en la serie de potencias formal. Consecuentemente, el
monomio de Dirichlet a,,m™° y el correspondiente monomio en r variables
complejas coinciden puntualmente, y lo mismo puede decirse para sumas
finitas. No solo eso, sino que los polinomios de Dirichlet, es decir, las
series finitas, también coinciden en norma con su correspondiente serie
de potencias formal. Este resultado, al que se conoce como Lema de

Bohr, establece lo siguiente:

M o

sup Z—W; = sup Z apa 2|,

Res>0 |—1 M weD™M) |1 cpar M

donde (M) es el primo més grande que es menor o igual que M. Este
resultado es el primer paso para probar que 7—[00(@1) es isométricamente
isomorfo al espacio correspondiente de funcionles holomorfas y acotadas
en infinitas variables, Hoo(B).

En esta seccion se dan dos pruebas diferentes para la isometria. La
primera prueba sigue el esquema de [3, Theorem 2.5 e involucra a los
espacios A(C") de series de Dirichlet k-multiples que son uniformemente
convergentes en (C’i. Estos espacios son la clausura del espacio que

genera el conjunto de monomios de Dirichlet k-multiples con la norma
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supremo, pues se prueba que una serie de Dirichlet k-multiple esta en
A(CE) siy solo si es el limite uniforme de una sucesién de polinomios
de Dirichlet k-multiples, asi que la extension del Lema de Bohr a las
respectivas clausuras da a isometria entre A(Ck) y Ay(Bg). Para dar
el siguiente paso se necesita la version para series de Dirichlet multiples
del Teorema de Montel, un resultado muy 1til en analisis complejo cuyo
analogo para series de Dirichlet de una variable compleja es parte del
trabajo de Bayart, [5, Lemma 18]. Una vez se ha obtenido este andlogo
para el caso k-multiple, se puede usar para extender la isometria a los
espacios Hoo(CE) y Hoo(Bg), finalizando la prueba.

La segunda version de la prueba de la isometria sigue el esquema
de [12, Theorem 3.8|, y en vez de construir desde el Lema de Borh
topolégicamente, se toma el enfoque de aproximar por sumas finitas
el caso infinito-dimensional usando el resultado que los autores de [12]
llaman el criterio de Hilbert, un herramienta potente en analisis complejo
en infinitas variables que proviene de establecer condiciones suficientes y
necesarias para que una serie de potencias (formal) defina una funcién en
H(B,)- Esta prueba puede parecer més enrevesada, pero presenta una
ventaja frente a la anterior: no solo se obtiene el isomorfismo isométrico
entre Ho(Ck) y Hoo(Bg), sino que también se obtiene la igualdad
puntual entre la evaluacion de la serie de Dirichlet multiple y la de su
imagen. Es también interesante notar que la extension del resultado de
Bayart, que es el andlogo al Teorema de Montel para series de Dirichlet
k-multiples, se puede obtener como corolario de esta prueba, mientras
que para la otra prueba era un resultado necesario. En este sentido se
podria decir que esta version del Teorema de Montel y la isometria entre
Hoo(CE) y Hoo(B,x) son equivalentes.

Los resultados sobre series de Dirichlet multiples de este capitulo han

sido publicados en el articulo:
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e J. Castillo-Medina, D. Garcia, and M. Maestre, Isometries be-
tween spaces of multiple Dirichlet series. Journal of Mathematical
Analysis and Applications, 472 (1), 526 — 545, (2019)

El Capitulo 5 se dedica al estudio de operadores de composicién
de espacios de series de Dirichlet, que son operadores que actiian por
composicién con una funcién, con la notacién Cy(f) = f o ¢, donde ¢
se conoce como el simbolo del operador de composicién Cy. La Seccién
5.1 se centra en una revision de la caracterizacion de los operadores de
composicién de Ho.(Cy), la Seccién 5.2 se dedica a la caracterizacion de
los operadores de composicién de Ho(C%), y finalmente en la Seccién
5.3 se estudian brevemente los operadores de superposicion de espacios
de series de Dirichlet de una variable compleja.

Los operadores de composicién de series de Dirichlet se estudiaron
por primera vez por Gordon y Hedenmalm en 1999 en [17], donde se
caracterizan los operadores composiciéon de H?, el espacio de series de
Dirichlet cuyos coeficientes estan en (2. Este articulo se puede dividir en
dos partes. La primera de ellas es basicamente la prueba de [17, Theorem
A], y contiene los argumentos mas importantes que se usan en el trabajo
en operadores de composicion de espacios de series de Dirichlet en casi
cualquier circunstancia, tanto en la prueba de la condicién suficiente como
en la prueba de la condicién necesaria. La segunda parte de este articulo
consiste del trabajo preliminar para [17, Theorem B| y la prueba de este
mismo resultado, y es en esta parte donde se tratan las particularidades
del caso de operadores de composicién en el espacio H2. Gracias al
Teorema de Bohr no hay necesidad de esta segunda parte en el trabajo
en Ho(Cy), ya que los operadores de composicion siempre son acotados.
Por este motivo se centra la atencién en la prueba de [17, Theorem A],
que se reproduce aqui, afladiendo atencion especial a los detalles que
pudieron ser omitidos en [17], con la intencién de que este capitulo sea

lo mas completo posible. También se reproducen aqui algunos resultados
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complementarios sobre el rango del simbolo del operador de composicion
que se basan en unas propiedades particulares acerca del crecimiento de
la norma de una serie de Dirichlet. A continuacién se da la prueba de la
caracterizacién de los operadores de composicién de H,(C, ) que habia
sido dada previamente en el trabajo de Bayart en [5], y cuya version més
refinada fue aportada por Queffélec y Seip en [29]. Se prueba ademés que
se puede enunciar esta misma caracterizacion sin la necesidad de asumir
a priori que el simbolo haya de ser holomorfo. Esta parte sera clave en
la prueba del resultado principal de la Seccién 5.2. Para finalizar esta
seccion se establece una relacion entre los operadores de composicion de
Hoo(C) y los de Hoo(Be,), siguiendo la isometria de la Seccion 4.3, y se
resalta que esta relacién funciona solo en un sentido, ya que cualquier
simbolo de un operador de composicién de Ho(C, ) genera un simbolo
para un operador de composicion en Ho. (B, ), pero se muestra ejemplos
de que el converso no es cierto.

La Seccion 5.2 se divide en diferentes subsecciones. En la primera se
prueba la condicién suficiente para la caracterizacion de los operadores
de composicién de Ho(C3) extendiendo los argumentos de la Seccién
5.1. En la segunda subseccion se da la prueba de la condicién necesaria,
que requiere de nuevos argumentos inductivos que estan inspirados en
las pruebas originales de [17, Theorem A]. Finalmente se da una caracte-
rizacion completa que incluye la extension de los tltimos refinamientos
que habian sido dados por Queffélec y Seip en el caso de una variable, y
en este caso también se puede prescindir de la hipétesis de holomorfia del
simbolo, terminando con una extension completa de la caracterizacion
final obtenida en la Seccion 5.1. En la tercera subseccion se extiende
satisfactoriamente la relaciéon unidireccional entre los simbolos de los
operadores de composicion de Hoo(C,) v de Hoo(B,,) al caso doble,
dando de nuevo ejemplos de como esta relacion solo funciona en un

sentido y falla en el otro.



XXXIiX

Finalmente, en la Seccién 5.2 se recuerda la caracterizaién de los
operadores de superposicion de los espacios de Hardy en el disco que se
da en [9], y se adapta para obtener un resultado andlogo en los espacios
de Hardy de series de Dirichlet de una variable compleja, finalizando
el capitulo con las diferencias entre el caso en que p es finito y el caso
p = 0.

Los resultados de este capitulo estan recopilados en el articulo:

« F. Bayart, J. Castillo-Medina, D. Garcia, M. Maestre and P. Sevila-
Peris, Composition operators on spaces of double Dirichlet series,
en proceso de ser publicado. https://arxiv.org/abs/1903.08429






Abstract

This work is dedicated to the study of multiple Dirichlet series and it
focuses on three main aspects: convergence, spaces of bounded multiple
Dirichlet series and the composition operators of such spaces.

In Chapter 1 we deal with the issue of convergence of multiple series.
We first show how the definition that results from a natural to the
multiple case extension of the definition of convergence of a sequence
does not imply the natural properties that one should expect, such as
boundedness of the sequence or computation of the double limit via
iterated limits. This situation is obviously repeated in the case of multiple
series, so we have to introduce an alternative definition for convergence
of multiple series.

In 1917 Hardy characterized in [19] the set of multipliers of conver-
gent series in the space of sequences as the set of sequences of bounded
variation, the sequences for which the series given by the sums of dis-
tances between consecutive terms is finite. When trying to extend this
characterization to the case of double series he realized that a struc-
turally stronger definition was needed to replicate his original result in
the double case. This turns out to be true in a more general context,
as the usual definition of convergence for double series only stresses the
convergence in both indexes of the series, allowing too much freedom of
choice for the situation in which one of those indexes is fixed but the
other one is not. That is why, in the same paper, Hardy introduced

his notion of regular convergence for double series, which asks also for
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convergence of the series obtained when fixing any of the indexes to any
given value. Later on, in [26], Méricz extended the definition of regular
convergence for multiple series of k indexes and he characterized it via a
technical condition that serves as a kind of Cauchy condition for this
definition of regular convergence.

We reproduce here the characterizations given in [19] for the mul-
tipliers of convergent series, that is, we include Hardy’s proofs of the
equivalence between the concepts of convergence factor and sequence
of bonded variation. We also reproduce Moéricz’s work, proving the
equivalence between what he called convergence in a restricted sense and
regular convergence, since this technical condition will be often much
more useful than Hardy’s original definition. Actually, when reproducing
Hardy’s characterization for the convergence factors in the double case,
we will use Moricz’s condition, as it was implicit in Hardy’s work. This
characterization is interesting for us because if we go one step further
and we extend this result for what we call multiple sequences of uniform
bounded variation, then we get a systematic way of working in regular
convergence of multiple Dirichlet series.

In Chapter 2 we focus on the fundamentals on ordinary Dirichlet
series of one complex variable. The first issue we deal with is convergence
of such series, and not only convergence but also absolute and uniform
convergence. One could say that the theory of general Dirichlet series
includes the theory of power series, since choosing the frequency A\, = n

and taking a simple change of variable by z = e™* one gets

(e.@) [o.¢]
Z a, e = Z an2".
n=1 n=1

In this particular case we know that if a power series is convergent
in a disk, then it is absolutely and uniformly convergent in any disk

strictly smaller. By using the inverse change of variables, this would
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imply that if the general Dirichlet series with frequency A\, = n were
convergent in the half-plane to the right of an abscissa, then it would
converge absolutely and uniformly in every halfplane that sits strictly to
the right of the original one. However, this is not the case in ordinary
Dirichlet series, where the frequency is A\, = logn. In the ordinary
case one can define different abscissae which give the maximum half-
plane for every each type of convergence: the abscissae of convergence, of
absolute convergence and of uniform convergence. The width of one of the
particular strips separating the abscissae was one of the classical problems
in the theory of ordinary Dirichlet series that was tackled by Bohr and
was not finally solved until 1931 in [6] by Bohnenblust and Hille. Actually,
there is another abscissa, the abscissa of boundedness, which gives you
the maximum half-plane in which a Dirichlet series is convergent and
bounded, and its relevance comes through a fundamental result given by
Bohr in [7] in 1913. This result, sometimes referred to as Bohr’s Theorem,
states that a Dirichlet series that has a bounded holomorphic extension
defined in a certain half-plane will converge uniformly to that extension
in every half-plane strictly smaller, or equivalently, that the abscissa of
boundedness coincides with the abscissa of uniform convergence.

Once we have established the different kinds of convergence for Dirich-
let series, we recall different formulae that can be used for computing
the corresponding abscissae, which are widely known and were published
together in 1915 in the fundamental book on Dirichlet series by Hardy
and Riesz [20]. This formulae are generally given for positive abscissae,
although there again in Hardy and Riesz’s book one can find some modi-
fications of the formulae that actually work for negative abscissae. There
are, however, other formulae which are not generally known and which
do not care for the sign of the abscissae. The first one was given by
Knopp in [23] for the abscissa of convergence of ordinary Dirichlet series.

This formula was then extended to general Dirichlet series by Kojima
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in [24], a paper which would be a preparatory work for one of Kojima’s
most remarkable and extensive pieces of work, but also his last. Is in
this paper, published just one year before his death, he extended his
formula to the double case to tackle the problem of regular convergence
of general double Dirichlet series. In Section 2.2 we reproduce Kojima’s
work for general Dirichlet series of one complex variable, preparing the
grounds for the study of his work in double Dirichlet series.

Section 2.3 is dedicated to the study of H.,(C, ), the space of Dirich-
let series that are convergent in C,, that is, that are convergent the
half-plane of complex numbers with positive real part, and also define
bounded functions there. This space was probably introduced for the
first time in [21], where it was obtained as the space of multipliers of
the space of Dirichlet series whose coefficients are in ¢2, denoted by H2.
However, H(C,) is truly relevant thanks to Bohr’s Theorem, since
the boundedness in C, implies the uniform convergence of the partial
sums to the limit function in every strictly smaller half-plane Cs, for
0 > 0. We dedicate the last part of this chapter to proving a quantitative
version of Bohr’s Theorem which is needed to prove that Ho(C,) is a
Banach algebra and which will be fundamental to build the induction
in the multiple case. Moreover, in [21] it was shown that H,.(C,) is
isometrically isomorphic to Hoo(By,), the space of bounded holomorphic
functions defined on the open unit ball of ¢y, and Bohr’s Theorem and
its extension to the double and multiple cases will be fundamental to
extend this isometry to such cases.

Chapter 3 is dedicated to the study of convergence of multiple Dirich-
let series, being the first goal to give a theorem of convergence that
replicates the structure of the original theorems given by Jensen in [22]
and Cahen in [8], but now using regular convergence. The first key idea
is that the harmonic multiple sequence is of uniform bounded variation

in any product of angular regions such as the one appearing in Cahen’s
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original result. This fact can be used altogether with the extension of
Hardy’s work of [19] to regularly convergent multiple series, which had
been done in the last part of Section 1.3.

Absolute and uniform convergence can also be studied for multiple
Dirichlet series, and a theorem of absolute convergence for multiple
Dirichlet series can be given directly form the one variable case. However,
as we pointed out before, the fact that different kinds of convergence
produce different sets is a remarkable point of interest of this theory, and
we turn our attention to the study of such sets for regular convergence
of double Dirichlet series.

Once a theorem of regular convergence for multiple Dirichlet series
has been given, it is clear that one cannot define abscissae as in the
one variable case. To characterize the sets of regular convergence the
double case, we have to refer to [25] (we focus on the double case for
simplicity, but the work in sets of regular convergence can be developed
in the multiple case analogously). In an extensive and exhaustive work,
a century ago Kojima described the sets of regular convergence of double
Dirichlet series as defined by particular decreasing convex curves, the
parametrization of which can be obtained through a formula that is
inspired by his previous work in [24]. This formula has the advantage
that it works in the general case, for any pair of admissible frequencies
Am and p,, but the disadvantage of not being very useful to perform
actual calculations when trying to explicitly obtain the parametrization
of the curve that is the boundary of the set of regular convergence of a
particular double Dirichlet series. Recalling the formulae that depended
on the sign of the abscissa we build extensions of Kojima’s formula to
the double case. From these two new formulae, one or the other has to
be chosen depending on whether the double Dirichlet series converges
regularly at the origin or, equivalently, on whether the double sequence

of coefficients converges regularly. However, although easier to use for
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practical computations, these formulae can only be used in the ordinary
case and for some particular frequencies in the general case that grow at
a very similar path to the path at which the frequency A\, = logn grows.
We finish this section by giving some non-trival examples of different
kinds of sets of regular convergence for ordinary double Dirichlet series,
demonstrating how the sets of regular convergence for double Dirichlet
series form a wider and more varied family than in the one variable case.

The results about regular convergence of multiple Dirichlet series

from this chapter have been published in the paper:

o J. Castillo-Medina, D. Garcia, and M. Maestre, Isometries be-
tween spaces of multiple Dirichlet series. Journal of Mathematical
Analysis and Applications, 472 (1), 526 — 545, (2019)

The results about formulae of regular convergence from this chapter

have been published in the paper:

o Convergence formulae for double Dirichlet series, to appear in Re-
vista de la Real Academia de Ciencias Fractas, Fisicas y Naturales,

RACSAM.

In Chapter 4 we systematically build the theory of double and multiple
Dirichlet series from the complex and functional analysis point of view,
trying to replicate the structure of the theory of ordinary Dirichlet series
of one variable. The main aims of this chapter are two: first, to extend
the definition of the space of bounded Dirichlet series to the multiple case
and prove that such space is indeed a Banach algebra; and second, to
show that this algebra is isometrically isomorphic to the corresponding
space of bounded functions in (countable) infinitely many variables. For
the first aim it is convenient to study the double case prior to the multiple
one, as the succesion of technical steps is clearer in the double case and

the intuition that leads those steps can be understood more easily.
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In Section 4.1 we define Ho,(C2 ), the space of bounded double Dirich-
let series that are regularly convergent in C%, and we immediately obtain
some consequences from using the regular convergence. Understanding
the row and column subseries of a double Dirichlet series as Dirichlet
series of one complex variable and how the boundedness of the double
series implies the boundedness of these row and column subseries, we
can develop a new point of view for double Dirichlet series: vector-valued
Dirichlet series whose coefficients are Dirichlet series of one complex
variable. Since spaces of vector-valued Dirichlet series had been studied
before as Banach spaces in [11], and there is a vector-valued version
of our fundamental tool, Bohr’s Theorem, we have all the ingredients
necessary to take full advantage of this new perspective. The first step
is to obtain a vector-valued quantitative version of Bohr’s Theorem, and
the next step will be to formalize this vector-valued intuition defining
an injective isometry form the space of bounded double Dirichlet series
into Heo(Cy, Hoo(Cy)), the space of bounded vector-valued Dirichet
series whose coefficients are bounded Dirichlet series. This development
naturally brings out the next question: if a double Dirichlet series can be
seen as a vector-valued Dirichlet series either by rows or by columns, are
these two ways equivalent? This is to say, is the isometry we just defined
also onto? The answer to this question will be positive, and both the
scalar and the vector-valued version of Bohr’s Theorem will appear in a
sort of inductive way in the proof of this result, actually playing the role
of what would be an extension of the quantitative Bohr’s Theorem to
the double case. The final consequence is then that there is a bijective
isometry between the spaces Hoo(C) and Heo(Co, Hoo(CL)) and that
we have a double version of Bohr’s Theorem, assuring that any double
Dirichlet series in Hoo(C2) can be uniformly approximated by its partial

double sums in every product of half-planes strictly smaller that C,..
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In the second part of Section 4.1 the first aim of this chapter is finally
met for double Dirichlet series. The two main results that are obtained
here are that Ho.(C%) is a Banach space, and that is also an algebra.
The road to the first of those results has already been paved as the proof
follows the same scheme as the proof of the analogous result for the one
variable case, where now we have to take into account that we are dealing
with regular convergence. The idea is simple: first note that H..(C%)
is a subspace of H(C?), which is a complete space, so every Cauchy
sequence in He(C3) must have a limit f € Hy(C%). Then, define
formally the series D that would be the limit of the Cauchy sequence in
Hoo(C%) by taking the limits of the coefficients, and prove that both f
and D coincide point-wise in a half-plane where all the series involved
would converge absolutely. Then f would be the holomorphic bounded

extension of D to C2. so the double version of Bohr’s Theorem can

T
be used to extend the convergence of D and get that it is indeed in
Hoo(C2).

Note how the key point in getting to the conclusion was to get to
the extension of the necessary results using the vector-valued version of
such results. This is also exactly what we need to do in order to prove
that H..(C%) is an algebra: first we prove that bounded vector-valued
Dirichet series also form an algebra and then, in the double case, we
switch to the vector-valued perspective to use said result. The key
in these kind of arguments is that the isometry between Ho(C3) and
Moo (C, Hoo(CL)) is bijective, so in practice we can go back and forth
between the two perspectives.

In Section 4.2 we set ourselves to extend the results obtained in
Section 4.1 for k-multiple Dirichlet series. We focus on explaining the
main differences between the double case and the more general multiple
case. Although the intuition is the same, going through the vector-valued

perspective in the k-multiple case now implies working with &£ —1-multiple



xlix

Dirichlet series, and this is the reason why most of the results that can
be obtained independently from one another in the double case need to
be stated together in a condensed form. Theorem 4.20 is a clear example
of this, as it contains the extensions of several different results of the
double case, but needs to be stated inductively. This induction is exactly
the reason why we need to build a precise extension of the quantitative
version of Bohr’s Theorem, since a quantitative induction hypothesis is
needed in order to prove this extension at the same time that we obtain
the main ingredients for the proofs of two of the main results of this
section: that H.(C?) is a Banach space and that it is isometrically
isomorphic to its vector-valued counterpart H.(C,, Hoo (CE™)).

Note that the way in which we develop the induction through the
vector-valued perspective has an arbitrary factor, as we can choose to
see k-multiple Dirichlet series as vector valued Dirichlet series whose
coefficients are k — 1-multiple Dirichlet series, or also as k — 1-multiple
vector-valued Dirichlet series whose coefficients are Dirichlet series of
one complex variable. Actually, we could have chosen any partition of
the variables, because the spaces Hoo(C, Hoo(Ch77)) are actually all
isometrically isomorphic to He(C%). The choice has been made for
the more natural approach in the sense that it replicates the schemes
of the proofs of the double case, usually replacing the scalar results by
the corresponding inductive hypothesis. This is scheme is also repeated
in the proof of Ho(C%) being an algebra, which is also the case for
k-multiple Dirichlet series.

In Section 4.3 we study how to extend the isometry from [21] be-
tween bounded Dirichlet series and the corresponding space of bounded
holomorphic functions in infinitely many variables, that is, between
Hoo(C*) and Hoo(Bg). However, by proving this isometry one actually
gets a very remarkable consequence. Since the spaces Hoo(Bcg) are all

isometrically isomorphic independently from the value of £, this implies



that the spaces of bounded multiple Dirichlet series Ho,(C% ) are all iso-
metrically isomorphic, independently from the number of variables. This
is striking because in the theory of funcions of a complex variable this is
not the case, as, for example, H, (D) and H,,(D?) are not isometrically
isomorphic.

The idea of this isometry is based on what is called the Bohr Trans-
form, a map a priori defined between formal Dirichlet series in one
complex variable and formal power series in countably infinitely many
variables. The central idea is to transform the indexes in which a formal
Dirichlet series runs as a sum, the natural numbers, into multi-indexes
of non-negative integers via the prime number decomposition, so we
separate the prime numbers and we make them into a set of countably
infinetly many varaibles. Let us see this in more detail. If m € N,
let us take the decomposition in prime factors of m, m = pi* - por,
and let us denote by p = {p;}, the sequence of prime numbers, so we
write p* = p{t---p? = m, where & = (aq,...,0,,0,...) € cg is a
multi-index, an eventually zero sequence of non-negative integers. Then,
Lopser

ar a

— am(pl_s)al [P (p;s)ar — cazfll P Z,r — Caz ,

amm™" = ap(p*) " = app; "

where ¢, = a,, with the identification between m and the multi-index
a obtained in its decomposition as primer factors, and z; = p;* being
the new complex variables in the formal power series. Therefore the
Dirichlet monomial a,,m~® and the corresponding monomial in r complex
variables coincide point-wise, and the same can be said for finite sums.
Not only that, but finite sums coincide not only point-wise but also in
norm. This very relevant result, usually referred to as Bohr’s Lemma,
states that

M q
m
sup E —| = sup apa 2|,
Res>0 |;,=1 m weD™(M) 1<pe<M
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where (M) is the greatest prime number less than or equal to M. This
is the first step into proving that ’HOO(C’i) is isometrically isomorphic to
its corresponding space of bounded holomorphic functions in countably
infinitely many variables, Hoo(B).

In this section we give two different proofs for the isometry we
announced. The first one follows the scheme in [3, Theorem 2.5] and
involves the spaces A(C% ) of k-multiple Dirichlet series that are uniformly
convergent in CX. This spaces are actually the closure of the k-multiple
Dirichlet monomials with the supremum norm, as we prove that a k-
multiple Dirichlet series is in A(C") if and only if it is the uniform limit
of a sequence of k-multiple Dirichlet polynomials, so the extension of
Bohr’s Lemma to the respective closures gives the isometry between
A(CE) and Au(B). To go one step further we need the k-multiple
version of Montel’s Theorem, a very useful result in the theory of complex
analysis whose analogous form for Dirichlet series of one complex varaible
was given by Bayart in [5, Lemma 18]. Once we have built this extension
of Bayart’s result we can use it to extend the isometry to Ho(CE) and
Hoo(Bg), finishing the proof.

The second version of the proof of the isometry follows the scheme
from [12, Theorem 3.8|, and instead of building topologically from Bohr’s
Lemma, it takes the finite sums approach and approximates the infinitely
many variables case using what the authors in [12] call Hilbert’s criterion,
a powerful tool in complex analysis in infinitely many variables that
comes from establishing sufficient and necessary conditions for a (formal)
power series to define a function in H..(B,,). This proof may seem more
involved, but it presents an advantage over the other one: we get that not
only the spaces Ho(CE) and HOO(BCIS) are isometrically isomorphic, but
also that a k-multiple Dirichlet series and its image coincide point-wise,
which was not obtained directly in the other proof. It is also interesting

to note that our extension of Bayart’s result, which works as a kind of
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Montel’s Theorem for k-multiple Dirichlet series, can now be obtained
as a corollary from this proof, while for the other one it was a necessary
previous result. In this sense one could say that this version of Montel’s
Theorem and the isometry between H..(C% ) and Hoo (B, ) are equivalent
results.

The results about multiple Dirichlet series from this chapter have

been published in the paper:

o J. Castillo-Medina, D. Garcia, and M. Maestre, Isometries be-
tween spaces of multiple Dirichlet series. Journal of Mathematical
Analysis and Applications, 472 (1), 526 — 545, (2019)

Chapter 5 is dedicated to the study of composition operators of spaces
of Dirichlet series, which are operators that act via composition with a
function, using the notation Cy(f) = fo¢, where ¢ is called the symbol of
the composition operator Cphi. Section 5.1 centers around revisiting the
characterization of the composition operators for H.,(C,) and Section
5.2 is dedicated to the characterization of the composition operators for
Hoo(C%), while in Section 5.3 we briefly study superposition operators
of spaces of Dirichlet series of one complex variable.

Composition operators of Dirichlet series where studied first by Gor-
don and Hedenmalm in 1999 in [17], where they characterized the com-
position operators for H?2, the space of Dirichlet series whose coefficients
are in ¢2. This paper can be divided in two parts. The first one is
basically the proof of [17, Theorem A] and contains the most important
arguments that are used when working with composition operators of
spaces of Dirichlet series in almost every circumstance, both in the proof
of the sufficient condition and in the proof of the necessary one. The
second one is the preparatory work for [17, Theorem B| and the proof of
this result, which deals with the particularities of studying composition
operators in H2. Thanks to Bohr’s Theorem there is no need for this

second part when working in H..(C,), since a composition operator
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always is bounded. That is why we focus on the proof of [17, Theorem
A], which we reproduce here, adding special attention to details that
might have been omitted in [17] with the intention of having this chapter
be self-contained. We also reproduce some other complementary results
about the range of the symbol of the composition operator that rely
on some particular properties on the growth of the norm of a Dirichlet
series. Then we give a proof of the characterization of the composition
operators on H.,(C,) that had been previously given by Bayart in [5],
and the refined version that was given by Queffélec and Seip in [29]. We
also prove that we can state the same characterization without assuming
a priori that the symbol has to be holomorphic. This will be a key point
for the proof of the main result in Section 5.2. We end this section by
establishing a relationship between composition operators of H..(C)
and composition operators in Hu(B,,), following the isometry from
Section 4.3, and we note that this relationship is only one-sided, as every
symbol of a composition operator in H,,(C,) generates a symbol for a
composition operator in Ho(B,,), but we show examples and how the
converse is not true.

We split Section 5.2 in different subsections. In the first one we
prove the sufficient condition for the characterization of the composition
operators of H(C%) extending the arguments of Section 5.1. In the
second subsection we give the proof of the necessary condition, which
requires of new inductive arguments that are also inspired in the original
proof of [17, Theorem A]. We finally give a complete characterization
that includes the extension of the latest refinements that had been
given by Queffélec and Seip for the one variable case, and we are also
able to drop the hypothsis of analiticity of the symbol, ending with
a complete extension of the final characterization we had obtained in
Section 5.1. In the third subsection we successfully extend the one sided

relationship between the symbols of composition operators of H..(C)
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and of Hy(B,,) to the double case, giving again examples on how this
relationship only works in one direction.

Finally, in Section 5.3 we recall the characterization of the superposi-
tion operators of the Hardy spaces of the disk that was given in [9] and
we adapt it to get an analogous result in Hardy spaces of Dirichlet series
of one complex varaible, and we finish the chapter by noting the striking
differences between the case in which p is finite and the case of p = occ.

The results in this chapter are collected in the paper:

o F. Bayart, J. Castillo-Medina, D. Garcia, M. Maestre and P. Sevila-
Peris, Composition operators on spaces of double Dirichlet series,
in the process of being published. https://arxiv.org/abs/1903.08429
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Chapter 1

Preliminaries in multiple

series

In the study of multiple Dirichlet series, convergence is undoubtedly
our first concern, so we dedicate this chapter to establishing a strong
framework for convergence of multiple series. In the first section we will
see how the ordinary definition of convergence presents some problems,
so we will need to find a stronger definition of convergence for multiple
series, which we will borrow form Hardy’s work. In [19] Hardy tackles
the problem of finding the set of multipliers of convergent series in the
space of sequences, and he defines reqular convergence of double series
to solve this same problem for regularly convergent double series. We
will reproduce his research and extend it to the k-multiple case, as it
will truly simplify our work towards giving a convergence theorem for

multiple Dirichlet series.

1.1 Convergence of multiple series.

We will give here some basic definitions about multiple sequences

and multiple series, and some examples to illustrate the main difficulties
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that arise when dealing with the multiple case. We illustrate these
problems by giving examples which, for the sake of clarity, will be of

double sequences and series.

Definition 1.1. A k-multiple complex sequence

a = {aml,,,,,mk}ﬁl,...,mk=l C C

is a map a : N¥ — C, and we write Ay = a(ma,...,my). We say
that a k-multiple complex sequence is convergent to L if for every € > 0
there exists (M, ..., M) € N* such that

|@m,...m, —L| <&,  whenever m; > M, for every 1 < j < k.

Remark 1.2. Note that this definition of convergence can be stated in
terms of the convergence of a net over N* with the partial order defined
as

(p1,---sok) < (q1,---,q) > pj = ¢q; for every 1 < j < k.

Moreover, in the previous definition it is equivalent to say that there
exists My € N such that

|@my,...m, — L| <&,  whenever m; > M, for every 1 < j <k,

so we will use both of these conditions indistinctly.

Definition 1.3. Let a = {am,,..im; fomy....m,=1 D€ a k-multiple complex
sequence. A k-multiple complex series is the k-multiple complex sequence

of its partial sums

p1 Pk
Sp1,epe Z Z Amy,...;mp s

mi1=1 mi=1
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and we represent it by Z;fil,...,mkzl (T
We say that the k-multiple complex series converges to a sum S if the
k-multiple complex sequence of its partial sums converges to .S, that is,

if for every e > 0 there exists (qi,...,q) € N* such that
|Spy.pe — S| <&  whenever p; > g; for every 1 < j < k.

From now own, we will just say “a k-multiple sequence” when referring
to a k-multiple complex sequence, and we will just say “a k-multiple
series” when referring to a k-multiple complex series.

Sometimes we will say that a k-multiple series is a k-dimensional series,
emphasizing the fact that it is summed over k different indexes. With
this idea, given a k-multiple series, one can fix one or more indexes at a
certain value or values and one gets a multiple series in the remaining
indexes, which we will call a j-dimensional subseries of the k-multiple

series.

and 0 <

J < k, we say that a j-dimensional subseries is a series in just 7 indexes

. . . . o
Definition 1.4. Given a k-multiple series >57% _1 Gy, my,
Mgy, - - ., m;;, where the other indexes my,, ..., my, _. have been fixed. We

represent a j-dimensional subseries by

Notice that, in the previous definition, the improper cases j = k and
j = 0 are included, which refer respectively to the k-multiple series itself
and the k-multiple sequence of terms of the series.
It is a natural question to ask if the convergence of k-multiple series
implies the convergence of its j-dimensional subseries and, in that case,
if the series can be summed iteratedly. This question can be better

illustrated in the double case.
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Definition 1.5. Let 3277, _; am» be a double series, that is, a 2-multiple
series. We call the 1-dimensional subseries of this double series the row
subseires and the column subseries, depending on whether we are fixing
one index or the other. More clearly,

o
Z A 1S @ TOW subseries.

n=1

e}

Z A, 1S & column subseries.
m=1

The names row subseries and column subseries come from the inter-
pretation of a double sequence as an infinite matrix, where the terms

are organized as follows:

1,1 Q1,2 01,3
Q21 Q22 0423

a3;1 Gz 2 0433

In this sense, in a row subseries we are summing all the terms in one
row, because the index that indicates the row is fixed. Analogously in
the column subseries we sum all the terms in a column. Now we are

ready to define properly the iterated sums of a double series.
Definition 1.6. Let >°7_; amn be a double series. We call

£ (Eo) E(E)

m=1 n=1

the iterated series of the double series.

More generally, we can give the definition for k-multiple series.
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. 00 . . .
Definition 1.7. Let >0 . _ Gm, . m, be a multiple series. Given
an order for the indices myq,...,my as m,,,...,m;,, the corresponding

iterated sum is

0o 00 00
Z Z Tt Z aml,‘..,mk-

mil mi2 mik

In the case of double series, the question stated above takes the
following form: Does the convergence of a double series imply the
existence of the iterated series? The answer to this question is negative,

as it is shown in the following example from [27].

Example 1.8. Let {a,,,} be the double sequence defined by the matrix

1]-1 1] -1 1] -1
—1| 1|-1] 1|-1] 1
IEIEEIEE
SEEINEIE
IEREIEE
SR IR

Computing the partial sums of the double series we have that:

24+min{p+1, g+1}’
0, otherwise.

— if p and q are odd,
Sp,q =

Therefore the double series is convergent, but the row subseries and
the column subseries are all of them alternated series and therefore not

convergent, so the iterated sum is not well defined in this case.

The other implication does not hold either: the existence of both
iterated sums does not guarantee the convergence of the double series.

Let us see it with the following example, again from [27].
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Example 1.9. Let {b,,,} be the double sequence defined by the matrix

1] -1 0 0 0 0
-1 1 0 0 0 0
0 0 1] -1 0 0
0 0] -1 1 0 0
0 0 0 0 1 -1
0 0 0 0] -1 1

It is obvious that every row subseries and every column subseries is

convergent to 0, so the iterated sums both exists and are 0. However,

1, if p is odd,
PP . .
0, if p is even.

so the associated double series cannot be convergent.

This is not the only difficulty we encounter when dealing with con-
vergence of double (and consequently, multiple) series. It is elementary
that, in the one dimensional case, a convergent sequence is bounded, and
for a convergent series the sequence of partial sums and the sequence
of terms are bounded. However, this does not occur with double series,

and the next example illustrates it.

Example 1.10. Let {¢;, ,} be the double sequence defined by the matrix
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0 0 1 2 3 4
0 0| -1|-2|-3| -4
1] -1 0 0 0 0
2] =2 0 0 0 0
3] -3 0 0 0 0
41 -4 0 0 0 0

The double series associated with this double sequence is convergent
as Sy, = 0 when m,n > 2. However, it is obvious that the sequences

{amn} ans {s;,,} are not bounded when m <2 or n < 2.

1.2 Regular convergence of double and mul-

tiple series.

It has been shown that a new definition for convergence of multiple
series is needed if we want to be able to give a theorem of convergence of
multiple Dirichlet series that follows the same arguments of the theorem
of convergence of Dirichlet series. This definition will be that of regular

convergence, that we present now for multiple series.

Definition 1.11. We say that a k-multiple series is reqularly convergent
if it is convergent and all of its j-dimensional subseries are convergent
for 1 <j <k

Note that this implies the convergence of the k-multiple series itself.
A straightforward consequence of this definition is that it can be stated
inductively: a k-multiple series is reqularly convergent if and only if every
k — 1-dimensional subseries is reqularly convergent.

This definition was given by Hardy on [19] for double series. Later on,
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Méricz gave his definition for convergence in a restricted sense on [26],
which he proved to be equivalent to Hardy’s definition. We extend both
the definition and the proof to multiple series, and from now on we will
consider the condition of convergence in a restricted sense as a sort of

Cauchy condition for regular convergence.

Definition 1.12. We say that a k-multiple series converges in a re-

stricted sense if for every € > 0 there exists My > 0 such that

p1 Pk
Z Z Upmy,.my| < € if max n; > My, pj=n;1<j<Ek.
mi=ni mE=ng VA

Remark 1.13. Note that, in the multiple case, the Cauchy condition
of difference of multiple sums is not so easy to handle. With the aim of
getting to a more confortable Cauchy condition we find that we need
to use the condition in Definition 1.12 as a sort of Cauchy condition for
regular convergence, instead of a more natural condition. Let us see why.
Recall that, in the one dimensional case, the condition of convergence
of a series is equivalent to its sequence of partial sums being Cauchy;,
that is, that given € > 0 there exists Ny such that p > N, implies
|sq — sp| = ’ZZ:qH an’ < ¢. Following the one index case one can
extend the form of this Cauchy condition in the expectable way. If
P is a convergent k-multiple series, given € > 0 there

mi,...,mp=1 &mh...,mk

exists My such that, if min{ny,...,ng} > My, then

p1 Pk
2o D Gmim

mi1=ni mg=ng

<e pizn;, 1<j<k (1.1)

Denoting by s, . . the corresponding partial sum, it is clear that the
statement is true in the 2-dimensional case since by the Cauchy condition

for double series there exists My such that p; > n; > My, j = 1,2, implies
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. .
|5p1,p2 = Snims| < 52, and, since

p1 D2
Z Z Amy,ma = Spi,pe — Sni,pa = Spina + Sni,na»
mi1=n1+1mao=no+1

then

g
< |SP1,p2 - Sn17p2| + |Sp17n2 - 8”1’n2| < 2272 =&

P1 P2
2. > dmm

mi1=ni1+1 mo=no+1

This idea can be adapted to the k-dimensional case easily to obtain

p1 Pk

Z e Z am1,...,mk

mi=ni+1 mp=ng+1

€

k—1
<2 o

<e,

so (1.1) is a necessary condition for the convergence of a k-mutiple series.
However, it is a not sufficient one. To see this it is enough to take the

double series

1, ifm=1orn=1,
Amn =
’ 0, otherwise.

The double series 3, ,, amn trivially verifies (1.1) but it is obviously
not convergent. This illustrates how the key point of Definition 1.12
is to take the maximum of the indexes and not the minimum, which
intuitively means that we have some control over the j-dimensional
subseries, 1 < j < k. This intuition becomes formal in the following

theorem.

Theorem 1.14. A k-multiple series converges reqularly if and only if it

converges in a restricted sense.

Proof. Let us suppose that a k-multiple series 3°00 . _y Gy, m, cOD-

k

verges in a restricted sense, and consider 3770 . _j g m, @ J-
100 j PR

dimensional subseries. To see that it converges, we check the Cauchy

condition, so take ¢;,,p; € N for 1 <1 < j, and we can assume without
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loss of generality that ¢;, > p;,, 1 <1 < j. By splitting the g-sum by the

p indexes we have

Qll pzl

Z Zaml,, Z Zaml,,k

m; . =1 m;. =1
5 5

7‘1'1

Ti;
< D 2 D s

(bil ,T'il)eA milzbil mij :bij

where A is the set of j-tuples of pairs {(b;,, r;,) }1_, satisfying the following

conditions:
(i) by =1orb, =p;, +1foreveryl € {1,...,j}
(ii) there exists lp € {1,...,j} such that b, =p; +1;
(iii) b, =1=1r, =p;, and b, =p;, + 1 =1, = q;,.

Given € > 0, we can apply Definition 1.12 with 5; to each term in the
A-sum. Therefore, there is a certain M, such that7 it ¢;, = pi, = Mo,
then each term in the A-sum is smaller than ;. Just taking into account
that |[A| < 2/ — 1 one gets the Cauchy condltlon for the j-dimensional
subseries.

Now for the sufficient condition, we suppose that the k-multiple series
converges regularly. Take € > 0 and choose M, € N from Remark 1.13
such that min{n,, ..., ng} = Mo, p; > n;, 1 < j < k implies

Remark 1.13 guarantees that for each j € {1,...,k} we only need to
consider a finite amount of the j-dimensional subseries, those in which the

fixed indexes satisty 1 < my,,...,my,_, < My. By using again Remark
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1.13, there exists Mmzl,-n,mzk - > My such that if min{n;,,...,n;} >
—J
Mmzl,~~~,mzk,j then
Piy bi; e
> Y G| < gy P2, 1< <G (12)
mil :nil mij :nij 0

Now take M; = max{M,, D (myy, .. ,mzk,j) e{1,... ,Mo}k_j}

l17"'7mlk_]-
and M = maxocj< M;. For a choice of (nq,...,ny), if max{ny,...,ng} >
M, then there are some indexes satisfying n;,,...,n;, = M > My, where
the rest of indexes satisfy ny,,...,n;,_, < M. Now we can check the

condition for the convergence in a restricted sense

P1

Pk
Do D ey

mi1=ni mp=ng
Py Py, Piy DPi;
dE X (B R
my, =Mo mlk,j:MO My =Ngy M ; =MNi;
Mo—1 Mo—1 Diy Pij
+ Y Y S o Y
mp, =ng, mlk—j:nlk—j Mi =Ny My, =1
3 €
< 9 + 5 = £,

where the inequality regarding the first term is given by Remark 1.13
and the one regarding the second term is a consequence of (1.2). This

completes the proof. O

Remark 1.15. Note that it is clear that absolute convergence implies
regular convergence of any k-multiple series, since absolute convergence
implies boundedness of any partial sum, including the ones that would
be the partial sums for any j-dimensional subseries, which implies the

convergence of such subseries.
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Now it remains to check that reqular convergence solved the problems
that were found when using the usual convergence of multiple series.
First, the definition of regular convergence demands the convergence of
all the j-dimensional subseries, and in that situation it is not difficult to
show that all iterated series that one can define converge to the same
sum. We give here the result that illustrates this in the case of double

series.

Proposition 1.16 ([16], Proposition 7.2, p. 372). Let {ay,»} be a double
sequence, and let us suppose that there exists

lim a,,, =1.
m ,n—00 ’

If for every fized m € N there exists lim,,_ oo apy p, then there exists the

iterated limit and its value is [, that is,

lim (lim G, n) =1
m—00 \ n—00 ’

Proof. Let F(m) = lim, o0 Gmn. Given € > 0, take m; such that
|amn — 1| < 5 if m > n; and n > n;. For every fixed m, take ny such
that |F(m) — am,»| < § if n > ny. (Note here that ny depends on m and
on €).

Now, if m > nq, take ny and fix n so that n > nq,no. Then,

F(m) — 1] < FOm) — ol + o 1] < 5+ 5 =2,
and therefore lim,, o, F'(m) = .
]

Corollary 1.17. Let {am} be a double sequence, and let us suppose
that the double series 32,71 amn is reqularly convergent to a sum S.

Then the iterated sums are well defined and are convergent to S.
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Proof. Let F(m) = lim,, o >5i%; 205 ai7j. Note that since F'(m) is well
defined for all m € N and f(m) = 322, a;,; = F(m) — F(m — 1) for
> 2, f(1) = F(1), then f(m) is also well defined for all m € N. Now,

using Proposition 1.16,

> (im) =S fm) = Jim Zf

m=1 m=1 M—>oo =
= Jim, 32 P = Flm =)= i 1) =5

The convergence of the other iterated series can be proven analogously.
O

In addition to this, the boundedness problem is also fixed, as the

next proposition shows.

Proposition 1.18. If a k-multiple series 3200 . _1 Gy, ..., cONVETGES

regularly, then the sets {am, . m,} and {Sm,  m,} are bounded.

Proof. Using the Definition 1.12 for the series 270 . ) Gy . m,, glven
e = 1, there exists My € N such that max{ni,...,n} = My, p; > n;

for every 1 < 7 < k implies

p1 Pk
Z Z aml,.“,mk <1'

mi1=ni mp=ng

If K = max{|am, .. m; < My, 1 < j <k}, then, as

mel

Qn k
Aqy,.oqre = Z Z Amy,...omps

m1=q1 mr=qk

we have that |am,, m,| < max(K,1).

To prove the boundedness of {S, _m,.}, we split s,, . into 2% multiple
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sums and we bound them by either K or 1.

My My P1 Mo
[Sprpel = D2 D Gmumet D D Gmumg
mi1=1mo=1 mi1=Mop+1 ma=1
Moy D2 p1 D2
2
+ Y > e+ Y Uy ma| < MG K + 3.
mi1=1 mo=NMj mi1=Mop+1 mo=Mp+1
The k-multiple case is analogous to the 2-dimensional case. O]

1.3 Bounded variation sequences.

When trying to give a theorem of convergence for multiple Dirichlet
series, the study of bounded variation sequences clarifies the work by
allowing to build a more organized proof. We recall first a fundamental
lemma which will be very useful when dealing with convergence of

Dirichlet series.

Lemma 1.19 (Abel’s Summation Lemma, [2], Theorem 8.27, p. 194).

Let {an}n, {bn}n be complex sequences, then

q g—1 n
Z anbp = Z Apn(bn = bng1) + Apgbg,  where Ay, = Z -
=p n=p k_p
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Proof.

q—1 - 1 n
Z AP,N( n n+1 Z (Z (lk) b - bn+1 Z Z ak b - bn+1)
n=p =1 \k=p n=p k=p

q—1 q—1 q—1

= ag Z(bn - bn+1) = Z ak(bk - bq)
k=p n=~k k:p
qg—1
akbk — Z akb = Z akbk — qu 1bq
k= k=1 k=p

q—
= Z akbk + aqb (lqbq — Al,q—lbq
k=p

q
= Z arbr, — Apqbq
k=p

An immediate corollary is the following one.

Corollary 1.20. Let {a,}n, {bn}n be complex sequences. Then

g—1 n
Z anb, = Z A, (by — bpyr) + Agby — Apb,,  where A, = Z ay.

n:p+1 n:p+1

This lemma can be generalized to double or multiple series, and that
is what Hardy does in [18]. We give here the generalization for double
series, but first let us introduce Hardy’s notation, since it will be sed

often throughout this section.

Aitig = Qig — A1,  Djap; = apj — apji1,

Ajjaij =iy — Qiv1j — Gije1 + iy, Buing = Z Z bk 1,
k=ml=n
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Lemma 1.21 ([18]). Let {amn}tmn, {bmn}mn be complex double se-

quences. Then

p—1 q—1
Z Z al,] i, Z Z Bmzn,]A ,ja/’L_] + Z Bm,z,n qA Q; q
i=m j=n i=m j=n i=m

q—1
+ Z B pinjAjapj + Bpgapg-

j=n

Proof. This lemma can be checked by applying Lemma 1.19 succesively.
O

Again we can give the following immediate corollary.

Corollary 1.22. Let {ammn}tmmn, {0mn}tmn be complex sequences and
Bij = 22:1 >y by then

D q p—1 ¢-1
Yoo aigbii= Y Y BijAijai
i=m-+1 j=n+1 i=m+1 j=n+1

p—1
+ Z (BigAiai g — Bin; na;0)

1= m+1
+ Z 0. jp; — B jAm i ;)
j=n+1

+ Bypqtp,q — Bpnpn — Bm,gm,g + Bmntmn-

The study of bounded variation sequences arises form the following
question: what conditions do we need ask to {a,,}, so that the series

> m Gm Uy, 1s convergent for every convergent series » o0 u,”?

Definition 1.23 ([19]). We say that a sequence {a,, }, is a convergence

factor if >°>° 1 au,, is convergent for every convergent series > 7 | Uy,.

Now, the question can be restated in the following way: what con-

ditions do we need ask to {a,,}, so that it is a convergence factor?
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This question was answered in [19], where convergence factors where

characterized as described below.

Definition 1.24 ([19]). We say that a sequence {a,, }n, of real or com-
plex numbers is of bounded variation if the series Y00, |ay, — @ma1| is

convergent.

Remark 1.25. Note that the previous definition implies the convergence

of the sequence {a,,},, and then its boundedness. Indeed, taking n < m,

m—1
|an — am| <Y |ak — arsal,

k=n
and the convergence of the series °°_, |Gy, — @y 41| implies that 3771 |ag—

ak+1| goes to 0 when both indexes go to infinity.

Theorem 1.26 ([19]). A sequence {am,}m is of bounded variation if and

only if it is a convergence factor.

Proof of the sufficient condition of Theorem 1.26. By the hypothesis we
get that Yy |ax, — ary1| converges and by Remark 1.25 {a,, },, converges
too, so there exists K > 0 such that ;% ., |ax — apy1] < K and
lam| < K. Now, given ¢ > 0, take § = 5% and take >, u, a convergent
series. By the Cauchy condition for Y, u,, there exists ng € N such that,
if n > ng and m > n, then ‘Z?ZnH uk‘ < 0. Therefore, by Lemma 1.19,

m m—1 i m
ST oarue| < D0 | YD wilak — apsa| + lam| | D w
k=n+1 k=n+1 |j=n+1 k=n+1
m—1
<O D lak — appa| + |am| | <2K6 =e.
k=n+1
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An exhaustive development of these results was presented by Hardy
n [19], where he also proved that being of bounded variation is not
only a necessary but also a sufficient condition in the characterization
of convergence factors. We reproduce this results here for the sake of
completeness and to emphasize their relevance. First we will need some

lemmas about divergent series.

Lemma 1.27 ([19, Lemma «]). If >0°, ¢, is a divergent series of non-
negative terms, there exists a sequence of positive terms {e,} convergent

to 0 such that 377 | ency is still divergent.
Lemma 1.27 is a direct consequence of the following proposition.

Proposition 1.28. If >°°, ¢, is a divergent series of non-negative
terms, then 3°0%, ;o= is divergent, where s, = 323, ¢, for m € N and
Sp — 1.

Proof. Fix p € N. Since lim,_, S’;—;l =0, given € = % there exists ¢ € N
such that ¢ > qp implies sps—;l < 3. Now, if ¢ > qo

2 Cn I Sp = Sn—1 %:p Sp = Sn—1 Sq — Sp-1
> oy > - ~1-
n=p Sp—1 n=p Sp—1 Sq Sq Sq

Then, if p = 1, there exists ¢; € N such that >, P— % Again, if
1

= ¢q; + 1, we can find some ¢; € N such that > 72 a1 50"1 > 5 and
therefore E ﬁ > 1. Inductively, suppose the existence of ¢i, ..., ¢g;
and Y| o = . Considering p = q; + 1, there exists some ¢;;; € N

such that Zfl”ql I + and therefore 37 s> 221 This shows
-

the divergence of {3%_; SC" 721, and therefore, as the terms

are

n—

non-negative, the divergence of the series 3372 | S ]

Lemma 1.29 ([19, Lemma J]). If >°°, ¢, is a divergent series of non-
negative terms, then we can find a sequence of positive integers {nj};’il
such that ¢,; = 0 with ¢, = ¢, if n # n;, j € N, and such that 3277, ¢,

1s still divergent.
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Proof. As in Proposition 1.28, for every p € N there exists some ¢(p) € N
such that Z%(ﬁj)o ¢n, > 1. Then, repeating the argument of Proposition
1.28 and defining ny = 1, nj41 = q(n; +1) + 1 for j € N,

nj—l
> & >1 foreveryjeN, j> 1.

n:nj,l—&—l

Now define ¢, = ¢, if n # n; for every j € N, and ¢&,, = 0 for every
j € N. Therefore

k=1 \n=ng_;+1 k=1 n=nj_1+1

;5 J ng—1 J ng—1
n=1

This shows the divergence of {317, ¢n}32y, and then the divergence of

Yooy Cn- m

Proof of the necessary condition of Theorem 1.26. By contradiciton, sup-
pose {a,}, is a convergence factor but also that it is not a sequence of
bounded variation. That implies the divergence of 3>-°° ; |a,, —a,41|. Asit
is a series of non-negative terms, by Lemma 1.27 there exists a sequence
of positive terms {e,} convergent to 0 such that Y7, e,|a, — api1]| is
divergent. If we put b, = e,|a, — a,+1|, then applying Lemma 1.29 to
the divergent series >.>° ; b, we can find a sequence of positive integers
{n;}32, such that an =0 and b, = b, if n # n; for every j € N and

> o2 by, is still divergent. Now define

0, otherwise.

i :
{ p—— if a, # a1,

Then U,,, = 0 for every j € N and, if n # n;, U,(a, — any1) = b,. Define

also
{ U, ifn =1,
Uy, =

U, —U,_1, otherwise.
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Now, by Abel’s Lemma 1.19,

g
Zanun— Zl n = Uny1)Un + 0, Uy, = Zb 7% 1o

As the terms b, are non-negative, that gives the divergence of the series

” ’ | apuy, while the series >° , u, is convergent because nhnolo Z Uy, =

1i_>m U, and |U,| < &, ==>% 0. We had supposed that {an}n was a
n—oo
convergence factor, and we have reached a contradiction. Therefore

{an}» has to be a sequence of bounded variation. O

With the objective of using the characterization of convergence factors
as a tool to build a proof for a theorem of convergence of multiple Dirichlet
series, our main aim now is to extend the results that have been just
presented to multiple series. First we will reproduce the work that was
done by Hardy in [19] with the aim of characterizing convergence factors

for double series.

Definition 1.30. We say that a double sequence {a,, »}mn is a conver-
gence factor if Y570, 1 @y nUm,p is Tegularly convergent for every regularly

convergent double series Y77 1 U, p.

Definition 1.31. We say that a double sequence {a,,} is of bounded

variation in (m,n) if:
(i) For each fixed value of n € N, {a,,,,} is of bounded variation in m.
(ii) For each fixed value of m € N, {a,,} is of bounded variation in n.
(iii) The double series 3=, ,, |@m.n = Gmt1,n —Cmp+1+0ms1,n41] CONVErges.

Remark 1.32. The previous definition is the natural extension from the
one in the case of simple sequences. However, assuming condition (iii),

it is enough to ask that {a, 1}, and {ay,}, are of bounded variation



1.3 Bounded variation sequences. 21

to get conditions (i) and (ii) respectively. Indeed, with the notation

introduced before Lemma 1.21,

n—1 m—1n—1
> 1A, < Z [Avarg + 3 > Akl (1.3)
=1 k=1 I=1

This is clarified in the proposition below.

Proposition 1.33. If {amn}mn is a double sequence of bounded varia-
tion, then for every m € N there exists a,, = lim,_,o @, n and for every
n € N there exists a, = lim,_,o0 Gy rn. Moreover, the sequences {an}n,

{am}m are of bounded variation.

Proof. Fix n € N and let us see that {a, }, is of bounded variation. Note
that

m—1

m—1
Amn = A1 n + Z Ak+1n — Qkm = A1 n — Z Akak,na

k=1
s0 iMoo G = Q15 — limy, oo st Apyay,n, which exists because
{a@mn}mn 18 a double sequence of bounded variation. Hence {a,}, is
well defined and

00 00 0o
Ap—0py1 = al,n_al,n+1_z Akak,n+z Akakm,—i-l = Anal,n_z: Akm,akmn

k=1 k=1 k=1

Therefore,

n

n n [0.9]

Dolar— apa| < [Aan[ + )0 D 1Ak agl,

=1 =1 1=1 k=1
where the sums in the right hand side are partial sums of convergent
series, so Y. Apa, converges (To be completely clear, the fact that
these series are of positive terms and Remark 1.15 imply the convergence

of the double sum at the right-hand side of the inequality above). [
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Theorem 1.34 ([19, Theorems 10 and 12]). The double sequence {amn }mn

is of bounded variation if and only if it is a convergence factor.

Proof of the sufficient condition of Theorem 1.3/. As{am, 5 }m.n is of bounded

variation we have that there are some positive constants satisfying

e As ZzJ|A’L]aZ]| converges, Z 12] 1|A1JCLZJ| < Ko for every
p,q €N,

o As > |Aja;q| converges, 71 |Ajai;| < K for every p € N,
o As X [Ajay | converges, 7_; |Aja ;| < K for every ¢ € N.

Now, using (1.3), >; |Aa; ;| < Ko+ K; for every j € N. Analogously,
> |Aja; ;| < Ko + K, for every ¢ € N. Moreover, for every i,j € N,

o0 [ee]
laij] <D Jany — arery] <Y [Apar;| < Ko+ K.
o =

Take K = Ko + K + K,. Since 3_,, , unm, converges regularly, given
e > 0, if we take 0 = ;% there exists ny such that max{m,n} > ng
implies

p q
ZZUZ] <4, forp>=m,q=n.

i=m l=n

Therefore, if max{m,n} > ng, p > m, ¢ = n, by Lemma 1.21,

p q
Z Z A, Uk, 1

i=m j=n
p—l q—1
| A jai g Z Zu” + Z |Ajal Z Zu”
i=m j=n k=m l=n k=ml=n
q—1 pJ P g
+ 1D | D0 > wig| + lapgl | D0 Y uiy
j=n k=ml=n k=ml=n




1.3 Bounded variation sequences. 23

p—1 qg—1
< 5{2 Z |Ada%]| + Z |A; am| +Z |A am| + |apq|}

i=m j=n

< 40K = ¢,

and the condition for the regular convergence of 3=, , G nUm,» is satisfied.
H

The path to the proof of the necessity condition is again longer and

we will need the following lemmas.

Lemma 1.35 ([19, Lemma ¢l). If 377, _) ¢ is a divergent double
series of non-negative terms, we can find a double sequence {,,} such
that

(1) {emn} is decreasing in both indexes separately, that is

€m+1,n g 8m,na 8m,nJrl g 5m,n> Vm, n e N.

(“) 1imm,n—>oo Emn = 0, hmm—)oo Emn = 0, hmn—>oo Emmn = 0.

(iii) The series > o

mn=1EmnCmn S divergent.
Proof. Given the divergence of 327, _; ¢ there are two distinct possi-
bilities:

(1) Suppose that at least one row or column of the original series, say
the k—th row Y77, c.n, is divergent. By Lemma 1.27 we can choose a
decreasing sequence {7, }, with limit zero, so that >0, 9,,¢x ,, is divergent.
Take

5m,n:nnifm<k, €m,n=01fm>k:,

and then conditions (7) and (i7) are plainly satisfied and, as all the terms

are positive,

) o k 00
Z EmmnCmmn = Z Z MCmn = Z " Ckn,
n=1

m,n=1 n=1m=1
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so the divergence of the latter gives the divergent of the former.

(2) Suppose that every row and column is convergent and let

00 00
Ay = Z Cmn, B = Z Cm,n-
n=1 m=1

Then >0, 3, is divergent. We choose a decreasing sequence {7, } with
limit zero so that > 02 | n,/5, is divergent. As every column subseries is
convergent, 1,3, = > r-_1 NnCm,n for every n € N, and then the divergence
of 3-521 1nBn implies the divergence of 3°70 | 1,Cm n as a consequence of
Corollary 1.17. Using the same argument, &, = >_,2 | N,Cp, n CONVErges
for every m € N, and > 7° ; &, diverges. Now, choose a decreasing
sequence {(,} with limit zero so that Y07, (G, is divergent. Taking
Emm = MnGm, conditions (¢) and (i) are satisfied and again by Corollary

117 3 =1 EmmCm.n cannot be convergent, so it is divergent. O

Lemma 1.36 ([19, Lemma (]). If 307 i ¢ is a divergent double
series of non-negative terms, we can find a double sequence of integers

{(mj,n;)} tending to infinity with j, so that the series 3207 ) Cmp is
divergent, where ¢y, = 0 if m = m;, n < n;, orm < m;, n=n;, and

Cmn = Cm,n Otherwise.

Proof. The modification to be made in the series is effected by drawing
perpendiculars on to the axes form the points (m;,n;), and annulling all
the terms which correspond to points on these perpendiculars. Define
Sp = 7’21:1 22:1 Cmn, then > 727, Sk is divergent. It is enough to apply
Lemma 1.29 to -2, Sk to get the construction required, with m; = n;

for every j € N. O

Proof of the necessary condition of Theorem 1.3/4. In the first place it

follows from Theorem 1.26 that a,, is, for every value of n (resp. m),
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of bounded variation in m (resp. n). It remains only to show that

o

> 1At
m,n=1
is convergent. Suppose, on the contrary, that it is divergent. By Lemma
1.35, we can choose a double sequence of positive numbers {&,, ,} such
that

(1) {emmn} is decreasing in both indexes separately, that is

€m+1,n g €m,n7 8m,nJrl g 5m,n> vm) ne N.

(11) hmm,n%(oo,oo) Emmn = 0, hmm—>oo Emmn = 0, hmn—>oo Emn = 0.
(iii) The series Y00 1 €mnlAmnmn| is divergent.

We can then modify the series 307, 1 €mn| Amn@m,n| as in Lemma 1.36

without losing its divergence. Now let

m
Upn = D> Uy,

k=11=1
and suppose that Uy, , = 0 if it m = m;, n < n;, or m < my, n = ny,
and otherwise
’Am,nam,n|

Um,n = Emn A
m,nm,n

it Apn@mn # 0, Upn = 0 when A, a0, = 0. This equations define

{tUpm,n} uniquely for all values of m and n, and

lim U,,=0, lim U,, =0, Ilm/U,,=0,

m,n—o0 m—o0 n—oo
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SO >0y n=1 Um,n 18 regularly convergent. On the other hand, by Lemma
1.21,

—1n;— —1n;—

mj  n;

Z Zam,num,n - Z Z Amna'mn m,n — Z Z 5mn|Amnamn
m=1n=1 m=1 n=1 m=1 n=1
which tends to infinity with j, which proves that 7" | 3> | @y nUmn
is divergent. This contradicts our hypothesis of {a,, »}m.n» being a con-
vergence factor, so we have reached a contradiction, which gives that

{am n} must be of bounded variation. O

We go back now to the main aim of this section, that is, to use
bounded variation sequences as a tool to provide an organized proof for
a theorem of convergence of multiple Dirichlet series. In order to do that,
we are going to make a generalization of the definitions given above and
the subsequent theorems, focusing exclusively on the pieces we will need

for later work.

Definition 1.37. We say that a sequence of bounded functions {a,},
where a,, : @ C C — C, is of uniform bounded variation in €2 if

> lam(s) = amy1(s)] is uniformly convergent in €Q.

Theorem 1.38. Let {a,,(s)} be a functional sequence of uniform bounded
variation on a certain set Q). Then, if > u,, converges, > .y (S)uy, con-

verges uniformly on 2.

Proof. Since a uniformly convergent series of bounded functions is uni-

formly bounded, there exists K > 0:
> lak(s) — aps1(s)| < K, for every s € Q.

Moreover, since Y., [am($) — ami1(s)| being convergent implies that

limy o0 ag(s) = 0 for any fixed s € Q, then for each m € N and each
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s € ) we have that

am(s)] < ki ai(s) — apa(s)] < i lai(s) — ausa ()] < K.

Now, given € > 0, we take 6 = and there exists ng such that n > ng

[
2K
and m > n imply ’ka:nﬂ uk‘ < 0. Therefore,

k

m—1

Yo a(u| < D0 | DL wyllar(s) — arna ()] + lam(s) | D0 w
k=n+1 k=n+1 [j=n+1 k=n+1
m—1
< D la(s) — arsa(s)| + lam(s)] | <2K6 =e,
k=n-+1
which gives us the uniform convergence of > a,,(s)u,, on €. O

Definition 1.39. We say that a double sequence of bounded functions
{amn} with a,, : © € C* — C is of uniform bounded variation on a

certain set ( if the series

Z |am,n(s7 t) - aerl,n(Sa t)’u Z |am,n(s7 t) - am,nJrl(Sa t)’u
m=1 n=1

[e.e]

Z |am,n(57 t) - am—i—l,n(sa t) - am,n+1(87 t) + a'm—f—l,n-‘,-l (Sa t)|7

m,n=1

are uniformly convergent in 2.

Theorem 1.40. Let {a,,n} be a functional double sequence with a,, :
Q C C?* — C of uniform bounded variation on Q. Then, if > mm Um,n
converges reqularly, 3=, ,, Gmn (S, ), converges reqularly and uniformly
with respect to s and t on ().

Proof. As {amn(s,t)} is of bounded variation uniformly we have that

there are some positive constants satisfying
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o 201 201 |Aijag(s,t)| < Ko for every p,q € N and every (s, ) €
Q,

o P 1 1Aa;1(s,t)] < K for every p € N and for every (s,t) € Q,
o Y0_11Ajay;(s,t)| < K; for every ¢ € Nand for every (s,t) € Q.

Now, using (1.3), >; |Aa;,(s,t)| < Ko+ K, for every j € N and every
(s,t) € Q. Analogously, >, |Aa;;(s,t)| < Ko+ K, for every i € N and
every (s,t) € Q. Moreover, for every i,j € N,

la; (s, t)| Z |Agay (s, t)] < Z |Agag(s,t)] < Ko+ K;.
k=i k=1
Take K = Ko+ K + K,. Since _,, , um, converges regularly, given
e > 0, we put 6 = ;%, and there exists ng such that max{m,n} >
implies
p q
ZZU” <06, forp>=m,q=n.

i=m l=n

Therefore, on the same conditions for the subindexes,

p q
Z Zak,l s, t)uky

1=m j=n
p—1g-1
gZZAa”st ZZu”jLZ\Aa”st ZZum
i=m j=n k=ml=n k=ml=n
q—l
+ Aja; (s, t)] ZZum—i—\apqst ZZUZJ
jn k=ml=n k=ml=n
1g-1
5{ZZ‘AJ%35”+Z’AGHSt
1=m j=n

-+ Z ]Ajam(s,t)\ + \ap,q(s,t)]} < 40K = ¢.

j=n
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That gives us the condition for the regular convergence of the series

> n G (S, 1)Uy, uniformly on €2, O

What remains now is to prove a theorem which characterizes con-
vergence factors for k-multiple series, in order to get a theorem of
convergence of multiple Dirichlet series. The k-dimensional case is anal-
ogous to the 2-dimensional case, so we give now the definition of a
k-multiple sequence of bounded variation to characterize them later as

the convergence factors for regularly convergent k-multiple sequences.

Definition 1.41. We say that a k-multiple sequence {a@m, . my my,...my 1S
a convergence factor if 3, . Gy my Um,,....m,, 1S Tegularly convergent

for all 32, m, Wmi,...m, regularly convergent series.

Following the line of arguments above the next step would be to
obtain the extension of Abel’s summation Lemma to the k-multiple
case, but before we do that we are going to introduce some notation. If

{bmoomi Yooy..my=1 18 @ k-multiple sequence we write the difference of

two consecutive terms in a given index ¢ as follows,

Aibmh...,mi,...,mk = bml,...,mi7...,mk - bml,...,mi—&-l,...,mk-

We can combine these differences when they involve two different indexes,

Ailigbml,...,mk

(51 (bmly---ymig ----- mk) - Ail (bm17---7mi2+1,---7mk>'

Ifp=(p1,....pr) € N and {tm,, .., e, m,—1 IS & k-multiple sequence,

we will write Uy, . p, |p to represent the partial sum of that sequence on

those indexes, where the indexes that do not appear in the sum are set
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to the corresponding p;,

Piy Pi;
Upily---vpij |p = Z e Z uml,...,mk
mi, = mijzl

p

With this notation Abel‘'s Lemma for k-multiple series can be stated in

the following way.
Lemma 1.42 ([18], p. 125, (A")).

p1 Pk
E : T § : bm1,~~~,mkum17m,mk =

mi1=1 mg=1

Z Z ( Z Z Mg 5o 11, ,zjbml,...,mk)

j<k i1<... <4 m;, =1

p

Proof. The proof follows with a straightforward induction using Lemma
1.19 both as the case k = 1 and as the link between the thesis and the
induction hypothesis. O

As we are presenting Lemma 1.42 in its version for k-multiple series,
the notation can be difficult to understand. With the sum 37; o
we mean that the accumulated sum that comes after is written for all

possible combination of j indexes i; < ... < ;.

Example 1.43. If k = 3, the term corresponding to the indexes my, mg3

in Abel’s Lemma 1.42 is the following one:

(Uml,maAm1,m3am17m2,m3) |p -
p1 p3

(amhpzmm — Qmy+1,p2,ms — Amy,pa,ms+1 + am1+1,p27m3+1) Z Z Umy ,pa,ms
mi1=1m3=1
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Definition 1.44. We say that a k-multiple sequence {am, ...y vy, .mo=1

is of bounded variation if, for any number of subindexes j < k

J

§ : ‘Ami1,~~~,mi-am17~~~,mk
'

converges.

Theorem 1.45. If the k-multiple sequence {am,,...m, }roy...mo=1 5 Of

bounded variation then it is a convergent factor.

Proof. Suppose >0 . 1 Um,,...m, 18 a regularly convergent k-multiple
series. We are going to apply Abel’s summation Lemma 1.42 to check
the condition of convergence in a restricted sense. Given ¢ > 0, there
exist My > 0 such that, if max{ny,...,ng} = My, then

p1

Pk
Z Z Umy,...,;my,

mi1=ni Mp=ng

<« =
2kC

where C' is a bound for every sum of the kind

§ : ‘Amil,m,mij Amy,...;mp | -

Mg 5oy

This bound can be obtained in applying the k-dimensional analogue of
(1.3) to every series of that kind. Then,

P1 Pk
E : E : Amy,...;mp Umy .. omy,
mi1=ni me=ng
g0t 1yeesly 1yeees e P
11 <...<ij

<k

g
< Z Z % ‘Ail,...,ijaml,...,mk

j<ki1<...<iy
—_——
2k —1 terms

<
p
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]

Definition 1.46. Let {am,. . m,(51,---,5k) oy, m,=1 D€ a k-multiple
functional sequence defined on @ C C*. We say that it is of uniform

bounded variation if, for any number of sub-indexes 1 < j < k the series

Z ‘Amil,...,mi,aml,...,mk(slv ey Sk)}

J
Mg 5eees M

converges uniformly in 2.

Corollary 1.47. Let {am,,...m, (51, 5k) Yoy mp=1 b€ @ k-multiple se-
quence of bounded functions defined on Q C CF. If it is of uniform

bounded variation then the k-multiple functional series

Z Amy,...omy (81, s 7Sk)um1,,..,mk
T yeeey TR

converges reqularly and uniformly for any 3., . Umi...m, @ reqularly

convergent k-multiple series.

Proof. The argument of the proof follows the same ideas of the proof of
Theorem 1.40 and the structure of Theorem 1.45. O



Chapter 2

Preliminaires on Dirichlet

series

In this chapter we deal with the fundamentals of Dirichlet series which
will be needed for the study of spaces of multiple Dirichlet series. In the
first section the issue of convergence is treated using the results form
Chapter 1, where we finally give a theorem of convergence for Dirichlet
series of one complex variable. The consequences of this theorem and
the definition of the absicssae of convergence are treated in the second
section of this chapter, while the third one is dedicated to the definition
of the space Ho(Cy) and to the proof of one of most important tools
that we can use when working with this space, Bohr’s Theorem 2.20.

Before all that, however, we need our very fundamental definition.

Definition 2.1. An ordinary Dirichlet series is a series of the form

o0

>

—,
n=1 n

where {a,}, C C is the sequence of coefficients of the series, and s € C

is a complex variable.
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2.1 Convergence of Dirichlet series.

The characterization of convergence factors as sequences of bounded
variation is the key that is behind the traditional proof of Cahen’s
Theorem of convergence (see [8]), which was an improvement over the
first theorem of convergence for Dirichlet series of one complex variable,
published by Jensen in [22] in 1884. We use this approach to prove

Cahen’s theorem, so first we will need the following lemma.

Lemma 2.2. With the notation o0 = Res > 0, the the sequence {5}
is of uniform bounded variation on the angular region Sy, = {s € C:

| Args| < a} for any 0 <a < 7.
Proof.

1 1

ns m - HxSKZZH

n+1 n+1
< ]5\/ ‘:L‘fsfl‘ dr = |S|/ v 7 dx
n n

S R PIIA | 1
= |s] =\ )
-0l _ o \n (n+1)

Therefore, for every s € Sy,

n+1 1
= ’—s/ % dx’

n

SIE 1 Is| & 1 1
—|n® (n+1) S —ne (n+1)
1 1
_ sl < <1

o cos(Arg(s))  cos(a)
O]

Theorem 2.3 ([8]). Let D(s) = >202, %2 a Dirichlet series which con-

n=1

verges at so € C. Then D(s) converges uniformly on the angular region
Sspa = {5 € C:|Arg(s — s0)| < a < T}
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Proof. Let t = s — sg, then the Dirichlet series

00 o]
Yoy e

S so it
nzln n:ln n

an

converges at t = 0, that is, >, _; %

is convergent. As {}°2, is

0 an, 1

of uniform bounded variation on Sy,, by Theorem 1.38 3772, “n

converges uniformly on Sy ,, and therefore D(s) converges uniformly on

Sso.a- ]

A natural corollary of this theorem is Jensen’s Theorem of conver-

gence, which was actually published a decade before.

Corollary 2.4 ([22]). Let D(s) = Y00, % a Dirichlet series which

n=1 ns

converges at so. Then D(s) converges on Cge.s,-

Proof. Take s € Cges,, then Arg(s — sg) < 5, 80 we can choose a such
that | Arg(s—sg)| < a < § and apply Theorem 2.3 to get the convergence
of D(s). O

These results and the ones that follow in this section are fundamental
for the theory of Dirichlet series and can be found for example in [20].
Theorem 2.3 not only provides more information than Corollary 2.4, but
this information turns out to be essential as it gives that Dirichlet series
are uniformly convergent in compact sets which are included in a half-
plane of convergence of the series. This fact, together with Weierstrass
convergence Theorem, gives that Dirichlet series are holomorphic at
any point in every half-plane in which the series is convergent. This is
fundamental, since it gives rise to the study of spaces of Dirichlet series
as spaces of holomorphic functions.

Corollary 2.4 also has the following immediate consequence: for a
Dirichlet series which converges somewhere there is a maximum half-
plane of convergence, which is given by we is called the abscissa of

convergence of the series.
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Definition 2.5. Let D(s) = >7°, %2 a Dirichlet series, we define its

n=1 ns

abscissa of convergence as
o.(D) =inf{Res € C: D(s) is convergent}.

Remark 2.6. If Res > o.(D) the Dirichlet series D converges, and
if Res < o.(D) the Dirichlet series diverges. The convergence at the
vertical line {s € C: Res = 0.(D)} cannot be determined in general, as
there are Dirichlet series which converge in the whole line, while others
converge in just one point or nowhere at all in that line (see [20], page 5,

for examples).

We can get analogous results with respect to absolute convergence,

but with much simpler proofs.

Proposition 2.7. Let D(s) = >_0°, % be a Dirichlet series which con-

verges absolutely at so. Then D(s) converges absolutely on Cges, -

Proof. Take s € Cges,, then

q

>

n=p

L an| L an| 1 L an]
= Z nRes = Z nReso nRe(s—so) < Z nReso’

n=p n=p n=p

an
ns

so the absolute convergence of D(s) follows from the absolute convergence
of D(so). O

This last proposition motivates the definition of the abscissa of
absolute convergence. Given that these abscissae establish maximum
half-planes of certain types of convergence, it is natural to also define in
the same manner the abscissa of uniform convergence and compare it

with the other abscissae.



2.1 Convergence of Dirichlet series. 37

Definition 2.8. Let D(s) = >)2; % a Dirichlet series, we define its

n=1

abscissa of absolute convergence as
0.(D) = inf{Res € C: D(s) is absolutely convergent}.

Definition 2.9. Let D(s) = Y77, %2 a Dirichlet series, we define the

n=1

abscissa of uniform convergence as
ou(D) =inf{o € R : D(s) is uniformly convergent in C,}.

There are some relations between these abscissae. First, it follows

quite trivially that for any Dirichlet series D,
0.(D) < 0y(D) < 04(D). (2.1)

We finish this section by proving the rest of the classical inequalities
involving these abscissae, leaving for the third section of this chapter the

most important statement about abscissae of Dirichlet series.

Proposition 2.10. Let D(s) = X202, %= a Dirichlet series with {a,}, a

n=1

bounded sequence. Then D converges absolutely in C;.

Proof. Suppose |a,| < K for every n € N and for a certain K > 0. Then

[e.e]

oo 0o 1
ZnRes\Z Res_KZW’
n=1

n=1

where the sum on the right-hand side is convergent for every s € C;. [
Corollary 2.11. If D is any Dirichlet series then ,(D) — 0.(D) < 1.
Proof. Let § > 0 and consider 7 = 0.(D) +  and s € C,. Then

o o
|an’ |an| 1
ECIRES I

n=1 n=1
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where the convergence of D at 7 > 0.(D) gives that {#2} is bounded by

some positive constant K. O

Proposition 2.12. If D(s) = 02, % is any Dirichlet series then
0u(D) — 0,(D) < 1.

2

Proof. The is mainly a consequence of the Cauchy-Schwarz inequalitiy.
Let 0 > 0,(D) and assume Res > o + 3, so there exists 6 > 0 such that
Res > o+ 3 + 4. Then

oo oo 1

‘an |an|2 1 2
Zl nRes Z n20’+6 Z n1+25 ’
n—=

n=1

2
’n.
n=1 n2"

—1-26

where >°0° 1 n in convergent, so it is enough to check that > °°
converges. Since o > o, (D), there exists K > 0 such that ‘Zn | et | S

K forall N e N, t R, so

2

Nooa < a < a,
2 n m n
= =
K = Z na’+2t <Z ma'+it> (Z na—it)
n=1 m=1 n=1
2 R R
o n2o mo +itpo—it moFitpo—it
n=1 1<m<n<N 1<n<m<N
0 2 it
an, L _ n
= [ + 2Re g UGy (M) ™7 <> )
n2o m
n=1 1<m<n<N

2

<

'l’Lln2U

Using that limp_, fTT (%) dt = 0, 5, is enough to get that >

K? and therefore in converges, which completes the proof. O

2.2 The formulas for the abscissae

In 1915, Hardy and Riesz published in [20] the formulas for the
abscissae of convergence obtained previously by Cahen, Dedekind and

Jensen, and also proved by Bohr after them. These formulas let you
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compute the different abscissae for an ordinary Dirichlet series D(s) =

0o an

ne1 % in the case in which it is satisfied that 0 < o.(D) in the following

way:
log ‘Zgzl an’
(D) =i il bl il
7 D) Ny log N
log supyeg ‘25—1 an " 29
(D) = li = (2.2)
ou(D) fm sup og ,
. IOg ZNfl |an|
(D) =1 ===
7a(D) = sup == 00N

The proofs of these formulas can be consulted for instance in [11, Propo-
sition 1.6] or in Section 4.2 of [28]. As Hardy and Riesz point out in
a footnote on page 8 of [20], in the case in which o.(D) < 0 there is

another formula

1 o0
o.(D) = limsup 208 | Zun=N n| [En=n O]

2.
N—soo log N (2:3)

obtained by Pincherle, and also Knopp and Schnee. However, a formula
was obtained which is valid independently from the sign of the abscissa.
This formula, currently quite unknown, was obtained first by Knopp
in 1911 in [23], and in 1914 it was extended to general Dirichlet series
by Kojima in [24]. Although more complicated at first, Kojima’s result
contains the Cauchy-Hadamard formula for the radius of convergence
of a power series, which endows it of special relevance. For this reason
we reproduce it here, making slight modifications on the proof to try
to organize it better. Before we do that, we should introduce formally
the definition of general Dirichlet series and state a proper theorem of

convergence for those series.
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Definition 2.13. A general Dirichlet series is a series of the form

)
m=1

where {\,,},, is an increasing sequence of real numbers diverging to +oo

and s is a complex variable.

Remark 2.14. In some instances the frequency of a general Dirichlet
series, that is, the sequence {\,}, is supposed to be of positive terms,
since it is eventually of positive terms, given that it is increasing and
divergent. Whenever we deal with general Dirichlet series throughout

this text we will suppose this assumption on the frequency if necessary.

The theorem of convergence of general Dirichlet series is follows
exactly the same structure that the one of the ordinary case. However,

we will need an analogue of Lemma 2.2 for the general case.

Lemma 2.15. If {\,,}. is an increasing sequence of real numbers di-

AmS

verging to 400, the sequence {e=*m*},, is of uniform bounded variation

onS, ={scC:|Args| <a} for every 0 <a < 3.

Proof. Let 0 = Re s, then

—Ams __ e—Am+1s

e

T=Am

>\m+1
< ’8‘ / ‘efxs
Am

xro A

_ |8’ [6 ] m+1 _ M (e_)\mo- - e—AerlO') .
—0 Ao o

Am-+1 —xs
=|—s / e "dx
A

m
)\m+l
dx = |s]/ e’ dx
Am

e

]

With essentially the same proof of Theorem 2.3, we can give an
analogous theorem of convergence of general Dirichlet series now using

Lemma 2.15.
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Theorem 2.16. Let D(s) = X%°_, e ** be a general Dirichlet series
which converges at so. Then D(s) converges uniformly on the angular
region Sy,.0 = {5 € C: |Arg(s —s0)| <a < 5}

Corollary 2.17. Let D(s) = X2°_, 3°%°_, a,,e”*"* be a general Dirichlet

series which converges at so. Then D(s) converges on Cres, .

This results also give the definition of the abscissae in the same way
that have been defined for ordinary Dirichlet series. The basic inequality
0.(D) < 0u(D) < 0,(D) is still satisfied, and when these abscissae are

positive we have the analogous formulae to (2.2),

log ny: an
o.(D) = limsup M,
N—oo /\N
log sup,cg |20, a,e it
ou(D) = lim sup i ’ - : (24)
N—oo /\N
1 N a,
N—oo )\N
As before, we have another formula for when it is negative,
1 o0 N Oy
0.(D) = lim sup M. (2.5)

N—soo log N

This dichotomy is solved, as we announced previously, by Kojima’s

formula, which we prove below.

Theorem 2.18. Let D(s) = X2, aje"* be a general Dirichlet series.

Then

log |>°1 @y
o.(D) = limsup 7‘ x[ ] J‘,

T—00

where [x] denotes the integer part of x and

iaj = {a;:[z] <\ <z}
[z]
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Proof. Let
log [>°1 a;
o = limsup )[]J‘7 (2.6)
x

T—00

and suppose that o € R. First we will show that o.(D) < o, that is,
Co C Cy ().

Suppose s € C,, and it is enough to consider the case in which s € R
since convergence of the Dirichlet series in s implies convergence in Cge .
Let 6 = s — o0 > 0. Since lim,_, ﬁ =1=Ilim, we can modify

the definition of o (2.6) to

BT

. log | % a5 . log [2f, ;]
o =limsup ——————, or o =limsup——————

These other formulas for o imply that there exists some X > 0 such that

x> X gives

34| < el (2.7)

[z]

and
X

> a;

[z]

Since the sequence {);}; in an increasing sequence diverging to +oo

< el D)), (2.8)

there exists some j, € N such that j > j, implies A\; > 0. Moreover,
there exists a j; € N such that j > j; implies A; > X. Now we build a
partition of the sequence {)\;}; in the well-ordered sets By = {\; : [\;] =
k} ={Ak1,-.., Aoy b- With this notation, g, is the smallest of the \;
whose integer part is k, and Ay, is the greatest of them. This notation
for the A\; induces a notation for N, and often throughout this proof we
will represent the natural number j with the induced notation (k,ry).

By the Cauchy condition for convergence of series, it will be enough to
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see that given € > 0 there exists some J € N such that p > J implies

q
Z aje—)\js

Jj=p

< e forevery q = p,

to get that the Dirichlet series converges in s. We will deal first with a
particular case of this kind of sum in which {\,,...,A\,} C By, for some
k € N, that is, {\,, ..., A\;} = { Mk, -, Adem} with 1 <m < M < 7.
Using Lemma 1.19,

Hence,
M M-1| n
> arge o = 30 |3 iy [e M — e e Z Qg €M
Jj=m J=m |j=m

Notice that we can find x > 0 such that Z"fx] a; = Z;‘:m ay,; for all
m<n< M, soif 0 >0then s =0+ > 0, so using (2.7),

M M-1| n M
S e = 3|5 g (¢t = e ) |57 e
j=m j=m |j=m Jj=m

M—-1
s W S W —
< 6k(0+2) E (6 )\k,JS —e >\k,]+15) +€ >\k,M5
j=m

_ ek(a-i-%) |:e_)\k,m5 — e AkMS 4 e—/\k-,MS]

_ ek(a+g)€—xk,ms < ek(a+g)e—ks _ e—k(s—(a+g)) < (e—g)k‘
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If 0 < 0, it is enough to consider only the case in which s =0 +§ < 0.
Using (2.8),

M M—-1
Z (Ik,] -k jS < e k’-i-l 0’+ Z )\k’j+18 _ Q_Ak’js) + 6_>\k’MS
j=m j=m

— e(k+1)(0+%) [e*/\k,MS _ e*/\k,ms + e*Ak,MS}

ekH1)(0+5) =Nk, ars < 9k +8) p=(kt1)s _ 9, —(k+1)(s—(0+3))

NN

2
2( )(k—H) < 2(6—%)]6'
In either case,

< 2(e 2,

M
> e e
j=m

Now, if p,q € N, p < ¢, wirte k = [\)], k +1 = [\;] where [ > 0, and
then

A Lo A

S _ s

SR 9P SRS

n=0 j=my,
l My, k+1
A s
ST Y w320
=0 |j=mn

Since for every € > 0 there exists kg € N such that ky > k implies
Zf;le(e’%)” < ¢, and there exists a jo € N such that j > j, im-
plies [A\;] > ko, it is enough to ask that j > max(jo, j1,j2) to get that
‘thp aje_/\js

vergent in C,, implying that o.(D) < o.

< ¢. Finally, this means that the Dirichlet series is con-

To get the other inequality, suppose s > o.(D) so the general Dirichlet

series D(s) = 372, aje”™*® is convergent and therefore its partial sums
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are bounded, that is, there exists some K > 0 such that

m .
Y ajee

J=1

| S| = < K for every m € N.

With the alternative notation for the natural subindices, that is,

k—1 rn

Skj = D3 ape 4 Zak e M S0 = Skt s
n=1[=1
and taking « > 0 such that [z] = k and such that the set {j : [z] < ); <
x} is not empty, the for some 1 < M < 1y,

T M

ZCLJ Z Akj = Z Skj — Sk,j—l)e)\k’js
(] J=1
M-1

= > Sy (Mt — M%) 4 Gy et S — Gy geters,
j=1

If s < 0, choose 6 > 0 such that s + 9 < 0, and applying the equality
above to s + 9,

M-—1
< Z )\k j(s+0) Ak,j+1(5+5)) + e>\k,M(S+5) 4 6)\k,1(5+5)]

7j=1
— 2K M+ ¢ Q@D+ — pals+0) (9 fr o= (s+0)y,

X
Zaj

If s >0, s+ 6 > 0 and again by the equality above

M-1
< Z )‘k J+1 8+5 eAk’j(S-i-(S)) + 6)%’1”(5—"_6) + 6)\k’1(5+6)]

Jj=1

xT
Z%’

= 2K MM (50 L 9 er(5H0) — pr(sH0) (9|,
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In any case, if C'= 2K max(1, e‘<5+5)),

> aj‘ < Ce*519) 50

log |32 a; log C

J:hmsupM < limsup&—l—s—l—é:s%—é,
T—00 T T—00 T

where 6 > 0 is small enough but arbitrary, so o < s for all s € C,_(p),

giving that o < o.(D). O

As we said before, we can deduce from Theorem 2.18 the Cauchy-
Hadamard formula for power series. Indeed, if we choose \,, = m
for every m &€ N, then the general Dirichlet series that you get is
D(s) = >0 am(e *)™. Writing z = e *, we can see D(s) as f(z) =
Yoo 1 amz™. For this particular choice of A, it is clear that, for any
x>0, 325 aj = a, so

: log |an|
oc(D) = limsup ————

m—oo m
=1 log %/|a,,| = logli Y am!.
imsuplog {/|an| = loglimsup if|anm|
Therefore, since

€S

sup{|z| : f(2) is convergent} = sup{e™®°*: D(s) is convergent}

_ inf{s:D(s) is convergent} __ _occ(D)
=e =e ,

then the radius of convergence is

p(f) = 7P =limsup Van.

m— 00

2.3 The Banach algebra H.(C,).

This section is dedicated to the study of the space Ho(C.), so first
of all we give its definition.
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Definition 2.19. H.,(C,) is the space of all Dirichlet D series which
are convergent on C, and define a bounded holomorphic function there,
where C, denotes the half-plane of complex numbers with positive real

part.
Endowed with the norm

a
2

n=1

|D|]oc = sup
Res>0

Y

the space Ho(C,) is a Banach algebra which was introduced in [21]
by Hedenmalm, Lindqvist and Seip as the space of multipliers of H?2,
where H? is the space of Dirichlet series whose sequence of coefficients
is in 2. The fact that H(C,) is a Banach space is a consequence
of the fundamental result due to Bohr ([7] or [28, Theorem 6.2.3, p.
145]) which states that every Dirichlet series bounded on C; is uniformly
aproximated by its partial sums in Cy for every § > 0. The main theorem
of this section is a quantitative version of that result, explicitly found
in [12] (see Remark 1.22), which is an improvement of [11, Lemma 6].
Before we give this theorem, we recall the space Hy(Cy) of bounded
holomorphic functions f defined on the positive half-plane C, , which is

also a Banach space with the norm
| fllse = sup [f(s)].
Res>0

Since we have said earlier, Dirichlet series define holomorphic functions
in their half-plane of convergence, so H..(C. ) is a subspace of Ho(Cy),
and Bohr’s result is the key to prove it is a Banach subspace.

In the version of the theorem we present below we wanted to put special
emphasis on the fact that we can approximate the limit function of
a Dirichlet series by its partial sums with an error that depends on

the norm of the limit function, a suitable term regarding the index of
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the partial sum and a factor that only depends on the distance to the

imaginary axis, €.

Theorem 2.20. Let D(s) = Y02, % be a Dirichlet series such that

D € Hoo(Cy). Then, for every e > 0 there exists c. > 0, only depending
on €, such that, if Res > ¢,

log M
Me

M bn
6= 3 12| < a1
n=1

Proof. Viewing s, with Res > ¢, and M as fixed for the moment, consider

integrating
fE) (M +5)°

zZ— S

as a function of z around the rectangular contour shown (Figure 2.1),
considering that o, < 1, so if Res > ¢ 4+ 1 the series is absolutely
convergent. Since f is analytic in C, and Res — ¢ > 0, we have that by

Cauchy’s integral formula this integral is exactly 27 f(s).

We will bound now:
(I) The integral over the left-hand edge.

M3 f(s et Zt)(M 4 1>s—a+z‘t—s
dz = 2 jdt
‘ —M3 s—e+it—s !
_ /M3 f(s—e+it)(M+ %)_”“
— M3 —e + it

[ O

—e—iM3 zZ— S

udt.
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s — e+’ s+ 1+iM°
M
s—€els s+1
M?
s—e—iM* s+1—ilM?
Res =0

Figure 2.1 Integration contour

Then,

dt

/s—a-i-iMS f(z)<M_|_%)z—s

< /M3 |f(s —e+it)|(M 4 §)Rel=etit)
—e—iM?3 22— 8

dz| < .
— M3 | — e + it
M3 (M + 1\Re(—¢)
<sup{|f(2)] :z € s —e—iM’ s —e + z‘M3]}/_M3 Bral - \tzﬁﬁg 2
MP ot

VBT

dt

< ||l M2
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where, taking M > 3,

M3

5 dt <2\/§/M3 dt
M3\/t2—|—€2 0o V242 o t+e

[ e dt M? it
< 2V2 / +/ ] :2\/§[log25+log]\/[3—2log6]
0 €

t+¢ ?

2
= 2v/2[log2 + 3log M — loge] = 2v/2 [log€+310gM]

2 2
< 2v/2 |log = log M + SIOgM] = 2v2log M [log + 3] )
L e €
Defining K (¢) := 2v/2 [log% + 3}, which depends only on ¢, we get that

log M
< flle—rKa(e).

[0 ),

—e—iM?3 Z—S

(IT) The top and bottom edges.

/s+1+iM3 f(2) (M + %)z—s
s—e+iM3 zZ—3S8
I4+Res f(t + i(M3 +1Ims))(M + %)t+i(M+Ims)fs
—e+Res t+i(M3+Ims)—s

L+Res (¢ 4 4(M3 + Im s))(M?> + %)H—i(Ms-Hms)—s
—e+Res t+z(M3+Ims)—s

dz

dt

dt.
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Then;

/s+1+iM3 f(2) (M + %)Z—S

—e+iM3 Z—S

1+Res (M+l>t—Res
<[ Il : di

c+Res \/(t — Res)? 4+ (M3)?
1+Res (M+ l)t—Res
< o0 2t
||f|| /—5+Res M3
-3 I+Res 1 t—Res
= flleM= [ (M )R

where, again assuming M > 3,

/1+Res (M n l)t*Resdt _ /1+Res e(tfRes) log (M+%)dt
c4Res 2 —c+Res

log (M+1) —elog (M+3)

e e
- log(M%—%) - log(M—l—%)
(M +3) 1

< —— 2~ <M+
log (M + %) T3

so we get that

/s+1+z‘M3 f(z)(M + %)Z*S

—e+iM?3 z— S

1 2
-3
| < b0 + ) < s

Proceeding analogously we get the same bound for the bottom side of

the integral. Now, using the Residue Theorem,

' s+1—iM3 f(z)( ES sH1+iM® f M + )
2mif(s) = ~/s—a—iM3 zZ—S8 d * /+1 iM3 zZ—8

[ Y, | s

s+1+iM3 zZ— S s—e+iM3 zZ—S

dz

dz,
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and therefore

dz

27m'f(s) B /s+1+iM3 f(z)(M + 5)278

s+1—iM3 Z— S

log M
<Hﬂ&{4M‘”+Kd@4zs}

log M 4
< 1l {M2€10gM+K1(5)}.

As lim /oo m = 0, the sequence is bounded by a certain K(e),

which only depends on ¢, so

s+1+iM? f(2)(M + %)z—s

2mif(s) — / . dz
s+1—iM Zz—S (29)
log M
< [ flloo—7— {K2(e) + Ki(e)}-
As it was stated before, the Dirichlet series 3.7, 2 is absolutely con-

vergent for s € [s +1 —iM3, s+ 1+ iM?], so it is uniformly convergent
there and

SN () (M4 )T et by (M D
dz =

s+1—iM3 Z— 5 +l-iM3 Sy nFtsTs Z— 8

s+14+iM3 l S|
- ns / 1—iM3 z— sdz‘
n=1 tl—e

We will now work with this expression, differentiating when n > M + 1

dz

and n < M, and we will apply in each case the Residue Theorem as we
did before.

First case: n > M + 1.

We are going to integrate over the following rectangular contour from
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Figure 2.2, and we will later take the limit when 7" — oo.

zZ—S
M+1

Using the Residue Theorem, as g(z) = | —, — is analytic on the

contour on which we are integrating, we have that
+1+M3 l Z—S T— .MS l zZ—S
N e R
s+1—iM3 n zZ—35 s+1—iM3 n zZ—35
+T+iM? LN =7 +1+iM3 4+ 1\
s 7 M + 5 p s i 2 1 p
z+ Z.
s+T—iM3 n zZ—3S8 s+T+iM3 z—3S

We are going to bound now:
(1) The right-hand edge.

+

s+T+iM3 M_}_% S|
n

s+T—iM3

s T+iM>3 <M+ §>Re(28) 1

s+T—iM3

so, as we are considering n and M are fixed, given a positive 4, 6 < -
then we can find T} so when T" > T3, then

s+T+iM3 (N 4+ L\*7° 1
/ 2 dz
s+T—iM3 n zZ—8

M7
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s—e+iM? s+1+iM° s+ T+ iM>
M?
s—els s+1
M?
s—e—iM® s+1—iM? s+ T—iM®
Res =0

Figure 2.2 New integration contour

(2) The top and bottom edges.

s+T—iM® (N 4+ L\*7° 1
/ ( 2) dz
s+1—iM3 n z—38
T M—|— 1 14w 1 T M—i—l 1+u 1
< / 2 - du| < / 2 —du
0 n |1+ u+iM3| 0 n M3
M+1

1 Mty
M+ tu plog =2 o(147)log =2
du
0 n

so, again, as we are considering n and M to be fixed, we can choose

1 11
§< M3 (MZQ) M , and find a Ty such that, if T > Ty then

log :5
s+T—iM® (N - L\"7° 1 M1 M+ 1
/ ( 2) dz| < 2M 3 <2 log 2
s+1—iM3 n z—s n n

— M—3 g M—3

M+l
log ——= log
—_——
—0 as T—oo

M+1 ’

-1
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M+1 . M43 . .
The value of log — -2 is smaller when —-2 is closer to one, that is, when
n=DM--+1, so
ML ML 1 -1
1 < |l = (-1 O— )) <2M +2
o8 M1 ( S\ T o2 *
and then
s+T—iM> [ M + % S| - M+ % 8
/ dz) <o2M~ (22 ) om 4 2) < -
s+1—iM3 n zZ—5 n nM

Therefore, recalling that, as we have absolute convergence on Re s + 1,

[bn] < {1l

|by| | petiriM® (M4 LN 24 1
S oo do < lfllo; 2 5
S vIRRL s+1—iM3 n zZ—35 M Sian
Define K3(g) :=243,5) —i+=, and Ky(¢) such that
L <k & MeN
M log M S 4(e) for every ,
then we get that
b, s+1+iM® (N 4+ L\*TF 1
Z |Re|s / < : dz
S vRul s+1—iM3 n z—35
log M
< IflooB5(e) Kale)— - (2.10)

Second case: n < M.

Now we will apply again the Residue Theorem, but this time the integral

over the rectangular contour shown picks a contribution of 2w with
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s — T+ iM? s— €+ iM> s 1 iM®
I M?
S—€S s+ 1
T M3
s—T—iM? s—e—iM® st 1 iM®
Res =0

Figure 2.3 New integration contour

residue 1, so

s+1+iM® (N 4+ N8 s=T+iM3 (N 4+ L\*7° 1
/ ( 2) dz + ( 2 dz
n z z

s+1—3M3 — S s+14+iM3 n — S
—iM3 M + 1\ %8 1 s+1—iM3 l =S 1
+ / 2 dz+ / u dz
T+iM3 z— —iM3 Z— 8

=271.

We will bound three of these integrals as we did before:
(i) The left-hand edge.

s—T—iM® (M 4+ 1\*% 1 M2\
/ ( +2> dz <2M—3< +2> - Toxy g
s—T+iM3 n zZ—35 n T
—_———

Then, it exists 75 such that, if 7' > T5, then
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s—T—iM® (M 1+ L\*7° 1
/ < 2 ) dz
s—T+iM3 n z

(ii) The top and bottom edges.

57

s=T—iM3 (M 1+ L\*7° 1 1+Res (N[ + L u-Res
/ 2 dz| < / 2 —du

. ~ 3
s+1—iM3 n Z— 8 Res—T n M
M+1 M+1

M—S elos — 2 e~ Tlog — 2

- : Myl 1 M+L |7

og — = og — =
—_———

—0 as T—o0

-1
, and the

1 1
and again, choosing the same § < M3 <M:2) ’10g M:f
same Ty as before, if T' > Tj then

s=T—iM3 (M 4+ 1\*7° 1
/ < = ) dz
s+1—iM3 n

zZ— S

-1

M+1 M+1
<2M‘3< +2>‘10g *3
n n

M+Lo.
Now, log —-2 is smaller when n = M, and

M+l M+ M1 1 \!
2M 3 b log 3 <2M3 b <10g(1 + ))
n n n 2M

<2M_3<M+;> L+ 5y 12

1 X .
n Wi nM

Therefore,

s T-HM3 s—T— 1M3 s+1— zM3
/ 2)dz + / D)z + /
s+14+iM3 T+iM3 ZM3
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and then,
My, s—T+iM3 s—T— zM3 s+1— ZMS
on ( / 2zt [ Dde+ [ )
o1 0 \Us+14inm3 T+iM3 zM’3
36 &L 1 36 &L 1
<Ulleiyy 3 e < Wlloiy X o

Setting Ks5(¢) := 363,51 —=r, and remembering the definition for Ky(e)
we get that

s—T+iM3 —iM
/ 2)dz + /
s+14+iM3 T+iM3

3 s+1— 2M3
dz—l—/
zM3

< [ f oo K55(8) K (€)

log M
Me

(2.11)
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Now, using (2.9), (2.10) and (2.11), we get the final conclusion:

3‘3

o-£2

= [2mif(s) — 2mi Z

s
nln

1 s+l+zM3 S— T+1M3
:27rif(s)—</ dz+/
m

+1—iM3 +1+iM3
zM‘5 s+1— sz M n
+ / z)dz + / Z —
T+iM3 2M3 el ns
s+1—HM3
27mf /

+1—iM3

log M
— K
+ 27THfHOO 5(5)[(6(5) M€
1

s+1+zM3
— 2w f(s /
us J(s) = 1 ns +1—iM3

Z /s+1+zM3
Z
ns Js+1—iM3

n=M+1
1 log M
_I_ 27THfHOO 5(8) 6(6) Ms

< 217T||f||oo (K1(e) + Ka(e) + Ks(e)Ky(e) + Ks(e) K (<))
logM

= [[fllooce

]

As we explained above, this is a quantitative version of Bohr’s original
result. To enunciate this result, first we need to give the following

definition.
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Definition 2.21. Let D(s) = >0, %= a Dirichlet series, we define its

n=1 ns

abscissa of boundedness as
op(D) = inf{o € C: D(s) extends to a bounded function in C,}.

Theorem 2.22 (Bohr’s Theorem). Let D(s) = 0>, 2 be a Dirichlet
series. Then o,(D) = oy(D).

Remark 2.23. The proof of Theorem 2.22 can be given following the
same lines of the proof of Theorem 2.20, although Bohr’s original result
only assumes absolute convergence in a suficiently remote half-plane,
and the hypothesis of the limit function f being in H..(C, ) is necessary
if you want to get the approximation error in terms of the norm of the
function, ||f||s- Nevertheless, if our hypothesis is that D is a Dirichlet
series that extends as a bounded holomorphic function to C,, then by
Theorem 2.22 D € H,(C,), and then we can apply Theorem 2.20 to

get the bound for the approximation error.

As we mentioned when we introduced the space H.(C,), this space
is not only a vector space but a Banach algebra, and this is a remarkable
consequence of Bohr’s result. Proving this will be the final aim of this
section, but first we will need some auxiliary results. These results and
their proofs can also be found in [12] (see Propositions 1.11 and 1.19),
on in Chapter 4 of [28].

Proposition 2.24.

dt

N .
Z annzt
=1

N ) i 1 R
Sl = Jim o [ 13
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Proof.

zt

N
:RL% QR/ (35 o) ()
— —it

Z GOy, + (RE)IEOO 2R/ ntm dt>

m,n=1

Z O - Zlanl2

m,n=1

R1—1>1—&T-loo 2R /

]

Proposition 2.25. For every Dirichlet series in Hoo(CL), we have that

%) % ® 4
(Slak) <2
n=1 n:ln 00

In particular, |a,| < HZ” L]

Proof. We fix ¢ > 0. By Bohr’s Theorem 2.20,

logM
sup < e |l
Res>e

ORDIE

n=1

so there is a My such that M > M, implies

sup
Res>e

Fix ¢ > 0 such that Reo > ¢, and then

M

a
Z naiit

n=1

sup < oo+

teR
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and applying Proposition 2.24, for M > M,,

(i 2>% - (RETOO 2R/

n=1
Hence if o and € both tend to 0, the claimed inequality is proved. [J

Qn

nO’

1
2
) <[ flloo +&

O'+’Lt
1 n

Theorem 2.26. H..(C,) is a Banach complex space.

Proof. Since H,.(C,) is a Banach space, we just have to show that
Hoo(Cy) is closed in Hoo(C,). Take a sequence {D®}, = { o o

n=1 ns
k
in Ho(C; ) and assume that it converges to f in H,(C,). It has to be
shown that f € H..(C,). By Proposition 2.25, for every k, [, and all n,

(k

) — | < |ID¥) = DO

n

Hence for each fixed n, the sequence {a{"}, is Cauchy and therefore
converges to some a,. Even more, for each € > 0 there exists ky such
that

|a®™ — a,| < ¢ for every k > ko and every n.
Define the Dirichlet series D(s) = >-72; %=. Our aim now is to prove that

f = D on some appropriate half-plane, so we can use Bohr’s Theorem
2.20 to extend convergence to C,. To do that we again apply Proposition
2.25 which assures that for every k and n we have |a®| < ||[DW||,
Taking limits in n we see that the boundedness of {D®}, in H..(C,)
implies the boundedness of {a,} in C, hence o,(D) < 1. We finally
prove that f = D on C;. To do this we take some s € C; and € > 0,
then we can find a fixed & > k_ such that

1f(s) = DW(s)] <e and |a® —a,| < ¢ for all n.
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Moreover, we can choose N € N large enough such that

N 1 N1
’D(k)(s) Y a®—|<e and ‘D(s) —Y a,—|<e.
n=1 n’ n=1 ne
Then
N 1
f(s) = D(s)| < | f(s) — DW(s)| + ‘D(k)(S) - Y aP—
n=1 n
+ nz::lan " nZ::la pr + nzz:la e (s) 5+f—:nz::1nRes+5

As s € Cq, 307, n% is convergent and we can say that f = D in
C4, so applying Bohr’s Theorem 2.20, D € H.,(C,) and the proof is
finished. O]

Remark 2.27. As we advanced Ho(C,) is a Banach algebra: if we
consider the Dirichlet series D;(s) = Y02, %, Dy(s) = Y02, &2 €

Ho(C,), and say they converge to the analytic bounded functions f

and g respectively on C,, then

o0

D(s)=>_ C—Z where ¢, = Y b,
n=1" kj=n
is the Dirichlet product of the series D, and Dy and it converges in some
half-plane to the product fg, which is bounded and analytic on C, so
it follows from Theorem 2.20 to the D € H(C,).






Chapter 3

Convergence of multiple

Dirichlet series

In this chapter we introduce multiple Dirichlet series and we study
their convergence. Let us properly define what we call a multiple Dirichlet

series.

Definition 3.1. An ordinary multiple (or k-multiple) Dirichlet series is

a series of the form

where {a,...m,} C C is the sequence of coeflicents of the series, and

S1,...,8, € C are complex variables.

In this chapter our main goals are to obtain a theorem of regular
convergence for multiple Dirichlet series that replicates the structure of
Theorem 2.3 and to obtain the sets of regular convergence of multiple
Dirichlet series, where now the dimensional jump gives a completely
different situation. To achieve the first goal we will use the results from
Section 1.3, more precisely Corollary 1.47, to which we will need to add

the following lemma.
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Lemma 3.2. For every 0 < a < 7, the k-multiple sequence
{mISI mI;Sk ﬁh omp=1

is of uniform bounded variation on 8570 ={(s1,...,8k) : | Arg s;| < a}.

Proof. Fix some 0 < a < . Taking into account that 0 < cosa < 1 and

Lemma 2.2,

Piy Pi;

S 2 A (T )
mil :nil mij :TLZ'].

1S

r=1 M. =Nj,

Sy slk —j
li—j

?w C(m+ 1)

Zr

n
—
e

|$zr‘ 1 1
r=1m,; =1 Tir mf,” (m + 1)%
1 - 1 1
= oo cos(Arg(si,))  cos(a)l T cos(a)®

Now we can give the announced extension of Theorem 2.3 and its
natural corollary.

Theorem 3.3. Let D(s1,...,5:) = Yy .ms v be g k-multiple
M My,
Dirichlet series which converges reqularly at (z,...,zx). Then it con-

verges reqularly and uniformly on the angular region SZZZ ={(s1,...,8k):
|Arg(s; — z)| < a < §}.

Proof. Let t; = s; — z;, then the k-multiple Dirichlet series

o

Z Amy,...,my
t1 tr

ml,...,mkzl m1 e Jmk
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converges regularly at (0,...,0), that is, >>,,, .. @m,,...m, is regularly
convergent. Using Lemma 3.2, {m;™",...,m**}®  _; is of uni-
form bounded variation on S¥, so D(ty, ..., t;) converges regularly and
uniformly on 85’0, and therefore D(sy,...,s;) converges regularly and
uniformly on S . O
Corollary 3.4. Let D(s1,...,5k) = Yomy..ms 72”117% a k-multiple
Dirichlet series which converges reqularly at (z1,...,2x). Then it con-

verges reqularly on the product of complex half-planes Cre ., X -+ - X Cre., .

We should point out here that Corollary 3.4 does not characterize
the sets of regular convergence of multiple Dirichlet series: as multiple
Dirichlet series have several complex variables, we cannot take infima
to define abscissae of convergence unless we make some assumptions.
This is illustrated in [25], where it is stated that associated abscissae of
reqular convergence can be defined, and they are related by a convex
function. This related abscissae, which characterize the sets of regular
convergence of double Dirichlet series, will be studied in Section 3.2.
Regarding the holomorphy of the multiple Dirichlet series, the same
argument used in the one variable case applies: Theorem 3.3 and Weier-
strass convergence Theorem are enough to assure that multiple Dirichlet
series define holomorphic functions in the region where they are con-
vergent, which gives rise to the study of spaces of multiple Dirichlet
series. However, before we begin that study we should give some results
that generalize the relationship (2.1) for multiple Dirichlet series. Their
proofs can be deduced easily from the ones for Dirichlet series, but we

give some indications of how to proceed.
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3.1 Absolute, uniform and regular conver-

gence

When studying the absolute convergence of k-multiple Dirichlet series
we get the natural extension of Proposition 2.7, which as expected has

the same form of Corollary 3.4.

Proposition 3.5. If a k-multiple Dirichlet series converges absolutely in

a point (z1,...,2k), then it converges absolutely on Cre., X + -+ X Cges, -

Proof. Tt is enough to note that, for (s1,...,8k) € Cres X -+ X Cres,,

a a
DS RL;? ‘ <3y ”
o o o ...m

mi=ni my=ny, M m1=ni my=ny, 1 k
Indeed, this is enough because of Remark 1.15. O

Another relation between the regular and the absolute convergence of
a k-multiple Dirichlet series is given by the following proposition, which

extends Proposition 2.10 to the k-dimensional case.

Proposition 3.6. Let D(s1,...,5:) = Yy s dmvemie g k-multiple
myeem
Dirichlet series, and {am, .. m,} a bounded k-multiple sequence. Then

D(sy,...,sk) converges absolutely (and therefore, reqularly) on C¥.

Proof. This follows easily from the fact that >-,, . —s1— converges
myemy
absolutely if and only if Res; > 1 for each 1 < j < k. n

Corollary 3.7. If a k-multiple Dirichlet series

Qa
D(Sl,...78k): Z m177’7nks

s1 k
mi,.omy T My

converges reqularly at a point (z1,...,zx), then it converges absolutely

on CRezl-i-l X X (CRezk-i-l-
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Proof. Making a simple change of variable

Z aml,...,mk _ Z am1,...,mk 1
S1... Sk 21, ., 23 81—21 Sp—2k !
mi,...,mg my mk M1,...,Mg my mk my T mk

a

where { i 150 ) is bounded, given the regular convergence
L e

of the series. O

Trivially, if a k-multiple Dirichlet series D(s1, ..., sx) converges abso-

lutely on C,, x --- x C,,, then it converges regularly and uniformly on
C,, x - x C,,, but there is also a relation between the absolute and
the uniform convergence of a k-multiple Dirichlet series that extends

Proposition 2.12.

Proposition 3.8. If a k-multiple Dirichlet series converges reqularly
and uniformly on C,, x---xC,,, then it converges absolutely on (CGIJF% X

“.XCU;C+%'

We will give the proof of the 2-dimensional case, which illustrates
the differences in the proof between the one variable Dirichlet series case

and the multiple Dirichlet series case.

Proof. By the Cauchy- Schwartz inequality,

=
ol

[e.9]

il _(§
Loi+3tejoatite k201+e]202+e

k=1 k=1

> 1
k’;::l flte]l+e ’
and the second series on the right-hand side is convergent, so we only
need to prove the convergence of the first series of the right-hand side.

As we have uniform convergence of the Dirichlet series on C,, x C,,,

then all the partial sums are bounded by a constant M, so
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n

m n
Qg1 |ax, i
2 Zl k01+5+i71 lag—i—a—f—irz kzl ZZ k201+5l202+a

Ak
+ 2 R‘e Z Z 201 +5+iﬁj02+e+i7—2 km +e—im1 l02+8—i7'2

1<i<k<m 1<j<I<n

@i Qg
+ 2 Re Z Z 201 +e+iT l02+5+i7'2 km +5—i71j02+5—i7'2

1<i<k<m 1<j<I<n

e
+2Re Zl 1<'Zl< Z‘01+5+i71j02+5+i7'2 jo1te—im la’2+67i72
=1 1gy<isn

+

CLZJ CLk]
2 Re 1< §< Z Zo'l +s+zrljag+e+z7—2 kal “+e— 17'1]024-5 T2
7 mj=

n |ak,l’2

m
= Z 2014€]202+¢
k=11= k !

;A + G Qi
Re Z Z Y N
| 1<i<k<m 1<j<I<n (ik)orte(jl)oere(p)im (1)

- e
+2Re Z Z 2201+5(jl)02+8(l)ZT2

Li=11<j<I<n

_|_
(\]

n ;jCj
+2Re Z Z Z/{i o14e 202+a( ')iﬁ

K2
| 1<i<k<m j=1 k

We take the average value by integrating with respect to 71, 7 to get

2o ” |ag]?
M 4T2/ / 7L k2m+ez2@+edﬁdh
A;jAk + Qi Q;
+—2Re/ / Z Z J ) drdmy
4T2 T 1<i<k<m 1<j<I<n (Zk)01+8(jl)02+6< )ZTl(Jl)ZTQ
;50
+—2Re/ / S B
AT? Ti=1 1<]<l<n ponte (jl)02+5(%)”2
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Qi Qi
2]‘{e/ / . ] J N dTldTg
T1<z<k<mj 1 Zk>01+83202+8(g)lﬁ
St
—1 1= k»?o’llQO'Q
a;jag + agay; 1 (T T g
+2Re ot = [ man [ (),
1<z‘<k<m1<j<l< (zk)01+€(]l)02+€ AT? J_1k Y
A;j5 azl
+ 2Re S Wzd
;1<]§<n i201Fe(gl)o+e2 2T -7 l
1 /T 4

a’lﬂ ak] T
+ 2 Re —_— tdry.
1<z§k:<mjz:1 Zk UH_E j202+e 2T T(k>
Calculating the integrals, taking into account that the integers in every

quotient are always different, we get that

m n |akl|2
Z Z k20'1+€l20'2+8

k=11=1

DS ajan + agar; sin(Tlog(1)) sin(T log(%))
\<ichem 1<) in (WR)T1TE(jl)o2Fe T2 log(%)log(4)
m ;i sin(Tlog(i))
2R J ‘l
PRl & EGhn Tog(]

=1 1<j<i<n

[\]

+ 2Re

)
;K sin(T log(i))
+2Re Z Z (ik)o1+ej2oate Tlog(%) :

1<i<k<m j= 1

It suffices to take limits when T'— oo to get that all partial sums
SET.
— 2a1+sl202+€

are bounded, and therefore the series is convergent (because all of its

terms are positive) and the proof is complete. O
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3.2 Convergence formulae

In Tetsuz6 Kojima’s last work [25], published one year after his
death, the author performs an exhaustive study of the convergence
sets of double general Dirichlet series. After introducing the notion of
regular convergence, he proves a first theorem of regular convergence
of double general Dirichlet series which contains Theorem 3.3 for the
double ordinary case. Throughout the following pages he works to
characterize the sets of regular convergence for those series via some
convergence formulae, which extend his previous work published in [24]
and reproduced here in Theorem 2.18. The interest of this work resides
in the remarkable differences between the one variable and the two
variables case, since the double case turns out to be far more complex.
For instance, consider a double Dirichlet series which is defined as the
product of two Dirichlet series, one in the variable s and the other one
in the variable t. Since the convergence of each series is independent
from the other one, the region of regular convergence of the double
Dirichlet series is clearly the product of complef half-planes defined by
the corresponding absicissae of convergence of the one variable series.
However, these kind of sets, which naturally extend the one dimensional
case, are not the only ones possible in the double case, as we will see
with some other examples in the end of this section.

Unfortunately, Kojima’s work probably was not noticed for a few
years, given that other authors such as Leja and Adams independently
obtained and published some results very realted to or partially included
in the ones found in [25] (the details on such publications can be found
in Adams’ survey [1]). In this section we will reproduce here Kojima’s
characterization of sets of regular convergence for double general Dirichlet
series, and we will add some new convergence formulae for the ordinary

case which can be adapted for the general double case for some particular
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frequencies which grow at a pace very similar to the the pace at which
the sequence {logn}, grows.

Let us start by setting the necessary background for double general
Dirichlet series. Theorem 3.3 can be also proven for the general case,
but before we show how, let us introduce the formal definition of what

we mean by a double general Dirichlet series.

Definition 3.9. A double general Dirichlet series is a series of the form

oo

m,n=1

where { A\, }m, and {u,, } are increasing sequences of real numbers diverging
to 400 and s and t are complex variables.

To use the arguments of Theorem 3.3 in the case of double general
Dirichlet series we would need a lemma that plays the role of Lemma

3.2 for the general case.

Lemma 3.10. If {\,}m and {u,} are increasing sequences of real
numbers diverging to +o0o, the double sequence {e_)‘ms_’””t}fno,n:1 is of
uniform bounded variation on SZy = {(s,t) : | Args| < a, | Argt| < a}
Jor every 0 <a < 7.

Proof. First note that, for s € C such that | Arg s| < a,
Am41 B
/ —se "dx

e>‘m+1
/ —su"*'du
€>\m

—R u=e m+1

—Res " Res

[Ape | = Je7hn — edm| <

e’tm+1
< |S’/ ufResfldu
erm

’l,L:C)‘m
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so taking into account that 0 < cosa < 1,

q

q
Z |Ame—)\ms Z Res —/\ms o 6_)‘m+15)
m=

m=p
sl
Res

sl _ 1
Res  cos(arg(s))

( —Aps _ e—)\q+1s) g

Analogously 7 _ |A,e™*| < 1 and

/

q

S |Ap e tment| = Z |A e | Z |Ane ] < 1.

m=p n=p’ n=p’

]

Now we can enunciate a theorem for convergence of general double
Dirichlet series, whose prove is basically the same than the one of

Theorem 3.3, but using Lemma 3.10.

Theorem 3.11. Let D(sy, 52) = Y00 i—y Gmme 5" be a general dou-
ble Dirichlet series which converges reqularly at (z1, z9). Then it converges
reqularly and uniformly on the angular region Siz = {(s1,82) € C?:

|Arg(s; — ;)| < a} for every 0 <a < 7.

As we said earlier, the jump from the theorem of regular convergence
for double Dirichlet series to the characterization of their sets of regular
convergence is not immediate, in contrast to the one variable case. We
will reproduce here Kojima’s work on this matter, providing shorter

proofs for his main results.

Theorem 3.12. Let D(s,t) = Y75_, a; e " be a formal general
double Dirichlet series, where {\;} and {p;} are strictly increasing se-

quences divergent to +00 which we will suppose to be of positive terms.
Write

log (e |20, X4, @i
() = limsup ( ‘ lz] £ely] @
T+Yy—>00 r+y

) e
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where we assume that x and y are positive, increasing and independent

variables, and
Y
2 aig = faiy o ) <<yl <y <yl
lz) L]

where |x] denotes the largest integer smaller than or equal to x. Then

the double Dirichlet series converges reqularly in the set

R(D) = {(s,t) € C : there exists « € R such that
o(a) € R, Res > ¢(a), Ret > a+ p(a)}.

Remark 3.13. Note that lim,;, e (WI=Y) — 1 for any o € R, which
implies that

log (e~lwle|sr s g,
() = limsup ( ‘ lz] £<ly] @in )
T+Yy—00 T4y

Proof. By Theorem 3.11 it is enough to prove that D converges regularly
in R(D)NR2 Suppose (s,t) € R(D) NR?, that is, there exist a € R
and 0 > 0 arbitrarily small such that s > ¢(a) 4+ 0 and t > o+ p(a) + 6.
Since ¢(a) + & > ¢(a) and

T ] S R TR

lim ———= = 1,
rt+y—oo 4+ Y T+Yy—r00 T + Y T+Yy—00 T + Yy
then there exists X > 0 such that x 4+ y > X, implies

T Yy s

Z Z a;j| < e(#(@)+3)(lel+ D+l (3.2)
l=] Ly]

T Yy 5

Z Z a;j| < e(?(@+3) (el +lyl+ D)+l (3.3)

l=] Ly]
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x y
S | < @Dl e (3.4)
lz] Lyl
Define the sets By = {\; : [\;| =k} and B} = {p; : |p;] =1} and, by
ordering them, consider the following notation: By = { X1 ..., Moy }s
By = {w, -}, so that {Aitien = Uren, Bry {145}jen = Usen, Bl-
Extend that notation to the coefficients, where ay,;; ; is the coefficient
that goes with e .t Suppose that k,l € Ny are fixed and let

1<m< M<K, 1 <n< N <. The regular convergence of D will

follow from the following claim:

< 16(e2)* D), (3.5)

M N
Z Z ak,i;l,je_)\k’is_m’jt

i=m j=n

Indeed, given € > 0 we should find P, > 0 such that max(P, P') > P

implies

<e¢e, forall Q,Q €N.

Q @
DD agge et

i=P j=P'

Since Y22, (e72)* is a convergent series of positive terms, there exists
ko € N such that

1220(6_2)'C < 1—6(1 —e 2). (3.6)

Let P, be the smallest integer such that index of [Ap, | = ko and P
the smallest integer such that index of [up] = ko and define Fy =
max (P, P{). Suppose that, for P,P',Q,Q" € N, |A\p] =k, |up| =1,
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|A\o] = u and |pg | = v. Then,

g
S—HUp
Zaglhd Ao,ishngt

=mg j=np

<1633 (e 3)oth (3.7)

Q ¢
Z Z a/@,’je*)\is+ﬂj

i=P j=P'

where 1 < my < M, <rgand 1 <np, < N, <7, foral k <g <o,
[ < h < wv. If we suppose that max(P, P') > Py = max(FPy, P;), one of
the sums in the right hand side of (3.7) satisfies (3.6), whereas the other

one is smaller that s. Hence,
1—e 2
Q Q s 1
SO et <16 (1 -8y =,
i=P j=P' 16 1—e2

so the double Dirichlet series converges regularly in (s, t).
Let us prove (3.5) to conclude. With the notation

Aping = Z Z ks, g:l hs Ao = 0= Agii0,

g=1h=1

we have

M N

i=m j=n
M N
— Ak iS— it
=3 > (Akig — Aricrj — Akt + Aiorgjo1)e ST 1

i=m j=n
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M N M-1 N
— Z ZAk’i;lJe*)\k,iS*m,jt _ Z ZA’CJJ,J — Ak ip1S5— 5t
i=mj=n i=m—1j=n
M N-1 M-1 N-1
_ Z Ak7i;l,j€_/\k,i5_ﬂl,j+1t+ Z Z Almlj —Ak,ip18—H1, 541t
i=m j=n—1 i=m—1j=n—1
M—-1N-1
— Ak,z’;l,j (6_)%,1‘5 _ 6_)\k,i+13)(6_l—’4l,jt _ e—uz,j+1t)
i=m j=n
M-—1
4 Z (Ak,i;l,Neim’Nt _ Ak,i;l,nfleim’"t)(ei/\k’is _ e*)\k,wls)
=m
N-1
4 (Ak,M;l,jei)\k’Ms _ Ak-,mfl;l’jei)\k’ms)(ei‘ul’jt _ e*m,jﬂt)
Jj=n

4 Ak Mo Ne—Ak,MS—M,Nt _ Ak 1l Ne—Ak,mS—,ul,Nt

- — t -\ — t
_Ak,M;l,nfle k,MS—Hi,n +Ak,m71;l,n716 k,mS—H, Nnt

We will study four different cases depending on the sign of ¢(a) and
a+ (). First, let us suppose that p(«) > 0 and o+ ¢(«) > 0, so that
both s, > 0. Then, since k < A\p; < k+1forallie {1,... 7},

e it ek for 1< <y (3.8)

Analogously,
et Le o for 1< 5 <) (3.9)

Note that for any 1 < i < r; and 1 < j < 7] we can find z,y > 0 so
that Ay = 275 Zy a; ;. Then, by choosing them large enough, (3.2)
gives that, for k and [ large enough and any 1 <@ < rg, 1 <7 <1,

‘Ak,i;l,j‘ < e(tp(a)+%)(k+l)+la' (310)



3.2 Convergence formulae 79

Using (3.8), (3.9) and (3.10),

i=m j=n
5 M—-1N-1
< elp(@)+3) (k+D)+la { |e*)\k,i5 _ e*Ak,iHSHe*m,jt _ e*m,jﬂt’
i=m i=n
—1
+ ( |6_)\k,i5 _ €—>\1m'+15|> (e—m,Nt + e—uz,nt)
i=m
N-1
+ (e—Ak,Ms + e—Ak,mS) <Z |€—/Ll’jt _ e_ul’j+lt|>
=n
—Ak,MS —Ak,m$ —pi,Nt —Hint
+ (e "M 4e 7 e te T
5 M—-1
< €(<P(0<)+§)(k+l)+la |€—>\k,i8 _ e—)\k,i+15| + e—Ak,MS + 6_/\k,m3>

N-1
(Z |€*l"l,jt _ e*ﬂz,j+1t| 4+ e Nt eul,nt>

g 4e(¢(a)+g)(k+l)+la (e_)‘k‘,Ms _|_ e—Ak,m5> (e_ul,Nt + e_ul,nt)
46(90(a)+%)(k’+l)+la(26—k;3) (26_”)

166 F(s—(p(@)t5) o—lli=(p(@)tats)) < 16(em3) K+,

NN

If now ¢(a) > 0 but a + ¢(a) < 0, we will only prove the claim for
(s,t) € R(D) NR? in which ¢ < 0, and by Theorem 3.11 the regular
convergence of such points will imply the regular convergence of the
Dirichlet series at the points (s,¢) € R(D) NR? in which s > ¢o(a) > 0
and a + ¢(a) < 0 < t. By proceeding analogously to the previous case,
we can find z,y > 0 large enough so that

| A g] < PO DEHFD e (3.11)
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for k and [ large enough and all 1 < < rg, 1 < j < 7). Producing the
adequate modification of (3.9),

et Lem WD for 1< 5 <), (3.12)

and using it together with (3.11) and (3.8) as before, the claim is easily
proved. For the case p(a) <0, a + ¢(a) > 0, modifiy (3.8) to get

ekt Lem s for 1 <i <y (3.13)

and use it with (3.11) and (3.9) to prove the (3.5) for (s,t) € R(D) NR?
with s < 0. For the remaining case in which ¢(a) < 0 and o+ p(«) < 0,

analogously from (3.4) we have

’Ak i'lj’ < e(go(a)+g)(k+l+2)+la’ (314)
for k and [ large enough and all 1 < ¢ < rg, 1 < j < 7}, which can be used
together with (3.13) and (3.12) to prove the (3.5) for (s,t) € R(D)NR?
with s,t < 0. O

The following lemma gives a description of the set C*\ R(D) which
is intuitively clear. Its proof is quite elementary, nevertheless, for the

sake of completeness we present a proof with full detail.

Lemma 3.14. The following properties about the function @ defined in
(3.1) are satisfied.

(1) If there ezists o € R such that p(«) is finite, then p is defined in

R and it is decreasing and continuous.

(2) Consider the function defined by V() = a+ p(«). If there exists
a € R such that o(«) is finite, then 1 is defined in R and it is

increasing and continuous.
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(3) The curve parametrized by {(¢(a),¥(a)) : a € R} is decreasing

and convezx, so R(D) is a conver set.

(4) supyer (@) = +00 and sup,e (@) = +00.

(5) C*\ R(D) = {(s,t) € C* : there erists « € R s.t. Res < ¢(a)
and Ret < ¢(a)}.

Proof. (1) Let us suppose that there exists a € R such that ¢(«) is

finite, and for z,y > 0 let Fi(z,y) = e™¥* 327, Ez’L’yJ a;;, and Go(z,y) =

log | Fo(,y)|
z+y :

Fs(x,y) = Fo(z,y)e =) < Fy(x,y) for any z,y > 0, so

Suppose 8 = «, so e ¥ L 1 for all y > 0 and then

log(|Fa(x, y)|e =)
r+y
= Ga<x>y) -

Ga(a:ay) 2 Gﬁ(l’,y) =

(8 —a) 2> Galz,y) — (B — a)
(3.15)

r+y

for all z,y > 0. On the one hand, since p(«a) is finite, given any
e > 0 there exists some X («,¢) > 0 such that z +y > X(a, ¢) implies
Gaolz,y) < p(a) 4+ €. By the left-hand side inequality in (3.15), z +y >
X (a,¢) implies Gg(x,y) < ¢(a) + ¢, and therefore there exists ¢(3) =
limsup, ., ., Gg(z,y) and o(3) < p(a) + ¢ for f > a. Since ¢ > 0 is
arbitrary, p(8) < ¢(«) for B > «, showing that ¢ is defined on [, +00)
and that it is decreasing there. On the other hand, using the right-hand
side inequality in (3.15) we get that 0 < G, (z,y) — Ga(z,y) < B —
and it is easy to see then that 0 < p(a) — ¢(5) < — .

Assume now that § < a. Exchaging the roles of the parameters in
(3.15) we get

0< Ga(z,y) — Go(z,y) <a—pF for f<aandz,y>0.
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Since ¢(«) is finite, we get that Gg(z,y) < p(a)+e+a—p forall < «
and z +y > X(a,¢), so there exists () = limsup,, .., Gs(z,y) and
0(B) < pla)+a— B, giving 0 < p(f) — ¢(a) < a— f for all 5 < a.
This gives that ¢ is defined in (—oo, @] and by the previous case it is also
decreasing there. Moreover, we have proved that |p(«a) —¢(8)| < |a— f]
for all a, 8 € R, so ¢ is a non-expansive and therefore continuous.

(2) Let

- log (€™
Ga(z,y) = (

x Yy
Sty Xl i)
T +vy
log (¢ [0, 30,
r+y

)

:Oé+

Define ¢(a) = limsup, ., Ga(z,y) = o+ p(a). Clearly 1 is defined
wherever ¢ is defined and, by proceeding analogously to the previous
case, 1 is increasing and it is a non-expansive in R, so it is continuous.
(3) Let o < 8 < 7, it is easy to see that (y— )G (2, y)+(B—a)G, (2, y)+
(a—7)Ga(z,y) =0forall z,y > 0,50 (y—a)Gg(x,y) = (y—05)Galz,y)+
(B — )Gy (z, y), which implies (v — a)p(8) < (v = B)e(a) + (8 — a)p(7).
This last condition can be written as

() Pla) 1] |p(a) a 1 o(y) Y(v) 1
e(B) w(B) 1/=|e(B) B 1/ <0, hence |p(B) ¥(B) 1] >0.
o(y) Y() 1 Je(y) v 1 (o) P(a) 1

Recall the following characterization of the convexitiy of a curve by
determinants. If P; = (z;,y;) for j = 1,2, 3 are three arbitrary points in

the curve satisfying x1 < x5 < z3, and the sign of the determinant

oy 1
A=y yp 1

z3 yz 1
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is constant for any such choice of points, then the the convexity of the
curve does not change, being the curve concave if A < 0 and convex
if A > 0. This characterization can be proved easily, just note that
the point P is above the line passing through P; and P, if and only
if A > 0, it is below the line if and only if A < 0 and it is on the
line if and only if A = 0. Recalling that ¢ is decreasing is enough to
get that the curve parametrized by {(¢(«),¥(a)) : o € I} is convex,
so R(D) is a convex set. The fact that the curve is decreasing comes
from the fact that ¢ being decreasing and 1 being increasing imply

(@) = @(B))(¥(a) = ¢(P)) <0 for all a, § € R.

(4) Since ¢ is decreasing and continuous,

Ly :=supp(a) = lim o(a),

acER a—r—00

and since 9 is increasing and continuous,

Lo = sup d(a) = lim Y(a)= lim a+p(a).

If Ly € R, then lim, ,_« a4+ ¢(a) = —00, so the curve parametrized by
{(¢(),¥(a)) : @ € R} would decrease asymptotically to the left of the
vertical line x = Ly, and for ¢(«a) close enough to L;, the curve would
have to be concave, which contradicts (3). In other words, assuming L,
is finite and L, = —oo implies that the slope of the curve parametrized
by {(¢(a),¥(a)) : @ € R} is negative and that it grows faster the closest
its abscissa is to the value L, giving that the curve must be concave,
contradicting (3). Therefore lim,_, ., ¢(a) = +00. Analogously it can
be proved that L, = 4o00.
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(5) It is enough to prove that

R*\ R(D) = {(s,t) € R? : there exists a € R
such that s < () and t < ¥(«a)}.

One inclusion is clear, so we will suppose that (sg, ) € R* \ R(D) but
for all a € R either so > ¢(«) or ty = ¥(a). Since we know by (3)
that sup,cg () = +00, it is not possible that for all & € R we have
so = p(a). By the analogous argument it is not possible that for all
B € R we have tg = (), so the sets A = {a € R: 59 > ¢(a)} and
B ={p eR:ty > ¢(p)} are non-empty, and clearly AU B = R. Note

that if &« € AN B then (sg,ty) € R(D), which contradicts the hypothesis,
so AN B = () where

A={aeR:sy=pa),ty<v(a)}

and

B={BeR:sy<¢(B), to=1(B)}

From the monotonicity of either ¢ or 1 one gets that § < « for all
B € B,a€ A, and since AU B =R we have that sup B=inf A =~. It
is a clear consequence of the continuity of both ¢ and ¥ that sy = @(7)
and ty = ¢(7), which is a contradiction. Therefore the other inclusion is

proved. O

Finally, we prove that R(D) is the set of regular convergence of the

double Dirichlet series D, understanding that the series cannot converge

regularly outside R(D). This extends the natural behaviour of general
Dirichlet series, in which nothing can be said about the convergence at

the vertical line given by the abscissa.

Theorem 3.15. Let D(s,t) = Y75_, a;je "' be a formal general

double Dirichlet series, where {\;} and {p;} are strictly increasing se-



3.2 Convergence formulae 85

quences divergent to +o0o which we will suppose to be positive. If we take
¢ defined by (3.1), then the double Dirichlet series D does not converge
reqularly in C*\ R(D).

Proof. Note that it is enough to prove the statement for (so,ty) €
R?\ R(D). Arguing by contradiciton, suppose that the D converges
regularly on (sg,%p). On the one hand, by Lemma 3.14 there exists
a € R such that sg < p(a) and ty < ¥(«@), so there exists ¢ > 0 such
that so + d < p(a) and tg + d < (). On the other hand, the regular
convergence implies the boundedness of the partial double sums (this is
a straightforward consequence of Definition 1.12) so there exists some
K > 0 such that

m n

Z Z a; j€*>\¢80*ﬂjto

i=1j=1

|S(m,n)| = < K for every (m,n) € N2

Using the same notation form the proof of Theorem 3.12, for every
(k. 1) € Ng,

Mg Np,

33N g

g=0 h=0 i=1 j=1

| Sk ptitn] = < K,

where M, = r, and N, = r, for 1 < g < k, 1 < h <land 1 <
My <714 1 <N, <7l Let 2,y > 0 and a € R, and let Fy(z,y) =
e’LyJameJ szyj ai; = eSS Vay i, for some k = |z, | = |y,
1< M<rpand 1 < N <. Define &, = ei% and n,; = etrato=lo)
and consider the notation Skoin = Sk—1r_1im> Skmio = Skml_l?r;_l.
Then

N

F,(

M:

(Skist; — Skim1315 — Sk j—1 + Skim1:,j-1) kil
J=1

Il
—

A
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M N M—-1 N
=D Skaglkahg — Y D Skt jCkit1m
i=1j=1 i=0 j=1
M N-1 M-1N-1
Z Sk,i;hjfk,ml,jﬂ + Z Z Sk,i;l,jfk,z‘+1771,j+1
i=1 j=0 i=0 j=0
M-1N-1
=Y Z Skt (Eki — &ipr1) (M — Mj41)
=1 j=
M-
+ (fk i — &ik1) (Skit, NN — Sk,ist,0m,1)
i=1
N-1

+ (Ul,y 771,]'+1) (Sk,M;l,jfk,M - Sk,o;z,]fm)
1

<.
Il

+ Skt NSk, MMN — Sk Mt,08k, M1

— Sk0a NN + Sk0:0,08k1M1-

Therefore

NS

|Folz,y)| < K( ki — Eikor1] + &k +§k,M>

(]

= K (sign(so)(&k,pr — &k1) + Skt + )
(sign(to)(mn — m1) + M1 +mN)
< 4K max (&1, Egar) max(m1, min)-

1

<
I

™M=

1M — M|+ + Uz,N)

I
-

Since 2 — 1 < |2] = k < Ay < x forall 1 < i < M, el <
e®s0 L ersotlol if 50 > 0 and eMi < el@™s0 = ezsotlsol if 55 < 0, so
maX(ng’gk’M) < emso+|80|_ Analogously’ ma‘X(nl,].?nl,N) < 6y(to—a)+|a\+|to|’

SO
|Fa(x,y)| < 4K€:pso+\so|ey(tofa)+|a\+|to\ _ Kexsoer(tofa).
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Consequently, for any z,y > 0,

log|Fa(x,y)|< K +x30+y(t0—a)< K
r+y \x—I—y r+y \x—i—y

+ (@) — 9,

so by Remark 3.13

log | I,
o(a) = limsup log | Fa(w, y)] < lim sup
T+y—00 Tty z+y—oo T+ Y

= p(a) =0 < p(a),

+pla)—0

a contradiction. Hence, if D converges regularly at (sg,%;) € R? then

(s0,t0) € R(D). O

Theorems 3.12 and 3.15 show us that the sets of regular convergence
for double Dirichlet series are given by decreasing convex curves, which
allow more diversity of examples for such sets in comparison with the
one variable case. Before we give examples of those sets, we give the
new formulae for the sets of regular convergence of an ordinary double
Dirichlet series which are inspired by Theorem 3.12 and extend the
traditional formula for ordinary Dirichlet series (2.2) and (2.3). This
formulae will have the advantage of being simpler to compute, giving the
possibility of obtaining the examples we mentioned for sets of regular
convergence that are not merely products of complex half-planes, which
is the trivial example obtained for double Dirichlet series that can be
written as the product of two Dirichlet series, one in each of the complex
variables.

In the one variable case a distinction needed to be made between the
cases of the abscissa being either positive or negative. This discernment
can actually be stated equivalently by checking whether the Dirichlet
series is convergent at the origin or not. This is the condition that can

be properly translated into the double case, and it will produce two
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formulae, depending on whether the double Dirichlet series is regularly
convergent at the origin of C? (note that regular convergence at the
origin is trivially equivalent to the regular convergence of the double
sequence of coefficients). We will replicate the structure of the previous
formulae to give the first formula, which can be used for double Dirichlet

series that are not regularly convergent are the origin.

Theorem 3.16. Let D(s,t) =>0° 2= be a formal double Dirichlet

m,n=1 msnt

series which is not reqularly convergent at the origin. If we write

I N~ A
fi(a) = limsup 08 ( [Aw])

3.16
M+N—oo  log(MN) (3.16)

where Ay n = SM_ SN G, then the double Dirichlet series con-

verges reqularly in the set

R, (D) ={(s,t) € C* : there exists a € R such that
fi(a) € R, Res > fi(a), Ret > a+ fi(a)}.

Proof. Arguing as in Theorem 3.12, by Theorem 3.11, it is enough to
prove that D converges regularly in R, (D) N R2.  Suppose (s,t) €
R, (D) NR? that is, there exist « € R and § > 0 arbitrarily small
such that s > fi(a) +d and t > o + fi(a) + . We want to check the
condition of convergence in a restricted sense from Definition 1.12, so
with the notation Am(s) =m™ — (m+1)"%, An(t) =n""—(n+1)7"

> oy e

St
m=M+1n=N+1 TN

= Z Z (Am,n - Am—l,n - Am,n—l + Am_l,n_1>m_sn_t
+1
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P Q P-1 Q
= 3 Y Apam T = 3 Y Apa(m+ 1)
m=M+1n=N+1 m=M n=N+1
P Q-1
- > > Ap.m”(n+1)7"
m=M+1n=N
P-1 Q-1
+ > Apa(m+1)3(n+1)"
m=M n=N
P-1 Q-1

= Z Z ApnAm(s)An(t) (3.17)

m=M+1n=N+1

P-1
+ Y (AnQ " = Ann(N +1)7 ) Am(s)
m=M-+1
Q-1
+ Y (Apa P — Apn(M + 1)7%)An(t)

n=N-+1
+ ARQP_SQ_t — AM,Q(M + 1)_5Q_t
—ApNyP S (N+ 1) "+ Ayn(M +1)*(N +1)7"

To bound the terms appearing on the right-hand side of (3.17) we need to
separate some cases. First suppose s > f,(a) > 0and t > a+ f,(«) > 0.
On the one hand,

A s 4l < m+l g g 1
Am) = [ el < [T <) max ()
; . ! (3.18)

mstl (g s

and analogously,

1 t
. 1
natfr(@+5 143 (3.19)

[An(t)] <

On the other hand, given 6 > 0 there exists some K; € N such

§  log(n=|Amn
that m +n > K, implies fi(a)+ = > og(n | A, |>, so |Ama| <
2 log(mn) ’
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mf+@+3pa+fe(@+5 Then, taking M, N € N such that M + N > K,,

F(@)+§ potfi(e)+5 t ¢
[ A Am(s) An(t)] < = =
’ mf+(a)+§na+f+(a)+§ (mn)1+§ (mn)1+§
(3.20)
We also get
Fr(@)+5 ot i(a)+]
| A Am(s)l7! < o —— S =0 s (3.21)
mi+(@+5jatf+(@)+5 4145 mits
- kf+(@)+%na+f+(a)+% t s t s
[Aen An(OF| < oo k2 = sk, (3.22)
k/+ an* T/ 2 plta nltsa
and finally
[ApoP Q7]
fr(@)+§ ot f(@)+3
< P < N,
Pf+(a)+§Qa+f+(a)+§

[Ano(M +1)7°Q7|
MF+@+5Qatfr(@+3

< s s
(M + 1)f+(04)+§Q06+f+(04)+§

|ApnP (N +1)7|

Fr(@)+5 No+fi(a)+5
r N ’ S(N+1)"2 < M 3N"3,

S Ple(@)+3 (N + 1)a+f+(a)+g P
[Avn (M +1)7*(N +1)7|
MT+(@)+§ Natfi(a)+§
S (M + 1)f+(06)+%(N + 1)Oé+f+(04)+%
<M EN%,

(3.23)

Now let us study the case in which f, () < 0 but a+ f, () > 0. Given

Theorem 3.11 it is enough to prove the regular convergence for the
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(s,t) € R (D) NR? with s < 0, so for s < 0 we have

1
max
m<z<m+1 :L‘s—i-l

|[Am(s)| < [s| ) = |s| max(m =G+ (m + 1)"6+D)

1 || 1 |s|
< max ,
<mf+(°‘)+g m*37 (m 4 1) +@+3 (m 4 1)1+3
1 sl

h (m + 1)/+@+3 s’

(3.24)

For this case we need to adapt (3.20), (3.21) and (3.23). Since § > 0 may
be chosen arbitrary small we will suppose that fi(a) + & < 0. Taking
again M, N € N such that M + N > K,

(03 é (0% [e% é
A, Am(s)An(t)] < m i+ @+ 5 patfr(@)+3 |s|t 2 @5
e S (m A+ D)@ 3t @4 (mp) 45 T ()3
(3.25)
and also
Ay Am(s)~] mf+(@+35 jatf(a)+5 5| 5 _ 2-f+@|g|
m mi\s I [t |
l (m + 1)/+@ Fyjetle@) g ity mi+3
(3.26)

Moreover,

|Arr (M +1)7°Q 7|
- Mf+(a)+%Qa+f+(a)+%
= (M + 1)f+(a>+%@a+f+ (@)+3
< 2—f+(a)(M + 1) Q <

(M+1)"3Q 2 (3.27)

58
2

“F+@pra N,

l\D
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and

[Ann (M +1)7*(N +1)7|
_ M+ (@)+8 Natfs(a)+5
(M 4 1)@+ (N 4 1)t F @+
<2 HOM 4 1) 3(N+1)"5F <27 H+OM3N3,

s(M+1)73(N +1)"2

(3.28)

There is only one case left to study, since regular convergence at any
point (s,t) with fi (o) <s <0 and a+ fi(a) <t <0 would imply, by
Theorem 3.11, regular convergence at the origin. Then, for s > f,(a) >0
and a+ fi(a) <t <0 we need to adapt (3.20), (3.22) and (3.23). First,

|An(t)] < |t ,dnax (x5+1) — [t| max(n~+D, (n 4 1)~¢+D)

< max ( L |t| ! |t‘ )
= noHlH@+3 13’ (n 4+ 1)0H+ (@45 (4 1)14+3

1 |t]
T (et g

(3.29)
so for M + N > K,,

mf+(a)+%na+f+(a)+% S|t‘

| A nAm(s)An(t)| <

= ()43 atfr(a)+d 150
m 2(n + 1) 2 (mn) 2 (3‘30)

9—(artf (o) g4

< - 00

(mn)lJrg ’
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and also

kf+(@+5 patfi(e)+3 It]

| ApnAn(H)k™°| < k3

fH@+3 (4 1)a +(@)+5 145

(3.31)
2*(a+f+(a))|t| s
Sy
ni+3
Moreover
|Ap NP3 (N +1)7")
Ple(@)+5 Natfi(@)+5

[ SIS0
[SIEY

< P N 1 —
PI+@+5(N 4 1)o+F+@)+3 (N +1)

< 2*(a+f(a))p*%(]\[ + 1)*% < 2*(a+f+(a))M*%N*%
[ Ay (M + 1) (N + 1)
MF+(@)+5 Notfr(a)+5
< (M + 1)f+(0¢)+%(j\7 + 1)Oé+f+(0¢)+
<27 OH O (M 4 1)73(N + 1)7F < 27 eH+ @) y—3 N3,
(3.32)

?

(M 41)"5(N+1)73

Now we will combine all these cases to bound the terms appearing in
the right-hand side of (3.17). Let C' = max(1,2/+(®) 2-(a+f+(a) g
combining (3.20), (3.25) and (3.30),

Clst|

1437

| Ay Am(s)An(t)| < (3.33)

(mn)
and combining (3.21) with (3.26) and (3.22) with (3.31) we get, for
N <,

Cls| s
g
ml+d it

|Am7ZAm(s)l_t| <

N~2, (3.34)
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and, for M < k,

M2, (3.35)

[ApgP™*Q™'| <CM™:N73,

|Arro(M +1)7 Q| < CM N3,
|ApnP (N +1) | <CM N3, (3:36)

|Ayn(M +1)*(N+1)""| <CM 3N"3.

Now note that we can use (3.33) to bound the first term on the right
hand side in (3.17), (3.34) for the second one, (3.35) for the third one
and (3.36) for the last four terms, so we get

> oy e

St
m=M+1 n= N+1””

C’|st\ B Ols| s
< Z Z + > 25N
m=M+1n= N+1 2 m=M+1 T 2
@l C|t| s s s
+ > 2 M P 4 4CM 3N
n=N+1 n'*
= s s N s
< C Z +§ + 2M Z 1+é +2N
m:M+1m n=N+1T7

If Su(s) = oo sl 4 2M‘g7 clearly |S,,(s)| < |s|¢(1 + g) +2

1+3
and, for any fixed s, limy;_,o, Sy(s) = 0, so given € > 0 there exists
K, € N such that M > K; implies Sy/(s) < W Choosing K,

so N > Ky 1mpheS SN(t) < m and K = maX(Ko,Kl,Kg)
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enough to get that max(M, N) > K implies

P Q

>y e

St
m=M+1n=N41 0T

so the double Dirichlet series converges regularly in (s, t) according to
Definition 1.12 and Theorem 1.14. O

With exactly the same proof one can state the analogous lemma of
Lemma 3.14 for this case, where again the last point is the geometrical
description needed for the necessitiy of the previous theorem, given
below.

Lemma 3.17. The following properties about the function f, defined
in (3.16) are satisfied.

(1) If there exists a € R such that fi(«) is finite, then f, is defined
i R and it is decreasing and continuous.

(2) Consider the function defined by g, () = a+ fy(«). If there exists
a € R such that f,(«) is finite, then gy is defined in R and it is

increasing and continuous.

(3) The curve parametrized by {(f(a), g+()) : a € R} is decreasing

and concave, that is, R, (D) is a convex set.

(4) sup,ep f1(a) = +00 and sup,eg g1 (a) = +o0.

(5) C*\ R.(D) = {(s,t) € C*: there exists « € R such that Res <
fi(a) and Ret < g+ ()}.

Theorem 3.18. Let D(s,t) = >0, | === be a double Dirichlet series

m,n=1 msnt

which is not reqularly convergent at the origin. If we take f, defined by
(3.16), then the double Dirichlet series D does not converge reqularly in

C2\ R, (D).
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The proof follows the same scheme than the proof of Theorem 3.15.

For the sake of completeness it is given below.

Proof. Note that it is enough to prove the statement for (s,t) € R? \
R, (D). Suppose that the D converges regularly on (s,t). On the one
hand, by Lemma 3.17 there exists a € R such that sy < fy(a) and
to < a+ fi(a), so there exists 6 > 0 such that sp + 9 < fi(a) and
to+ 9 < a+ fi(a). On the other hand, we use again that the regular
convergence implies the boundedness of the partial double sums so there

exists some K > 0 such that

MoON o,
> > <K forevery (M,N)eN.
n

‘SM,N| =
m:ln:lm

Using the notation Sy, o = 0 = Sp ,

M=
™=

AM,N - (Sm,n - Sm—l,n - Sm,n—l + Sm—l,n—l)msnt
m=1n=1
M N M-1 N
= > > Spam®nt = > > Spa(m+1)°nt
m=1n=1 m=1 n=1
M N-1 M—1N-1
— Z Spmam®(n+1)" + Z Z Spn(m+1)*(n+ 1)
m=1 n=1 m=1 n=1
M—-1N-1
= Spn(m® — (m+1)*)(n* — (n+1)")
m=1 n=1
M-—1
+ Y Spn(m® — (m+1)°)N*
m=1
N-1
+ > SpaMi(n' = (n+1)") + Sy M*NY,

S
Il
—_
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so, if s,t > 0,

1 K M—-1
1A < — s 1)° M
Na M| Na (;1 Im (m+1)% + >

(Z In' —(n+1 |+Nt>
K s t s ATt—«
:m@M —1)(2N" = 1) <AKM°N*"™.

Therefore, since s < fi(a) —d and t — o < fi () — 6,

log(N=*|Ann]) o logdK  slogM + (t —a)log N

log(MN) = log(MN) log(MN)
logd K
< Tog(3IN) © fola) =4,

SO

. log(N_”‘]AMND
«) = limsu :
frla) M+N_>Io)o log(MN)
log4 K

}}?NSEEOW + fr(e) =6 = fi(a) = 6 < fi(a),

a contradiction. For the remaining cases, note that if s < 0, ¢ > 0 then

1Og(N7a|AM,N|)< log 2K
log(MN) log(MN)

a|AMN| 2I<]VtL @ +f+(6k)—5.

If s >0, ¢ <0 then, since s < fi(a) — 0 =g (a) —a—14,

log(M*[Amn])  log2K +g.(a)
log(MN) log(MN) 9+

M®| Ay n| < 2K M, — 4,
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SO

g+(a) = limsup log(M*|Ar,|)
i MAN—so  log(MN)

log 2K

< limsup ) +g+(a) =0 =gi(a) =6 < g4(a).

M+N—o0 log(MN

Either way we get the same contradiction. Hence, if D converges regularly

at (sg,to) € R? then (sg,tg) € R, (D). O

If Theorem 3.16 gives a formula to use with double Dirichlet series
that are not regularly convergent at the origin, the next result gives the
formula for those who actually are. Since its proof follows basically the

same ideas and structure than the proof of Theorem 3.16, we omit it.

Theorem 3.19. Let D(s,t) =300 _, 2= be a formal double Dirichlet

mn=1 msnt

series which is reqularly convergent at the origin. If we write

log (N~
f-(a) = limsup 08 ( | Barn )

3.37
M+N—oo  log(MN) (3:37)

where Ryrn = Y 0o pr 2omen Gmon, then the double Dirichlet series con-

verges reqularly in the set

R_(D) = {(s,t) € C* : there exists a € R such that
f-(a) € R, Res > f_(a), Ret > a+ f_(a)},

and it does not converge reqularly in C*\ R_(D).

These formaule are not only valid for the ordinary double case, since
there are some frequencies {\,, },, and {p,}, for which the analogues
of Theorems 3.16, 3.18 and 3.19 can be used in the same manner.
These frequencies will have to grow at practically the same speed as

the sequence {logn},, but nevertheless they define Dirichlet series that
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are not properly ordinary Dirichlet series, so these formulae deserve a

separate mention.

Theorem 3.20. Let D(s,t) = 30% _ Gmpe ¥ be a formal general

double Dirichlet series and suppose that the frequencies { Ay, }m and {pn }n

satisfy : :
lim sup g <1, lim sup e n
m—o0 m n—00 Hn

<1, (3.38)

and that there exist some constants Cy and Cy such that

|e’\m+1 — e’\m| < O, ettt — ebn| L Ch.
Writing
log (e N R
f-(a) = limsup g e | Bar])
M+N—oo Av + pNn
1 “HNe| A
fi(a) = limsup 0g (€ [Anrx )
M+N—oo v+ pn
where Ryn = Yoo jp 2omen Gmn 0nd Ay n = Z%zl ZnN:1 A, the

double Dirichlet series converges reqularly in the set

R_(D) = {(s,t) € C* : there exists a € R such that
f-(a) € R, Res > f_(a), Ret > a+ f_(a)}

and does not converge reqularly in C*\ R_(D) if it is reqularly convergent
at the origin, and if the series does not converge reqularly at the origin
then it converges reqularly in the set

R, (D) = {(s,t) € C* : there exists a € R such that
fi(a) €R, Res > fi(a), Ret > a+ fi(a)}

and does not converge reqularly in C*\ R, (D).
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Proof. Let us suppose first that the general double Dirichlet series does
not converge regularly at the origin. The proof follows along the same
lines of the ordinary case, the main differences appearing in the proofs
of the sufficiency for both formulae. One the one hand, the bound given
in (3.18) should be replaced by

>\m+1 _
/ —se Pdx
Am

< |t —et||s]  max  |u
edm LuLe m+1

|€—)\ms o e>\m+1| <

e)‘m+1
= / —su" " 'du
[

Am

—s—1|

< Cylsle U@+ - Mn145)

if s > fi(a) >0, and (3.24) should be replaced by

) )
‘B*Ams _ e)‘m+1| < C’l‘3‘e*>\m+1(f+(a)+§)€*/\m+1(1+§)

for fi(a) < s < 0. Also (3.19) and (3.29) should be replaced by the
analogous bounds, so the analogues of inequalities (3.20), (3.21), (3.22)
and (3.23) can be obtained. For the case in which either fi(«) or

a+ fi(a) is negative, one should use that
ehmiimAm < 0L 41 foralln e N, etrt1i7hin L (Oy9+1 for all n € N.

Defining in this case C' = max(1, (C} + 1)+ (Cy + 1)~ (@+/+(@)) and
using that both 3-°°_ e and 3°°° | e #»! are convergent in C; because
of (3.38) and the first formula in (2.4), is enough to complete the proof
for the sufficiency following the steps of the proof of Theorem 3.16. The
remaining parts of the proof are obtained by reproducing the proofs of
Lemma 3.17 (analogous to the proof of Lemma 3.14) and the proof of
Theorem 3.19. The same should be done for the formula involving f_(«)

in the case in which the series is regularly convergent at the origin. [
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Finally, we can obtain some information extra for the curve that
defines the sets of regular convergence of double Dirichlet series and we
can give some examples to illustrate the different possibilities for this

curve. Let us asume that
log (| Am,n|)

o log (JAun) _
[= liminf —————— < limsup ————*> = 0) = 0).
M+N—oo Ay + [N M+N—>£)o AM + pn f+(0) = 9.(0)

Recall the following elementary property.

lim sup a, +lim inf b, < lim sup a,+b, < lim sup a,+lim sup by, (3.39)

n—o0 n—oo n—oo n—o0

10g<|AM,N\)
AM+UN

and by v = Y. Note that, for a > 0,

and consider ay; n = Py
n

limsup byyy =a and liminf by ny = 0.
M+N—s00 M+N—oco

Since fi(a) = limsupy,, y_oo(@r,ny — bar,n), using (3.39),

fi(o) = liminf ap ny + limsup (—by ) =1 — limsup by y = 1.
M+N—o0 M+N—00 M+N—s00
On the other hand, if a <0, apny — by = amp =1, sO f+(oz) > [ also
when a < 0. Moreover, since fy is decreasing, fi(a) < f1(0), so for

every a > 0,
L < fo(a) < f4(0).

Analogously one can get that that [ < g, (a) for every a € R and that
g+ () < g4(0) for every a < 0, due to g, being increasing. Therefore
the curve {(fi(a),g+(a)) : @ € R} defined in the plane Res x Ret is

included in the set

[1,+00)* \ (f1(0), 00)* = [I, f+(0)] x [I, +00) U [1, +-00) x [I, f+.(0)],
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where (f4(0), f+(0)) is the point of the curve where it is cut by the
bisector. In the case in which

log (| A, |)

| =

= +(0)7
this condition turns out to be a necessary one for the curve to be the
union of the vertical and the horizontal rays touching at the point
(£+(0), £1(0)).

With these formulae at hand we can give examples for double Dirichlet
series with sets of regular convergence defined, for instance, by oblique

lines in the plane Re s x Ret. If k is a natural number, define D(s,t) =

[ele} Am,n
m,n=1 msnt

not regularly convergent at the origin and

with a,, ,,» = 1 and a,,, = 0 otherwise. Then clearly D is

, logm=**l 1 — ka 1+a
folo) =tmsup = o = e o gl =0
Since % = —1, the functions f; and g, parametrize the line

with slope —% which passes through the point <T}r1’ k%rl) If we define
Ds.t) = Y55,

m,n=1 msnt’

) logm®™t  a+1 1 — ka
9+(a) = limsup g~ E 11 and  fi(a) =

so we obtain the line with slope k that goes which passes through the

point (k%rl, k%rl)



Chapter 4

Bounded multiple Dirichlet

series

4.1 The algebra H.,(C2)

In the study of multiple Dirichlet series, the case of double series is
usually completely analogous to the k-multiple case, and this is exactly
what happens when studying the spaces Ho(C%), k € N. However,
introducing first the space of bounded double Dirichlet series will allow
us to present the ideas of the theory in a simpler and clearer way, since
the inductive techniques used in the k-dimensional case often force us
to merge some theorems in one big statement where the intuition can
sometimes be lost. With this intention, we begin by extending the
definition of H..(C,) to double Dirichlet series.

Definition 4.1. We denote by Ho(C2) the space of all Dirichlet series
which are regularly convergent on C2 and define a bounded function
there.



104 Bounded multiple Dirichlet series

The aim now is to see that H.(C?%) is a Banach algebra when we

endow it with the norm || - ||,
X a
IDllos = sup | > —.
g’

4.1.1 The vector-valued perspective

Remark 4.2. If a double Dirichlet series D is in H(C%), then every
row and column subseries of the double Dirichlet series is convergent,
because of the regular convergence, so:

1. For every m € N and every t € C,,

o0 1 [e.9]

Z amn

st: s
nzlmn m

Gmn converges
, verges.

n=1
2. For every n € N and every s € C,,

oo o0

/- 1 /-
Z i —— converges.
m=1 men n m=1 m?

As regular convergence guarantees that the iterated sums exist and
coincide with the sum, then for all (s,¢) € C%

M 1

lim Z Z amn = D(s,t)

M—>oo
Nloo

:Dst—hmz Zamn

N—>oo

and trivially || Ds||eo < ||D||oo and ||Dy||eo < ||D||oo for every s, t € C,,
so both of the functions D, and D, can be seen as Dirichlet series in

Hoo(C4) when the variable that appears in the subindex is fixed in Cj.
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We denote the coefficients of these Dirichlet series by

— Umn = Oma
O‘m(t> = nz::l nt ﬁn(s> = mzzzl ms

which can be seen as Dirichlet series themselves. Moreover, by using
Proposition 2.25 again, we have that |a,,(t)] < [|D¢l|lc < ||D||s for
every t € Cy, 50 [lam|lo < ||D]]oo, and therefore «, € H(Cy) for
every m € N. Analogously 3, € Ho(C;) with [|8,]lec < ||D]]e for
every n € N. The one-dimensional subseries of D are

=~ Amn 1 s Am.n 1
Z 7 :Eam(t% Z 7 :7571(3)7

St St s
mzlmn nzlmn m

but the factors % and 7;5 do not affect the convergence of the respective
series for the respective fixed values of ¢ and s in C,, so from now on
we will instead say that the one-dimensional subseries are «,, and 3,

and the same in the k-dimensional case.

The discussion above justifies that we can see Hoo(C?%) as the space
of double Dirichlet series which are convergent on C2 and whose row
and column subseries are in Ho,(C,). From this perspective, we can
think of double Dirichlet series as vector-valued Dirichlet series whose
coefficients are Dirichlet series, where this coefficients may be seen as
either the row subseries or the column subseries of the double Dirichlet
series. Vector-valued Dirichlet series were studied extensively in [11],
where the authors give a vector-valued version of the Theorem 2.20.
This version is going to be a fundamental tool in the double case, as
we will be able to argue inductively using the vector-valued perspective
to go through the induction jump as we try to build an analogue of
Theorem 2.20 for double Dirichlet series. The next theorem could be
obtained directly from the arguments of the proof of Theorem 3.2 of
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[13] and Theorem 2.20, but we give here a simple proof for the sake of

completeness.

Theorem 4.3. Let X be a Banach space. Let D(s) = Y07, % be a
Dirichlet series with coefficients {a,} C X and o > 0. Suppose that D is
convergent on C, to a function f € Hy(Cy, X), such that f(s) = D(s)
in C,. Then D € Hoo(Co,X) and, for every 6 > 0, D converges
uniformly to f in Cs. Furthermore, for each 6 > 0 there exists cs > 0

only dependent on § such that

N logN
sup |30 5 — f(s)]| < es [1£1loo-
Res>d ||p= TL

Proof. Let x* € X*. Then, 2*f : C; — C, 2*f(s) = >0 % for

n=1

s € C4, and by Theorem 2.20 for every positive § there exists cs > 0
such that

N
*(an log N
sup 7" () — 2" f(s)| < cs og —[|z" f|]o, that is,
Res>d |,—1 ns
N ap logN
sup [z* (Y. = — f(s) ]| < s | f||o for all * € Sx+,
Res>d n=1 ns
and therefore
N
n l N
sup fn f(s) og —|[|flloc  for every s € Cs.
Res>d ||p=1 ne X

]

Corollary 4.4. In Theorem 4.5 we can exchange the right-hand side of
the inequality, c-" 22| oo for co—s 225 flcss for 0 <6 < e.

Proof. Let € > 0. Suppose the conditions for Theorem 4.3 hold, and
for 0 < 0 < e define g(t) := f(t +6), g(t) := 2,2, -#5. We can apply

n=1
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Theorem 4.3 to g for e — 9 > 0, and we get

N
ap log N log N
Sup nz::l 5 —9(0) X S ez 19lloo = coms 55 1 flles-

With the notation u =t + ¢, rewriting the previous equation for f,

N
an log N
su — — Jj(u L Cog—— .
S || - )| < sy ol

]

Following the inductive intuition form Remark 4.2, we will work to
formalize the identification between double Dirichlet series and vector-
valued Dirichlet series, that is, we will establish an isometry between the
spaces Hoo(C3) and Hoo(Co, Hoo(Cy)). We do this, but before we need
the following proposition.

Proposition 4.5. If D(s,t) = >0 | 2=n with D € Hoo(C2), then for

m,n=1 msnt

every m,n € N,
|am,n| <Hlamlloo < D)oo |am7n| < 1Balloo < | D|]oo-

Proof. If D € Hoo(C?) Remark 4.2 guarantees that a,,, € Hoo(C4) and
[|am|loo < ||D]]oo for every m € N, where the fact that |am, .| < ||am]so
for every m,n € N is a direct application of Proposition 2.25. The proof

for the second chain of inequalities is analogous. O]

Proposition 4.6. The mapping defined by

U:Ho(C2) = HoolCp, Hoo(CTL))

15 an isometry into.



108 Bounded multiple Dirichlet series

Proof. Consider

Suppose D € H(C?%). Obviously W(D) = F, so it remains to be seen
that F € Hoo(Cy, Hoo(CL)). Remark 4.2 gives that a,, € Hoo(Cy) so
the coefficients of F' as a vector-valued Dirichlet series are in H(Cy).
Moreover D is regularly convergent, so by Proposition 1.16, for each
(s,t) € C2

P =y =0 5 L (fﬁ m) =3 D,

s s t Smt
m=1 m m=1 m n=1 n m,n=1 m°n

We only need to check that F'is convergent on C, as a vector-valued
Dirichlet series, so we need to prove that F(s) = limp_ec Yo 2=
Hoo(Cy) for all s € C,. To do that, choose € > 0 and fix t € C,. Recall

the Dirichlet series

in

where D; € Ho(C,) by Remark 4.2. Applying Theorem 2.20, given
6 > 0 there exists ¢5 > 0 such that

M 877 (t)

mS

log M

log M
I B

M§

sup — Dt<8) <c ||Dt||oo <G ||D||00’

Res>d

m=1

where the last inequality is given also by Remark 4.2. Then, since
Dy(s) = F(s)(t) for all s,t € C,,

Mo, (t) log M

6M5

sup  sup - F(s)(t)| < ¢ 1D oo

Ret>0Res>d m?

m=1
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Choosing My such that M > M, implies ¢5°232(|D|| < &, we have that,
for M = M(]

M
(a7 log M

sup || 30 22 — F(s)|| < o[ Dl]os < €,

ResI>)(5 = ms () - M 1]

and we get that F'is convergent in C,. Moreover,

|Flloo = sup [[F(s)]|c = sup [|Dls
Res>0 Res>0

= s (s (D01 = 1D
Res>0 \Ret>0

so F'is also bounded, and then it is in Ho(C, Hoo(C4)). This also proves

that U is an isometry, and ¥ is into because both D and F' = ¥(D) are

characterized by the coefficients a,, . Indeed, if one has ¥(D;) = V(D,)

with

VDN = 3 — (i £”)) j=1.2

s t
m=1 m n=1 n

then by Proposition 4.5
|l — ali < |[¥(D1) = ¥(Dy)[|o = 0,

SO D1 = DQ. ]

It is a natural question to ask if the isometry from Proposition 4.6
is also onto, that is, if a bounded vector-valued Dirichlet series with
coefficients in H.(C ) can be seen as a double Dirichlet series in H.(C?%).
We give a positive answer to this question in Theorem 4.11. This will be
the fundamental step into making the vector-valued perspective useful
in the study of H.(C?), as it will allow us to go back and forth between

vector-valued Dirichlet series and double Dirichlet series.
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The next results are the first steps of proving that Ho.(C, Heo(Cy))
is isometrically included in H.(C%). Following the definition of regular
convergence, we will need to prove that every bounded vector-valued
Dirichlet series produces a double Dirichlet series that converges in C,
and that can also be obtained by taking iterated infinite sums when the
order of the sums is exchanged. The lemma below deals with the first
of these aims, and it will later be key when we try to get a double case

analogue for Theorem 2.20.

Lemma 4.7. Let F' € Hoo(Cy, Hoo(Cy)). Write

with

and F(s) = >2_, 28 Then for every § > 0

m=1 ms

3%

Amn
S
m=1n=1 n

- converges to F(s)(t)
m

uniformly on C%.

Proof. Fix 6 > 0 and € > 0. By Theorem 4.3 there exists cs such that

M
Qi log M

su > — — F(s <c Fl|oo-

Resgé = ms () . M 1]

Hence, if M, is such that c; 2 || F||, < 5 for all M > M, then for

M9
every M > M,

Mam

— F(s)

< g (4.1)

(e}

sup

Res>0 || ;=1 m?
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Now fix s € Cy, and define

fuy =150 S ()

m=1

As every oy, € Hoo(CL), Fars € Hoo(Cy) and by (4.1), for every M >
My and every s € Cg,

9 9
1Eas (@)oo < NE(S)]loo + 5 < N1 F oo + 5

Again, by Theorem 2.20,

loc N
< e | Farsl |

Ret>6 [ N \,mp M°

sup Z it <Z am’"> — Fars(t)

logN €
< e (IF e + 5).

Choosing Ny such that N > Ny implies 5 %58 (|| F||oo + 5) < 5, We have
that, for every s € Cs and for every N > Ny,

> (50 ee) Ry < S

su — - s a)

Retos ont \Jiop oms M 2

and then,

S L (% fme) gy ) < (42)

su — — s —. )
Rﬁsgé n:17ﬁ m—1 ms M, 2
Ret>0

Combining (4.1) and (4.2), for every N > Ny and every M > M,

N1 M g
su RN — F(s)(t)] < e.
o 3 (8 2) oo
Ret>6
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The next lemma deals with the second of the aims mentioned above,
but before we prove it we need to recall another useful result from [12]
on how the coefficients of a Dirichlet series can be recovered from its

limit function, as we will need that technique in the next proof.

Proposition 4.8 (Proposition 1.9 of [12]). If D(t) = Y00, %= s a

m=1 mt

Dirichlet series, and k > c,(D), then

. 1 eHiR .
Uy = nglgo R /K_ZR D(t)m'dt.
Remark 4.9. If F € H(Cy, Ho(Cy)), let f: C2 — Cg, f(s,t) =
F(s)(t). Then f € Hw(C3). Let us check this. The function f is
trivially bounded on C2%. To check that f is analytic and bounded on
C% we will use Hartog’s theorem (see for instance [11, Theorem 15.7])
and show that it is separably analytic in each variable. For a fixed s,
the function F'(s) is analytic because it is in Hy(Cy). If we fix t € C,
then we are dealing with §, o F' (where ¢, is the evaluation at t) which is

analytic as it is the composition of two analytic functions.

Lemma 4.10. If a double Dirichlet series D is absolutely convergent
in Cy,, X C,, to a function f € Hyo(C%), then both its row and column

subseries iy, fn are in Hoo(CL).
Proof. Take 0 = max(o1,02) and write

Qa

Qmn > Am,n
D(s,t) = Z am(t) = Z .
n=1

n

o
m,n
) 5n(5> = Z .
m=1 m?
Since absolute convergence implies regular convergence, the absolute
convergence of D gives the absolute convergence of every subseries, so
the column subseries 3, are absolutely convergent in C, for every n € N.

We are now able to apply Lemma 1.16 to the double Dirichlet series D
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and

For a fixed s € C, define formally the Dirichlet series D, (t) = ¥, & ’;l(f :
as well as fs(t) = f(s,t). Since D is absolutely convergent in CZ, D,(t)
is absolutely convergent for t € C, and D4(t) = D(s,t) = f(s,t) = fs(¢)
for t € C,, where f; is a bounded analytic function on C, for the s € C,
we had previously fixed. Choosing ¢ > 0 and applying Bohr’s Lemma
2.20 we get that D, converges uniformly to fs on Cs. As this can be
done for every 6 > 0, Dy converges to fs; on C, and then Dy € H(Cy).
We have defined D, because we want to get convergence of the columns
subseries f3,(s) in C,, and these are precisely the coefficients of D;.
With this aim, we will apply to Dy Proposition 4.8. We take s € C, and

n € N both fixed and kK =0 + 1 > 0 > 0,(D;), and then

. 1 a+1+iRD Nntdi — 1 1 [ot+l+iR Nt
Bn(s) = Rl—{I;OQRi/UH_iR s(t)n'dt = Rg%o?Ri/aﬂ—iR fs(t)n'dt.

We define formally for s € C

l 1 1 o+1+iR td
a(s) = lim o /U L Lo

_ o'+1 . T
= nggoQR/ f(s,0+14it)n""dr.

We are going to show that [,,(s) is well defined not only for s € C, but for
s € C,, and that it coincides to the corresponding column subseries 3, (s)
in C,. In other words, we are going to extend the convergence of /3,,(s) to

C, via the function l,,(s). The first thing we have to do is to assure that

o+1+iR
fo(t)n'dt
ReRy

1
the limit which defines [,, exists, that is, { — /
2Ri Jor1—iRr
is a convergent net in C, for the fixed s € C,. We will check the Cauchy

condition.
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First, fix t € C,. If s € C,, by Proposition 1.16

N Umn o= Om(t)
D(S’ﬂimzn:lm”t Z nzzl mz:1 m? = Dils)

and D, is absolutely convergent to f; on C,, which is analytic and
bounded on C, , so using Bohr’s Lemma 2.20 for every § > 0 there exists

¢s > 0 such that

M
(1) log M logM
< 00
sup (s mZ::l | S il < s I
Therefore
M
(1) 10gM
sup su s, t) — < ¢ - 4.3
RetI>)aRe51>)6 f( ) m2::1 m? HfH ( )

Now, taking M, such that M > M, implies ¢5 25| f]|oo < 3

1 . 1 (R .
— / fs(c+1+ir)n'"dr — — / fs(o+14ir)n'"dr
2R J-Rr

2U
1 v Mo (o +1+41)\
—/ fslo+1+ir) =) n”dr|
-U

S 2U ! ms

/U Mo ama—|—1+27) Ty
-

R Mo ozm0+1+w)

»3

+ ‘1/_12 (fs(a+ 1+ir) — % am(0+1+27)) n”dr’

deT‘

mS
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and then we can bound the first and third terms,

U Mo 144 ,
‘2[] /U (fs(a+1+i7)—w;lam(a_;s +ZT))’H,”dT

sup sup
2U /URet>a Res>d

logM
5 1l <

To bound the remaining term, let us note that we can apply Proposition
4.8 to every oy, € Hoo(Cy), so for every m € N,

1 fo+l+iR

lim — / (B0t dt

R—o0 2R1 Jo+1—iR

T o+1 17' _
1%1_{1;02]%/ am(c+1+1im)n dT = G,

and then for all M € N and all s € C,

O4m 0+1+ZT) a+1 iT _ . Am,n
l%l_rgoﬁ/ n'"dr —mzz:l el (4.4)

Moreover, given the previous € > 0 we can find some R,, > 0 such that,
it U R > R,

1/U ( +1+~)a+1 de
— Qm (0 m)n’ Tt dr
2U J-u

1 (B .
3k )n (o + 1+ ir)n"ndr| < 3;[0
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Then, if Ry = maxi<m<ny, Bm, U, R > Ry implies

w2

v Mo ama+1—|—zr) i
-

R Mo o J+1+@T)

R

”dT‘

O I N\ iT
S 2 R U [U (o + 14 im)n""dr
1 R - T €
~ 3R _Ram(a—i—l—l—w)n dr <§.

Using these three bounds together, if s € Cy,

1 1 )
—/ folo+1+im)n"dr — — fs(a—{—l—i—w) Tdr

E
2U R <33=

3

1 o+1+iR
Therefore { — / fs(t)n'dt is uniformly Cauchy on (s, R) €
2Ri Jot1-iR ReR,

Cs x [0,400[ and then uniformly convergent on Cs x [0, +o0[, so for

every s € C, there exists

l . 1 jo+l+iR ”
o(s) = Jim /J O

_ o+l T
=n 1%1—{202}2/ fs(o+14ir)n"dr € C.

Then we can apply Bohr’s Lemma 2.20 to extend the convergence of
Bn(s) to Cy as l,(s) is the uniform limit on Cs X [0, +00[ of the analytic
functions

1 R )
gn(s, R) = ¥ / fs(c+1+ iT)n”Hn”dT
R

and it is bounded by n°*!||f||s. Moreover, it can be shown that ,,(s)
actually coincides with the definition of 5, (s) in as the column subseries.
To do that fix s € C; and take 0 < § < Res. Recall (4.3) and choose
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My such that M > My implies 5 85 || f||oo < 5-Z. Also by (4.4) one
can find Ry such that, if R > Ry

M
/ am0+1+27) "“n”dT—Zam’n €
= oms 3

Moreover, for the fixed s € C,, there exists some R; > Rj such that

R > R, implies

1 )
ln(s) — =—= fs(a +1+im)n o+lpir

R =

<
3

Therefore, for R > Ry, M > My,

M
a
mzzjlm

1 (R ,
In(s) — 5 /_R fslo+14+im)nn'"dr

T fls.) = 3 2O oy
— sup su 5,t) — n-oono|ar
2R RRetEo‘ResEé m=1 m?
/ O‘mg+1+”)n"“n”d7— Jz‘/[:am: < e.
m=1 m

This proves that [,,(s) = limp_e0 Z%:l ag;” for every s € C,. This can
be done in an analogous way to get the convergence of the row subseries
Oy, - ]

The previous lemma is the final piece we need to prove that the
isometry i n Proposition 4.6 is also onto. We do this in the theorem
below.
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Theorem 4.11.

U:Ho(C2) = HoolCp, Hoo(CT))

Dlst)= 3 o 3 (3 )

n=1

then W is a bijective isometry.

Proof. By Proposition 4.6, we only need to see that ¥ is onto. Take
F e Hoo(Ch, Hoo(Cy)),

where a;,, € Hoo(C) for every m € N and define the double Dirichlet

series
o0

D(s,t) = Z i

st
m,n:lm n

We need to show that D € Hoo(C?). Lemma 4.7 gives the convergence of
the series D to the function f € Ho(C%) on C%, where f(s,t) = F(s)(t).
In addition to that, as «,,(t) are the row subseries of D, and they
belong to He(C,), they are convergent on C, and we just need to show
convergence of the column subseries on C,. In the first place, applying
Proposition 2.25 we get that, for every m € N,

()] < [[Flloc for every t € Cy, s0 |[|am|eo < |[F[oo,
and applying the same result to a,,
|| < |lom||lo < ||F||leo  for every m,n € N.

Now, the coefficients are bounded and the series D converges absolutely

on C2. Applying now Lemma 4.10, one gets the convergence of the
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column subseries 3, and therefore the double Dirichlet series D(s,t)
converges regularly to the bounded analytic function f(s,t) = F(s)(t),
and then it belongs to Hoo(C2). O

The identification of the spaces Ho(CL) and Hoo(Co, Hoo(Cy)) given
by the isometry of Theorem 4.11 allows us to finally give the extension

of Bohr’s original result, Theorem 2.22.

Corollary 4.12. If a double Dirichlet series D is absolutely convergent
in Cy,y x Cy,, to a function f € Hyo(C2), then it converges uniformly to
fin C3 and D € H(C3).

Proof. Define ¢ = max(oy,02). By Lemma 4.10 the row and column
subseries of D are in H.(C,.), so it only remains to prove the uniform
convergence of D to the function f. To do that, define formally F' =
U(D), so F' is a vector-valued Dirichlet series whose coefficients «,, are in
H(C,), and as D converges absolutely on C2, F' converges absolutely
on C, and there it coincides with f;. As f; € Hoo(C,), using Theorem
4.3 we get that F' € Hoo(Ci, Hoo(Cy)). Then, as FF = ¥(D) and ¥
is a bijective isometry, D € Ho(C%). Lemma 4.7 gives the uniform

convergence of the double Dirichlet series. O]

4.1.2 H,(C%) as a Banach algebra

With Corollary 4.12 we can extend Theorem 2.26 to show that

Hoo(C%) is a complete space.
Theorem 4.13. H..(C%) is a complex Banach space.

Proof. Consider {D®} a Cauchy sequence of double Dirichlet series in
Hoo(CL) C Hoo(C2), which is complete, so there exists f € Hoo(C2)
such that f = limy D® in H,(C2).
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Now, for every k € N, D® € H(C%), so

0 (k) o0 (k)(
a «Q t) k
D® (5 ¢) = mn_ m () k)
(S, ) m,;:l msnt m=1 m? : (S)
00 k)
-3 b,
n=1 n

where a®(t), DM 8 DW) € 3 (C,) for all m,n € N and all s,t €

n

C.. By Proposition 2.25

1B ()] < [|1DP]|oo < ||IDW]|os  for every t € Cy,

m

SO
) — alf||o < D) — D],

hence {a®}, is a Cauchy sequence in H.,(C,) and therefore, by The-
orem 2.26, for each m € N there exists a,, € Ho(C;) such that
o = limy, a®) in H,(C,). Moreover, again by Proposition 2.25,

) — a2 < llal) — 0l < [ID® = DO,

m

. . . b .
so there exists ay,, := limy a®) If we write a,(t) = 3, —mn, using

Proposition 2.25 one more time we get that
b — al] < llom — o lloe,
SO
b = h;?l aﬁ,’j}n for every m,n € N.

Analogously there exists 3, € Hoo(C,), B, = limy 8% and S,(s) =

[ere] Am,n
m=1 . Define




4.1 The algebra Ho,(C3) 121

We have to check that D(s,t) is the limit of the sequence {D®} in
Hoo(C%), that is,

(i) For each (s,t) € C3,

lim Z Z Gy _ (s,t).

(M,N)=(o0,00) 2= = m*n}

(ii) For every m € N a,;, € Hoo(C1).
(iii) For every n € N 3, € Hoo(C).

The second and the third points have already been seen, so there is only
the first one left to check. First let us see that D(s,t) is not everywhere
divergent. Consider { D™}, which is a Cauchy sequence in Ho(C%) and

then is bounded by some constant C'. Using Proposition 2.25 again,
o) | < [|la|] < [[DW]| < € for all m,n, k € N,

Then |am,| = limy [al®) | < C for all m,n € N, so D(s,t) converges
absolutely on C%. Now we will see that D(s,t) = f(s,t) on C3.

e As f =lim, D® in Hm(Ci), given € > 0 there exists some k; € N
such that k > ky implies

sup ’f(S,t) - D(k)(‘S?t)‘ <g,
Res>0
Ret>0

that is, if £ > k; then

1f(s,t) — DW(s,1)] < e for every (s,t) € C2.

« Since {D®} is a Cauchy sequence in Ho,(C2 ), using Proposition
2.25 we have that, given ¢ > 0 there exists k; € N such that
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k,l > ko implies
lalwy, = ai, | < [[D® = DY| <c¢,
and therefore, if k > ko then

lli}g) |a7(7]’f,)n - agrll),n| = |a7(7]”f,)n - Clmm‘ <E.

Taking ko = max{ky, ko} then for a fixed pair (s,t) € C? there are
M, N € N such that

M N (ko)
mzzmz:lmsnt (S 0] <
and
amn
mz:mz:lms t_DSt)

Actually, as we have absolute convergence of Do) and D, we could
choose M and N to be independent of (s,t). However, this is not
relevant as we are going to need to fix the point (s,t) to finish the

argument.

Finally, for a fixed pair (s,t) € C2,

£(5.8) — D(s,)] < 1f(s,8) — D, t>|+| Dl (s, 1) — 3 3 o

a (ko)

msn

3
o
3
o

N (ko) M N

M

—

m,n m,n
Z mgnt +
m=1n=1

M N 1
3+ mzzjlnzz:l mResnRet‘| ’

_|_

<€
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Since (s,t) € C? implies that

o [e.e] 1
((Res,Ret) = mZ::mZ::lW = ((Res)((Ret) < o0,
we get that D(s,t) = f(s,t) on C?. Applying now Theorem 4.12,
D € H.(C%) and it coincides with f on C%. This completes the
proof. O]

A consequence of the last argument from the proof of the previous
theorem is the following, which tries to generalize the analogous useful
consequence of Bohr’s Theorem 2.20.

Definition 4.14. For a double Dirichlet series D(s,t) = >0° | &==o

m,n=1 msnt

we can define

op(D)=inf{oc € R: sup |D(s,t)| < oo},

Res>o,Ret>o

and

M N
ou(D)=inflceR: > Y —=

Syt
m=1n=1 men

converges uniformly to D(s,t) on C2}.

Corollary 4.15. If D € Hoo(C2), then o4(D) = 0,(D).

To complete the extension of the simple case it only remains to see
that H.(C%) is a Banach algebra. However, in the double case the proof
is a little longer, as it requires to go through the vector-valued Dirichlet

series again.

Proposition 4.16. If D(s) = >°_, " where {by}m C X, X a Ba-

m=1 ms
nach space, and D defines a bounded holomorphic function on C., then
[1bm||x < ||D]|oo for every m € N.
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Proof. 1f x* € X* with ||z*]|| < 1 and if s € C, is fixed, the convergence
of >, % altogether with the linearity and continuity of z* give that
(x*D)(s) = x*( i) %’l) = Y, :c*y(:;n) is a scalar Dirichlet series
convergent for that value of s, and as ||2*D||s < ||D||oo, *D € Hoo(C).
Proposition 2.25 gives that |z*(b,,)| < [|[z*Dlle < ||D||e for every

m € N. Therefore ||b,||x < || D]]oo- O

Theorem 4.17. Let X be a Banach algebra, Di(s) = 3072, %, Dy(s) =
ey bn where Dy, Dy € Hyo(Co, X). If e = X met Gnbm and D(s) =

w1k, then D € Hoo(Co, X) and D(s) = Di(s)Ds(s) for every s €
Cy.

Proof. Using Proposition 4.16, ||a,||x < [|Dil||ls, and that implies
0.(D1) < 1. Analogously o0,(D2) < 1, and then, if 0 = Res > 1

we can define

> o0 ||an||>< IS ||> i
_— = 3 Cr = a/TL bm .
k=1 ke <n:1 ne Z k Z H || || ||

o
=1 m nm=k

lle ]|
ko

and Di(s)Ds(s) = Y32, = converges absolutely on C;. Now we can
apply Theorem 4.3 to D1 (s)Ds(s) € Hoo(Cy, X) and we get that 377, %

converges in C, and it coincides with D;(s)Da(s). O

It is obvious that ||cx|| < &, so if o > 1 the series Y724 is convergent

Theorem 4.18. If Dy, Dy € Hoo(C3), then D1Dsy € Hoo(C2).

Proof. It D1,Dy € Hoo(CL), Di(s,t) = 00,1 == and Da(s,t) =

m,n=1 msnt

[e.e]
m,n=1 msnt7

consider

w0 =3 D gy =3 2l

ms

3

m=1

3
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where W(D1), V(D3) € Hoo(Cy, Hoo(CL)). Then by Theorem 4.17,

W(Dy)(s) (1) (D Z ( S (bt >) pl

= mk=p

with W(D1)(s)¥(D2)(s) € Hoo(Cy, Hoo(Cy)), but then by Remark 2.27

anltpn) = (3 22} (3 ) - Z(Zamn )ﬁ,

n=1 g=1 \nl=q q

am Yk € Hoo(C4), so by Theorem 4.11

Dy(s,t)Da(s, 1) :Z(Z i(zamﬂbk»l)i)l

p=1 \mk=pq=1 \nl=q
o0
ZZ S Y i el
p=1 \ g=1mk=pnl=q
——
finite sums

t)
mk=p nl=q pq

and D;(s,t)Da(s,t) € Hoo(C2). O

4.2 The algebras H.(CF).

In this section we study the spaces Hoo(Cﬁ), k € N, following the
structure of the previous section, with the aim of proving that, for any
ke N, Hoo(Ci) is a Banach algebra. First let us define properly these

spaces.

Definition 4.19. For every k € N, H,.(C%) is the space of all k-
multiple Dirichlet series that are regularly convergent on (C’j to a bounded
holomorphic function f € H,(Ck).
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The aim of this section is to see that:
« The space Hoo(C) is complete for every k € N.
« The space Ho(Ck) is an algebra for every k € N.

For the completeness of the spaces Ho(C*) awe need the k-dimensional
extension of Theorem 2.20. However, the inductive argument that we
are going to develop requires combining the extension of Theorems 2.20,
4.7 and 4.10 in a single statement. Before we give this next result, given
k € N and § > 0, consider the constant ¢s from Theorem 2.20 and define

koo logN
=>a| > I :
Jj=1 AeP(M) NeA
|Al=j

where M = {M,..., M)} C N and P(M) denotes the family of subsets
of M. This new constant, which only depends on ¢ and on the indexes

My, ..., My, plays an important role in the theorem below and it verifies
that limas, oo Cs{Mi, ..., M} = 0. Indeed,
1<j<k

LIy log N koo (k log M\’
CM) =2 | > 1l 5w <Zcé<j><{2?§M;sl>

Jj=1 AcP(M) NeA j=1

|Al=j
k
log M, M, —00
<1+05man5l> _1L>0
1<I<k Mz 1<j<k

Theorem 4.20. Consider a multiple Dirichlet series

Amy,...,
D(Sla"'78k>: Z %

my,...,mE=1 my -y,
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which converges regularly on C* to a function f € Hoo((Cﬁ) for some
positive o. Then D € HOO(C’j) and, for every positive 6, D converges

uniformly to f on C%. Furthermore,
(1) All of the (k — 1)-dimensional subseries of D belong to Ho(CE™Y).

(2) For every § >0

sup Z Z am%’_’ e == f(s1,..., 51)

Res;j>6 | =1 mE= lml
1<k

Cs({Mq, ..., M} f|]oo-

Proof. We will prove this result by induction on k. The case k = 1 is
just Theorem 2.20. Therefore, we will assume that the result is true for
k — 1 and we will prove it for k.

The (k — 1)-dimensional subseries of D are obtained when we fix one of
the summation indexes my, ..., my to one given value of N. For instance,
if (s1,...,8,) € Ck,

o0 [e.9]

Amy, ..., Qo (S2, ..., Sk
D(Sl’“"sk): Z mliksk: Z ml(;;sl : )7

S1
mi,...,mMmp= 1 ml mk mi1=1 1

where ap, (S2,...,8:) = 200, =1 dmivomi and the equality is justi-
) m2 mk

fied by the regular convergence on C*. We want to show that «,,, €

Hoo (CH1) for any given value of m; € N. To simplify the notation we

write m = my, @y = Gy, S = S1, L = (S2,...,8k). Then

Disity= 3 e 5h ol

e oSk s
mi,..,mp=1 my my, m

m=1

where, for every fixed t € C¥~!, D is a Dirichlet series which converges
absolutely to the function f, € Hy(C*™), fi(s) = f(s;t). By Theorem
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2.20, Dy € Hoo(Cy) for every fixed t € C¥ 1. Now, fix m € N and

consider «,, which, by Proposition 4.8, satisfies

y 1 fotl+iR . o y 1 fotl+iR o
om(t) = R 2Ri /cr+1—iR (s)m*ds = e 2Ri /o+1—iR filsym*ds.

Take t € C*' and define formally

) . 1 po+l+iR >
wlt) = lim L L flsmds

_ U+1 . i
= ]%1_{1;102}%/ flo+1+idu;t)m"™du.

The idea is to show that h,, is well-defined for all t € C5~! and then
that it extends a,, to Ct~'. Thus, we need to show that

1 (B A
{QR /_Rf(a +1 +iu;t)m“‘du}

is a Cauchy net . Actually we are going to see that it is uniformly Cauchy
with respect to . Let ¢ > 0 and t € CE~%, t = (sy,..., ;). On the one
hand, for a fixed s € C, consider

ReRy

w(s)ziamm ----- moand D)= Y 7°‘f@

where w(s) is a convergent series as it is a one-dimensional subseries of D,
and Dy is a (k — 1)-multiple Dirichlet series which is regularly convergent
on CF! to the function g,, with g,(t) = f(s;t) and g, € Hoo(Ch ). For
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any positive 0 the induction hypothesis gives that

sup % % %—gs(t) < Cs({Ma, ..., Mi})]9s] |
Res;j>d ma=1 mi=1 m22 c e 'mkk
2<j<k
Cs({Ma, ..., M| f]]oo-
Therefore
su su — f(s;t
Res>paRes]p>6 m221 mkzl m2 s k f< )
2 <k
< Cs({Ma, ..o, MigHI| f]oo-

As limpg, 00 Cs({Ma, ..., My}) = 0 we can choose My € N such

that Ms, ..., My > My implies Cs5({Ma, ..., M P)||f]oo

sup sup — f(s;t)] <
Res>o Res;>6 m;l m;l m2 e k ( ) )
2<j<k

< % and then

(4.5)

Wl M

On the other hand, w is a Dirichlet series which converges absolutely on

C,, so by Proposition 4.8

R
o+1

1 .
Qm,ma,...m; — M lim — W(O' + 1+ Zu)mwdu

R—o0 2R J-R

Thus, for a fixed ¢ = (sy,...,s;) € CF™

R MO 0 o+ 1+iu)
R—00 2R i 1 m22 ceemyt
k—

:ma+1 Z

mo=1 mg=
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so there exists Ry > 0 such that R;, Ry > Ry implies

0
/ (O’ + 1+ Zu)mi“du

leg 1 mp= l

1 /R2 My % (U—|—1+2u) g

T op Sk

< % (4.6)

—R2 mo=1 my=1

Using (4.5) and (4.6), with Ry, Ry > Ry,

1
2R,

<L ™ 1+ s t
< 2R1/—Rl flo+1+idust)m
S (cr+1+w)> g
DY —_—_— m u

1

R .
+ 1+ dust)m™du — —
G ) T

R ,
/ i flo+1+iu;t)ym™du
—Ry

Sk

mo=1 mp=1 Mg™ « = - My,
1 h Mo Mo wlo+1+iu)
+ - . 3 5 zudu
2R1 Ry m;l mkz—l m22 cee mkk
1 Ry Mo My o+ 1+iu
o 7/ .. Z ( - o ) zud
2R2 —R> ma=1 my=1 m2 mk
Lo 1+ iu; t)
+ |=— / o+ 14 u;t)m™
2R2 —R2 f<
Mo Mo
w(oc+ 14+ u €
Sy el s,}) | < 35 — ¢
mao=1 mg=1 mo™ - - My, 3

This proves that h,, is well-defined in C%™'. As the choice of Ry is
independent of ¢ = (sy,...,s;) € CE', h,, is the uniform limit on R of

the functions

1 (R A
H,(R,t) = 5B /Rf(a + 1+ du; )ym " dy
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which are holomorphic on C%! for every R > 0, 50 h,, is also holomorphic
and for all 7 € R, t € CE,

1 R g g
Ho(R 0] < 5 [ 1 lloom™ e = ||l e,

hence ||hn|| < ||f]lem®" and therefore h,, € H,(CE™). Using the
induction hypothesis, «a,, is a (k — 1)-multiple Dirichlet series which
converges regularly on C¥~' and it coincides there with h,, € Hy(CE™1),
S0 € Hoo(CETH).

To sum up, we have proved that every (k — 1)-dimensional subseries of
D obtained by fixing the first summation index to any given positive
integer belongs to Hoo (CE1). The proof for the other (k—1)-dimensional
subseries of D, obtained by fixing one of the other summation indexes
instead of the first one, is analogous. This completes the proof of (1).
We set now to prove (2). We continue using the simplified notation
we stated at the beginning of the proof. The idea is to use Theorem
4.3 with 3277, 2= now that we have that a,, € Hoo (CETYY for every
m € N, and then to use the induction hypothesis. To do that, define
G : Cy — Hy(CHY by G(s)(t) = f(s;t). We need to check that
G(s) € Hoo(Ch ) for every s € C, so we can apply Theorem 4.3.
If (s;¢) € Ck, then G(s)(t) = X0, 2= — D (), where D, is a

m=1 ms

(k — 1)-multiple Dirichlet series that converges regularly in C*~! to
fs € Hoo(CEY)) so by the induction hypothesis D, € Ho(CE™) and
therefore, as Dy = G(s), we obtain G(s) € Hao(CE1). Now, by Theorem
4.3

M
O, log M
) Pye < os]|C] 0 2222
Resns || &= me (5) OO\C‘SH lloe =375
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and then, since ||G||oc = || f]|o0,
M
Qm logM
sup suwp |3 S pan) <ol A )
Res>dRes;>0|p—1 ™M
2<5<k
Fix s € C; and define Dy = Zﬂ]‘f 1 o2 As Dy s is a linear combination

of i € Hoo(CETY), then Dy, € Hoo(CET). Note that

1Daslloo < [1Dars = G(8)l[oo + (|G (8)lloo

10gM log M
< ol Bt 11 = 11 (s +1).

Moreover,

DMS Z& ( Z S$2 a5k <Za72;“7 k)
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Now, by the induction hypothesis, if M = {M,, ..., My},

M
am7m2 7777 mg
sup — Dot
Res?->0 mg:l mg:l m mk’ (mzzl m? ) MS( )
2<j<k

< Cs({Ma, o, M) D s 0

log M k=1 log N
<||f||oo<c5g+1)2c§ > I =

Me Jj=1 AeP(M) NeA
e (4.8)
k-1
; log M log N
_ +1
_HfHooz_:chS Z M9 H N
Jj= AeP(M) NeA
[Al=j
log N

k-1
il | > 11
Jj=1 AIEII (M) NeA

J

Therefore, if (s;t) € C§, using (4.7) and (4.8)

M M, M.,
. m,ma,..., mg o t
mz:lmgl m%—:1 memy? - -yt Fleit)
M M, My,
m,ma,...,m
<D X i~ Das(t)] + [Dars(t) = f(s32))]
m=1mo=1 mg=1
o, logN

<lflledocs | 2 I —

Jj=1 AeP(M) NeA
|A|=j

log M H log N log M

k—1
e g™ > 5 5| T
=1 acroy MO e N M
|Al=j

= 05({M7 MQ? .. 7Mk})||f||00
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AS hmMJ\/[Q’._,’ng)oo CJ({Ma M27 et Mk}) = 07

M M My,

lim sup ZZ”‘ZM—JE(SJ):O

S92 Sk
M,MQ,...,M]Q%OO Re Sj>5 me1 m2:1 mkzl msm2 o« o mk
1<j<k

and D converges uniformly to f on C%. It only remains to check that
D € H(C*). The uniform convergence of D in C} for every positive
& gives the convergence of D to f in CE%. Moreover, by (1) all of
(k — 1)-dimensional subseries of D are in Ho,(C%™!) so they are regularly
convergent on C5~" and then all of their j-dimensional subseries are
convergent, for 1 < j < k. All of those subseries account for all the
j-dimensional subseries of D, for 1 < j < k, so D is regularly convergent
on C¥. Finally, as f is bounded, ||D||s = ||f||c and D € Hoo(CE). O

Theorem 4.20 will allow us, as in the double case, to prove that
Hoo(CF) is a Banach space, for every k € N. Before we do that we
give the extension of Proposition 2.25, as we will need it to prove the

completeness of Ho(CY).

Proposition 4.21. For every Dirichlet series in D € Ho(CE), we have

o
Ay ..,
|am17-~-,mk| < Z mhisjkmk << HathOO < HDHOO
mjk:1 mﬂk 00
for any order m;,, ..., mj, of the indexes my,...,my.

Proof. By induction on k, the result from Proposition 2.25 corresponds
to the case k = 1. Suppose the result is true for any Dirichlet series in
Hoo (CETY), then if D € Hoo(Ch),

> Ay Sty 0003 S5,-1, S5 .8
D(Sl,...7sk): Z mn( 1, ) ]15,7'11’ At ’ k>

mh:l J1

)
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for any choice m;, among the indexes my, ..., my. Then, on the one hand,

fix an arbitrary t;, = (s1,...,55, 1, Sj,41,-- -, 5k) € Ci~ and consider

> Qmy, (tjl)

Dtjl(sjl) = Z T = D(Sl, .. .,Sk)

mj =1
which is a Dirichlet series in Ho(C ), so for every t; € Ci™

|my, (E3)] < 1Dy, lloo = sup [ Dy, (550)] < Do

Res;; >0

Therefore [|ay,; || < [|D||oo- On the other hand, using the induction
hypothesis we get that

> a
T ey
] || 30 2|l o
mj, =1 myg,

e}

Connecting this chain of inequalities to the previous inequality, we get
the desired result. O

Remark 4.22. Proposition 4.21 guarantees that k-multiple Dirichlet
series with a point of regular convergence are characterized by their

multiple sequence of coefficients. Indeed, if the multiple Dirichlet series

series
> a
mi,...,Mg
D(s1,...,8,) = Z e
m .« e m
mi,....,mp=1"""1 k
converges regularly at a point (z1,...,2;) with 0; = Rez;, 1 < j <k,

then using Proposition 3.6 and Proposition 4.21

Amy,...;my,
01+1+51 kak—l—l—}—d < ||D||oo
1 .. .mk

m

Therefore if the series D is identically zero, every coefficient is zero.

Theorem 4.23. For every k € N, Ho(C%) is a Banach space.
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Proof. We prove this result inductively. The case £ = 1 is Theorem
2.26. For the general case, assume the result is true for £ — 1 and take
{DW}*2, € Ho(Ck) a Cauchy sequence,

7 _ mi,...,Mg
D()(Sl,...,sk) = Z 1 sk
mi,...,mrp=1 my My

As {DV) }32, is a sequence of bounded functions which is Cauchy with
the supremum norm, it converges uniformly to some f € H,(C,). Our
aim now is to show that f can be represented by a Dirichlet series D in
Ck for some positive o to apply Theorem 4.20.

For every j € N, Theorem 4.20 gives that ol l € Heo (lefl) for
1 <1 < k. Moreover, Proposition 4.21 gives that [|a{!) — a{?)||
||[DUY) — DU2)|| for 1 < I < Kk, so {a @12, is a Cauchy sequence
in ’Hoo((C'ffl), which, by our induction hypothesis, is complete, so for
each 1 <1 < k there exists lim;_, ), = o, € HEH(CL). Applying
Proposition 4.21 again we get that

), = 05, < ) = a2l < [1D9) = D,
so for every my,...,my € N there exists an,, m, = lim;_ o aﬁn)h e

and therefore the coefficients of a,,, are {am,  m,}. Define the (for-

mal) k-multiple Dirichlet series D(sq,...,s5) = > o0 1 a”Z{‘:'.‘?;:Z’,g. As
my

mi,...,,mMg
{D }°° is a Cauchy sequence it is bounded, so there exists a positive
C such that

|am17 ] < IDYV|| < C  for every j,my,...,my €N,
and therefore |, m,| < C for every my,...,my € N. Then by Propo-
sition 3.6 the multiple Dirichlet series D converges absolutely on C¥. Let

us check that D and f coincide on C¥ for some positive o. Given & > 0,
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take d > 0 and (s1,...,s;) € CY 5. There exists jo € N such that j < jo
implies

1f(s1,...,s1) — D@ (s;, ... s)| <e and ||D(j)—D(j0)||Oo<g.

Then for all mq,...,m; € N

. . . . €
0y — 0] < 11DV~ DO < &
SO
jli)]:géj |a’7(7.ZL)]_,...,mk - a’g,(i),,mk‘ = |am17-~~7mk - a’g,(:][),,mk‘ < 5 <E&.
Also, we can find M, € N such that
(o) Mo My alio)
DY) (s Sk) — P | < g
’ , m;l m%gl mil? 7mzk
and
B & ym
D(s4 Sk) — Lotk | < ¢
7 ’ mzl m;I m?? 7mzk
Then
|f(517 7S/€)_D(817 ,Sk)|
< |f(817 7Sk) - D(]O)(Sl 73k)|
( )( ) %0: 3 (Z?(%(;) m
+ | DV (s Sk) — oo
’ m1=1 mp=1 m?? : 7m2k
MO MO |a(]0) am m |
+ Z U ml’Rg:f éesk :
mi=1 mg=1 1 k
L Mo A, m
+ Lo Tk — D(Sl 8k>
mlz—l m%l mil’ . ’mzk 7 7
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s 1
<2+e¢ Z M—W‘f‘FI
k

mi,...,mp=1 my

=€ (3—0— i Hgllﬂg) =e(3+¢(1+0)"),

ma,...,mp=1 11 Ty

so f and D coincide on C}, 5 and by Theorem 4.20 D € Hoo(CY). O

Remark 4.24. This proof of Theorem 4.23 includes the case k = 1,
understanding properly that in that case k — 1 = 0.

The next step will be now to establish the analogous isometry to that
of Theorem 4.11. We do this in the next theorem.

Theorem 4.25. The map W : Hoo(CE) = Hoo(Cy, Hoo(CE)) defined
by U(D) = D where

and

0 1 e MY,
D(s1)(s2,-- %) = > ( > )

mi=1""1  \ma,..mp=

is a bijective isometry.

Proof. W is an isometry into. First, let us check that ¥ is well-defined.
Suppose D € Hoo(C), then by Theorem 4.20 a,,, € Hoo(Ch) for

every m; € N where

Oy (81 Sk) = i s S
' ’ ’ ma,...,mg m§2 e mzk ,
> Uy (S2,. .., 8
D(sla"'75/€)zz ml( 2751 : k)
mi ml

Therefore D is a formal vector-valued Dirichlet series with coefficients

in Hoo(CH™). As D is regularly convergent in C%, the iterated sums
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converge and coincide with the sum of the series for any given order
for the indexes. Choosing m; as the last index and computing the sum
for the other indexes first we obtain D(s1,...,s;) = D(s1)(s2,- -, 5k),
so D is convergent in C, and defines a bounded holomorphic function
there. Then D € Hoo(Cy, Hoo(CE 1)) and ¥ is well-defined. To see
that it is into it is sufficient to note that k-multiple Dirichlet series are
characterized by its k-multiple sequence of coefficients, which is the same

in Hoo(CE) and Hoo(Co, Hoo(CET)). Moreover,

1Dlloc = sup [[D(s1)]loc = sup --- sup [D(s1)(sa,.. ., 5%)]
81€(C+ S1€C+ sk€C+
— sup |D(s1,- -, 58)| = || D]l
SjG(C+
1<j<k

U is onto. Given D(s;) = X% 2 with D € Hoo(Cyy, Hoo(CE)) and

mi m1

G, € HEZL(CY) for every my € N,

~ e 1 > aml,...,m
D(s1)(s2,...,5,) = Z s1 ( Z Mc) ’
k

mp=1"""1 ma,...,mp=1 my

define formally

> a
D e = SRR LD UL
(517 7Sk) s, ;nk_l m‘il . m*::k
Using Proposition 4.21,
|Gy g | < |Gy |00 for all my, ... my € N,

and by Proposition 4.16

|Gy s < [|D|]os, for all my € N,
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so the coefficients of D are bounded and D is absolutely convergent
in C¥. As D € Hoo(Cy, Hoo(CE)), the function f : CE — C with

f(s1,--.,8k) = D(s1)(s2, .., 8k) is holomorphic and as D and f coincide
on C}, by Theorem 4.20 D € Ho(Ck). O

The final result of this section is that, for each k € N, Hoo(Ck) is a
Banach algebra. We are going to rely on the isometry form Theorem
4.25 and on Theorem 4.17 to do so.

Theorem 4.26. For every k € N, Ho(CE) is a Banach algebra. Fur-
thermore, if Dy, Dy € Hoo(CE),

Di(s1,....8:) = — bk
1( 1, ) k’) ml,;nkl mil...mzk’
Da(s Sk) = i D
PACE PRI 5 nkflnil ,niw
then

= Clhls

(D1D2)<317 73k) = Z s1 [k

Iyl “1 k

where Cly,. i, = ijnj:lj Qmy,..., mkbnl ,,,,, ng -

Proof. By induction on k, the case £k = 1 is given in Remark 2.27.
Now suppose it is true for k — 1 and consider D, Dy € Hoo(CH).
By Theorem 4.25, W(D;,) = Dy, ¥(Dy) = Dy € Hoo(Co, Hoo(CE)).
Then by Theorem 4.17 Dy Dy € Hoo(Cy, Hoo (CE)), s0 U=1(Dy Dy) €
Hoo(Co, Hoo (CETY)), s0 it remains to check that W—1(D;D,) actually
coincides with the expression for DD of our statement. By Theorem
417, i Dy(s1) = 50 _, 9m Dy(sy) = 20, Pu

mi1=1 mll 9 ni=1 n‘il bl

Dl(sl)DQ(Sl):Z 131 Z Xy By

=1 1 mini=l
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and by the induction hypothesis applied t0 cp,, Bm, € Hoo(CE)

o0
1
Oém1ﬁm1 (82) o .. 7Sk') — Z W Z am17'-~7mkbnl,-~-7nk
loylg=1"2 """k | myn;=l;

2<j<k

Using that D;Dy € Hoo(CE) and that regular convergence allows to

compute the sum in any order of the indexes,

(D1D2)<81, ey Sk)

o0

Z Z l . lsk Z aml, M nl, Nk

L=  my! mini=l lo,. lp=1 ko myn;=l;
2<j<k
(o]
= Z lSl_ lsk Z Amy,....;my, n1, ng -
I1,..,l,=1 k mjn;=l;
1<5<k

]

4.3 The spaces H,(C") and A(C") and their

iIsometries.

The aim of this section is twofold. First, to prove that the spaces
Hw(Ci), for k € N, are all isometrically isomorphic independently form
their dimension. Second, we introduce a new family of spaces A(Ci), and
we show that they are also isomorphic independently from k € N. The
spaces Hoo(C*) have been defined and studied in the previous section,

so we define and characterize now the spaces A(C%).

Definition 4.27. We denote by A(C¥) the set of all k-multiple Dirich-
let series which are regularly convergent on C* and define uniformly

continuous functions on C’_‘;.
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Recently in [3], the space A(C, ) has been proven to be isometrically
isomorphic to A,(B,), the algebra of holomorphic functions on the
unit ball of ¢y which are the uniform limit of a sequence of polynomials.

Following the lines of this work, we give the following characterization.

Theorem 4.28. For every k € N, A(CY) is a closed subspace of
Hoo(CE). Moreover, D € A(CE) if and only if it is the uniform limit of

a multiple sequence of Dirichlet polynomials.

Proof. First, let us see that A(C) is a subspace of Ho(CE). Let

D € A(CE), D(sy,....s0) = X9 et —==k We can find § > 0
EARR) my=my
such that |D(s1,...,sx) — D(s],...,s,)| < 1if [s; — 5| < for every

1 <j < k. Take n € N with % < 9. Since D is regularly convergent on
C*, it is absolutely convergent on C¥. Thus, if Res; > 1+ % for every
1<j<k,

e a
[D(s1,5e)] = s
’ ’ mh;nk:l mtil .. mZk
S ’aml m |
<) e T M < oo

My.nny mr=1 (ml o o mk)l—‘r%

Suppose now that 0 < Res; <1+ %, Res; > 1+% for every 2 < 7 < k,

n v v+1
Dt 50l < D1+ L) = Dlsa+ )
v=0

n+1
+|D(s1 + . s S| <n+ 14+ M.
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If now 0 < Res; < 1+% for j = 1,2 and Res; > 1+% for every
3< )<k,

& v v+1
|D(817"'7Sk)|<Z|D(81782+57--'a8k)_D(31732+ n 7"'7Sk’)|

v=0

n+1

+|D(s1, 82+ soensy)| <+ D)+ (n+14+M)=2(n+1)+ M.

By finite induction we can assure that |D(sy,...,sx)| < k(n+1)+ M
for every (si,...,s;) € CE so D € Hoo(CE).
It only remains to check that A(C") is closed in Hoo(CE ), but this is a
consequence of the fact that the uniform limit of uniformly continuous
functions is also uniformly continuous.

Let us prove now the characterization of functions in A(C* ). For the
necessary condition let us suppose that D : C’_‘; — C is the uniform limit

of a multiple sequence {P,, ., } of multiple Dirichlet polynomials,

M”k b
m17 7mkan17 SN
Py, (51, Z Z Sk
m1=1 mg=1 mk

Since Hoo(C%) is a Banach space and P, ., € Hoo(CE) for every
ni,...,n; € N, then D € H(C). Thus, D can be pointwise rep-
resented by a multiple Dirichlet series and it is uniformly continuous
because it is the uniform limit of uniformly continuous functions. For

the sufficient condition, let us suppose now that
Ay ,...;my,
D(si,....s6) = >, e

pointwise on C% with D uniformly continuous on C%. Given ¢ > 0 there
exists § > 0 such that if (sq,...,s¢), (s),...,s;) € Ck with |s; — sj| <&
for every 1 < j < k then |D(sy,...,s,) — D(s},...,s})| < 5. Since D is

bounded on C’j_, its multiple Dirichlet series is uniformly convergent in
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CF for every o > 0. Take o = % and define

M My, 1
Sk

a/ aeey
QMh..-,Mk(Sl; .. ,Sk) = Z ce Z ;nl, mké -
m1:1 mkil m12 PP mg ml A mk

and g(s1,...,8;) = D(s1 + %, o, Sk g) Then Q... v, converges
uniformly to ¢g on Cﬁ. Moreover, as D is uniformly continuous on Ci,
I|[D —gllc <§ . Thus

1D = Qu....anlloo SID = glloo + (19 = Qarr.oar]loos

so it is enough to take My, ..., M} € N large enough to get the conclusion.
O

Both of the isometries we want to prove are essentially a consequence
of Bohr’s fundamental Lemma (see [12, Theorem 3.2]), which establishes
a relationship between Dirichlet polynomials and power series of functions
of finitely many variables. For the sake of completeness we give this
lemma, but before we introduce some notation. Given m € N and
considering p = {p,} the sequence of prime numbers, we write the

decomposition of m using multiindexes o € N(()N) as follows,
m=pt---pd =p*  where «a=(ay,...,q.,0,...).

Moreover, given M € N, we define 7(M) as the number of prime numbers

which are smaller than or equal to M.

Lemma 4.29 (Bohr’s fundamental Lemma). With the notation intro-

duced above

M .

—| = sup

sup
me1 M| wepr(n)

Res>0

Apa 2
1<po<M
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Lemma 4.29 can be extended to the k-multiple case in the following

way.

Lemma 4.30. Eztending the notation of Lemma /.29 to the k-multiple

case,
a'mly UL
sup Z Z
Res;>0 my=1 me=1 m1
1<k
a
= sup Z e Z apo‘l,,,.,pakz?l e Zkk
2;eD™ M) |1<per <My 1<ph <My,
1<]<k

Proof. Suppose My, ..., M, € N are fixed, m(M;) is the number of prime
numbers which are less than or equal to M; for 1 < j < k. For each
1 <j<ktakel <m; < Mj; and o5 € N(()N) such that m; = p*. Fix
(s1,...,s,) € CE, then

r 11

S5

my  (p)s (p%)e

with  «a; = (o, ... ,ajﬂ(Mj),O, c).

Define A; = {o; € N(()N) 11 <p% < M;}and A=Ay x--- x Ay. Then

%1: % S = a a 1
o ST oSk E a1 pok
mi=1 me=1 milj e ’mik (a1 )eA PP (psl)al .. (psk)ak
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Consider now the sum >,  a)en Gpor,.pen 27" - -+ 2. It defines an

analytic function on D™M1) x ... x D™Mk) and clearly

aml’ -1
sup Z Z ML ok
Res;>0 (w21 et T - mk
1<y<k
1
= Sup Z (Zpa17,,,7pak ( 51)041 . ( Sk)ak
Res;>0 (a1ye.ya) EA p P
1<j<k
(0%
< Sup Z apa17"'7pak Zlal e Zkk ’
eD™ ™) |(aq,....ax)EA
1<j<k

where the converse inequality also holds because of the fact that {Tpl” :
7 € R} is dense rT for every 0 < r < 1, a consequence of the well-known

result of Kronecker (see for example [21, Lemma 2.2]). O

Remark 4.31. Note that the proof we have given for Lemma 4.30 is

also valid for Lemma 4.29.

Now we give a lemma that serves as a version of Montel’s Theorem
(see [12, Theorem 2.17] for instance), for example) for the spaces Ho(CY),

which is an extension of Lemma 5.2 of [4].

Lemma 4.32. Let k € N and suppose {D,} is a bounded sequence in
Hoo(C). Then there exists a function D € Hoo(CY) and a subsequence
{D,,} that converges uniformly to D on C§ for every § > 0.

Proof. We can assume that || D, ||, < 1 for every n € N. Using Montel’s
Theorem [12] there exists a function f € Hy(C%) and a subsequence
of {D,}, which we will denote by {D,} to keep the notation simpler,
which is uniformly convergent to f on the compact subsets of C*. Hence
we have that ||f|| < limsup, ., ||Dnllec < 1. Consider a bijection
® : N — N* and write m; = ®;(m) for every m € Nand 1 < j < k.
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mi,..,mp=1

If Dp(sy,y...,s6) =0 _ %,thenfors (51,...,8,) € Ck
SRERBLLON
we have that

= An, @1 (m),..., 0% (M) = A, ®(m)
D, (s1,...,8;) = : = .
(S50 = 2 G et b 22, B
Using Proposition 4.21, |a,e1)] < |[Dnllec < 1 for every n € N, so
there exists a subsequence {a,, s(1)} which converges to some ag(1) € C.
Analogously we can find a subsequence {anlh’cp(g)} which converges to
some ag(2) € C. Using a diagonal argument there exists a subsequence

{an,, o(m } that converges to some ag(,) for every m € N. Define now

D(s1,...,8) = 20, ;f;;’” Since |ag(m)| < limy o0 [anam)| < 1, the
series D is absolutely convergent on C¥ and if s = (s1,...,s;) € C} then
D(s1,.. .5 8K) = Xomi . mp=1 Msjim’“ To get that D € Hoo(Ch) it will be
enough to see that f = D in Ck and then use Theorem 4.20. Let ¢ > 0,
take 0 > 0 and (s1,...,s,) € C{, ;5. The series 300 — W is

> S (D ST pj e

mi,...,mp=1 mil mi=1 mp=1 6
Take d € N large enough so that |an,m, . my — Gmy,.oomy | < 3Mk for every
1 <my; < Mo, 1 <j<k,and also [Dy,,(s1,...,8c) — f(51,.--,8)] < 5.

Then

F(51- - 56) = Dlsvr- 55|
< |f<817"'78k) _Dn(slv"'ask)|+‘Dn(817"'78k) _D<Sl7"'78k)‘

a — Qmy,...,
<|f<817-"78k’)_Dn(sla'-'vsk’)|+ Z ‘ nmlys; . mslk7 mk‘
m;<Mo my, ..., My
1<j<k
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3
<3- =
) <

It only remains to see that {D,} converges uniformly to D on C§ for
every 6 > 0. Let ¢ > 0 and take Cs{M, ..., M;} as in Theorem 4.20,
which only depends on 4 and M;, 1 < j < k. Choose M, € N such
that Cs{Mo,..., Moy} < 5. Since for every d € N we have that D,
D, € Hoo(CF) and || D] = || fllso = 1 = ||Dnylloos by Theorem 4.20

-y Z

mi1=1 mg=1

+2( > T

mi,...,mp=1

Mo My CLm .
su 15-ME D(s s
Res}i& mg;l mg:l mil : mik ( b ’ k>
1<j<k
and
and,ml,...,mk

b — " — Dy, (51,...,5
Res]>6 m?l Zl ml 7---,mzk nd( b ) k)
1<j<k

< Cs({Mo, ..., My}).

£

Then, choosing d € N large enough so that |G, m,...m. —Amy..my| <

2Mp°
for every 1 <m; < My, 1 < j <k,
[ Dy(s1,- - 86) = D(s1, .- -, 3k:)|
|andnu = Qmy,...;my
< 2C5({Mo, ..., Mo}) + Z Z e
mi=1 mp=1 1 s

<2E+8—6
42

Therefore {D,,} converges uniformly to D on Cs for any 6 > 0. O
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Now we are finally ready to state the main theorem of this section
which is the extension to the k-multiple case of [21, Lemma 2.3]. Our
proof extends a somewhat simplified version of the proof that appears in
[12, Theorem 3.8] for one variable. We begin by proving the extension
of [3, Theorem 2.5] and the we build over that.

Theorem 4.33. The spaces Hoo(CE), k € N, are all ismoetrically
isomorphic to He(B.,) and the spaces A(CE) are all isometrically iso-
morphic to Ay (Be,)-

Proof. Since, for every k € N, the spaces cf and ¢y are isometrically
isomorphic, the spaces Hoo(Bcg)7 for k € N, are all isometrically isomor-
phic to Ho.(B,,). Hence it is enough to show that, for any given k € N,
Hoo(Ch) is isometrically isomorphic to the corresponding Hoo(Be), and
the same argument holds for the case of the spaces A(C") and Au(Bek).

Lemma 4.30 establishes a bijective isometry between the spaces

1
span{&:ml,...,mkEN}

Sk
my ...mk

and

Span{zf”---z,fk S, ..., € NéN)},

which extends to a surjective isometry between the respective closures of
these spaces. Following the arguments of the proof of [3, Theorem 2.5],

1B 4
span {z?l cezpR g, ap € N(()N)}‘ ek _ AU(Bc’g)7

and Theorem 4.28 gives that the closure of the space of Dirichlet mono-
mials with the norm || ||« is exactly A(CE). Let B, : Au(Bg) — A(CE)
be the isometry between these spaces, take f € A,(Bg) and D € A(CE)
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such that B,(f) = D. On the one hand, if D € A(C%) is of the form

[e.9]

a
D(s1,...,s,) = Z ;?1’7"”“%,

m17...,mk:1 ml ’ mk

then by Theorem 4.28 D € Ho(C) and it is the uniform limit of a
multiple sequence of k-multiple Dirichlet polynomials

My, Mn,, b
ml: 7mk7n1, U]
Py (81, ysg) = D0 e > il
mi=1 mgp=1 Ty,

By using Remark 4.22, for every my,...,m; € N|

nj—r00

|bm17~~-»mkvn17--wnk - amhm:mk’ < |’Pn17--~7nk - DHOO l<i<k
SVYE

Now, for each ny,...,n; € N consider f,, ., the polynomial over BC;DC
such that B,(fu, . .n.) = Puy..m,- Then fo, .. € Hoo(Bcg) and, since

B, is an isometry,

n;j—00

||fn17---,nk - f||oo = ||Pn1,---,nk - D||oo E;]? 0,
so by the Cauchy integral formula, for 0 <r <1 and ay,...,q € NE)N),

1
|Ca1,~.,ak<fn1,...,nk) - Coz1,...,ozk(f)| < m“fm,m,nk - fHoo

Therefore

COél,m,C!k(f) = lim Cay,...,a (fnl,...,nk)

ML yeeey N —>00

- 11m bpalz"'vpakynlw-wnk = a/palv-"vpak'
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We define now the extension of B,
B: Hyo(By) —  HwolC)

o
ai Ak PP
Z Car,pax 1 77" 2 ’ E M
(a17"'»ak:) M1,.nny mp=1 12> k

a;eN 1<<k

Step 1. B is well-defined, linear and an injective contraction.
Let f € Hoo(Bg), and for 0 <r <1 consider

fT(Z) — f(/r-z) — Z T‘alcal,.‘.,akz]_al e Z;:k

(a1, o)
a;eN{V 1<k

For every 0 < r < 1, ch(’i is contained in a compact subset of Bcg,
so fr € Au(Bc(’j) with |[frllee < [|flloc = supgercy [|fr[loc. Then Dy =
B.(f.) € A(CF) for every 0 < r < 1, with

Dosn )= S G S )
T “ .. = _
| ’ mi,...,mp=1 mila‘--,mik mi,...,mp=1 mil7- -7mZk )

and || Dylloc = [|frllo < ||f]loo- By using Lemma 4.32 there exists a
function D € Hoo(C) and a subnet {D,, } which is uniformly convergent
to D on C§ for every § > 0, and if D(s1,...,85) = Yone, o g sk
then

|am1,‘..,mk — Cay,...,ay (f)’ = }llinﬂ |am1,...,mk - ’rllacal,...,ak<f)‘
< lim ||D = D, ||
ri—1

= lim sup |D(sy,..., k) — Dy, (s1,...,5:)| = 0.

T‘l—>l (Ck
&
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Therefore D = B(f) and

1B(f)llse = [[Dlloe < limsup [ Dy [[oo = limsup || fy[[oc < |[f]oo-
r—1 r—1
Step 2. B is surjective and it is an isometry.
Let D € Hoo(CE), D(s1,...,50) = o, _y miemk and o > 0.

,,,,, mi=1 L.k
Define

[
Dy(s1,...,8:) = D(081,...,08;) = Z T Tk

Sp 7

D, € A(CE) for every o > 0 and

[Dslloc = sup [D(s1,...,s1)| <[|D]s
Res;>o
1<i<k

Consider now f, = B, Y(D,) € Ay (Be) for each o > 0, whose coefficients

Ao « .
are Cay,..., ak)(frf) = PP Gince [ folloo = [|1Ds|| < |[D]|oo, we

oal ... noag

can use Montel’s Theorem (see for example [12, Theorem 2.17]) to find a
subnet { f,, } which converges on the compact-open topology to a function
[ € Hoo(B,y) satisfying that [[f]|ec < limsup,, o |[Deylloc < [|D]loc- As
in the case of A,(B), for every a,... oy € NV

s T apal ,,,,, Pk o o
Carpeo (F) = HI0 Con, (for) =l e ey = Gyt
s0 B(f) = D with || f[loo < ||Dl|so = [ B(f)]|- 0

Remark 4.34. The second part of Theorem 4.33 actually appears as
[12, Theorem 3.8| for k = 1. In this version the authors also prove that,
it B(f) = D, then D(s) = f(p%) for s € C.. Moreover, the proof of
[12, Theorem 3.8] does not need Lemma 4.32. We now give a proof of
Theorem 4.33 which is based on the proof [12, Theorem 3.8|, proving
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that

D(s1,...,s;) = lim B(f,)

Jj—00
1 5, 1 5, 1 1
S E J J _
_jlggofnj({psl u:17"‘7{pik VZI)_f(psl’...7p5k

v

).

Then we will get Lemma 4.32 as a consequence, proving that are equiva-
lent, since one can always get one of the results as a consequence of the
other.

Proof of Theorem /.33 following Theorem 3.8 of [12]. Taking the first

step regarding the isometry B, from the previous proof, we define

B: Hu(Bg) —  HoolC)

Apaq ag
ar L% A T
Z Coy,...,00 %1 2k Z S1 Sk *

(ala'“)ak) mMi,y...,Mp=
a;eN{V 1<i<k

Step 1. B is well-defined and it is an injective contraction.

First, fix My, ..., My, € N, let M =35 M; and consider f € Hy(DY).
Define Iy, = {p*: o € Né\/[j}, the set of positive integers whose factors
are the first M/; prime numbers. Take (sq,...,s;) € C* and define z; =
(pr™,... ,px/fjj) € DM so (z,...,2) € D™. Since f is holomorphic on
DM the series 2 yeNM ¢, (f)u is sumable in D and therefore absolutely

convergent. Particularly if u = (z1,...,2;) € DM and A = ]_[f:1 Néwj,

> o () 2] < 0.

(a1,e,08)EA

Define

a _ Cal,...,ak(f)a if mj :paj71 <] g ka
. 0, otherwise.
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Define formally

[e.9]

a

S1
P My ey

MLy, Mp=
— 103 o
- Z Clarman)?l 2t = flz1, ., 25)
(al"“aak)EA
for every (si,...,s;) € Ck, so D is regularly convergent in C%. More-

over, as f is bounded, D is bounded and B is well-defined in the finite

dimensional case with

A, R 1)
IB(f)|loc = sup Z ﬁ

Res; >0 I
1<i<k (m1,....,my)€

< sup ’f(zla"wzk)':HfHooa
(Z1,...,zk)€]D)1”

so in this case B is a contraction, and it is injective because remark
4.22 guarantees that each multiple Dirichlet series is characterized by its
coefficients.

Now we take f € Hoo(B). We want that D = B(f) € Ho(CE). By
the Cauchy Integral Formula, @y, ..., | = |¢(as,....ar) ()] <[] f][o0, 5O Dy
Proposition 3.6 the multiple Dirichlet series

[e.9]

D(s1,..., ) = s
(51, 58) ml’%%kl mit o mik

converges absolutely for (sy,...,s;) € Ct. Consider f, € Hy(D") the
restiriction of f to H;?:l D™ and D,, = B(f,). By what has been done in
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the finite dimensional case,
IB(fu)llso < | fnlloe < [1fllos,  s0 Slelg\lB(fn)Hoo < 1 oo

Therefore { f,}nen is a bounded sequence in Hoo(C*). As CF is a sepa-
rable normed space, we can use Montel’s Theorem [12, Theorem 2.17] to
obtain a subsequence {B(fn,)}32; which is uniformly convergent on com-
pat sets to a holomorphic function g : C% — C. As [|B(fy,)]s0 < || [l
for every j € N, ||g||so < [|f||c and g € Hoo(C%). On the other hand,
B(fn,) also converges to D, so D and g coincide on C¥. Applying Theo-
rem 4.20, the series D coincides with g on C’j and therefore belongs to
Hoo(Ch), with || Dl]os < [|fl]o and

D(sy,...,s,) = lim B(fy,)

Jj—00
1 n 1 n 1 1
. E " " _ T
= im fo, (o ) = F o)
Step 2. B is surjective.
Consider D € Hoo(Ch), D(s1,...,51) = Sowy et =k, If D s
1 k

uniformly convergent on C% then, using Theorem 4.28, D € A(CE) and
by what has been stated at the beginning oh the proof there exists some
he A,(BE) C Hoo(Bg) such that B(h) = D. In the general case we do
not have uniform convergence of D in C%, but by Theorem 4.20 we can

assure the uniform convergence on C¥ for every § > 0. Thus, define

e aml,...,mk 1
Ds(s1,...,8,) = Z 5 5 5

S1
mi,..,mp=1 my mg my my,

Amy,...,
D57M17"'7Mk(sl""’sk) = Z Z ?Tl.mké 1, .. Sk
k 1 k



156 Bounded multiple Dirichlet series

Now Dg a,....m, converge uniformly to Ds on (Cﬁ so there exists hs €
Hoo(Bg) such that B(hs) = Ds, with [|hs||oc = || Dsl| and

Apor,... p2k

P (o)

C(a1,-..,ak)(h> = (
As

HDl;HOO: sup |D5(517--~75k)|: sup |D(51775k)|<”DH007
Res;>0 Res;j>d
1<j<k 1<j<k
[|hsllo < ||D||so for every positive 6. Given My,..., M, € N, let
hs ..., be the restriction of hs to H;?:l DM, The function hs ...,

is holomorphic on H;?:l DM and its monomial series expansion is

Apor | %k o an
(algc;k)eA (por) - (pos)o ™
for every (z1,...,2) € H;?:l DM and every 6 > 0. Define

Kéj) — { <CUV> W= (WV)IJJ\QI c DMJ} 5 K§ = H Ké])
7j=1

Dv )=

clearly Hle DMi = Uss K. Let us see that the series

Dyt
(a1,..,ap)EA

defines a holomorphic function, say Fi, . ., on Hé‘?zl DM If a point

(21,...,2k) € H?:l DM we can find a positive § such that (zy,...,2;) €
. () w(j),

Ks. Then there exists w) € D™ such that z; = (s péﬂ), for
1 M]-
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every 1 < 7 < k: Hence

Z |%‘11,---,po‘/w’v’?1 ezt
(Oél,...,ock)EA
_ Apot,... pok ( (1)yar (k)\ ok
= w ) .« o (w ) < o0
(a1,.§k)€A (pa1)57 SRR (pak)(s ’
and also
sup |FM1,...,Mk<Zla ce 7Zk)’
(21,..,2)EKs
apa17“'7pak ol (672
(21,.-2k) (a17-§k)6/\ (pa1>5’ Tt (pak)d !
er:IDMJ’
= sup s, (215 20)| = || s oe <[ D]]oc-
(Z15e-y2k)
I, o
Therefore
sup sup Z |aper,.per 27" - - z21¥| < |D|oo,
My,.... MpeN  (z1,...,21) (a1,...,ap)EA
eHjZID]Mj

so by Hilbert’s criterion for Reinhardt domains (see [12, Theorem 15.26])
there exists I7 € Hoo(Bgx) such that c(a,,..ap) (F) = @y pex for every
(aq,...,qx) € Hle N(()N) and

|Fllc = sup sup > laper, ez 5% < Do
My,...MLEN (z1,...,2x) (01, 05) EA
T 3

so B(F) = D and ||F||e < ||B(F)||oo. Thus, finally, B is a bijective
isometry. O
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Proof of Lemma 4.32. Suppose {D,}, C H(CE) is a bounded se-
quence. For every n € N consider g, = B~Y(D,) € Hoo(Bg) and
apply Montel’s Theorem [12, Theorem 2.17] to the sequence {g,} to find
a subsequence {g,, } which converges uniformly on the compact subsets
of B, to some g € Hoo(Bcg)- Define D = B(g), and then for every § > 0,

sup |Dyp,(s1,...,86) — D(s1,...,8,)] =

Res;>6
1<k
1 1
sup |(g7ll_g) PYTERRRE Sk | < sup |(gnl—g)($1,...,l'k)|,
R68j26 p p (xl,...,xk)€K§
1<j<k

where K, = {z = (2,)n € Be, : |2n] < p%,,Vn € N}, which is a compact
subset of Bc‘g- Since lim;_, SUD(4,.....00)€ K5 |(gn, — 9)(x1,...,28)| = 0,

{D,,} converges uniformly to D on C§ for any § > 0. ]

Remark 4.35. As it has been proved in Theorem 4.33, the spaces
”HOO(Ci) are all isometrically isomorphic independently form the dimen-
sion k € N. However the actual isometry that transforms Dirichlet
monomials into Dirichelt monomials is lost in translation. We give an
example here to clarify how this isometry works.

Take for example ¢y and ¢ and ¢ : ¢ — ¢y and isometric isomorphism
(a particular example could be ¥ ({z;};,{vi}1) = {zn}n, where 2z, = xy;
if b is even and zj, = yg 1 if h is odd). If 222 is a double Dirichlet

msnt

monomial, think of m and n as belonging to two different copies of N,
one per index of the double Dirichlet series the monomial belongs to.
Now, take o and 3 the multi-indices such that m = p* and n = p~.
Since «, 5 € cop C ¢g, there extists v := ¢(«, ), and then we can take
Jj = p? € N. Now define b; = ap,,. This is where the methodology
of Theorem 4.33 makes sense of this apparently arbitrary definition,
as from the point of view of functions in infinetly many variables you
are just defining d, = dy,p) = cap and then through the relation
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between natural numbers and the multi-indices from their decomposition

in primer factors you complete this definition with

bj :=dy = dy(a,p) = Ca,g = Umn-

Finally, the map ¥ : Hoo(C%) — Hoo(Cy) that ¢ induces satisfies
v (;‘L"::t) = Jb—i What is proved in Theorem 4.33 using infinite dimen-

sional complex analysis is that W can be extended form monomials to

infinite sums as an isometric isomorphism.






Chapter 5

Composition operators on
spaces of multiple Dirichlet

series

We dedicate this chapter to the study of composition operators on the
algebras Hw(Cﬁ). Composition operators of spaces of Dirichlet series
were introduced in [17] where the authors gave sufficient and necessary
conditions for a symbol ¢ to define a composition operator Cy of the
space H? of Dirichlet series whose coefficients are in /2. This result was
later extended by Bayart in [5] and [4] to the spaces of Dirichlet series
‘HP that he defined, including the case p = oo, which we denote by
Hoo(Cy). We will start by studying this case in Section 5.1, and we will
extend those results to the spaces Ho(CE) in Section 5.2. Finally, we
also study in this chapter superposition operators on Hardy spaces of

Dirichlet series, in Section 5.3.
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5.1 Composition operators on H.(C,)

The first theorem that characterized composition operators of spaces

of Dirichlet series appeared in [17], and we recall it below.

Theorem 5.1 ([17], Theorem B). An analytic function ¢ : Ci = Cs
defines a bounded composition operator Cy : H* — H? if and only if

(a) it is of the form ¢(s) = cos + w(s) with co € Ny and ¢ € D, where
D is the set of Dirichlet series which converge in some remote
half-plane.

(b) & has an analyitic extension to C, also denoted by ¢, such that

(i) $(CL) C Cy if 0 < ¢y, and
(ii) $(C4) C Cy if co = 0.

The proof of this theorem is actually developed throughout [17], but
we are specially interested in Theorem A of [17], as the methods used to

prove this theorem are also used when studying composition operators
of spaces like Hoo(CE).

Theorem 5.2 ([17], Theorem A). An analytic function ¢ : Cy — Ci
generates a composition operator Cy : H* — D if and only if it is of the
form ¢(s) = cos + (s) with ¢o € Ny and ¢ € D, where D is the set of

Dirichlet series which converge on some sufficiently remote half-plane.

Here it should be understood that ¢ is a Dirichlet series which
converges in some remote half-plane and has an analytic continuation ¢
defined in Cy. We will split the proof of Theorem 5.2 in order to separate

the results we are going to use independently below.

Lemma 5.3. Let m be a positive integer, and let f(s) = 300 22 he

n=m ns

a Dirichet series from the class D, starting from the index m. Then

m®f(s) = an, uniformly as Re s — oo.
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Proof. Define g(s) = m*f(s) = am + Xope i1 Gn (%)s Note that the
series that defines g(s) converges if and only if the series that defines
f(s) converges. Now, take o > 0,(f) and Res > o, then

T R S S
n=m+1 n n=m+1 " =

so the series that defines g(s) converges absolutely for Res > o and
then the sequence <|a”|%)j=m+1 is convergent to zero and therefore
bounded, say by K. On the one hand, as g(s) converges absolutely on
Co,(s), it converges uniformly on C,, (), and given € > 0 there exists a
certain My € N such that M > M, implies

oo s M s
m m g
E A, <> — g an, () < o for every s € C,, ().
n=m-+1 n n=m-+1 n 2

On the other hand, (L)S — 0 uniformly when Res — 0, so for the

m—+1
previous My € N, given € > 0 we can find Ry such that Res > Ry
R
implies (%) < 2K8M0. Then, for s > Ry + 0 = Ry,

> o (7)

n=m+1

N

Mo m\° /m Res
> el (2) ()
n=m+1 n n

Mo Res—0o Res—o
<k 3 (7)) <xm(ig) <
m

DO |

00 m\ 3 00 m\ $ Mo m\ 3
> ()< 2= () - 2 (%)
n=m-+1 n n=m-1 n=m-+1
My s
m g
+ > an<) <gtgz=e
n=m-+1 n
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]

Lemma 5.4. Let {f,}, be a sequence of continuous functions f, : R —
C such that for all n € N there exists

%513027’/ falt)dt = an € C.

If -2 1 fn is uniformly convergent in R then there exists

Tlgrgoﬁ/ zjlfn(t)dt = ;an e C.
Proof. Given T' > 0, € > 0 there exists ng € N such that m > n > nyg

implies |37, fr(t)] < § for all t € R, so 3232, fu(t)| < § forall t € R.

Then, for a fixed n > ng define
A LTy d Y
"= 2T/_T2fk<t> L
2T/ fk dt— Zak

2T/ Z f(B)dt.

k n+1

If kK < n then there exists T > 0 such that T" > T} implies

;Lifk(t)dt —ag| < —

so if T' > maxi<r<p T} then

T

> fult)dt] <

k=n

. 1
< lim —
T—oo 271" J_T

»Mm
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SO Y po; aj converges and

1 T oo 00 3
7 [ hBdt = el <A+ | D a < T <=
TJ-riH k=1 j— 4

so there exists

Jim o 57 / Zlfn(t)dt = nzzjlan e C.

]

Lemma 5.5. Let G and H be multiplicative semigroups contained in
Q4 and let ¢ : C, — C be a function that can be represented as an
absolutely convergent Dirichlet series over G and also over H, that is,
forall s € C,, 0(s5) = X yeq bgg™ = Ypen dnh™. Then by = 0 for all
g€ G\ H anddy, =0 for all h € H\ G, that is, p(s) = > canm g9~

Proof. First, if G = {gn}» € N and m € N, using Lemma 5.4

7 o+1+it
JlgIC}OQT/ oo+ 1+dt)go ™ dt

- —(o+1+1it) a+1+it
Tlgrolo 2T / 0u G at

) o414+t
E:: =00 2T / (gn ) o

because o € Q \ {1} for m # n. Then, since g,, € G\ H implies

Im e Q\ {1}, for all g,, € G\ H we have that

by,, = lim 7T / (o 414 it)gtHtdt

T—00 2

o+1+at
— dy, ZTIEEOQ / ( > dt = 0.
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Lemma 5.6. Suppose that ¢ : Cy — Cy is an analytic function such
that k=% € D for every k € N. Then there exists some o > 0 such
that ¢(s) = cos + ¢(s), where ¢y € No and ¢ is a Dirichlet series which

converges absolutely in C,,.

Proof. By hypothesis, there exists some o3 > 0 such that

< gk
Eo(s) — Z n for every s € C,,,

nenN)

where N (k) € N is the index of the first non-zero coefficient of the series.
Applying Lemma 5.3 we arrive at N(k)*k~%() — ag\?zk) uniformly as
Res — oo, that is, e*loeN(k)=¢(s)logk _, ag\%g) uniformly as Res — oo,
where log stands for the natural logarithm. Define Fy, Gy : C,, — C,
Fi.(s) = N(k)*k=*®) and Gy (s) = slog N(k) — ¢(s) log k. We have that
Fi.(s) = e“®) and we want to find a branch of the complex logarithm

log,, such that

Relisrgoo Gi(s) = Religr_rgOO log,, Fi(s) + 2miqx, for some g € Z.
First, as ag\’;zk) # 0, there exists Ry > 0 such that Res > Ry implies
| Fy(s) —ag\];zk)| < \ag\lﬁzk)\, and therefore Fi(s) # 0 for every s € Cg,. Now
write a%zk) = re'®, and consider the branch of the complex logarithm
log,. We have already stated that Fy(Cg,) = B(agl\;zk), 1), so log, Fy is
well defined and analytic on Cg,. Choose Rj > R, such that Res > Rj|
implies |log,, Fi(s) — log, aglézk)| < 1. As %) = F(s) = €'%8a Fk(9) for
every s € Cpy, we can find g (s) € Z such that log,, Fi(s) + 2migx(s) =
Gp(s) for every s € Cgr,. Now, log, F:(Cg) C B(log, a%%k),l), S0
G1(Cr,) C B(log, ag\];zk), 1) + 2miZ, but Gy being analytic gives that
G1(Cry) is connected, and therefore the function gx(s) must be constant,

that is, there is a unique g € Z such that log, Fi.(s) + 2migr, = G(s)
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for every s € Cg/. Thus,

lim slog N(k) — ¢(s)log k = logy ag\,z g + 2migy,

Re s— o0

and therefore
o(s) _ log N(k)

R Eoo©
log N(k
Note that ¢q is independent of k£ as it is ¢. Moreover, as ¢y = Ofl(f)a
og

k® = N(k) € N for every k € N. This means that ¢y € Ny, as it is given
by Lemma 3.2 of [17].

Define now ¢(s) = ¢(s) — cos for s € Cy. We want to see that ¢ € D,
that is, that there exists some o > 0 such that ¢ can be represented as

a converging Dirichlet series on C,. Consider k=% and s € Cy, then

L) — |—¢(s) cos — i a;k’) <kco)

n=kco n
k k hi(s)
= axzk) + hi(s) = ag\,zk) L+ —" >
aﬁvim
where
n —S
Z aN (k)+n < k:CO> :
Since

—p(s —¢(s) 1.cos 57.—p(s k
E=#(s) — f—¢(s)fco :N(k)k¢()—>a§vgk)+n

uniformly as Res — oo, then hi(s) — 0 uniformly as Res — oo, so
we can find Ry such that R > Ry implies that the series which defines
hi(s) is absolutely convergent in Cp, and also that |hg(s)| < ]agl\;zk)Jrn\,

]’Lk(S)

(&)
AN (k)

logarithm, log,,, and proceed as before, so there exists ¢, € Z such that,

< 1. This allows to take the same branch of the complex
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for all s € Cpg,,

h,
—(s)logk = log, aN(k)+n + log,, (1 + (() )) + 27iq),.

AN (k)

Expanding log(1 + z) in a Taylor series around zo = 0 with z = h(k() ) we

AN (k)

get, for all s € Cg,,

00 nfl hk(S)n .,
—p(s)logk = log, aN(k )n Z G T 2migy

The absolute convergence of both the Taylor series of log(1 + z) and the
series defining hy(s) allows us to open the brackets in the expression

hi(s)™ and to rearrange the terms for s € Cg,, so we can write

o oo ng\ = no\ —$
which converges absolutely in Cg, . This means that, given a k € N, we
can see ( as a Dirichlet series over the multiplicative semigroup generated
by {1 + 7% };en which we will denote by G(k®). Now, Npen G (k) =
N, because G(2°) N G(3%°) = N. Therefore, by Lemma 5.5, ¢ is a
Dirichlet series over N which is absolutely convergent in C,, where
o = max(Ry, R3).

[

Proof of Theorem 5.2. Necessity. Suppose that f o ¢ € D for every f €
H?2. For any k € N consider k=% which belongs to D because k= € H?2.
Then, applying Lemma 5.6 is enough.
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Sufficiency Suppose ¢ : Cy — C% is an analytic mapping and that

there exists some o > max(f, ) such that

o0
c
s):cos+2—z for s € C,,
n:ln

[e.9]

ne1 = absolutely convergent in C,.

with ¢y € Ny and the series ¢(s) =
If £k € Nand Res > o,

(9]
k;‘d’(s) — f—cos—c —logkzn 9 o — f—cos—c H 6_10gk%,
n=2

Now, if f € H? f(s) =32, 7, using the equalities above and expand-

ing the exponential function as a power series,

S > e T cnlogk) 1 )
=S ke I (1+ .
2 " H( Z (n")e

We claim that we can rearrange the terms in the latter sum to write
it as a Dirichlet series wherever it is absolutely convergent. The idea
behind this rearrangement is that we are trying to determine the Nth
coefficient of the Dirichlet series that will result from rearranging the
terms of the product above, which is multiplying an infinite number of
infinite series. To do that, we are going to arrange them in the same
]\}S. Indeed, if N € N, N > 1,
choose ny,...,ng € N, n; > 1forevery 1 < j<d,and r,...,7rq €N

such that N =ni'---n)* (Note that this is always possible as ny = N,

ry = 1 is always an admissible choice). Now define

4 (—cp logk)ri
byra 1;[—

].
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Then for every possible factorization of N we have to consider the product
of the coefficients of its factors, and then take the sum of this products

over all the possible admissible factorizations. Thus, define

BN,k: = Z{bnll,...,nzd N = n71“1 e ngd}

where the n; and the r; satisfy the conditions that have been set before.
Define also By, = 1. Thus, since Res > o > % gives the absolute

convergence of both the Dirichlet series ¢ and 3237, 2%,

k cosS—cC1 ) — )
Z m(s Z“ N; N T2 2 (ko N)s’
where the double series on the right-hand side can be again rearranged
into a Dirichlet series which will be absolutely convergent in C,.

At this moment it only remains to be seen that

< ag > e T —c, logk) 1 )
kS ke T (14 .
2 T " H( Z (n")*

is absolutely convergent on a certain half-plane. Formally,

i T ﬁ (1 N i (—cnylf!vg k)" (n1)8>

k=1 n=2 r=1

co Res—Recy O |C'ﬂ|logk ]-
Z‘aﬂk o Res Tl H( Z (n)Res

n=2

len|

g emeome s Tees T s = 37 g oMo oo S

n=2 k=1

|
M8 i

B
Il
—

and it is well known that > >°, |§’;|S tends to uniformly to zero as

Re s — o0, so given € > 0 one can find R, such that Res > Ry implies
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oo lenl 2 Now, if ¢y # 0,

n=2 npRes

|ax |k = |ax|

00
—coRes—Reci+Y oo Iﬁn‘ N bl B
Z |ak|k n=2 pRes Z kc Resk‘Recl ~ k:zjl kRes-i—Recl—a’

k=1 k=1
where the last series on the right-hand side is convergent if Res >
IH&X(R(), % — Recy + 6).
In the case that ¢y = 0, we claim that Rec; > % Then

oo
len|

5 oS5 e £l

kRe c1—e’

so it is enough to choose € such that ¢ < Recy — % to get the convergence
of the series on the right-hand side.

Proof of the claim. If cg =0, ¢ = ¢, so p: Cy — (C%. If ¢ is constant,
trivially Rec; > % If it is not constant, then there exists a minimum
N € N, N > 1, such that ¢y # 0. First suppose that ¢(s) = ¢; +eyN~%,

and write s = z + iy and ¢y = |ey|e. Then
Rep(s) = Rec; + ReeyN® = Recy + |en|e ™8 cos(a — ylog N).

Take xg > 0, yo = then cos(a — yplog N) = —1, so

10 N’
1 —xolog N
5 < Rey(sg) = Recy — |ey|e™™ %Y < Recy.

Now, if p(s) = c1 + enN® + X0 _ny1 o2, define G(s) = cyN*® and
H(s) = X _ni 2. Clearly limgesoo IG{((;) = 0, so there exists a
certain Ry such that Res > Ry implies H(s) < 3$G(s). By the previous

case we can find sy = xg + iy € C, with x( as large as needed, such
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that Re G(sg) = —|G(so)|. Therefore,

1
5 < Rep(so) = Recy + Re G(sp) + Re H(so)

1
< Rec; —|G(so)| + §|G(so)| < Reey,

which proves the claim in the general case. ]

The hypothesis of Theorem 5.2 can be weakened as the condition of
analiticity of the symbol can be dropped. We show this in the following

lemma.

Lemma 5.7. Let 6 > 0 and suppose that ¢ : Cy — C is a function such
that p=¢,q=¢ € H>(C,), where p and q are different prime numbers and
o> 0. Then ¢ is analytic in C,.

Remark 5.8. If p and ¢ are different prime numbers such that p=?,¢=¢ €
D, there exist o1, 09 > 6 such that p~? € H>®(C,,) and ¢~ € H>*(C,,),
so if ¢ = max (o, 03) then p=?, ¢=¢ € H*>(C,).

Proof. By hypothesis, D(s) = ﬁ € H>®(C,) with |D(s)| > 0 for every
s € C,, so there exists L : C, — C a holomorphic logarithm of D, that
is, D(s) = X for every s € C,. As we have eX®) = D(s) = e~(lcer)ols),
there exists a function k : C, — Z such that —(logp)¢(s) = L(s) +
2k(s)mi. Analogously for D(s) = ﬁ, there exists L : C, — C a
holomorphic logarithm of D and a function k& : C, — Z such that
—(log q)¢(s) = L(s) 4 2k(s)mi. Therefore, for every s € C,,

! - L(s k(s)mi
o (L08) + 2h($)0) = — 0 (E(s) + 2k(s)i),

so, if h : C, — C is defined as

hs) = 1 (L(s) i(s))_l;:(s) k(s) c 1 7+ 1 z.

T omi logp_logq _logp_logq log p log q
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then h(C,) is a countable set and by the open mapping property, h is a
constant function. Now suppose k is not constant and take $1,89 € C,
such that k(sy) # k(s,). Since h(s1) = h(ss),

]{3(81) _ ]{?(81) _ ]{?(82) _ k(SQ)
logg logp logg logp’

% log ¢ _ k(s1) — k(s2) cQ
logp  k(s1) — k(s2) ’

a contradiction. Therefore, k is constant and ¢(s) = _kl)gq(f/(s) + 2ki)

for all s € C,, so ¢ is analytic in C,.
]

Before we get into the case of Ho(C ), we are going to need some
lemmas that will play the role of a Maximum Modulus Principle for
Dirichlet series. The first one of them extends Lemma 4.30. Given
D(s) =300, 9, D € Hoo(Cy), recall that for t € R

n=1 ps?

lim |D(it)] = inf sup |D(s)],

r>0 seDt(nit,r)
where D" (n",r) ={s € C: |s —n"| <r,Res > 0}.

Lemma 5.9. For D(s) =3%.7°, %, D € Ho(C,), we have that

n=1 ps’

Il = supTim | D(it)].
teR

sup p
n=1 n

Res>0

Proof. Let us write

_ > an
A =suplim|D(it)] and B = sup
teR Res>0

s
n=1 n
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By definition A < B. For the converse inequality let us fix ¢ > 0 and
consider the function

ge(s) := e7°V? > %, defined for Res > 0,

where /s denotes the principal square root of s. Then g. is a holomorphic

function on C,. Taking now s = re’ € C, we have

‘gs<s>| _ e*ERe\/E rcos g Befe rcos%’

oo
Qp,
20| =

n=1

and this tends to 0 as r — oo. Hence there exists R > 0 such that
lg-(re’®)| < A for r > R. Taking now A = {s € C, : |s| < R}, we have
that, for |t| < R,

™

| Tim g (it)| = e RV Tim | D(it)| < Ae~*Vie T < A,
Since oo is not accessible from the open set A, by the maximum modulus
principle for subharmonic functions (Theorem 1 of [15]), |g.(s)] < A

for all s € A. This, altogether with |g.(re’®)| < A for r > R, gives
that |g-(s)| < A for every s € C,. Letting ¢ — 0 we get the desired

conclusion. N
Corollary 5.10. For D(s) = >0, %, D € Hoo(Cy) with a continuous
extension to C,

sup — | =sup|D(it)].

Res>0|,—1 n’ teR
Corollary 5.11. Let D(s) = >302, % be a Dirichlet series such that

op(D) < 00 and consider o > op(D). Then

= a = a
n n
up |5 22— qup 5= o
Res>o |p,—1 1 teR |p=1 1
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Theorem 5.12. Let D(s) = >>02, % be a non constant Dirichlet series

in Hoo(Cy). We have that, for every 0 < o <,

[e.9] o0

Z‘Lﬂ

sup B
n= ln

Res>o

> sup
Res>n

n=1

Proof. Define Dy(s) = D(s+0) =30, %L and D,(s) = D(s+n) =

n= lnané

> L Clearly D, and D, belong to He(C,), and

n=1 nn n

an
sup |>_ —| = sup |Do(s)| = || Dolls,

Res>a [p—1 N° Res>0

o0
a
sup |3° %) = sup [D,(s)] = 1D,
€S

Res>n |p,—1 T

Moreover, if f,, f, : B,, — C are the unique bounded holomorphic
functions on the open unit ball of ¢q such that their monomial coefficients
apa

are ¢o(f,) = %5 and co(fy) = % respectively, we have by Theorem
4.33 that

1Dsloo = /5|5, and  [|Dyllec = [[fn]]5.,-

Clearly

1 29 2k

fn(z):f<p7nz):f0( ) f0<2n ) 3n—o "'7pzfa7"'>7

for every z = (z1, 22, .. .) € By, and, by density, for every z € B,,. Hence

1 fallbey = 1ol s, < Mol b,
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If we denote by fn and f, the Aron-Berner extensions of fn and f,

respectively, we have the Davie and Gamelin result (see [10])

H.]FT]HBZOO ||fn|

By <oll_ip, = foll_v.5

oo

As £, is w(lss, l;)—continuous on 2n1 == By, which is w(ls, l;) —compact,
| /5| has a maximum in that compact set, i. e. there exists 2y € B, with
l|z0]| < 555 and || f, = | f-(20)|. Now we have two possibilities.
Either the holomorphlc mapping €(N) : 277D — C defined by &(N) =

f»(Az) is constant or not. If £()) is constant this implies that |f,| has

a maximum on 5;— B;_ at 0, which is an interior point. Hence, by the

1
2n—o e

Maximum Modulus Theorem applied to the restriction of that function
to any complex line crossing zero, f, is constant on the whole B,_, thus
fo is constant on B,,. This implies that D, is constant, which clearly
implies that D is a constant function. This is a contradiction with our
hypothesis. Hence ¢ is not constant, and by the Maximum Modulus
Theorem, there exists Ao, 1 < Ag < 277, such that | f,(Xozo)| > |f»(20)|.

In that case

a
sup an = |1Dolloc = /ol = fo(Noz0) >
Res>o |p—1 ns
> a
n
ol e = 1l = 1Dl = sp 3222
and the conclusion follows. O

We add another proof of this last result which may be more elemen-

tary.

Proof. First, by Corollary 5.11 and since D is not constant, |a;| <
SUDRe sso | D(S)| = SUPRes—y | D(s)|- Indeed, this is obviously true when
ap = 0 and if ¢; > 0 and D is not constant there exists N > 1
such that a, # 0, so by Proposition 2.25, |ai| < y/|ai|? + 12 <

n2c
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SUDResso |D(s)|.  Consider ¢ = %(supRes>g\D(s)| —|ai|). Since by
Lemma 5.3 limges_00o D(8) = a1, there exists v > o such that Res > ~
implies |D(s) — ai| < ¢, and therefore supg, ... |D(s)| < |ai| +¢ <
SUDResso |D(s)]. If0 < 0 < 1 be such that n = (1—6)o+6v, Hadamard’s

three lines theorem gives that

sup |D(s)] = sup |D(s)|""” sup |D(s)]” < sup |D(s)].

Res=n Res>o Re s>~y Res>o
[

Theorem 5.12 can be used in the context of composition operators,
as it gives information on the range of a Dirichlet series that is part of

the symbol of a composition operator.

Proposition 5.13 ([17], Proposition 4.2). Suppose ¢ : Cy — Cy is an
holomorphic mapping of the form ¢(s) = cos + p(s) for some ¢y € Ny
and o(s) = Y02, <= € D. Then if ¢ is constant, that constant value lies
in the closed half-plane Cy_..9; if the function ¢ is non-constant then it
extends to a holomorphic mapping ¢ : Cog — Cy_.y0. Moreover, for every
0" € R with 0" > 0, if ¢ is non-constant then ¢ maps Co to Cyr_cp9 for

some ¥ =9'(0") > 1.

Proof. We shall reproduce the proof of [17] and also show a new proof
of this result. First, by assumption, Re ¢(s) = ¢o Res + Re ¢(s) > 9 for
s € Cy, so that Rep(s) > ¥ — ¢y Res for s € Cy. As ¢ € D, there exist
o >0 and M > 0 such that

—Rey(s) < |Rep(s)| < |e(s)] < M for Res > o.

On the other hand, if # < Res < g, —Reg(s) < cgRes — 10 < ¢yo — 9.
Consider 27¢, which by Lemma 5.1 is a Dirichlet series since ¢ € D
and 2% € H2 As [27¢0)| = 27 Rewls) ¢ gmax(Micoo—V) - 9=¢ i5 hounded
throughout Cy. Define f.(s) = 27%(*%) then f. is holomorphic on
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Cy and continuous on Cy, so by the Maximum Modulus Theorem, for
S € (C9+5,

2796)| < sup 27 Re¥®) < gup 20-coRes — gd—c(®+o), (5.1)
Re s=f+¢ Re s=6+¢

Taking € — 0 gives the conclusion, where the strict inequalitiy is obtained
when ¢ is nonconstant as a consequence of the open mapping property of
holomorphic mappings. The argument regarding (5.1) can be substituted
by Corollary 5.11. For the second part of the theorem, let ' > 6 and
suppose that ¢ is nonconstant. Applying Theorem 5.12 to D(s) =
279679 we get that the function Mp(t) = sup,cc, |D(s)| is strictly
decreasing on Cy, but this can also be proved without the need of
calling this theorem. By Theorem 12.8 of [30] the function Mp(t) is
decreasing and logarithmically convex, and it cannot be constant since
limpe s 00 (s) = ¢1 and therefore the image under ¢ of a sufficiently
remote half-plane is a perturbed disk centred at ¢;, so that the function
2% there assumes values larger in modulus that 2~ R, Because log Mp
is convex, Mp has to be strictly decreasing, as it is obviously already
decreasing in Cy and cannot be constant in any closed interval as that
would contradict either the assumption that ¢ is nonconstant or that
log Mp is convex. In fact, if Mp was constant in the interval [a, b], the
function log Mp would be constant there. Moreover, as ¢ is not constant,
we could choose x > b such that log Mp(x) < log Mp(y) = C for every
y € [a,b]. Defining G : [0,1] — [22°, 2] with G(a) = (1 — a)(%?) + az,
then there exists ag such that G(«g) = b, log Mp(G(ay)) = C. But then

a+b
2

ap log Mp( )+ (1 —ap)log Mp(z) < apC + (1 — ap)C = C,
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so log Mp could not be convex. Now, using that M is strictly decreasing,

for every ' > 6 we have

sup |2*<P(S)| = sup 9~ Rew(s) _ MD(H/ - 9) < MD(O) _ 2000719,

Re s>0' Re s>0'

so there exists some ' > 1 such that Re p(s) > 9 — cof. O

Corollary 5.14. Suppose ¢ : C, — C, is an holomorphic mapping of
the form ¢(s) = cos + p(s) for some ¢y € Ny and such that ¢ can be
represented as a converging Dirichlet series in C, for some o > 0. Then
if @ is constant, that constant is non-negative, and if the function p is
non-constant then o(C,) C C,. Moreover, if ¢ is non-constant then for

every € > 0 there exists some § > 0 such that ¢(C.) C Cs.

Corollary 5.15. Suppose ¢ : C,. — C, is an holomorphic mapping of
the form ¢(s) = cos + p(s) for some ¢y € Ny and such that ¢ can be
represented as a converging Dirichlet series in C, for some o > 0. Then
for every € > 0 there exists some § > 0 such that ¢(C.) C Cs.

Proof. If ¢ is constant, ¢(s) = ¢; for all s € C, then that constant is

positive and if 6 = ¢, ¢(C.) C C; for every € > 0. Suppose now ¢ is not
constant. If ¢ is constant then ¢(s) = cps+c¢q, so ¢g = 1 and ¢(C.) C C,
for every € > 0. Otherwise, ¢ is not constant and the result is a direct

application of Corollary 5.14. O]

Corollary 5.15 was the last result we needed before stating the theorem
that characterizes composition operators on H,(C, ), which was given
by Bayart in [4].

Theorem 5.16. An analytic function ¢ : Cy — C, generates a compo-
sition operator Cy : Hoo(C1) = Hoo(CL) if and only if it is of the form
o(s) = cos + @(s) with ¢o € Ny and such that ¢ can be represented as a

converging Dirichlet series in C, for some o > 0.
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Proof. The necessity follows form Lemma 5.6 and the fact that ki €
Hoo(Cy) for all k € N. For the sufficiency, take f € Ho(CL), f(s) =
Y1 ¢ Cp = Cy, ¢(s) = cos + ¢(s) with ¢g € Ny and ¢ € D; and
fix e > 0. Consider f,(s) = >}, 7=, and by Theorem 5.2 f, 0 ¢ is a
Dirichlet series convergent in some half-plane. Moreover, by Corollary
5.15, given € > 0 there exists some 0 > 0 such that ¢(C.) C Cs and
therefore the sequence {f, o ¢}, is uniformly bounded on C., say by C,
as there it converges uniformly to f o ¢. Write (f, o ¢)(s) = >0, Z—E
For a fixed k, the sequence {b}},, is bounded by Ck®, so it converges to
some by, € C, |by| < Ck? for all o > e. Defining F(s) = Y32, % since
|br] < Ck*, F(s) converges absolutely in C; ., and it is clear that in
that half-plane the sequence {f, o ¢}, converges to F. It is enough to
note that ||f o ¢||sc < ||f]lee < 00 to apply Theorem 2.20 and get that
f o ¢ actually coincides with F' and that it is in H..(C ). ]

Remark 5.17. The statemaent of Theorem 5.16 can be strengthened
using Theorem 3.1 of [29], which we will reproduce below for the sake
of completeness. The strengthened version of Theorem 5.16 will also be

stated below as a corollary.

Theorem 5.18 (Theorem 3.1 of [29]). Suppose that ¢ is analytic with
no zeros in C, and that the harmonic conjugate of log|p| is bounded
in Co. If p can be represented as a convergent Dirichlet series in some
half-plane C,, , then this Dirichlet series converges uniformly in C. for

every € > 0.

Proof. Observe first that the Dirichlet series ¢ will be uniformly bounded
in every half-plane Cy when 6 > og + 1. We fix such an abscissa 6 and
choose 0 < a < 1 small enough. Then the function ¢ is analytic in
C, and has the property that |p(s)|* is controlled by Re[p(s)]* times
a constant that only depends on «. Indeed, ¢ = |p|*e A% and the

harmonic conjugate of log || is Arg ¢, so | Arg | < k. Take « such that
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ak < 7, so that ‘Imw tan(a Arg )| < 1, and then |¢|* < v/2Re ¢®.

Given any s = o +it € C,, ¢ > 0, we can now apply Harnack’s inequality

to the positive harmonic function u := Re ¢® at the points o + it and
U+it. Indeed, we will prove that v(o) < C:gv(0) for every € < o < 6 and
every v a harmonic functlon on C,. First, consider the map ¢y : C, — D
defined by g(s) = +9, which satisfies —1 < y(e) < y(o) < Yp(f) =

for every ¢ < 0 < . Consider § = 1+w9 , and the closed disc B(0,9) 5)

so any harmonic function F' defined on D is continuous in B(0,§) and

harmonic in its interior. If py(e) < = < 0, that is, ¢ < 0 < 0 with
x = 1y(0), v = F o 1)y, the using Harnack’s inequality we get

0(0) = Fva(o)) = F(a) < 5 EF0) < iy FO)
4 4 4
< %F(O) - WF(%(H)) = WU(G).

Applying this inequality to any positive harmonic function defined on
C; as vy (0) = v(o+ir) for a fixed 7 € R gives v(o +i7) < C. pv(0 +i7)
if 0 < o < 0. This implies that ¢® and hence ¢ is uniformly bounded in
C.. By Theorem 2.22, it follows that the Dirichlet series representing ¢

converges uniformly in every half-plane C.. O]

Corollary 5.19. An analytic function ¢ : C, — C, generates a compo-
sition operator Cy : Hoo(C1) = Hoo(CL) if and only if it is of the form
@(s) = cos + p(s) with ¢g € Ng and ¢ a Dirichlet series which converges
uniformly in C. for all € > 0.

Proof. By Theorem 5.16, if ¢ defines a composition operator Cy :
Hoo(Cy) = Hoo(C4) then ¢(s) = cos + ¢(s) with ¢y € Ny and such that
¢ can be represented as a converging Dirichlet series in C, for some
o > 0. Applying Corollary 5.14, o(C,) C C,, so ¢ is analytic with no
zeros in C; and Logg(s) = log|p(s)| 4+ i Arg ¢(s), where log denotes
the principal branch of the logarithm and Arg is the principal argument.
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Since p(Cy) C C4, Argy(s) €] — 7, 5[ and therefore is bounded. Now
we can apply Theorem 5.18 to get that the Dirichlet series ¢ converges

uniformly in each half-plane C. for each € > 0. [

Remark 5.20. The hypothesis of ¢ being analytic can also be removed
form the statement of Theorem 5.16 since it can be removed from the

statement of Lemma 5.6. The proof of this fact is given in Lemma 5.7.

Before we get into the multiple case, we can see that there is a
connection between composition operators of H.(C,) and composi-
tion operators of H(B.,), which is of course given by the isometric

isomorphism between these two spaces, the Bohr transform.

Proposition 5.21. Let ¢ be a holomorphic function which defines a
composition operator Cy : Hoo(Cy) = Hoo(Cy). Then Cy induces a
composition operator Cy : Hoo(Bey) — Hoo(Be,)-

Proof. Recall the bijective isometry B : Hy(Be) — Hoo(C) from
Theorem 4.33, with k = 1. Clearly T = B~ o C4 o B is an operator,
T: Hy(B.,) — Hoo(Be,), but we will see that it is actually a composition
operator. Consider p = {p,};en the sequence of prime numbers and
define ¢; = C¢,(pi§) = ﬁ. Since pi; € Hoo(CL), ¢j € Hoo(C) for every
j €N, s0 B (¢)) € ]]-IOO(BCO) for every j € N. Define formally ¢ =
(1. b5,...) and ¥ = (B H¢1),...,B7(¢;),...), with the notation
B~'® = 1). Now, consider a polynomial f(2) =3 ,cp caz® with A finite.
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Then

e Rt

— B! (Z m) — B! (Z caq)(s)a)

a€N aEA

=Y ca(B70)(2)* = Y cath(2)* = Cu(f)(2)

aeA aeA

(5.2)

Therefore, T' coincides with the composition operator C, on finite poly-
nomials, so we will see that they actually are the same operator. First we
need to see that Cy is well defined, that is, that v is a holomorphic func-
tion with ¢(B,,) C B.,. It is clear that 1 is holomorphic by definition,
and the fact that it satisfies ¢(B,,) C B,, is actually a consequence of
Montel’s Theorem. First, as ¢(C,) C C,, Re¢(s) > 0 for every s € C,.
and then |¢;(s)| = W < 1 for every s € C,, so the sequence {¢;};
is bounded. Let F} — B7Y(¢;) € Ho(Be), ||Fillo = |9l < 1, s0 by
Montel’s Theorem there exists a subsequence {F},} which is uniformly
convergent on compact sets to a function F' € Hy(B.,). Now, using
that F](pis) = ¢;(s) for every j € N and every s € C4, and the fact that
for every previously fixed s € C; we have that lim; ., ¢;(s) =0,

1 1
F(—) = lim F;,(—=) = lim ¢;,(s) =0 for every s € C,.

p® l—o0 p* l—o0
This implies that F(z) = 0 for every z € By, as the set {;i- : 7 € R} is
dense in T, so {p(,% : 7 € R} is dense in 7T, where r = ||p(,%||oO =

2%. Then, as the sequence {F}} has a subsequence which is convergent
uniformly to 0 on compact sets, it has to converge pointwise to zero,
giving that ¢(B,,) C Be,. Indeed, if {Fj(zp)} were not convergent to 0

for some zy € B,,, one could find a compact subset K containing 2, and
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a subsequence {F} } such that |F} (2)| > ¢ for every r € N and every
z € K. Choosing s € C, such that p% € K, since lim, o ¢;,(s) = 0
then there would exist some 79 € N such that r > ry implies |¢;, (s)| < ¢,
but [, ()] = |F;. ()

To see that 7" and Cy are the same operator, it is sufficient to find a

> ¢ for every r € N, which is a contradiction.

topology in which the finite polynomials on B, are dense in H.(B,)
and such that makes 7" and C), continuous, so we can extend (5.2) by
continuity. Knowing that B(f)(s) = f(p%) for every f € Ho(B,,) and
every s € Cy, we define G: C; — B, as G(s) = pis and consider 7, the
topology of the uniform convergence on the half-planes C, for H..(C)
and for H.,(B,,) we consider 7x, the topology of the uniform convergence
on the compact subsets of B, of the form K, = G(C,) = % :Res > o}.

We should note that these topologies define metrizable spaces since we

can take o = %, n € N, and we get the same topologies. First, since for
every o > 0 there exists some 0 < r < 1 such that supg, -, HP%HOO <,
then any f € H,(B,,) has a uniformly convergent Taylor series on K,
that is, f(z) = Yoo_y Pn(f)(2) uniformly for every z € K,,. Moreover, as
the set of finite polynomials on B, is dense in the space of homogeneous
polynomials on B, with the topology of ||+ ||« (see the proof of Theorem
2.5 of [3] for more details), then we can extend (5.2) to homogeneous
polynomials. Since the topology of || - || is finer than topology 7, , if
we prove that 1" and C, are continuous with the topology 7x_, then we
will be able to extend (5.2) to Hw(B,,) to get that T' = Cy, as operators
of Hy(Be,)-

To see that T is continuous, we just have to check that Cy is con-
tinuous for the topology 7, and that B defines a homeomorphism with
the resepctive topologies 7x, and 7,. To prove that Cy is continuous
we have to use, for the first time in the proof, the characterization of
the composition operators of Ho,(C,), Theorem 5.16, so we can apply

Corollary 5.15 to ¢ to get that for every o > 0 there exists some d(o) > 0
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such that ¢(C,) C Cy(,) (this differs form the case of HP, where the
density of the polynomials in the space gives the result directly, with-
out the need to call the characterization of the form of the symbol for
the composition operators). Now, let {D,} C H..(C.) be a sequence
converging to D € H(C;) with 7,. As

1Cs(Dn) = Co(D)lle; = ||Pno ¢ = Do dllg; < |[Dn = Dllg;

Cy is continuous. Now, to see that B is a homeomorphism with the
respective topologies, suppose that {f,} C Hoo(Be,) is a sequence con-
verging to f € Ho(B,,) with 7k, . Then, using the continuity of f,, and
/s

1B(fn) = B(Hlle, = sup [B(fa)(s) = B(f)(s)|

Res>a

~ swp |fn(1) e Dl = s 17a(2) = F) = 1 = Tl

Res>o zeKs

so clearly B : (Hw(Be): Tk,) = (Hoo(C4),7,) is a homeomorphism
between these topological spaces, giving that T is continuous with the
topology 7k, .

Now, to prove that Cy is continuous with the topology 7, , recall
that v = (B (¢1),...,B71(¢;),...). Hence, if ¢ > 0, take z € G(C,),
that is, z = i for some s € C,, and then B~(¢;)(z) = ¢;(s) = ﬁ, SO

i

“1(#,)(G(Cy)) C {= il :Res >0} C { L :Res > §(0)} and therefore
P(K,) C {pls : Res 2 §(0)} = Ko Then, if {f.} € Hw(B,,) is a

sequence converging to f € Ho(B,,) with 7k,

1Cy(fn) = Co(NIk, = a0 = fodll, =<|Ifa = fllKse)

which gives the continuity of C;, with the topology 7, .
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Finally, as every function in H..(B,,) is the limit of a series of finite
polynomials with the topology 7k, , and by (5.2) T" and C,, coincide on
finite polynomials, then T = Cy,. O

This relation we have just showed only works one way. In the one-
dimensional case, if you take F' : B., — B, defined by F'(z) = (21,0,...),
then it defines a composition operator Cr on H.,(B,,). Suppose there
exists some ¢ : C. — Cy such that Cp = B~'oCy0B, then B! (5555) = 0

and hence 3(1,—1(5) = 0, which is a contradiction.

5.2 Composition operators on H,(C*)

We dedicate this section to obtaining a characterization for the

composition operators of Hoo(C%), which we state below.

Theorem 5.22. Consider a function ¢ : C2. — C2, ¢ = (¢, ¢2). The
operator Cy : Hoo(C%) = Hoo(C2), Cy(f) = f o ¢, is a composition
operator if and only if, for j = 1,2 and (s,t) € C7 we have

0;(s,t) = ng)S—"déj)t—f‘ng(S,t), (5.3)
where
e, dy e Ny
and
p; 1 C2 = C
< d,
90]'(8, t) = m;l ms;/Lt

is a double Dirichlet series that converges reqularly and uniformly in C?

for every e > 0.
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The proof of this theorem will be divided into two parts. The proof
that symbols satisfying (5.3) leads to composition operators on Ha.(C?)
will follow the arguments of the one-variable case, with extra difficulties
since we are working with double Dirichlet series and we have to be very
careful with the convergence of the series. The proof of the converse
part will require really new arguments, which were not necessary in
the one-dimensional case (see in particular the proof of the forthcoming
Theorem 5.33).

5.2.1 The sufficient condition

We can now start our work towards the characterization of compo-
sition operators on H(C%) stated in Theorem 5.22. We do this in
two steps. First we see that the symbols ¢ as in the statement of the
theorem indeed define composition operators (see Theorem 5.29). Once
we have this we show that these are in fact the only symbols defining
a composition operator on Hao(C?) (this follows from Theorem 5.33).
We begin by showing that a symbol as in (5.3) defines a composition

operator on the space of double Dirichlet polynomials (finite series).

Lemma 5.23. Let ¢ : C2 — C2 be an analytic function and suppose
there exists some o > 0 such that ¢;(s,t) = c¢js+dt+p;(s,t) forj=1,2

()
and (s,t) € CZ, where p;(s,t) = o Tl;"];:t converges absolutely in C2

and cj,d; € Ny, 7 =1,2. Then, if D is a double Dirichlet polynomial,
D o ¢ is a double Dirichlet series in H*(CZ).

Proof. We are going to see that k~#1(>!) can be written as a double

Dirichlet series in C2. Using the expansion of the exponential function,
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if (s,t) € C2,

Leilst) — pmloskd ) TR
00 (1)
— H logk
m,n=1

e B = (—logkdbM) 1 1
= k%11 H (1—}—2 o (mr>s (nr)t .

m,n=1,

(m,n)#(1,1)

Let us see how can we rearrange this expression for k¢ into a
double Dirichlet series. For each (M, N) € N2, because of the absolute

convergence, we may define A 5s v in the following way:
o If (M, N) = (1, 1), then Ak7171 =1.

o If M # 1 and N = 1, consider all possible factorizations of M
as M = mi"---m)* where my,...,my € N\ {1} are all different,

r1,...,7q € N (there is at least one such factorization by setting
myq = M and r; = 1). Now define

d (—logk bl )7
Apap = ) [H o :
d_ N J°

7‘1”. T _ :1
my=emyt= J

e If M =1, N # 1, proceeding analogously to the previous case,
define

d (—logk b')
Apan = z [H( el J) ]

"l..n Td_ =1
ng =N U

7!
Tll J

o If both M, N # 1, combining the two previous cases, we define

d (—loghk b )i
AN = Z H = .
m;l . ;d:M 7j=1

1, Td
nyeeny =N

Tj!
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Then for any (s,t) € C2,

[o¢]
R S 2
MsNt

M,N=1

With the same idea one gets

_ 3@ = Biun
[ p2(s,t) =1 b1,1 kit A
Z MsNt

M,N=1

As these two double Dirichlet series are absolutely convergent in C2,

they can be multiplied to obtain

_ _ (1) <2 = CrimnN
et j—w2(st) — p=brij=by M
Z MsNt

M,N=1

Finally, let D(s,t) = K S°F % Then, for (s,t) € C2,

(D @) ¢)< t) i i k—61s—d1t—bgli l—@s—dﬁ—b?} i Ck,l,M,N
51) = Q] 7 : “kLMN
7 k=11=1 Mnel MoN?

(1) (2)
kb LCL MmN

[e'e) K
= Z ZZ kcllch (kjdlldQN)

M,N=1 k=1 1:1

which can be rearranged into a double Dirichlet series which still is
absolutely convergent on C2. Moreover, as ||D o ¢||o < || Do < o0,
Corollary 4.12 guarantees that D o ¢ € H>®(C2). O O

Following the same scheme as in the one-dimensional case, some
results concerning the range of the symbols of the composition operators

are needed.

Remark 5.24. Suppose ¢ is an analytic function as in (5.3), where the
Dirichlet series ¢; converge regularly on C2 for some o > 0. Then the
function @;(s,t) = ¢(s,1) —cP's—d¢, defined on C2, is clearly analytic
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and coincides with ¢; on C2. In other words, ¢; is an analytic extension
of ; to C2. For the sake of clarity in the notation we will write ¢; also
for the extension, identifying the Dirichlet series with the extension. This
is, for example, how the statement of Lemma 5.25 should be understood.
On the other hand, if we suppose that each ¢, converges regularly on
C2, then they define analytic functions. Therefore if ¢ is as in (5.3),
then by Hartogs’ theorem, it is analytic. This is the case, for example,

in Lemma 5.28 and Theorem 5.29.

Lemma 5.25. Suppose ¢ : C2. — C2 is an analytic function such t(h)at
J
0i(s,1) = ¢;5 + dit + pj(s,t) for j = 1,2, where p;(s,t) = Y2 | b

m,n:l msnt

converges in C3 and ¢j,d; € No, j =1,2. Then, Rep;(s,t) = 0 for all
(s,t) e C%, j=1,2.

Proof. Fix sy € C; and consider ¢;(so,t) = cjso + d;t + ¢j(so,t) =
d;jt + (¢jso + ¢;(s0,t)). Using the first part of [17, Proposition 4.2],
Re(c;so + ¢;(so,t)) = 0 for all t € C, but also for all sy € C,. Fixing
now ¢y, € C, and using again [17, Proposition 4.2, Re ¢;(so, %) > 0 for
all (sg,to) € Cy. O O

Remark 5.26. If f : C2 — C; is a holomorphic function such that
Re f(s0,t0) = 0 for some (sg,t9) € C2, then in fact Re f(s,¢) = 0 for
all (s,t) € C2. Indeed, if we define fy, : C. — C; as fi,(s) = f(s,to)
and suppose that f;, is not constant, by the open mapping property
fi,(C4) is an open set, which contradicts the fact that f(sg,tg) = i1
for some 7 € R. Therefore, it is constant and f;,(s) = i7y for all
s € C,. Proceeding in the same way, defining for each s € C, a function
fs : C4 — C, by fi(t) = f(s,t) we conclude that f(s,t) = f,(t) = i
for all t € C. This gives Re f =0 in C3.

This allows to strengthen Lemma 5.25 to say that either Reg;(s,t) >0

for all (s,t) € CZ, or Reg;(s,t) is constant and equal to zero.
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We aim now at an analogue of Corollary 5.15 for double Dirichlet
series. A fundamental tool is the extension of Theorem 5.12, fow whcihe

we give two proofs, as in the one-dimensional case.

Lemma 5.27. Let D(s,t) = X7, -=% be a non-constant double

Dirichlet series in ’HOO(C%F), and 0 < oy <n, 0 <oy <my. Then

00 © o

m,n
sup |30 Dmls up | S
Res>o1 |1y n=1 Res>m |mn=1
Ret>o2 Ret>n2

Proof. Define D,(s,t) = D(s + o1,t + 03) = Yov ) =iz —— and

Dy(s,t) = D(s+nu,t +m2) = 00—y mmtz ——. Clearly D, and D,
belong to He(C2), and

0

Qmyn
su — | = sup |Dy(s,t)| =||D
Res>p€71 mznil msnt ResEO‘ U( ’ )‘ H UHOO’
Ret>og ' 7 Ret>0

o0

Am,n
su —| = sup |D,(s,t)|=||D .
Resfm m%;l msnt ResI>) ‘ ( )| H WHOO
Ret>n2 Ret>0

Moreover, if f,, f; 1 Beyxe, — C are the unique bounded holomorphic

functions on the open unit ball of ¢y X ¢y such that their monomial

. a o, B a o B .
coefficients are ¢, g)(f5) = seerasey and C(a,8)(fy) = gavrsim Tespectively,

we have by Theorem 4.11 that

Dol = [[follBegxeys  and [ Dylloc = [[fallBeycy
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If f is the unique bounded holomorphic function such that ci g (f) =

Apo s, then
1 1 pot  p%t
fn(Zh 22) = f(p?Zh (ﬁzz) = fa(p?'zl) EZQ)
1 2 k 1 2 k
EOE I T N L I
o 277_07377_07"'72?2—07"'72,7_07 3,7_07'-'7]92—07"' 9
for every (21,22) € Beyyxey With z; = (z](-l) z](-2), ...), 7 =1,2,  and, by

density, for every (z1,22) € B, with z; = (2(1),z<2), ), 7 =12 Let

1 1

r = mln(m, m) Hence

an||Bco><co < ||f0'||TBcOXc0'

If we denote by fn and f, the Aron-Berner extensions of fn and f,

respectively, we have by the Davie and Gamelin result (see [10]) that

fallBie = 11l 1 follrBiog e

BCoXCO < ||fU||TBC0><CD

As f, is w(ls, l;)—continuous on rB;_ .., which is w(ls, l;)—compact,
| /5| has a maximum in that compact set, i. e. there exists (2}, 23) €
Brostn, with [[(:1, )l < 7 and [|folls, .
have two possibilities. Either the holomorphic mapping ¢ : %D — C
defined by &£(N\) = f,(Az7,\z3) is constant or not. If £ is constant

this implies that | fg| has a maximum on rB;_y;_ at 0, which is an

— 7(z1.23)]- Now we

interior point. Hence, by the Maximum Modulus Theorem applied to the
restriction of that function to any complex line (each of them crossing
7€ero), fa is constant on the whole B;_ «~, thus f, is constant on B.,xc,-
This implies that D, is constant, which clearly implies that D is a
constant function. This is a contradiction with our hypothesis. If £

is not constant, by the Maximum Modulus Theorem, there exists \*,
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1 < |\*| < 7, such that |f, (N 25, A*23)| > | £, (25, 25)|. In that case

| Dg |00 = ||f0'||7'Bloo><loo 2 |fa(>\*2T7/\*Z§)|
> | fo (21, 23)| = | follrBio e Z 1 fnllBi = [|Dplloos

and the conclusion follows. O

Proof. We first recall that for all Dirichlet series h belonging to Heo(C)
and for all 0 > 0, by Corollary 5.11 supge(s)—y [R(S)| = SUPRe(s)>0 [R(S)]-
This yields

sip D5, = swp  sup |D(s,1)
Re(s)>a1 Re(t)>az Re(s)>a1
Re(t)>a2

— sup  sup |D(sb)
Re(t)>a2 Re(s)=a1

— s sup |D(sb)
Re(s)=a1 Re(t)>a2

= sup |D(s,t).
Re(s)=a1
Re(t)=a2

Observe also that, since D is not constant,

la11] < sup |D(s,t)].
Re(s)>01
Re(t)>o2

Again, this follows easily from the corresponding result in the one-
dimensional case. Indeed, let f(t) = X apan™ and Dy(s) = D(s,t),
so that f(t) is the constant term of the Dirichlet series D;. If f is
constant, then there exists ¢ with Re(t') > o, such that Dy is not

constant (otherwise D itself would be constant). We then write

lai1]| = f(202) < sup |Dy(s)| < sup |D(s,t)|.
Re(s)>o01 Re(s)>01
Re(t)>02
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On the contrary, if f is not constant, we write

11 < sup [f(£)[ < sup [D(s,1)],
Re(t)>o02 Re(s)>01
Re(t)>o2
where the first inequality is for example a consequence of Proposition
2.25, the argument being the same one used in the proof of Theorem 5.12.
Let 01,05 € (0,1) be such that n; = (1—601)01 4617, 72 = (1—0)02+647.
Two successive applications of Hadamard’s three lines theorem lead to

sup |D(s,t)] < sup \D(s,t)\(l’el)(l’%) X sup \D(s,zﬁ)\(l’el)‘g2
Re(s)=m Re(s)=01 Re(s)=01
Re(t)=mn2 Re(t)=o02 Re(t)=v

x sup [D(s, )"0 x sup |D(s, )|

Re(s)=y Re(s)=v
Re(t)=02 Re(t)=v
< sup |D(s,t)|.
Re(s)=o01
Re(s)=o02

We use now this result to obtain the extension of Corollary 5.15.

Lemma 5.28. Suppose ¢ : C3 — C2 is a function such that ¢;(s,t) =

pd)
m n

cjs +dit +@;(s,t) for j = 1,2, where p;(s,t) = 300 _1 5% converges

regularly in C% and ¢;,d; € Ny for j =1,2. Then, for every e > 0 there
exists some 0 > 0 such that ¢;(C2) C Cs for all j = 1,2.

Proof. Suppose ¢; # 0, that is ¢; € N. By Lemma 5.25, Re ¢1(s,t) =
c1Res + di Ret + Reypi(s,t) > € for (s,t) € C2, so for all £ > 0,
#1(C?) C C.. The same argument applies in the case d; # 0. Now, if
c1 =0=dy, then ¢1(s,t) = ¢1(s,t) for all (s,t) € C2, s0 ¢y : C2 — C2
and Re (s, t) > 0 for all (s,t) € C%. Now, if ¢; is constant, then
that constant has positive real part and the lemma is trivially satisfied.

Otherwise we can apply Lemma 5.27 to D(s,t) = 27%1(>Y which by
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Lemma 5.23 is a non-constant double Dirichlet series. Therefore, given
e >0,

sup |2*<P1(8¢)| = sup 9~ Rewpi(s,t)
(s,t)eC2 (s,t)eC2
< sup 27 Rewrlst) — qup 270
(s,t)E(Ci (s,t)E(Ci

which implies that there exists some § > 0 such that

inf R t)>9d> inf R t) >0
(s,glecg egol(s,) (s,glG(Ci e§01(5, )/ ’

that is, ¢ (C?) C Cs. O

Now we are ready to prove that the symbols we are dealing with
actually define composition operators, which is done in the following

theorem.

Theorem 5.29. Let ¢ = (¢1,¢2) : CL — C2 be a function such that
Di(s,t) = cis+dit+;(s,t) for j =1,2 and (s,t) € C2, where p;(s,t) =

(5)
o bm,n
m,n=1 msnt

¢ generates a composition operator Cy : H®(C2) — H>(C2).

converges reqularly in C2 and ¢j,d; € Ng for j = 1,2. Then

Proof. Take some D = Y29, % € H>(C%) and let us see that
Do ¢ € Hoo(C2%). For each (m,n) € N? we denote by D, ,(s,t) =
S =1 iy 7= the partial sum of D and using Lemma 5.23 (note that
¢ is analytic and by Corollary 3.7 each ¢; converges absolutely on C%)

we get that D,,,, o ¢ is a double series in Ho(C2 ), which we denote by

(mm)
Ykde R
Now, by Lemma 5.28, given £ > 0 there exists 6 > 0 such that ¢(C?) C C3.
As a consequence of Corollary 4.12, the partial sums D,,,, are uniformly
convergent on C2 to D. Therefore the sequence {Dn.n0¢}m . is uniformly

bounded on C2, say by C. This implies that the horizontal translates
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(m,n)

defined by 379, kcﬂ‘r# are in Ho(C2) for every m,n € N. Applying
now Proposition 4.5, which controls the coefficients of a series in Hoo(C?)

by its norm, we get that for every k,l,m,n € N,

e

e S S [Dina(@(s, )l S sup | Don(s,1)] < C.
(s,t)eC2 (s,t)eC?

Therefore for fixed k£ and [ we have

A 2| R sup | Doy (8,8) = Doy (5,1)],
(s,t)G(C?;

so the double sequence {c,(;?n)}mn converges to some ¢ ; € C satisfying
k| < Ck°1° for all o > e. Define now F(s,t) = 339_, 4. Since
lekg| < C(kl)*, F(s,t) converges absolutely in C},., and there the

double sequence {D,, ,, © ¢}, clearly converges absolutely to F. It is

enough to note that ||D o ¢||o < [[D]|oc < 00 to apply Corollary 4.12
and get that D o ¢ actually coincides with F' and that it is in H>(C?).
[

5.2.2 The necessary condition

Theorem 5.29 gives the sufficient condition for the characterization
of the composition operators of ’Hoo((Ci) in Theorem 5.22. To prove the
necessity we use the vector-valued perspective introduced in Remark 4.2

to deal with double Dirichlet series (formalized in Lemma 5.30).

Lemma 5.30. Let ¢ = (¢1, ¢o) : CL — C2 be inducing a composition
operator Cy : Hoo(CL) — Hoo(C2). For each fizred t € C1 and j = 1,2,
consider ¢;; : Cy — Co given by ¢;4(s) = ¢;(s,t). Then ¢, defines a

composition operator of Heo(C).
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Proof. We just deal with the case j = 1, the other one being analogous.
Take D(s) = Yoo ;22 € Hoo(CL), and define by, 1 = apm,, by = 0 for

m=1 ms

n > 2, and D(s,t) = ¥ _, mn Clearly D(s,t) = D(s) for every

m,n:l msnt”

(s,t) € C2, and D € Hoo(C2), 50 D o ¢ € Hoo(C2). Now,

(Dog)iot) = 3 o= > iy
Then, for a fixed t € C,,
(Dodr)(s)= > —am =3 = (Dog)(s, 1),
m=1 m=1
so Do ¢ € Hoo(Cy). O O

We still need a further lemma before we give the main step towards

the necessity in Theorem 5.22.

Lemma 5.31. Consider ps(s) =Y, % and @3(s) = 3, 22 two Dirich-

let series that converge absolutely in C, and let ¢ be any function defined
on C,. If there exists co € N such that

S an <2n> = 2 (s) = p(s) = 3™%pa(s) = i O (3)

m=1 E
for all s € C,, then ¢ is also a Dirichlet series that converges absolutely

in C,.
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Proof. Let j € N such that it is not a multiple of 2. Then, using [12,
Proposition 1.9])

1 o+14+4iT gcos j s d
T%ooﬁ o+1—iT (’02(8) <2"0) °

| o+1+44iT 3005 ] s y
T1—I>Eo2T/+1 iT )<200) °

1. o+1+iT ©° b 300 s ] sd
=im o [ S () (55) @

a; = lim

o) 1 o 1+IT 130 5\ S
— S b, i 7/ () ds = 0,
mzzjl e 2T Jot1—ir \2%m °

co
because

is not an integer. Hence, all the coefficients of 5 corre-

m
sponding to non-multiples of 2 are null, so

2¢0 9¢o s 0o e
:Zan() ZCL]20<260> :ZGJ,QO.

j=1 J?

Therefore ¢ is a Dirichlet series which converges absolutely in C,. [0 [

Remark 5.32. Although we have given an explicit proof, Lemma 5.31

is actually a direct consequence of the more general Lemma 5.5

Theorem 5.33. Let ¢ = (¢1,¢2) : CL — C2 be inducing a composition

operator Cy : Hoo(CL) — Hoo(C2). Then there exists some o > 0 such

that, for j = 1,2, ¢;(s,t) = c(()j)s + d(()j)t + @j(s,t) for (s,t) € CZ, where
L ()

. dY € Ny and (s, t) = £ b”jl;:t is a double Dirichlet series that

m,n=1 ms

converges absolutely in C2.

Proof. The proof works for 7 = 1 or j = 2 so, to keep the notation
simpler, we will drop the subscript and consider ¢(s,t) : Ci — C,. On
the one hand, by hypothesis Dy (s,t) := k=% € H(C%) for every
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k € N. Using the regular convergence of Dy, if t € C, is fixed,

o0 (k) ) oo (k) s (k)

E @ Z 1 Z a al(t)
k_¢(87t) _ mn _ L min ( _ |
m,n=1 msn! m=1 m# n=1 nt mz::l m? k7t($)

(5.4)

On the other hand, for t € C, still fixed, Lemma 5.30 gives that

¢; defines a composition operator of H.(C,), so by Theorem 5.19

o1(s) = co(t)s + pi(s), where ¢o(t) € Ny and ¢i(s) = >0 C’;—(t) is a

Dirichlet series that converges regularly and uniformly in the half-plane
C. for every € > 0.

We first show that ¢ — co(t) is constant on some half-plane C,,.

Using the argument in [17, page 316] (also in the proof of Lemma 5.6),
o0 = inf ({m € N : all)(t) #0}).
This means that the series in (5.4) actually runs up for m > k% and

cot) =inf ({p €N = af)(t) #0}).

Define
= inf ({p eN : o is not identically zero}).

Let a,(gco v be the first non-zero coefficient of akco By Lemma 5.3 we can

find o¢ > 0 such that

k |ak
sup [N gl (£) — ajéy | < =5
teCoy

Hence Oz,(ﬁ()) has no zeros in the half-plane C,, and therefore cy(t) =

for every t € C,,.
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Since for each ¢ the Dirichlet series ¢, converges uniformly on every
half-plane strictly contained in C,, Proposition 2.12 implies that ¢ (s)
is absolutely convergent for every s with Res > 1/2. Take, then, (s,t) €
C 1 X C,,. Following Theorem 5.2 and proceeding as in Lemma 5.23

(using the Taylor expansion of the exponential) we arrive at

i 04(1;2575) _ ols)
m N (5.5)
_ kfcosqu(t) H (1 + Z j (7(713)38 (10g k?) ) '

Expanding the product at the right-hand side yields a series whose
terms we can rearrange (because all the involved series are absolutely
convergent), into a Dirichlet series the coefficients of which we denote
by dl(k) (t). Hence

0 a(k)(t) Ecit) o d(k)(t) E—ei(t) 00 k—cl(t)d(k)<t>
m _ 1 l _ l )
Z ms kcos + g s kcos + ; (lkco)s

(5.6)
So, we have arrived at an equality between Dirichlet series that converge

m=1

absolutely on some half-plane and we may identify coefficients (recall that
we already saw that the series in the left-hand side in fact starts at k).
To begin with, k~¢® is the coefficient corresponding to the term (k)*,
so k=) = akﬂo( ) for all t € C,,, and ozkco € Hoo(C,). Since this holds
for every k, we can apply Lemma 5.6 to get that ¢;(¢) is holomorphic in
C,, and that there exists some o1 > og such that ¢;(t) = dot + 300 b;,"
for every t € C,,, with >>>° b;” absolutely convergent in C,,.

What we want to do now is to push further this idea, comparing
coefficients in (5.6) in a systematic way to end up showing that every

¢m(t) can be written as a Dirichlet series absolutely convergent in C,,.
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We do this by induction on m > 2 and start with the case m = 2.
We take some (s,t) € C% x C,, and note that the term corresponding
to [ = 2 in (5.6) is obtained by multiplying the term m = 2 and j = 1

(this carries ¢o(t)) and 1’s in (5.5). In this way we have

o) (t) _ ke ® _logkey(t)ka® X %
meo ke (2k§)* DL

00
>
m=1

=3

Identifying again coefficients we get ozg,?co (t) = —logk ca(t)k—1®) 5o

—1 o bin
£) = L g0 ot LT N 00 pdony,
We need to see now that 1;(t) is a Dirichlet series that converges abso-
lutely in C,,. Note first that ozé’,?co belongs to Hoo(C4). On the other
hand, we have just seen that —>2°° by ,n" is an absolutely convergent

series in C,,, and a careful inspection of the proof of the sufficiency of

Theorem 5.2 shows that k2=n-1 7 is an absolutely convergent Dirichlet
series in C,,. This gives the claim. Letting now & = 2,3 we have
260ty (1) = co(t) = 3%%3(t) for every t € C,,. Since c,(t) is analytic,

Lemma 5.31 gives that co(t) = >0, bi’t” is a Dirichlet series that con-

verges absolutely in C,,. This completes the proof of the fact for m = 2.

Suppose now that ¢, (t) is analytic for every 2 < m < mg. We want
to use again (5.6), comparing the coefficients of the term corresponding
to [ = mg. Note that we get this factor by multiplying the term m = my
and j = 1 with all 1’s (this brings ¢,,,(t)) and the product of terms
involving divisors of mg (this brings other ¢,,(¢)’s, that we group in a

term D,,,). Let us be more precise. Starting from (5.5) we get

S allt) _ —logken 0k + Duyy | 3 K 0d()
ms (mokeo)s (Ikeo)s

m=1

l#mo
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where D,,, is given by

( —logk ¢, (t))rh |

’f‘h!

o

>1,,

Since mi' - --mj? = mq for ¢ > 1 implies that m;, < mg forall 1 <h < ¢
we have D,,, is a finite sum of finite products of Dirichlet series which
by the induction hypothesis are absolutely convergent in C,,. Hence

D,,, is a Dirichlet series that converges absolutely on C,,. Then

_ ke
Cmo () = W(O‘%kco = Du(t))
_1 oo blﬁ,n C m
_ kmt@ Kz %) (@) = Do (£) = kMM (t),

where, with the same argument as above, 1/1,?”0) is again an absolutely con-

vergent Dirichlet series on C,,. Once again by application of Lemma 5.31,

Cmo(t) = 2024 br;;o ™ is a Dirichlet series that converges absolutely on C,, .

Finally, for (s, t) € C1 x Cqy,

o 1 °°b
¢(S, t) = CpS + d()

—Cos+d0t+ Z

st’
ml mnlmn

where the last equality holds because the sums converge absolutely in
C % X (Cgl. ] O

Once we have established the form of the symbols of composition
operators we may proceed as in [29] to strengthen the conditions on the
symbol in terms of its uniform convergence in C? for every ¢ > 0, giving

the proof of our main result.
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Proof. of Theorem 5.22. To begin with, if ¢; is as in (5.3) and ¢;
converges uniformly and regularly on C. for every € > 0, then it converges
regularly on C, and Theorem 5.29 gives that C; defines a composition
operator on He(C2).

For the necessary condition, Theorem 5.33 gives that each ¢; converges
absolutely on C2 for some ¢ > 0. We adapt the arguments of [29,
Section 3] (also reproduced in the proof of Theorem 5.18) to see that
in fact they converge uniformly on C? (we do it only for j = 1). Note
first that Lemma 5.30, Lemma 5.7 and Hartogs’ theorem give that ¢
is analytic. Then, by Lemma 5.25 (recall also Remark 5.24), we get

<,01((le) C Cy, that is, | Argen| < 5 and |Arg 901/2| < 7, from which
:;:%/2 = | tan(Arg 901/2)’ < 1 follows.

We consider now the function u(s,t) = Re(p1(s,t)'/?). Since o,
converges absolutely on (C , then (1 is uniformly bounded there. Now it
is easy to see that | Re ¢}’?| < |Re 1|2 < |o1|/2 < v/2| Rep1/?|, where
the last inequality is clear because |90}/2| = +vRep; + Imp; < +/2Reyy,

and then u is uniformly bounded on @, say by K. Our aim now is to
see that, in fact, u is uniformly bounded on C. for every ¢ > 0. By
Remark 5.26 either ; is identically zero or Res(s,t) > 0 for every

(s,t) € C%. If it is identically zero, then so also is @}/2

and therefore u.
If this is not the case, then (since | Arg o1 ’I < 7) u is strictly positive.

If w is identically zero then the claim is trivially satisfied. We may
then assume that u is positive and take (sg,ty) = (01 +1i71, 09 +1i72) € C2.
We know from [29, Section 3] that if v is a positive harmonic function

defined on some C,,, then

v(01 +i1) < ZIU(QQ +i7) (5.7)

for every o9 < 6 < 05. Suppose that € < 01 < o and consider uy,(s) =
u(s, tg) = Re(p14,(s)'/?). Suppose now that € < oy < o then, since uy,
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is a positive harmonic function (5.7) gives

g
U(So,to) = UtO(O'l +iT1> < —ut(0+z’7'1) < U(U+iT1,02 +i72) . (58)

01

™19

We distinguish two cases for ty. First, if ¢ < 0o we immediately obtain

(recall that u is uniformly bounded on C2 by K)

U(So,to) < K.

™19

On the other hand, if € < 0, < o, we can consider § = 0 + i7; € Cy and
t — wug(t), which is again a positive harmonic function. Starting with
(5.8) and using (5.7) again (this time for ug) we get

2

2
o _ o
= uz(o +im) < 6—2[(.

u(so, to) <

™19

uz(og +im) <

The only case left to check is that in which € < 09 < ¢ and o7 > o, but
it is completely analogous to the one above, so we get u(s,t) < Z—EK for

/

every (s,t) € C.. Hence, go} ? and therefore 1, is uniformly bounded

in C. and consequently uniformly convergent. O]

The characterization of compact composition operators on H..(C. )

given in [5, Theorem 18] still works for double Dirichlet series.

Theorem 5.34. Let ¢ define a continuous composition operator Cy :
H>*(CZ) — H>®(C2). Then Cy is compact if and only if $(C3) C C3
for some § > 0.

Proof. First, suppose that there exists some 6 > 0 such that ¢(C3) C Cj
and consider {D,,} a bounded sequence in H.(C?). By Lemma 4.32,
there exists some subsequence {D,, } in Ho(C%) and D € Hoo(C2) such
that D,,, converges uniformly to D on C%, and therefore D,,, o¢ converges
to D o ¢ uniformly on (Ci. Hence, Uy is compact. On the other hand, if

Cy is compact, choose the sequence Dy, (u,v) =m™* in H(C%). Since
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C, is compact there exists some subsequence D, in Hoo(C2) and some
D € Hoo(C2%) such that limy_,o || D, © ¢ — Do = 0. Fix (s,t) € C2,
then D(s,t) = limy_,o m,;¢1(5’t) = 0 since Re ¢1(s,t) > 0. Therefore

) ~ ) . _inf(s,t)ecﬁ_ Re ¢1(s,t)
0= lim [[Dypny0¢—Dlloc = lim [ Dy, 00|oc = lim my, :
so necessarily inf(, ;cc2 Re ¢1(s,t) > 0 and there exists some §; > 0
such that ¢(C3) C Cs,. Applying the same idea to the sequence of
functions n in Hoo(C2), one gets that there exists some d; > 0 such

that ¢(C%) C Cs,. Taking § = min(dy,d2) we have ¢(C3) C C3. O

5.2.3 Composition operators on the spaces H..(C?%)
and H>(B,:)

We finish this section by relating composition operators of H(C%)
and composition operators on the corresponding space of holomorphic
functions. This result extends the corresponding result for H” and
HP(T*), 1 < p < 400 obtained in [5]. In that case, that is, for finite
values of p, Dirichlet polynomials are dense in ‘H? and this was a key

point in the proof done in [5], so the case p = oo requires a new proof.

Proposition 5.35. Let ¢ define a continuous composition operator
Cy : H*(C2) — H>(C?%). Then Cy4 induces a composition operator
C¢ : HOO(BCQ) — HOO(BCQ).

0 0

Proof. Let us recall how the bijective isometry B : H*(B.z) — Hoo(C?)
from Theorem 4.33 (now with k = 2) is defined. For each f € H*(B,2)
with coefficients ¢, g(f) (that can be computed through the Cauchy

integral formula) we have
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Clearly T = B! o C, o B is an operator, T : H>®(Bz) — H>®(Bea),
and our aim is to see that it is actually a composition operator. For
all j € N, define DY) = Col) = p; Y € H (C2) and DY) =
Colpy) = p; ) € H o (C2) and DY = (DY, D). Note that
B-Y(DY), B~1(DY) e H>(B,) for every j € N. Define formally ® =
(B1,®2) = (D), (D)) and ¢ = (41,02) = (B~ DY), (B~ DF),).
Then, if we consider a polynomial f(z,w) = >, sea Capz®w? with A

finite and we denote by p the sequence of prime numbers, we get

T(f)(z,w)=B"|C, (B ( Z caﬁzawﬂ)))

a,BeEA
=B C | Y e
o gen ()2 (pP)!

_ -1 Ca.p
R (p%“v”)“(p@(“))ff) (5.9)

a,BEA

= B_l Z ca,ﬁq)l(sat)aq)Q(Sat)ﬂ)

a,BEA

= Y cCap(B701)(2,w)*(B7Ds)(2,w)”

a,BEA

= Z Ca,ﬁwl (Zv W)Q%(Za C‘))B'

a,BEA

Therefore, T' coincides with the composition operator Cy, on finite poly-
nomials, and we will see that they actually are the same operator. First
we need to see that Cy is well-defined, namely that 1 is a holomorphic
function with ¢(B.z) C B.z. The holomorphy of ¢ follows from its def-
inition. Let us define ) = B-1(DY)) so that ¢ (z, w) = (F(z,w)).
Since ¢(C%) C C2%, DY) (s,8)| = p;Rem(s’t) < 1 for every (s,t) € C3,
so that ||[F7 ] = DYl < 1. Assume by contradiction that there

exists some (zg,wp) € B such that 11 (20, wo) does not belong to ¢.
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Then there exists an increasing sequence of integers (j.) and € > 0
such that, for all » > 1, |F1(j'”)(zo,w0)| > e. By Montel’s theorem, we
may extract from (Fl(j’")) a sequence, that we will still denote (Fl(j’”)),
converging uniformly on compact subsets of Bz to some F' € H OO(B(%).
Set D = BF, so that (ngr)) converges uniformly to D on each product
of half-planes C2. Now, for (s,t) € Cy,
ngT)(s,t) _ pjfr<i>1(87t) roto

since Re ¢1(s,t) > 0. Thus D hence F' are identically zero. But this
contradicts |F1(j“)(zo,w0)| > ¢ for all » > 1. Finally, this yields that
(0 (Bcg) C cp.

To see that 1" and C); are the same operator we will define a topology
on H*(Bz) so that the finite polynomials on B are dense in H>(B,z)
and such that 7" and C, are continuous, with the aim of extending
(5.9) by continuity. Define G : C; — B, by G(s) = p% and consider
7 the topology of uniform convergence on the product of half-planes
Co, x Gy, for Hoo(C7) and for H>(B,z) we consider 7 the topology of the
uniform convergence on the compact subsets of B,, of the form K, ,, =
{(£,5):Res> 01, Ret > 0n} = G(T,,) x G(Cy,) = Ky, x K. It
should be noted that these topologies define metrizable spaces since we

can take oy = %, Oy = %, n,m € N, and we get the same topologies.

First, since for every oi,00 > 0 there exists some 0 < r < 1 such
that Supresso, (%, %) < r, then any f € H*°(B,2) has a uniformly
Ret>o2 LA 0

convergent Taylor series on K,, ,,. Moreover, by adapting the arguments

N

from the proof of [3, Theorem 2.5], the set of finite polynomials on Bcg is
dense in the space of homogeneous polynomials on Bc(z) with the topology
induced by || - ||o. Therefore we can extend (5.9) to homogeneous
polynomials. Again, since the topology of || - ||« is finer than topology T,

if we prove that 7" and Cy are continuous with the topology 7, then we
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will be able to extend (5.9) to H*°(B.) to get that T' = Cy as operators
of H*(Be).

To see that T' is continuous, we just have to check that Cy is contin-
uous for the topology 7 and that B defines a homeomorphism with the
respective topologies 7 and 7. To prove that Cj is continuous we have
to apply Lemma 5.28 to ¢ to get that for every o1, 09 > 0 there exists
some d(ay),0(02) > 0 such that ¢(C,, x Cy,) C Chy) X Csoy). Now, let
{D,}n C Hoo(C?) be a sequence convergent to D € Hoo(C?) with 7. As

1Cs(Dn) = Co(D)llc,, xCoy = [P0 ¢ = Do dlle,, xc,,
< ||Dn - ‘DHCJ(Jl)XCé(Ug)?
Cy is continuous. Now, to see that B is a homeomorphism with the
respective topologies, suppose that {f,}, C H OO(Bcg) is a sequence

convergent to f € H °°(Bc(2)) with 7. Then, using the continuity of f,
and f,

1B(fn) = B(f)llco,xcoy, = sup [B(fn)(s,1) = B(f)(s,1)]

Res>o1
1 1 1 1
h(a) = (o)

Ret>oo
= sup | fu(2,w) = f(z,w)|
(er)EKl’lv‘72

- ||fn - f||K01,0‘27

= sup
Res>oq
Ret>o2

so clearly B : (H*(Bz),7) — (Hoo(C2%), 7) is a homeomorphism between

thsee topological spaces , so that T is continuous with the topology 7.
It remains to prove that Cy, is continuous with the topology 7. Let

us recall that v = ((B71(D{"));, (B~1(DY"));). Hence, if o1,05 > 0,

take (2,w) € G(C,,) x G(Cy,), that is, (2,w) = (55, ) for some (s,t) €
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Cial X @, and then Bfl(ng))(z,w) = ng)(s,t) = W, SO
Py

; 1
B—l(Dgﬂ))(G((Cgl) x G(C,,)) C { oo - Res > o1, Ret > 02}

and therefore

1
U1 (Ko o) C {ps :Res > 5(01)} = Ks(o1)-

AH&IOgOUSly, ¢2(KU1,02) C K6(02)7 S0 ¢(Ka1,02) - Ké(ol) X K5(0'2) -
Ks(01),6(02)- Then, if {f,}, C H*(Bg) is a sequence convergent to
f € H*(Bz) with 7,

||C¢(fn) - C¢(f)||K01,02 = an © ¢ - f © ¢||K01,02 < ||fn - f”K,s(gl),g(gz)ﬂ

which gives the continuity of Cy, with the topology 7.

Finally, as every function in H OO(BCg) is the limit of a series of finite
polynomials with the topology 7, and by (5.9), 7" and Cy, coincide on
finite polynomials, 7" = C. m

5.3 Superposition operators

Superposition operators are not, at least generally, directly related
to composition operators in any way but the fact that they are defined
through composition. This is the main reason for which we include this
section, which deals with the superposition operators of Hardy spaces of
Dirichlet series, in this chapter. In order to characterize such operators

for said spaces, let us first recall the characterization done in [9] for the
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superposition operators of Hardy spaces on the disk, H?(D). Let us

prepare the work by proving a series of lemmas.

Lemma 5.36. Given a non-negative o and an entire function o, there
exists a positive number R such that |p(w)| < M|w|* whenever |w| > R
if and only if ¢ is a polynomial of degree at most [, the greatest integer

smaller than or equal to «.

Proof. Consider r > 0 and C(w,r) := {w +re? : § € [0, 27]}. Suppose
¢ is a polynomial of degree N, then lim._,o % =ay € C\ {0}, so
there exists some Ry > 1 such that |z| > Ry implies ’% — an’ <1 and
therefore |¢(2)] < 1+ |an2™| < (1 + |an|)|[2].

On the other hand, if ¢ is an entire function, by the Cauchy integral

formula we get that

27 i0
7/ w(Z)dZ‘ < 1/ Iso(fe I
C( 0

2771 0,r) on+l It |rn+lez n+1)9|

<1/2WMT d0 = Myo—(miD),

2w Jo  rrtl

lan(p)| =

M —00, 0
Tatica ,

Thus, taking n > [a], n + 1 > « and therefore |a,(¢)| <

so  is a polynomial of degree at most [«]. O

Lemma 5.37. Let A € T. A function ¢ is a polynomial of degree N if
and only if P(w) = p(Aw) is a polynomial of degree N.

Proof. Consider A € T and p(2) = XN | a,2". Write A = €, w = |w|e™®
and b, = a,e™, then

N N

B() = p(le®) = 3 an(wle D) = 3 agluofren )
n=1 n=1

N N

= Zl a,e me Z
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Lemma 5.38. A function o is a polynomial of degree N if and only if
Y(w) = p(w) is a polynomial of degree N.

Proof. Write w = |w|e’® and a, = |a,|e?". Then

N N N ] N
(W) =D a0 =Y fanllw]em0=0) = 3 a,[[w]e T = 3 gt
n=1 n=1 n=1 n=1

[
Lemma 5.39. If ¢ > 0 is such that cp < 1 then (14 z)~¢ € H?(D).

Proof. Define I,(r) = |7 mdt as a function defined for 0 < r < 1.
Consider the triangle defined by the points 7, re? and 1, which has
an obtuse angle in r. Therefore, since |1 — €| = 2 ‘sin <%)‘ > U for
t €[—m, ],

. . 1/1 ;
11 —re”| > max{r|l —e"|,1 —r} < 3 <2|1 —re'| +1 —7’)

-

Moreover,

}
i (t)‘+1 >>1<1|t|+1 >> 1(|15|+1+ )
S = - 4 — Z — .
111 9 r o\ 7 T o T

11 —re™| < |1 —e| + |e" —re| =2

t
Sin(z)‘—i-l—rgm—kl—i—r,

so, for a < 1, I,(r) is comparable to

™ 1 2
— 1— l-a _ 1 — | et )
Lot - e [ - a0t
Thus, I(r) < (2m)*Z [(L—7r+m)'"* — (1 —r)'"°] which tends to
(= — 1) when — 1, s0 (1 + 2)~¢ € H?(D). O

The proof of the next lemma can be found in [14].
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Lemma 5.40. If a function f(z) € H?(D) (0 < p < 00), then

1£(2)] < 27| f|[p(1 — |2]) 77

We are ready now to reproduce the proof of the characterization of

superporsition operators of Hardy spaces HP(ID) given in [9].

Theorem 5.41. If S,(H?(D)) C HY(ID) where S,(f) = po f andp > 1,
then ¢ is a polynomial of degree N < [9}

Proof. Choose € > 0 such that € < {g} +1-2 1mp1y1ng left [”ﬁ} = [ﬂ.

Define u.(z) = ( L ly’?. Now u. € HP(ID)) because of Lemma 5.39

1—z 2
and that, for every z € D,

p_ p_
pte ]_ p+te

T L]

11142
() = 5 |

By hypothesis fou. € HY(D) so by Lemma 5.40 there exists some ¢y > 0
pte 1

such that |f(ue(z))] < (1 — \z\)ﬁ Write wy = u.(z), so z = wp+5+ :
2

Therefore
eI\ e + 1
!f(wl)!<c0<1_ wf€_2> t_ Colwi ™" + 5]
.
W{)Jrs‘i_% (‘prrE §|_|wp+5_%‘)a

Consider the set C \ B(0, 3) covered by a finite amount of angular

sectors of the form S, := {z € C : _Af(rtf’r)” Arg(z) < W(J;,Tg N,

where N = [4(p + ¢)]. Define the function g : C\ B(0,3) — C as
g(z) = |z + 3| — |z — 1|, which satisfies |g(z)| < ‘z+ s—z43 ’
for every z € C\ B(0,3). Moreover, if z = a+bi € C\ B(0,3) an

’ 2
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| Arg(2)| < %, that is, b*> < a® and a > }, we have that

1 1
(=) Va+ 52402 — /(a— 12+
@+ 2+ J(a— )2+

N 2a
12 2 _ 1y2 2
<\/(a+ 2+a2+,/(a—3)2+a

2a

:\/(\/ﬁa+2\1/§)2+é+\/( 20— 525)° + 4
2a
(V2a+ 55502 + /5 + (V20 = 35 + /3
2a

Therefore for w; € C\ B(0, 3) N Sy,

1 pte _1
f(w)] < co2vV2|wl ™ + ﬁ o2V2(|wn| T +277)

<cﬂ¢Mmq<LHmr%%ﬁ><%f”l2wnq
27ni pte_ 1 pte ,— T 1
Now for w, = e*r+taiw, z = :%ﬁé = z;“i*éé’ and if w, € C\
B(0,3) N Sy,
_1
wp""ae_%m — l q
2
|fwn)] < o (1 - m
co|w£+ae_ﬂ7m + %ﬁ
e R e
2
< 0022|wp+€e_m L B 1Jr%|wn|p:€.

§|q 002
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ince we have covere ,5) with the sectors 5,, 1I |w| = 5 then

Si h d C\ B(0 ; ith th Sy, if > é h
e—1 €

|fw)] < 2"t ]w|%, so f is a polynomial of degree at most {%} =

2]. O

q

Corollary 5.42. An entire function ¢ defines a superposition operator
S, H?(D) — HY(D) if and only if ¢ is a polynomial of degree at most

5]

Proof. The necessary condition is Theorem 5.41, while the sufficient one
is a consequence of the trivial fact that f € H?(D) and n < 2 imply
fre HI(D). O

Remark 5.43. As a matter of fact, the assumption of ¢ to be entire can
be dropped. If ¢ : C — C induces a superposition operator S, mapping
H?(D) into HY(D), then, since f(z) = rz belongs to H?(D) for all r > 0,

the function z — ¢(rz) is analytic in D for all » > 0, hence ¢ is entire.

We can extend this characterization to the spaces HP(T) in the

following way:.

Theorem 5.44. An entire function ¢ defines a superposition operator
Sy HP(T) — H(T) if and only if ¢ is a polynomial of degree at most
)

Proof. First, if ¢ is a polynomial of degree at most {g} then it defines
a superposition operator on S, : H?(D) — H9(D). Now, if f € HP(T)
then f is defined by the boundary values of a function f € H P(D), and
given the continuity of ¢, ¢ o f is defined by the boundary values of
wof e Hi(D), so gof € HI(T). On the other hand, if an entire function
¢ defines a superposition operator S, : H?(T) — H9(T) and f € H?(T),
then f is defined by the boundary values of f € HP(D). Since ¢ is
continuous, the boundary limits of ¢ o f are well defined wherever the
boundary limits of f are well defined, and coincide with ¢ o f € H 9T,
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so varphio f € H 7(D) and ¢ therefore defines a composition operator
S, : H?(D) — H%(D), implying that it is a polynomial of degree at most
P
{q}'
Moreover, ¢ o f € HY(T), so it is defined by the boundary values of
a certain function g € HY(D). O

Recall that the Bohr transform induces an isometric isomorphism
from the Hardy space H?(T*) onto HP. The subspace of HP consisting
of Dirichlet series of the form 3277 aor s @ ) is isometrically isomoporphic
to HP(T) < HP(T). Let us recall also that H?(T) is isometrically iso-
morphic to H?(ID). We are going to see that the superposition operators

on HP are in fact the same ones as on H?(D).

Theorem 5.45. A function ¢ : C — C defines a superposition operator
Sy HP — HT if and only if ¢ is a polynomial of degree at most ng.

Proof. We first see that if ¢ is a polynomial of degree N < ng then S,
defines a superposition operator. Take first i(w) = w®. By Young’s
inequality we have a™ < %ap whenever a > 0 and % < 1. Then, since

k¢ <1 for all 1 < k < N, given a Dirichlet polynomial P, we get

1T :
lee(P)Is = Jim o [ len(Pit))| dt

1 /T _
~nar) \<P<Zt>> [
< )P p
< jim o [ SPGopae < 1P,

s0 r(P) € HY. Now, if p(w) = S0 bpw®, then o(P) = S0 bpor(P) €
‘H? for every Dirichlet polynomial P € HP. Using that Dirichlet polyno-
mials are dense in H? and H? with the respective norms is enough to

get the desired result.
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On the other hand, suppose now that ¢ defines a superposition

operator S, : HP — H9. First of all, since s — ¢ (‘2/23/) is holomorphic

in C, ), then taking two different branches of the complex logarithm we

get that ¢ is holomorphic in B(0, R) \ {0} for every R > 0. Moreover,

S5 (‘fR) is an absolutely convergent Dirichlet series, and therefore

is bounded in C, for every ¢ > 1. Since 0 is an isolated singularity
of ¢ we get that ¢ is entire. Now let f € HP(D), B(f) € HP and
w o B(f) € H?. Since the Taylor series of ¢ converges absolutely on
C, the Taylor series of f converges absolutely on D and the Dirichlet
series B(f)(s) converges absolutely in C, for any ¢ > 1 then there
exists {a,}, such that (¢ o B(f))(s) = neo aiys for every s € Co,
o > 1, and also (¢ o f)(z) = Y2 a,2" for every z € D. Hence
po f=B1(poB(f)) € HI(D), thus ¢ defines a superposition operator
S, H?(D) — HY(D) and consequently it is a polynomial of degree at
most [£]. O O

Remark 5.46. It is interesting to note here the differences between
the spaces H? and H,.(C,) regarding superposition operators. While
only polynomials of a certain degree will define superposition operators
Sy HP — HI, the fact that H.(Cy) is an algebra gives trivially that
any polynomial defines a superposition operator on Ho.(C,). This leads
easily to the fact that any entire function defines a superposition operator.
Indeed, since entire functions are uniformly approximated by their Taylor
series on all compact sets, in particular on the image of any function
of H*(CL), if p(2) = Ypi i a,2™ and f € Hoo(CL), then S,(f) is the
uniform limit of S, (f) € Hoo(Cy) where oy = SN | a,2". Using that
Hoo(C,) is complete is enough to get that S, : Heo(Cr) = Hoo(Cy) is

a superposition operator.
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