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Abstract. We describe the left brace structure of the structure group and the permutation
group associated to an involutive, non-degenerate set-theoretic solution of the quantum Yang-
Baxter equation by using the Cayley graph of its permutation group with respect to its
natural generating system. We use our descriptions of the additions in both braces to obtain
new properties of the structure and the permutation groups and to recover some known
properties of these groups in a more transparent way.
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1. Introduction

The quantum Yang-Baxter equation (YBE) is a consistence equation of mathematical physics
that plays a major role in the study of integrable systems in some scattering situations happening
in statistical mechanics. It appeared for the first time in the paper of Yang [13]. One of the
fundamental open problems related to this equation is to find all the solutions of the YBE.
During the last years the non-degenerate involutive set-theoretic solutions of the YBE have
received a lot of attention.

Given a non-empty set X, amap r7: X x X — X x X is called a set-theoretic solution of
the YBE if

T12723712 = Tr23T12723, (1)
where the maps 712, ro3: X X X X X — X x X x X are defined as 1o =7 X 1x, 1r93 = 1x X 1.
For all z, y € X, we denote by f,: X — X and g,: X — X the maps obtained by setting
r(z,y) = (fa(y), gy(2)) for all z, y € X.

The solution (X,r) is called involutive if 7> = 1x«x and non-degenerate if f,, gy are
bijective maps for all z, y € X. By a solution of the YBE we mean a non-degenerate involutive
set-theoretic solution, as in [4, 6].

We can use techniques from group theory to study the solutions of the YBE by consider-
ing two fundamental groups associated to a solution (X,r) (see [8]): the structure group, with
presentation

GX,r)=(X|zy = fa(y)gy(x), x,y€X),
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and the permutation group,
G(X,r) = (fa |z € X) < Sym(X).

On the other hand, Rump introduced in [12] a new algebraic structure, called left brace, to
study the solutions of the YBE. A left brace (B,+,-) is composed of a set B with two binary
operations, + and -, for which (B,+) is an abelian group and (B,-) is a group satisfying the
distributivity-like condition

a-(b+c)+a=a-b+a-c foralla,b, ce B.

In [6, Section 3], it is proved that, if (X, ) is a solution of the YBE, then it is possible to define
additions in G(X,r) and G(X,r) in such a way they become left braces. This construction was
already devised in [5, 8, 9, 10, 11]. The paper [3]| contains an interesting survey on left braces
and properties of the structure group associated to a solution of the YBE.

The aim of this paper is to describe the left brace structures of G(X,r) and G(X, r) by means
of the Cayley graph of (G(X,r),-) with respect to the natural generating set {f, | z € X}. We
denote in this paper the composition of maps with - or simply with a juxtaposition. Recall that
the Cayley graph T'(G,S) of a group G with respect to its generating set S has as vertices the
elements of G and edges of the form z = s, labelled with s, for € G and s € S. For simplicity,
in the Cayley graph of G(X,r) with respect to the natural generating set {f, | ¢ € X}, the edge

LN af, for € X and a € G(X,r) will be represented as o ~» af,, with label  instead of
fz. We warn the reader that different values of z € X might induce the same permutation f,
that is, parallel edges are permitted; this happens in the so-called retractable solutions.

Our first main result gives a description of the left brace structure of the permutation group

G(X,r).

Theorem A. If in the Cayley graph of (G(X,r),-) we replace the label of the edge a = af,,
r € X, aeG(X,r), by a(x), then the labelled graph obtained in this way is the Cayley graph of
an abelian group. Furthermore, if + denotes the operation of this group, then (G(X,r),+,-) is a
left brace.

This result says that the addition in G(X,r) is defined as a + fo) = af, for v € X,
a € G(X,r), that is, a + f. = afs-1() for 2 € X, a € G(X,r). The proof of this theorem will
be given in Section 2.

Our second main result is a description of the structure group G(X,r) of a solution (X, r)
of the YBE in terms of the Cayley graph of the permutation group.

Theorem B. Let (X,r) be a solution of the YBE. Let e, , denote the edge o = afa-1(z) in the
Cayley graph of (G(X,r),+) constructed in Theorem A. Let E be the set of edges of this Cayley
graph, then (G(X,7),-) acts on E via g*eq .z = €ga,g(z), 9 € G(X,7), x € X, and this action can
be extended to an action of (G(X,r),-) on the free Z-module W with basis E. The Z-submodule

K=(eay—e€sylyeX, «BecGX,r))

is invariant under the action of (G(X,r),-) and so (G(X,r),-) acts on W/K, which is a free
Z-module with basis {Z | x € X}, where T = e1, + K, © € X. Let H be the subgroup of the
semidirect product [W/K|G(X, r) with respect to this action generated by {(Z, f,) | x € X}. Then:

1. H is isomorphic to the structure group G(X,r).
2. H={( " cx @, cx 0afs) | 0 € Z,x € X}.
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3. The product of H has the form

(Z awx,a> : (Z bmxﬂ) = <Z(am +ba1(z))x,a6> ,

zeX xeEX rzeX
where o = Y v apfr, b= cx bafa-

It is also possible to define an addition in the group of Theorem B such that (H,+,") is a
left brace.

Theorem C. Let (X, ) be a solution of the YBE and let H be like in Theorem B. If we define in
H an operation + by means of

<Z Ww) + (Z m,ﬁ) = <Z(aw +bw)x,a+ﬁ> :

reX rzeX rzeX
where o = Y oy apfe, B =D cx bufs, then (H,+,-) is a left brace and the map 7: H —

G(X,r) given by
<Z a7, a) =«
rzeX

The proofs of Theorems B and C will be presented in Section 3. A geometrical interpretation
of the group H of Theorem B and an example will be given in Section 4. Our results provide
a different approach to the results of [6] and [8]. In fact, we compare our results with theirs on
Section 5 We expect that these descriptions can shed light on the structure of the permutation
and structure groups of a solution of the YBE. Section 6 contain some applications of them.

s a left brace homomorphism.

2. The permutation group as a left brace

Let (X, r) be a non-degenerate, involutive solution of the YBE. Write

for z, y € X. Let G(X,r) = (fz | z € X) be the corresponding permutation group.
The following two results are well-known. The first one comes from the fact that the solution
is involutive and non-degenerate.

Lemma 1. Given x, y € X, we have that f; () (9,(2)) = =, g4, (2)(f=(y)) = y. In particular, for
every 3, 3 € X, y(2) = £ (@), fuly) = 0 1 (0)-
The second one is an immediate consequence of Equation (1).

Lemma 2. Ifz, y € X, then fofy = fr, () fq,x) and 929y = 9g,() 91, (2)-

In order to define an addition in G(X,r) with Cayley graph as in Theorem A, we start by
defining the addition of elements of G(X,r) and its generators f,, © € X, or their opposites.
Given a € G(X,r) and = € X, we write

_ -1
ot fo = afarr@) ot fti = 0, (0 (@)
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Let us note that f~} o () + fo = = fo+ ft ,1( X In light of these equalities, we will write € f,,

for z € X, to denote f, ife =1 and —f, = fg__l( x) if e = —1. The following result gathers the
information about this addition needed for our purposes.

Lemma 3. The following properties hold:

o

CU W=

Ifaeg(X,r) andz, y € X, then (a+ fz) + fy = (a+ fy) + fa-

IfaeG(X,r) andx € X, then (a+ fz) — fo = (@ — fo) + fo = a.
Ifaeg(Xr) and z, y € X, then (o + fz) — fy = (= fy) + fa.
IfaeG(X,r)and xz, y € X, then (a — fz) — fy = (a— fy) — fa.

Let o be a permutation of {1,...,m}, e; € {-1,1}, z; € X, 1 < j < m. Then

((e1for +e2fan) E3fas) ) FEmfa,, = (- ((Sa(l)fwg(l)

+ 50(2)fr0<2)) + 50(3)fra(3)) + o ) + go(m)fwg(m)-

If (- (e1far e2fus) + ) Femba,, = (o (U foy +p2fey) +) +pefzy, and (- (M fy, +
772fy2) + ) +nsfys - ("'(Vlfwl +V2fw2) + ) + Vuf’wua with € € {_171}7 x; € X7
1Si§m,’/lje{_l,l},zjGX,ISjSt,"f]ke{—l,l},ykEX,lSkSS,’
v € {-1,1}, wp, € X, 1 < h < u, then

(o (G (e fay +e2fan) +000) +Emfa,)
+mfy) +m2fy) + ) F0sfy,
= (- (G- (uafa Fpafe)+-)
+pefz) F i ) F Vafw,) ) F Vafuw,-

Ifv € X, then f ! = —ffz—l(x).

Ifa € G(X,r) and v € X, then af, :a—fa(fm_l(I)) and afy = a+ fo(a)-

If a € G(X,r), then o = 1x or there existt €N, x; € X and g; € {-1,1}, 1 < i <, such
that

O‘*Z&f@ = 51fx1 +52fx2) ')+5tf1t'

Proof. 1. We have that

(@t fo)tfy=afomr@lsz, (@)

ff _1(1)(]0 e )(a—l(y)))fgf;il(m)(afl(y))(ofl(gc)) (by Lemma 2)

=afo-1() s “1(y (by Lemma 1)
a7 ) ff a1 U )m*l(y)))( @)

— ozfafl(y)ff;l(y)(a— (2))
= (a + fy) + fa-
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2. Let us call u = a~!(z). By Lemma 1, 9pot ) = fol(u) and so

j— = — _1
(a+ fz) = fo = afa 1(z)fg—1 (f 71(1>(a*1(93)))

PN G CO

= afuf,: 970 o Ui ()
=afufh

gr () Iratw

Again by Lemma 1, f -1, (u) = g (u) and so

(u))

(a_fw)+fw O‘f_fl (a 1(x))ff -1

=af —1(u)ff

1 _
o ot =

(a—l(m)) (@)

L) ()

3. We have that

(a+fa) = fy=(((a— fy) + fy) + [2) — [y (by Statement 2)
= (((a = fy) + fa) + fy) — 1y (by Statement 1)
= (= fy) + fa (by Statement 2).

4. We also apply Statements 2 and 3.

(a—fo) = fy=(((a—fo) = fy) + fz) = fa
=((a=fa) + fa) = fy) = fa
=(a—fy) = fa
5. This follows as a consequence the previous statements, the facts that 1+¢; f,, = €1 fz, and
1+e51)fap0) = €o(1) f2,,, and the fact that the symmetric group of degree m is generated
by the transpositions (i,7+ 1), 1 <i<m — 1.
6. We use Statement 5:
(- (G (e for, teafan) +00) tEmfan)
+mfy) +n2fys) ) s fy.
= (o (o (pafey +pafe) +000) + e fz,)
+mfy) Fm2fy) £ )+ nsfy,
= (o (G Ofys +m2fya) +00) s fy)
+pife) + pafe) + o)+t
= (- (G (fun Hv2fuws) +00) + Vufuw,)
toafa) +pafn) 4o ) pef
= (o (((Co-(uafey tp2fe) +00) + e fs,)
+vifur) +V2fuw,) ) + Vufuw,
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— . — 71
7. Note that ffm () g;il(w)(fil(x))' It suffices to check that

—1 -1 _
that is, fz(9;-1(,) (%)) = 2. But by Lemma 1,

fz(gfx_l(z)(‘r)) = fa:( ]:Tl(ffl(x))(x)) = fa:(fm_l(x)) =T

and so the equality holds.
8. Now consider

= O‘f _—11

-1
(a=Y(a(fs (@) Yiat@ "

. —1
&= fo(st@y) = @y

—1 ==
a=1(a(fg (@) (= (=)

by the argument of Statement 7. Since o + fo(2) = @fa-1(a(z)) = @ fz, the second equality

is clear.
9. This last statement is immediate by Statement 8, because every element of G(X, ) can be
expressed as a finite product of elements of the form f, or f; !, with z € X. O

Theorem A appears as a consequence of the next result, in which the previous addition is
extended to all elements of G(X, 7).

Theorem 4. Given

Q= ( t (51fz1 +52f12) + - ) +5mf.”£m € g(X7T)7
ﬁ = ((771fy1 +772fy2) +"‘)+775fys € g(er)a

withe; € {=1,1}, z; € X, 1 <i<m;n; € {-1,1}, y; € X, 1 < j < s, the assignment

a+B=((((((rfa +eafo)+ ) +emfen)
+ nlfyl) + 772fy2) +) + N5 fy.s

a+1 = 14+a = a, 141 = 1 defines an internal binary operation in G(X,r) such that (G(X,r),+,-)
s a left brace.

Proof. By Lemma 3 (9), we have that all elements of G(X,r) different from 1 can be expressed
as a sum of generators of G(X,r) or their opposites, and by Lemma 3 (6), we have that + is
an internal binary operation. An immediate consequence of Lemma 3 (5) is the commutativity
of +. By definition, 1 is the neutral element of +.

Next we prove that + is associative. Note first that if f = f, or f = —f, for x € X, then
a+(B+f) = (a+P)+ f. We must prove that (a+3)+v =a+ (8++v) when a, 8, v € G(X,r).
If v = 1, the result is clear. If v # 1, then there exist t € N, z; € X and ¢; € {—1,1}, 1 <14 < ¢,
such that v = Y!_ & f,.. We argue by induction and assume that (a + 8) + 0 = a + (8 + 0)
when § can be expressed as a sum of ¢ — 1 terms &; f,, (when ¢t = 1, this sum is understood to
be 1). We express v = 0 + £; f,,, where 6 = ZF} i fz, is a sum of t — 1 terms. By the induction

1=
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hypothesis, (¢ + 8) + 6 = a + (84 6). Then

(a+p)+v=

—~

a+ )+ (0 +erfs,)

(a+pB)+0)+ e fa,

o+ (B + 5)) + Etfxt

+ ((B+0) +evfa,)

+ B+ (0 +eefa,))
(B +).

Hence the addition is associative.

By Lemma 3 (2), the commutativity, and the associativity, we have that if o« = ZEZI €ifuis
witheg; € {—1,1} and a; € X, 1 <i<¢,and v = Zle(—ej)fzi, then a+~v=v+a=1and v
becomes the symmetric element of a.

We conclude that (G(X,r),+) is an abelian group. To conclude the proof, we must show
that if o, 8, v € G(X,r), then a(8 +v) + @ = af + ay. The result is clear when v = 1, because
a(f+1)+a=ab+al.

We prove now the result when v = f,, x € X.

B+ fo) Fa=a(Bfs-1a)) + @
= (aB) fa-1(x) t @
= (aB+ fapa-1@)) T @
= aB+ (fa@p@e-1)) +a)
=aB + (fa@) + @)
= (Xﬁ + (Oé + fa(z))
=af + afo-1(a(e)
=af+ af,.

—~

by the previous remark)

by the inductive hypothesis)

I
2 o ©

by the previous remark)

(
(
(
(by the previous remark)

Now we prove the result for v = —f,, x € X.

a(B—fo)+a= a(ﬁfg:;lil( Gy T

_ -1
= @A, ey TO

= (Oéﬂ - fa(a:)) +a
= O‘ﬂ + (_foe(x) + a)
= Oéﬁ—l— (Oé - fa(x))

=af+af}
a=1(a(2))

=af+af i,
= aﬂ + O‘(ffm)'

Now we suppose that v = Z:f:l gife, witht € Ny g; € {—1,1}, 2; € X, 1 < i < t. We argue by
induction on ¢ and we may suppose that a- (8+90)+a=a-f+ o -6 for § = Zf;} €; fz; (when

(e (a()))
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t —1=0, we agree that § = 1). Let ¢ = &;f,,. Then

al+y)+a=aB+(+0)+a
o((B+3)+6) +a
=a(f+9)+ap
=af+ad —a+ ap
=af+ (ad + ag) — «
=af + a(d+ ¢)
=af + ay.

This shows that (G(X,r),+,-) is a left brace. O

3. The structure group as a left brace

The following construction can be regarded as an analogue of the one described in [2]. Consider
now the Cayley graph of (G(X,r),+) with edge set E. Let W be the free Z-module with basis

E. The group (G(X,r),-) acts on the left on E as follows: if g € G(X,r) and (« o), afy) € E,
then

g * <aﬁ>af$) = (ga&gafl.) ek

and we can extend the action to W:if ) _pmee € W, with m, € Z for e € E, then

g * (Z mee> = Zme(g xe) € W for all g € G(X,r).

ecE ecE

Therefore, we can construct the semidirect product [W]G(X,r). Now we identify all edges in
(G(X,r),+) with the same label. This is equivalent to taking the quotient modulo

K={eay—epylycX, a,feG(X,r)),
where e, , denotes the edge « A Afa-1(y)-
Lemma 5. K = K x 14 [W]G(X,r)
Proof. For each generator e,,, — egy of K, we have that

g% (ay —€py) =g*€ay —g*€ay = €gag(y) — CyBg(y)s

which is also one of the generators of K. Thus, K is invariant for the action of (G(X,r),-).
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Next, let us see that K < [W]|G(X,r). Let es, — €s, be a generator of K and let
(>ccpmee, g) be an element of [W]G(X,r). Then

(Z mee,g> (€ay —€s,y,1) (Z mee,g>

eel eckE
= <Z(_m€)(g_1 * 6),9_1> (ea,y — €8y + 1% (Z mee> ’ 1- g)
eckl eckl
= <Z(_m€)(gl * e) +971 * (ea,y —epy T Zmee> 7971 'Q)
eck ecE
- (Z(me)(gl xe) + (eg-tag-1() — €-16,9-1(»)) T Z me(g~" xe), 1)
ecE eclk
= (eg-ta.-1(y) — €g-1p.9-1(v)> 1) € K. U

With this, we can construct the quotient group
(WIG(X,r)/ K = [W/K]|G(X, )
and take the subgroup
H=((ero+ K, fo) | v € X) < [W/K]G(X, 7).

Our next goal is to prove that this group H we have just constructed by means of the Cayley graph
of (G(X,r),+) is isomorphic to the structure group G(X,r) = (X | zy = fo(v)gy(z), =,y € X).
To simplify the notation, as we have identified all the edges with the same label by taking
quotients modulo K, we can regard the group H as

H={(zf)|zeX)<[ZF)G(X,r),

where T = €1, + K and W/K 2 ZX) is a free abelian group with basis X and the action of
G(X,r) over W becomes the following action of G(X,r) over Z(X):

o * <Z axaj> = Z%Tx), o€ gG(X,r).

reX zeX

From now on, we will omit the bars in the elements of W/K = 7% to simplify the notation.

Proof of Theorem B. Note that, by the definition of the semidirect product, if (3 .y a., ),
(> wex bz, B) € H, with a,, b, € Z for each x € X, their product is

<Z axx,a> (Z m,g) = (Z azz+ Y bxa(x),aﬁ>

rxeX rzeX xeX zeX
= ( g A, T + g bal(x)a:,aﬁ)
reX zeX

(Z(am + ba—l(m))x,cﬁ) . (2)

zeX
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Let € X and let (, f,) be a generator of H. Note that (z, f.)~! = (—f;(z), f;'1),
because, clearly,

(@, fo) (= fo M (@), fo ) = (@ = fo(F (@), fufs ) = (0,1)
and
(—fa @) fa D) (@, fo) = (= fo M) + [ M (@), [ fe) = (0,1).

Let F be the free group on the set of generators X. Then there exists an epimorphism
B: F — G(X,r) sending each generator of F' to the corresponding generator of G(X, ). Note
that the kernel of 3 is the normal closure of (y ™'z~ f,(y)g,(z) | z,y € X) in F. Moreover, as H
is also an X-generated group, there exists an epimorphism v: FF — H given by v(z) = (z, fz).
Call V. = Kery, N = Kerf. We will prove now that N < V. It is enough to check that
y e fo(y)gy(x) €V for x, y € X.

Yyt o (y)gy (@)

(=1 W) £y D (17 @), £ (e (W), Fro ) (9(3), oy ()

= (=1, W) = 1, @)+ £ S )+ F S (94 (),
Fo s ) foy)-

We have that f.f, = ff,(y)fq,(x) Dy Lemma 2 and then f, ' f" ff, ;) fq,(x) = 1. For the first
component, it is clear that ffy’l(y)Jrfyflf;lfm (y) = 0,and f,()(g9y(2)) = = by Lemma 1. Thus,
we obtain that y 'z~ f,(y)gy(z) € V.1t follows that there exists an epimorphism n: G(X,r) —
H such that n - 8 = ~, that is, the following diagram is commutative.

F—2ax,r

N

H

We will prove now that N = V. Let w = a7*---2i» € V with z; € X, ¢; € {-1,1},
1 < i < n. We prove by induction on n that w € N. If w = 1, that is, w has no letters, then it is
clear that w € N. Suppose that if a word with less than n letters or their inverses belongs to V,
then it belongs to N.

Since the positive exponents contribute as positive coefficients in the free abelian group
generated by X and the negative exponents contribute as negative coefficients, we have that the
number of positive exponents coincides with the number of negative exponents and n is even,
n = 2m, say. Since r is non-degenerate, given z, z € X there exists y € X such that z = f,(y)
and so y = f,1(z2). Therefore n, , = (f;l(z))_lx_lzgfgl(z)(x) € N. It follows that if

w=aftai e e
and
_ &1 €i—1 p—1 —1,.€it+2 Er
U=Ty T Je (Z)(gfgl(z)(x)) Tiga " T
—1 ei40 er
9,-1,,(x) xHjé ey . .
then v~ lw = n;g,zf“” =) ) " €N,soweN if, and only if, u € N. Note also that

fil(z) and 9p-1()(x) are two elements of X. Therefore, in order to prove that all words in V'
which are products of 2m elements, m of them in X and m of them inverses of elements of X,
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belong to NV, it is enough to do it for all words of the form wo = 1 - Xyt -+ yfl €V, with
Cll‘j,ijX,lngm.

Call F; 4 = fo, -+ fo,_,(w) for 1 <i <t,with F}, = x;, and Gs = fy, -+ fu,, y_l e fy_sl(ys)
for 1 < s <m. Then

’V(TUO) = (Fl,l +F172 + F1)3 + .- +F1,m — G — Gy — - — G,
For oo FonFy - 10
= (0,1).
We conclude that fy, -+ fo, fy b+ f;} = 1 and so Gy = y1. Since all Fy; for 1 < j < m and

Gy, for 1 < k < m are elements of X, there exists a ¢t with 1 < ¢ < m such that y; = F; ;. Note

that for 1 <k <t—1, ny = Frsgr,,, , (xx)Fy 2" € N. Call

W = x;lwk,lnkxk
for 1 <k<t—1.Thenwy € Vfor1 <k <t—1and w; € N if and only if wy_; € N. We check

by induction on k that

Wk = Thi1 T Yy gr, (1) gme (k) iy,

for 1 <k <t. For k =1, since y; = F1+, we have that
wy = 27 ' wo(Fragm,, (v1) Fy oy oy = 2 amyp' - y3 'gm., (1) Fy
Suppose that wx_1 = % Tyt - Yy gy, (T1) - ng’t(xk_l)F,;tl. Then

wi = @y w1 (Fregp,, , (0n) Figy o Dk

=Tg41" " xmy;zl to y2_19F2,t (:El) T ngJrl,t(xk)Fk_-&-ll,t'

We conclude that

Wit =Ty Tl Y3 G () IF (Te—1) F

Since Fy; = x, we have that
-1 _ -1 -1
W 1T = Tl Ty Yo R, (T1) - 9, (Te-1),

so that w;—1 € V and w;_1 € N if and only if xt_lwt_la:t € N. We conclude that wg € N if and
only if xt_lwt_lxt € N. But zt_lwt_lxt can be expressed as a word with 2m — 2 elements of X
or their inverses. By induction, xt_lwt_lcct € N. We conclude that V = N.

Then we have proved that the homomorphism n: G(X,r) — H is in fact an isomorphism.
This proves the first statement.

In order to prove the second statement, first we note that, due to the associativity and the
commutativity of the additions in G(X,r) and in Z(X) | it is enough to show that

H= {(i&xi,i&ﬂm)
=1 =1

where the element corresponding to = 0 is the neutral element (0,1). Let us call K the right
hand side of Equation (3).

We prove first that H C K by induction on the number r of factors in 7"U 7!, where
T ={(z, fz) | # € X} is the natural generating set for H, appearing in an element of H. Clearly,

reNU{O},aie{—l,l},xieX,lgigr}, (3)
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the generators (z, f;) and their inverses (z,f;)~' = (—f; ' (2), £, = (—f Y x), - —fr1))
belong to K for each x € X. Suppose that (w,a) = [[(z;, fz;)" € K. Then
(w, ) (z, fo) = (w + alz), afs) = (W + (@), 0 + fow) € K
and
(w,0)(z, f2) ™" = (w,0) (= f " (2), ')
— (w—afS @) afsY) = (w—af @) a— fy o) € K.

We conclude that H C K.
We prove now that K C H. We argue by induction on the number r of terms in (v, ) =

(Z;;l Eilq, Z:=1 €ifz,) € H. Let

vOaﬁO (Zgzl‘uzngwb>

By the inductive hypothesis, (vg, 89) € H. Assume that ¢, = 1, then
('U07 50)(5()_1(907"), fﬁgl(mr)) = (UO + Xy, 50f/30*1(mr))
= (UO + 2z, Bo + fmr) - (Uaﬂ) €H.

Assume now that ¢, = —1. Then

(’UaB)(Bil(xr)afﬁ—l(wr)) = (U +xr,5fﬂ—1(wr)) = (U +xr>6 + fxr) = (anﬂo),

which implies that (v, 8) = (vo, B0)(B~ (), fs-1(2,)) " € H. This completes the proof of State-
ment 2.
Statement 3 follows from Statement 2 and Equation 2. O

Proof of Theorem C. Since the additions in G(X,7) and ZX) make them abelian groups, only the
distributivity-like condition is in doubt. Consider three elements (Zme ¥ 0z, a), (ng x bz, 6),
(X sex Caw,7) of H. Then, bearing in mind that (G(X,r), +, -) is a left brace and Theorem B (3),

we obtain:
(Seme) () +(Zrenr)) + (Zoene)
= (Z azx,a> (Z(bz + o)z, B +y> + (Z azx,a>

zeX zeX zeX

a$+b “1(a) + Ca1(2))T, (B + ) ) (Z T, a)

reX

<x€X
< a:c +ba*1(z) +Ca*1(x) —|—ax)x,oz(ﬂ—|—7) +0[>
zeX
<:1:€X

Ay 4 bo—1(g) + Gz + Co-1(2))T, aff + oz’y)



Structure and permutation groups of solutions of Yang-Baxter equation 13

= (Z (az + ba-1(2))7, aﬂ) + <Z (az + co-1(a))7, a7>

zeX reX

It follows that (H,+,) is a left brace. The fact that 7 is a left brace epimorphism is clear. O

Therefore, given a finite involutive non-degenerate set-theoretic solution (X, ) of the YBE,
we can construct its structure group G(X,r) using the Cayley graph of the group (G(X,r),+).

4. A geometrical interpretation of the structure group in terms of the Cayley
graph of the permutation group

In this section we present a geometrical interpretation of Theorem B in the line of [2]. Let G
be a group with a generating set S and let F' be the free group on S. There exists a unique
epimorphism §: F — G that sends the generators of F' to the corresponding generators of G.
Let w € F, then w is a word on SU S~ w = s{'...s&" with r > 0, ¢; € {-1,1}, s; € S,
1 <4 < r, say. If we have the Cayley graph of G with respect to S, we can consider a path of
length r starting from 1 and following the edges labelled s;, in the same sense if €; = 1 and in
the opposite sense if e; = —1, for 1 < ¢ < r. The other end of this path is S(w).

According to Theorem A, if we draw the Cayley graph of the permutation group (G(X,r), )
with respect to the natural generating set S = {f, | © € X} and we replace in each edge of the
form o = af,, © € X, a € G(X,r) the label z by a(z), then we obtain the Cayley graph of
(G(X,r),+) with respect to the same generating set. We can use these Cayley graphs to obtain
the images of elements of the free group on S in (G(X,r),-) and (G(X,r),+).

Suppose now that we want to obtain an element of (G(X,r),+). We can identify G(X,r)
with the subgroup H of Theorem B with the generating set T' = {(x, f;;) | * € X} identified in
the obvious way with X. We can follow in the Cayley graph of (G(X,r),+) a path labelled with
the terms as before. The last end of the path corresponds to the second component. If we take
into account the number of signed traversals of edges labelled by each element of X in the Cayley
graph of (G(X,r),+), we also obtain the coefficients a, € Z of the first component ) __ a,Z of
the sum.

Finally, suppose that we want to obtain an element of (G(X,r),-), identified again with H
with generating set T' as in the previous paragraph. If we follow the path in the Cayley graph
of (G(X,r),) starting from 1 with edges labelled with the corresponding elements of X, the last
end corresponds to the second component of the product. In order to find the first component
of the product, we can follow the same path in the Cayley graph of (G(X,r),+), with the new
assignments of labels, and take into account the number of signed traversals of edges labelled

with # € X to obtain the coefficient b, € Z of the first component ) _ b,Z of the product.

Example 6. Let (X, r) be the solution of the YBE with X = {1,2,3,4,5} and f1 = fo = f3 =1,
fa=(1,2)(4,5), and f5 = (1,3)(4,5). The left hand side of Figure 1 shows the Cayley graph
of (G(X,r),-), in which we have drawn with just one loop the three loops, corresponding to the
edges labelled 1, 2, and 3, around each vertex. The right hand side of Figure 1 shows the Cayley
graph of (G(X,r),+).



14 A. Ballester-Bolinches, R. Esteban-Romero, N. Fuster-Corral and H. Meng

(1,2)(4,5) O Q_(1,3,2) (1,2)(4,5) O Q(1,3,2)
d Q
(1,3)(4,5) O (1,3)(4,5) O O, (1,2,3)

FIGURE 1. Cayley graphs of (G(X,r),-) and (G(X,r),+) (Example 6)

Consider now the free group F with basis X and the word w = 445~! € F. Its image
in (G(X,r),+) will be fy + f4 — f5. This can be obtained by following in the Cayley graph of
(G(X,r),+) the path starting from 1 and with edges labelled 4, 4, and 5 (the last one reversed).
The path is drawn in Figure 2.

(1,2)(4,5) 4 (1,3,2)

1 (2,3)(4,5)]

o o
(1,3)(4,5) (1,2,3)

FIGURE 2. Path in the Cayley graph of (G(X,r),+) (Example 6)

We obtain that fy + f1 — f5 = (2,3)(4,5). We see that this path contains two arcs labelled
4 and an arc labelled 5 traversed in the opposite direction. This means that w maps to (4, f4) +

(4, f) = (5, fs) = (2- 4+ (=1)-5,(2,3)(4,5)) in (G(X,7), +).

Now we compute the image of the same word w = 445~! € F in the multiplicative group
(G(X,7),-), that is, (4, f1) - (4, f1) - (5, f5)~*. This can be obtained by following in the Cayley
graph of (G(X,r),-) the path starting from 1 and with edges labelled 4, 4, and 5 (the last one
reversed). The path is drawn on the left hand side of Figure 3.

We see that fy - fs- f5 ' = (1,3)(4,5). Now we can consider the same path in the Cayley
graph of (G(X,r),+), with the labels changed according to Theorem B. The new labels for these
edges are now 4, 5, 4, respectively, the first two ones traversed in the direction of the edges
and last one reversed. The path appears on the right hand side of Figure 3. The edges labelled
4 cancel because there is one traversed positively and another one traversed negatively, and
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(1,2)(4,5) (1,3,2) (1,2)(4,5) (1,3,2)
e} o)
4 4
4 5
1 0 (2,3)(4,5) 1 O (2,3)(4,5)
5 4
o o}
(T, 3)(4,5)] (1,2,3) [(1,3)(4,5) (1,2,3)

FIGURE 3. Paths in the Cayley graphs of (G(X,r),-) and (G(X,r),+) (Example 6)

there is an edge labelled 5 traversed positively. Consequently, the image of w in (G(X,7),") is
(47 f4) : (47 f4) : (57 f5)_1 = (0 +4+1-5, (17 3)(4u 5))

5. A comparison with other definitions of the addition

Bachiller, Ced6, and Jespers defined in [1] an addition in the structure group of a solution of the
YBE which induces an addition in the permutation group such that both groups acquire brace
structures. The aim of this section is to prove that both additions coincide, respectively, with
our additions in the structure group and in the permutation group.

The definitions of the additions in [1] depend strongly on the isomorphism between the
structure group and the subgroup of the semidirect product of the free abelian group Z* with
basis X and the symmetric group on X given by Etingof, Schedler, and Soloviev in [8]. For the
reader’s convenience, we summarise the arguments of [8] and we adapt their notation to the left
actions we are considering here.

In [8], their authors prove that G(X, r) is isomorphic to a subgroup of the semidirect product
Mx = [ZX]Sym(X) associated with the natural action of Sym(X) on X, extended by linearity
to ZX. The product in Mx is defined by

(a,0)(b,7) = (a + o(b),or), foralla, beZ*, o, 7€ Sym(X).

They define a group homomorphism : G(X,r) — Mx by means of ¢(z) = (z, f;) € Mx for
each x € X. Write ¢(g) = (7(g),¢(g9)) € Mx for each g € G. Then ¢: G(X,r) — Sym(X) is
a group homomorphism with image G(X,r) and 7: G(X,r) — Z¥ is a derivation or 1-cocycle
with respect to the action of G(X,r) on ZX given by g e D owex Q2T = Y cx az0(g)(x), that is,
7(9192) = 7(91) + 0(91)(x(g2)) for g1, g2 € G(X, 7).

They prove that 7 is bijective by showing that it possesses an inverse h: ZX — G(X,7).
Call Z;¥ the set of elements of Z* that can be expressed as a sum of at most k terms of the form
z or —z with z € X, in such a way Z* = J,~, Zi . The inverse h of 7 is defined for elements of
7 as h(0) = 1, h(x) = x and h(—x) = (g;'(x))~! for z € X. If h has been already defined for
elements of ZX | and 1 € Z;X, then n = a + & for a € ZiX |, € € {x, —x} for some x € X. In this
case, we consider the right action of G(X,r) on Z* defined by axx = f;(a) fora € Z¥, x € X,
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and define h(n) = h(a)h(£ x h(a)). In this case, h(x x h(a)) = h(op(h(a))~ (z)) = ¢(h (a)) ( )
and h((—) x h(a)) = h(¢(h(a)) ' (=2)) = h(=d(h(a)) " (2)) = (9p(n(a))~ =) (B(R(a)) H(2)))~

This construction is used by Bachiller, Ced6, and Jespers in [1] to define additions in G(X, T)
and G(X,r). The addition in G(X,r) is defined by means of

91+ 92 = h(r(g1) +7(g2)) for g1, g2 € G(X,7).
Given g € G(X,r) and x € X, we obtain that
g+x=h(r(g) +7(x)) = h(x(g) + x) = h(m(g))h(z * h(m(g)))
= gh(z * g) = g¢(9) ™" (),

and so
(g + ) = (n(9) + 2, 6(90(9) "' (2))) = (7(9) + z, 8(9)p(d(9) ' (x)))
= (m(9) + =, 0(9) f(9)-1(2))s
while
g—z=h(r(g) —n(z)) = h(n(g) — x) = h(n(g))h((—z) * h(7(g)))
= gh((—z) % 9) = 9(9s(9)-1(a) (D(9) " (2))) !
and so

U(g — ) = (m(9) — 2, 6(9(9s(9)-2 () (#(9) " (2))) 1))
= ((g9) — =, 9(g )fgdjj) 1y (89 )—1(55)))-

The addition in G(X,r), that coincides with the image of ¢, is defined by &(g1) + ¢(g2) =
&(g1 + g2), where g1, go € G(X,r). Let a € G(X,r) and z € X. Then o = ¢(g ) for a certain
g € G(X,r) and f, = ¢(x). Then a+ fo = ¢(g9) + ¢(z) = ¢(9 + 2) = #(9) f(9)-1(2) = Ufa-1(a

_ _ _ N 1 .|
and o — f, = Cb(g) (b(l‘) = 9(g :)3) = 9(g )fgd>( V=10 (8(9) "1 (=) = afga—l(gg)(oc’l(r)) We COHCIUde

that the additions obtained with the arguments of [8] and [1] coincide with our additions.

6. Some applications

In this section we present some applications of our main theorems.
The fixed points of the natural action of » on X x X are immediately identified in the
Cayley graph. They were called frozen pairs in [7].

Proposition 7. Let x € X. Consider in the Cayley graph of the additive group of G(X,r) the
path of length two starting at 1 with both edges labelled with = and consider the corresponding
edges on the Cayley graph of the multiplicative group of G(X,r), with labels x, y, respectively.
Then r(z,y) = (z,y). Moreover, (z,y) is the unique pair of the form (x,z) with z € X such that
r(z,z) = (x,2).

Proof. We have that f, - fy = fo + fr.(y) = fe + fo and 2 = fo(y). Hence y = fit(x). Now
Mo, y) = (falw)s £, (@) = (@, £ (1)) = ().

Moreover, if r(z,z) = (z,2), then f,(z) = z and so z = f, }(z) = y, hence the unicity
holds. O
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We see that the relations explicitly mentioned in the definition of the structure group and
the trivial ones of the form xy = xy are the unique relations that can be found in this group
involving equalities of products of two generators. The proof is already implicit in the proof of
Theorem B, but it becomes more evident from our description of the structure group.

Theorem 8. Let x, y, z, t € X be regarded as elements of the structure group G(X,r). Then
xy =zt if and only if x = z and y =t or r(x,y) = (z,1).

Proof. The element zy corresponds to a path of length 2 in the Cayley graph of G(X, r) starting
at 1 and with labels & and y, and the element zt corresponds to a path of length 2 in the Cayley
graph of G(X,r) starting at 1 and with labels z and ¢. They correspond to paths in the Cayley
graph of the additive group of G(X, r) starting at 1 and with labels z, f,(y) for the first one, and
z, f.(t) for the second one. Hence {z, f,(y)} = {z, f.(t)}. If z = z, then f,(y) = f.(t) = f.(t)
and, since f, is bijective, y = ¢ and we are in the first case. Now suppose that x = f,(t),
z = fz(y). Then r(z,y) = (fz(y), ff_Tl(y) () = (2, f;1(x)) = (2,t) and we are in the second case.
The converse is clear. ) O

Recall that if G is a permutation group acting on €2, a block of this action is a subset B C Q2
such that for each g € G, gB = B or gB N B = (). Note that we are not requiring the action to
be transitive. Suppose that (X,r) is a solution of the YBE. The retract relation ~ on X given
by x ~ y if and only if f, = f,, where, as usual, r(z,y) = (f2(y), 9,(2)), z, y € X, defines an
equivalence relation on X. We see that the equivalence classes for ~ form a block system for the
action of G(X,r) on X.

Proposition 9. Let (X, r) be a solution of the YBE. The equivalence classes for the retract relation
~ on X are blocks for the natural action of G(X,r) on X.

Proof. Suppose that © ~ z, that is, f, = fz. Then, given a € G(X,r), af, = afz, that is,
a+ fo(z) = @+ faz), which implies that fu) = fa()- O
Proposition 9 gives an immediate justification for the construction of the solution associated

to the retraction.

Proposition 10 ([8, Section 3.2], see also [6]). If (X,r) is a solution of the YBE, then 7: (X/~) x
(X/~) given by 7([z], [y]) = ([fa(¥)], [gy(x)]) is a map such that (X/~,F) is a solution of the
YBE and the natural surjection p: X — X/~ induces a homomorphism of solutions of the
YBE.

Recall that the socle of a brace (B, +,) is
Soc(B) ={a € B |forallbe B, a+ b= ab}
={a € B|forallbe B, ab— a = b}.

Then \,: B — B given by \,(b) = ab— a defines an automorphism of (B, +). In order to prove
that A\, (b) = b for all b € B, it is enough to check the condition for the elements of a generating
set of (B,+). Assume now that B = G(X,r). We obtain that

Soc(G(X,r)) ={aeG(X,r) |forallx € X, a+ f, = af.}.
Since afy = a + fo(s), We have that
Soc(G(X,7)) ={ac G(X,r) |[forallz € X, a+ fo = a+ fowm)}
={acG(X,r)|forallz € X, fo = fo@)}
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Hence
Soc(G(X,r)) ={ae G(X,r) |forall x € X, x ~ a(x)}.
We conclude the following result.

Proposition 11. If (X,r) is a solution of the YBE, then
Soc(G(X,r)) ={a € G(X,r) | a induces the identity on X/~}.
The permutation group G(X/~,7) of the retraction (X/~,7) of (X,r) is
G(X/~,7) = (fl) | = € X)),

where fm: X/~ — X/~ is given by f[z]([y]) = [fz(y)]. It is clear that all relations of G(X,r)
are satisfied by G(X/~,7), since if a product of elements of the form f, or f, ! acts trivially
on X, then it acts trivially on the blocks of X/~. By von Dyck’s theorem, there exists a group
epimorphism 7: G(X,r) — G(X/~,7) such that n(f,) = f[m]. Then

Kern = {a € G(X,r) | a induces the identity on X/~} = Soc(G(X,r))

by Proposition 11. Therefore we have the following result, that can be compared with [12, Pro-
position 7]:

Proposition 12. If (X,r) is a solution of the YBE and (X/~,T) is its retraction, then
G(X,7)/Soc(G(X,r)) = G(X/~, F).

We can use Proposition 12 to obtain the Cayley graph of the permutation group associated
to the retraction of a solution of the YBE. We identify in X the elements related with respect
to the retract relation. The arcs in the Cayley graph corresponding to the same retraction class
will be identified and the vertices will be replaced by the permutation that this vertex induces
on X/~. The elements of Soc(G(X,r)) will be mapped to 1x,.. We identify all vertices with the
same labels, that will correspond to the same element of G(X,r)/Soc(G(X,r)). This new graph
will be the Cayley graph of G(X/~,7) = G(X,r)/Soc(G(X,r)).

Example 13. Let X = {1,2,3,4,5} and let r be the solution of the YBE given by fi = fo = f3 =
1x, fa=1(1,2)(4,5), f5 = (1,3)(4,5). The Cayley graph of (G(X,r),) is given in Figure 4, where
each loop in the figure represents three loops with labels 1, 2, and 3, respectively. The retraction
classes are {1, 2,3}, {4}, and {5}. We identify the arcs corresponding in each retraction class and
we replace the vertices by the result of the action of G(X, ) on the blocks of X/~. The result is
shown on Figure 5. We see that the vertices corresponding in Figure 4 to 1, (1,3,2), and (1,2, 3)
are replaced by 1 in Figure 5, because they are the elements of Soc(G(X,r)). Now the vertices
with the same labels must be identified. This gives the graph with two vertices corresponding to
G(X/~,7)={1,([4],[5])} that is drawn on Figure 6.
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ot

L2500 Q1,3,2)

5

13,50 XTJ1,2,3)

(2, 3)(4,5)

FIGURE 4. Cayley graph of the multiplicative group of G(X,r) in Example 13

FIGURE 5. Identification in the Cayley graph of G(X, ) of the arcs in the same
retraction class and substitution of the vertices by the result of the action on
the blocks in Example 13

FIGURE 6. Identification of equal vertices in the retraction in Example 13

We can also repeat the process to find that (X,r) is a multipermutation solution with
multipermutation level 3. If we call X; = X/~ = {[1] = {1,2,3},[4] = {4},[5] = {5}}, or
X1 = {1,4,5} for shorter, and r; = 7, its retraction is Xy = X1/~ = {[1] = {1}, [4] = {4,5}}
and Figure 7 shows the Cayley graph of G(Xs, 79 = 71). Finally, the retraction of Xo = {1,4} is
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X3 = {[1] = {1,4}} which has only one element. Then, (X, r) has multipermutation level 3. The
Cayley graph of G(X3,7r3 = 72) is drawn in Figure 8.

[4]
o o, 5

FIGURE 7. Cayley graph of G(X;/~,71) in Example 13

FIGURE 8. Cayley graph of G(X5/~,79) in Example 13

A brace is trivial whenever it coincides with its socle. Proposition 11 can be used to give a
characterisation of when the permutation group of a solution of the YBE is a trivial brace.

Proposition 14. The following statements are equivalent for a solution (X,r) of the YBE.

1. The permutation group G(X,r) is a trivial brace.
2. For every x, y € X, if there exists o € G(X,r) such that a(x) =y, then f, = f, (in other
words, x and y are related by the retract relation).
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