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Resumen

Sea G un grupo finito y p un primo. Uno de los principales temas de interés
en la teoŕıa de representaciones de grupos finitos es la interacción entre inva-
riantes globales e invariantes locales. Cuando hablamos de propiedades globales
normalmente nos referimos a propiedades de todo el grupo, y cuando hablamos
de propiedades locales nos referimos a propiedades de ciertos p-subgrupos no
triviales y de sus normalizadores. Frecuentemente, los invariantes globales están
contenidos en la tabla de caracteres deG, y los subgrupos locales son p-subgrupos
de Sylow y sus normalizadores. El ejemplo paradigmático de esta interacción en
teoŕıa de representaciones es la siguiente conjetura, propuesta por J. McKay en
1972.

Conjetura (McKay). Si P es un p-subgrupo de Sylow de G, entonces G y
NGpP q tienen el mismo número de caracteres irreducibles cuyo grado no es
divisible por p.

Con frecuencia, estas conjeturas admiten generalizaciones que incorporan p-
bloques de Brauer, el objeto principal de interés de esta tesis. Dado un bloque
B con grupo de defecto D, entonces la correspondencia de Brauer asocia na-
turalmente a B un bloque b de NGpDq. En 1975, J. L. Alperin propuso una
generalización de la conjetura de McKay incorporando la correspondencia de
Brauer. Esta generalización constituye actualmente uno de los principales pro-
blemas en la teoŕıa de representaciones modulares.

Conjetura (Alperin–McKay). Sea B es un p-bloque de G con grupo de defecto
D y sea b su correspondiente de Brauer en NGpDq. Los bloques B y b contienen
el mismo número de caracteres de altura cero.

Sumando esta igualdad sobre los bloques cuyo grupo de defecto es un p-subgrupo
de Sylow, recuperamos la conjetura de McKay. Generalizaciones como la con-
jetura de Alperin–McKay son ejemplos de problemas que tratan de establecer
conexiones entre propiedades de p-bloques y propiedades de sus grupos de de-
fecto, un tema clásico en la teoria de representaciones modulares de grupos
finitos. Otros ejemplos notables de estas conexiones se pueden encontrar en
conjeturas de R. Brauer, E. C. Dade o G. R. Robinson.
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Si B es un p-bloque de G, denotamos por kpBq “ | IrrpBq|, es decir, el número
de caracteres ordinarios irreducibles que pertenecen a B. La famosa conjetura
kpBq de Brauer propone que si D es un grupo de defecto de B, entonces kpBq

debeŕıa estar acotado por el número de elementos de D. Esta conjetura se ha
demostrado para grupos p-resolubles en [GMRS04], después de que, en 1962,
H. Nagao redujera este caso de la conjetura a acotar clases de conjugación en un
producto semidirecto. Sin embargo, la conjetura kpBq sigue abierta en general,
incluso para bloques principales. Notablemente, es una de las pocas conjeturas
importantes en la teoŕıa de representaciones modulares que todav́ıa no ha sido
reducida a grupos simples (más adelante explicaremos a qué nos referimos por
reducción a grupos simples).

La conjetura de Héthelyi–Külshammer es de alguna forma una versión dual a
la conjetura kpBq. En [HK00] se demostró que un grupo resoluble cuyo orden
es divisible por p tiene al menos 2

?
p´ 1 clases de conjugación. En este mismo

art́ıculo, se conjetura que lo mismo ocurre para grupos de orden divisible por p
en general (esto fue finalmente resuelto por A. Maróti en [Mar16]). También
se propuso una cota inferior para el número de caracteres en un bloque. Más
concretamente, la conjetura de Héthelyi–Külshammer propone que si kpBq ą 1
entonces kpBq ě 2

?
p´ 1. Recientemente esta conjetura ha sido demostrada

para el bloque principal en [HS22], pero para bloques arbitrarios todav́ıa se
desconoce incluso para grupos resolubles.

En el primer caṕıtulo de esta tesis centramos nuestra atención en el problema
21 de la famosa lista de problemas de R. Brauer.

Problema (Problema 21 de Brauer). Sea n un número natural. ¿Existe un
número finito de clases de isomorfismo de grupos cuyo orden es potencia de un
primo que ocurren como grupos de defecto de bloques que contienen exactamente
n caracteres ordinarios irreducibles?

En otras palabras, Brauer pregunta si es posible acotar superiormente en función
de n el orden de un grupo de defecto de un bloque con n caracteres. El problema
21 de Brauer ha sido demostrado para grupos resolubles en [Kül89] y para p-
resolubles en [Kül90]. Posteriormente, usando este resultado y la solución de
E. Zelmanov al problema restringido de Burnside, se demostró que el problema
21 de Brauer teńıa una solución afirmativa asumiendo la conjetura de Alperin–
McKay en [KR96], pero en ningún caso se da una clasificación de los grupos
de defecto posibles para ningún n fijado. De hecho, para grupos resolubles, la
cota obtenida para |D| cuando kpBq “ 2 es mayor que 1022, y para grupos p-
resolubles la cota es mucho mayor. Sin embargo si kpBq “ 2 entonces |D| “ 2
en general, sin asumir p-resolubilidad.

En 1941, R. Brauer y C. Nesbitt demuestran que kpBq “ 1 si y solo si |D| “ 1. El
siguiente avance en este problema tardaŕıa 41 años en llegar, cuando J. Brandt
demostró en [Bra82] que kpBq “ 2 si y solo |D| “ 2, como hemos mencionado
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antes. Para bloques principales, la clasificación de los grupos de defecto posibles
que pueden ocurrir cuando kpB0pGqq P t3, 4u se consiguió en [KS21] y cuando
kpB0pGqq “ 5 en [RSV21], pero para bloques arbitrarios el problema sigue
abierto incluso para bloques que contienen exactamente 3 caracteres ordinarios.

Aunque esta clasificación sigue siendo un problema extremadamente compli-
cado, se demostró en [KNST14] que, asumiendo que B satisface la conjetura
de Alperin–McKay, se tiene que kpBq “ 3 si, y solo si |D| “ 3. En esta tesis
obtenemos el siguiente paso en esta dirección, demostrando que si kpBq “ 4
entonces D debe ser isomorfo a C2 ˆC2,C4 o C5, asumiendo que la conjetura de
Alperin–McKay se satisface para B. Éste es el objetivo principal de la primera
parte de esta tesis. Este resultado es el Teorema A del Caṕıtulo 2 y aparece en
[MRS23].

La segunta parte de esta tesis se centra en un invariante distinto. Dado un
bloque B, en vez de considerar el número kpBq de caracteres irreducibles en
B, consideramos el conjunto cdpBq de grados de caracteres irreducibles en B.
Aunque se ha demostrado que el conjunto de grados de un grupo no determina su
resolubilidad [Nav15], hay conexiones entre el conjunto de grados de caracteres
de un grupo resoluble y su longitud derivada. Esto se puede observar por ejemplo
en la conjetura de Isaacs–Seitz, que propone que si G es resoluble entonces
|cdpGq| ě dlpGq, donde dlpGq denota la longitud derivada del grupo resoluble G.
El teorema de Taketa (anterior a la conjetura) prueba que esto es cierto para los
llamadosM -grupos, una clase de grupos entre nilpotentes y resolubles. Además,
I. M. Isaacs y D. S. Passman probaron la conjetura para grupos resolubles con
hasta 3 grados distintos. Actualmente, se conoce solo hasta grupos resolubles
con 5 grados distintos gracias a resultados de S. C. Garrison y M. L. Lewis.

En [M21], G. Navarro propuso una posible conexión nueva entre los caracteres
de un bloque y sus grupos de defecto. Si B es un bloque con grupo de defecto
D y dlpDq es la longitud derivada del grupo (resoluble) D, entonces Navarro
formuló la siguiente pregunta.

Problema (Navarro). ¿Es cierto que |cdpBq| ě dlpDq?

El teorema de Taketa da una respuesta afirmativa a la pregunta de Navarro para
p-grupos. Además, esta pregunta tiene una respuesta afirmativa para bloques
nilpotentes (definidos en [BP80]). Si el bloque B tiene un único grado, entonces
se demostró en [OT83] que B es nilpotente y por tanto la pregunta también tiene
una respuesta afirmativa. Si cdpBq “ tm,nu entonces, usando la reciente prueba
de la conjetura de altura cero de Brauer [MNST22] y asumiendo la conjetura
de Malle–Navarro sobre bloques nilpotentes [MN11] obtendŕıamos otra vez una
respuesta afirmativa para B. En el caso del bloque principal de grupos resolubles,
la pregunta de Navarro tendŕıa una respuesta afirmativa como consecuencia de
la conjetura de Isaacs–Seitz. El Teorema D de [GMS22] demuestra que también
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tiene una respuesta afirmativa para cualquier p-bloque del grupo simétrico Sn,
el grupo alternado An y el grupo general lineal GLnpqq, donde q es una potencia
de p.

Nuestro objetivo en el Caṕıtulo 3 es verificar ciertos casos de la pregunta de
Navarro. En concreto, demostramos que la pregunta tiene una respuesta afirma-
tiva para bloques principales con 3 grados de caracteres como máximo. Como
consecuencia, usando cotas conocidas sobre la longitud derivada de p-grupos,
obtenemos que la pregunta de Navarro tiene una respuesta positiva para blo-
ques principales de grupos cuyos p-subgrupos de Sylow tienen tamaño menor
o igual a p21. Los resultados mencionados hasta ahora son el Teorema C, el
Teorema D y el Corolario E del Caṕıtulo 3 y aparecen en [M21] y [GMS22].

La demostración de estos resultados se hace mediante lo que llamamos una
reducción a grupos simples. Uno de los mayores proyectos en la historia de
las matemáticas es la llamada Clasificación de grupos finitos simples. Durante
varias décadas y a lo largo de centenares de publicaciones, se ha demostrado que
cualquier grupo finito simple pertenece a una de las siguientes cuatro familias:
los grupos ćıclicos de orden primo, los grupos alternados An con n ě 5, los
llamados grupos de tipo Lie y una familia de 26 grupos llamados esporádicos.
Esta clasificación se consideró terminada en la década de 1980. Desde entonces,
se ha utilizado una técnica muy potente para demostrar teoremas en teoŕıa de
representaciones: se reduce la prueba del teorema a probar ciertas condiciones
(frecuemente más fuertes que el teorema original) para grupos simples. Des-
pués, intentamos aprovechar las sofisticadas teoŕıas de representaciones de los
grupos alternados y de tipo Lie para demostrar estas propiedades y aśı concluir
la demostración de nuestro teorema original. Estas técnicas han servido para
reducir muchas de las grandes conjeturas en teoŕıa de representaciones ordinarias
y modulares (entre ellas la conjetura de McKay [IMN07] y la de Alperin–McKay
[Spa13b]). Nuestros teoremas en este caṕıtulo también se reducen a grupos
simples. En algunos casos, incluimos las demostraciones de grupos simples, que
requieren explorar los caracteres de bloques principales de grupos simples y sus
extensiones a los grupos de automorfismos.

La siguiente generalización de la pregunta de Navarro ha sido propuesta por A.
Jaikin-Zapirain.

Problema (Jaikin-Zapirain). ¿Es cierto que |cdpBq| ě |cdpDq|?

Por el momento no hemos encontrado ningún contraejemplo a la pregunta de
Jaikin-Zapirain. Sin embargo, también se verifica para bloques nilpotentes, y
por tanto se verifica en varios casos que hemos mencionado anteriormente.

También es importante mencionar que la pregunta de Navarro es en cierta forma
semejante a una conjetura propuesta en [Mor04] por A. Moretó. La conjetura
es la siguiente.
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Conjetura (Moretó). Si B es un bloque de G con grupo de defecto D entonces
la longitud derivada de un grupo de D está acotada en función del número de
alturas distintas de caracteres en un bloque B.

Si denotamos por htpBq el conjunto de alturas del grupo B, una versión más
fuerte de la conjetura de Moretó seŕıa la cota |htpBq| ě |dlpDq|. Además, esta
cota también daŕıa una respuesta afirmativa a la pregunta de Navarro, dado que
caracteres del mismo grado tienen la misma altura. Esta cota se verifica para
ciertas familias de grupos importantes, como grupos simétricos, alternados o el
grupo general lineal en caracteŕıstica p, pero es en general falsa y en la Sección
3.6 damos un contraejemplo. Esta cota para las familias de grupos mencionadas
es [GMS22, Theorem D]. El caso del grupo general lineal aparece en [Mor04].

Finalmente, consideramos dos resultados clásicos que muestran la gran cantidad
de información sobre la estructura de grupos que se puede leer en conjuntos
de grados de sus caracteres. El clásico teorema de J. G. Thompson sobre p-
complementos normales dice que si todos los grados de caracteres irreducibles
no lineales de un grupo G son divisibles por el primo p entonces G tiene un
p-complemento normal. Un teorema de I. M. Isaacs y S. D. Smith mejoró el
resultado de Thompson demostrando que es suficiente que esta propiedad se
cumpla para los grados del p-bloque principal. Cerramos el Caṕıtulo 3 con una
versión de estos resultados, donde tomamos en consideración un primo q distinto
de p. En concreto, probamos que si todos los grados del p-bloque principal de
un grupo G son potencias de q entonces G es p-resoluble y G{Op1pGq tiene
un q-complemento abeliano normal. La demostración es mucho más elemental
que la de los otros resultados principales de este caṕıtulo y no depende de la
Clasificación de grupos finitos simples. Esto es el Teorema F y también apareció
en [M21].

El último caṕıtulo de esta tesis estudia la existencia de biyecciones entre conjun-
tos de caracteres que respetan divisibilidad de grados. Un ejemplo paradigmático
es la correspondencia de Glauberman. Si un p-grupo P actua por automorfismos
sobre un grupo K cuyo orden no es divisible por p, entonces existe una biyección
natural entre el conjunto IrrP pKq de caracteres irreducibles de K que son P -
invariantes y el conjunto de caracteres irreducibles de C “ CKpP q, el subgrupo
de puntos fijados por P . De hecho, si χ P IrrP pKq, G. Glauberman demostró
que la restricción de χ a C se puede escribir como

χC “ eχ˚ ` p∆

donde e es un entero no divisible por p y ∆ es un carácter (no necesariamente
irreducible) de C que no contiene a χ˚. Precisamente, χ˚ es el correspondiente de
Glauberman de χ. Si χ P IrrP pKq se corresponde con χ˚ P IrrpCq, es cierto que
χ˚p1q divide a χp1q, aunque este hecho tiene una demostración excepcionalmente
sofisticada que se consiguió en [Gec20] tras su reducción a grupos simples en
[HT94]. Además, se puede usar la correspondencia de Glauberman para probar
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la conjetura de McKay en el caso en que el grupo G tiene un p-complemento
normal (esto se puede encontrar al principio del caṕıtulo 9 de [Nav18]).

Tanto la conjetura de McKay como la de Alperin–McKay predicen que hay con-
juntos de caracteres irreducibles con el mismo número de elementos, y por tanto
es natural preguntar qué propiedades pueden cumplir las biyecciones entre estos
conjuntos. Esto ha sido una de las claves de la reducción a grupos simples de es-
tas conjeturas. En ambas reducciones, se demostró que las conjeturas se verifican
si se puede demostrar para grupos simples que existen biyecciones verificando
que lo que ocurre por encima de caracteres que se corresponden en esta biyección
es, en cierto sentido, igual (esta igualdad se describe usando la sofisticada teoŕıa
de central character triple isomorphisms y block character triple isomorphisms).
Un tiempo después de la demostración de ambas reducciones, se ha conseguido
demostrar en [NS14] y [Ros23] que, de hecho, si estas biyecciones existen para
grupos simples, entonces existen para todo grupo finito.

Como hemos mencionado antes, en el Caṕıtulo 4 abordamos el problema de
encontrar biyecciones que respeten la divisibilidad de grados de caracteres, en
concreto en las conjeturas de McKay y Alperin–McKay. Este problema tiene una
respuesta negativa en general: en el grupo A5 para p “ 5 no se puede encontrar
esta biyección con divisibilidad de grados ni para la conjetura de McKay ni para
la de Alperin–McKay. En efecto, sus caracteres de grado no divisible por 5 tienen
grados 1, 3, 3 y 4, pero los del normalizador de un 5-subgrupo de Sylow tienen
grados 1, 1, 2, 2. Además, estos son precisamente los caracteres del 5-bloque
principal de este grupo.

Sin embargo, en [Tur07] se construyó una biyección de estas caracteŕısticas
para la conjetura de McKay en grupos resolubles. Esto fue extendido a grupos
p-resolubles en [Riz19] asumiendo la divisibilidad de grados en la corresponden-
cia de Glauberman, un hecho que se demostró a posteriori. En el Caṕıtulo 4
demostramos que es posible encontrar una biyección con divisibilidad de grados
en la conjetura de Alperin–McKay para grupos p-resolubles.

En general, se sabe poco sobre la dimensión de un bloque (en [Lin18, Sección
10.1] se exponen algunos de los resultados conocidos). Brauer demostró que si
B es un bloque de G con grupo de defecto D y su correspondiente de Brauer en
NGpDq es b, entonces la p-parte de dimpBq es divisible por la p-parte de dimpbq.
Sin embargo, todav́ıa no se sabe ni siquiera si en general dimpcq ď dimpBq donde
c es un bloque de un subgrupo H ď G que induce B. Sorprendentemente, las
técnicas que usamos en este caṕıtulo nos permiten demostrar que la dimensión
de un bloque B es divisible por la dimension de su correspondiente de Brauer
en grupos p-resolubles. El 2-bloque principal de A5 sirve como contraejemplo de
este hecho fuera de los grupos p-resolubles, ya que dimpBq “ 44 y dimpbq “ 12.
Los resultados mencionados son el Teorema G y el Teorema H del Caṕıtulo 4 y
aparecerán en [MR22].
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Guion de la tesis

El Caṕıtulo 1 contiene los resultados básicos sobre teoŕıa de caracteres ordina-
rios, caracteres de Brauer y bloques de Brauer que necesitaremos en esta tesis.
Para caracteres ordinarios, nuestras referencias son [Isa06] y [Nav18], y para
caracteres de Brauer y bloques usamos [Nav98]. Incluimos una discusión de
la teoria de Fong de bloques de grupos p-resolubles, ya que es completamente
esencial para los resultados de los Caṕıtulos 2 y 4. Ya que en el Caṕıtulo 2 nos es
necesario tratar con grupos de permutaciones primitivos, incluimos una sección
de preliminares con las definiciones importantes y las propiedades y clasifica-
ciones necesarias.

En el Caṕıtulo 2 demostramos que si un bloque contiene exactamente 4 carac-
teres irreducibles y satisface la conjetura de Alperin–McKay entonces sus grupos
de defecto tienen orden 4 o 5. El resultado clave es demostrar que el resultado
se cumple cuando los grupos de defecto son normales. Esta demostración con-
tiene dos ingredientes clave: el estudio de grupos con un número pequeño de
caracteres proyectivos y el uso de clasificaciones de grupos de permutaciones
primitivos afines de rango pequeño.

Por caracteres proyectivos nos referimos a caracteres de G cuya restricción con-
tiene el mismo carácterG-invariante θ de un subgrupo normalN (a veces decimos
que estos caracteres están sobre θ). Usando la teoŕıa de Fong de bloques de gru-
pos p-resolubles, podemos reducir el resultado principal a estudiar grupos con
pocos caracteres sobre un carácter de un subgrupo normal en concreto. Usamos
un famoso resultado de R. B. Howlett e I. M. Isaacs y resultados de R. Higgs
[Hig88] que demuestran que si | IrrpG|θq| ď 2 entonces G{N debe ser resoluble

y además los caracteres que están sobre θ tienen el mismo grado. Ésto último
nos permite generalizar un resultado de F. DeMeyer y G. Janusz que relaciona
la condición | IrrpG|θq| ď 2 con el número de caracteres en IrrpPN |θq, donde P
es un p-subgrupo de Sylow de G. Higgs ya demostró este resultado que genera-
lizamos, pero en el lenguaje de las representaciones proyectivas. En esta tesis,
aportamos una demostración puramente carácter-teorética.

Usando caracteres proyectivos y una fórmula clásica de Brauer de conteo de
caracteres conseguimos reducir el problema a poder asumir que cierto cociente
de nuestro grupo es un grupo de permutaciones primitivo cuyo rango es menor
o igual que 3, y empleamos clasificaciones de estos grupos de D. S. Passman
[Pas68] y D. A. Foulser [Fou69] (en el caso de rango 3, podemos asumir re-
solubilidad usando el teorema de Higgs mencionado anteriormente). Nuestra
demostración incluye un estudio caso por caso de las posibles estructuras que
aparecen en los resultados de Passman y Foulser. Frecuentemente esto necesita
cálculos con el software [GAP] y argumentos extremadamente ad-hoc. En con-
creto, obtenemos un resultado sobre la estructura de ciertos subgrupos de Sylow
de un caso que llamamos el caso imprimitivo en la clasificación de Foulser, que
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combinamos con la generalización del teorema de DeMeyer y Janusz mencionada
en el párrafo anterior para encontrar una contradicción.

Una vez demostramos el caso de defecto normal, obtenemos nuestro resultado
principal estudiando el posible número de caracteres de altura cero de un bloque
con 4 caracteres. Como asumimos que nuestro bloque satisface la conjetura de
Alperin–McKay, el número de caracteres de altura cero coincide con el de su cor-
respondiente de Brauer, y podemos usar resultados de dominación de bloques y
los casos de defecto normal para concluir nuestro teorema. Tanto en el caso de
defecto normal como en la prueba del resultado principal usamos la profunda
teoŕıa de bloques con grupo de defecto ćıclico de Dade [Dad66]. Merece la pena
mencionar que los resultados de este caṕıtulo dependen de la Clasificación de
grupos finitos simples. En efecto, usamos los resultados de Howlett–Isaacs y
Higgs, que dependen de la Clasificación. Si intentásemos evitar estos resulta-
dos, necesitaŕıamos clasificaciones de grupos de permutaciones primitivos que
también dependen de la Clasificación. En cualquier caso, parece que una prueba
de este resultado independiente de la Clasificación está fuera de alcance, de
momento.

En el Caṕıtulo 3 demostramos que la pregunta de Navarro tiene una respuesta
afirmativa para bloques con 3 grados de caracteres como máximo. Tratamos
los casos de 2 y 3 grados por separado, ya que en el caso que |cdpB0pGqq| ď 2
es posible demostrar que G es p-resoluble y hallar más información estructural
del grupo, mientras que en el caso |cdpB0pGqq| “ 3 esto ya no es posible (una
vez más, esto viene ilustrado por el ejemplo A5, cuyo 2-bloque principal tiene 3
grados).

En la Sección 3.2 obtenemos una reducción del Teorema C a grupos simples,
usando resultados de la teoŕıa de Clifford. Demostramos estos resultados para
grupos simples en la Sección 3.3. En la Sección 3.4 obtenemos una reducción del
Teorema D a grupos simples. En este caso, la reducción es más sofisticada, y
necesitamos usar resultados de inducción tensorial de caracteres. Incluimos una
demostración de los resultados de grupos simples para grupos alternados en la
Sección 3.5. Finalizamos el caṕıtulo con comentarios sobre el Problema B y una
demostración para GLnpqq y SLnpqq en la Sección 3.6. Demostramos el Teorema
F en la Sección 3.7. A diferencia de las demostraciones de los Teoremas C y D,
la demostración del Teorema F no depende de la Clasificación de grupos finitos
simples y es mucho más elemental.

Finalmente, en el Caṕıtulo 4 demostramos que existe una biyección entre los
conjuntos de caracteres de altura cero de un bloque B con grupo de defecto D y
su correspondiente de Brauer enNGpDq con divisibilidad de grados de caracteres
en grupos p-resolubles. Podemos ver este resultado como una versión refinada
de la conjetura de Alperin–McKay para esta familia de grupos.
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En la Sección 4.2 incluimos demostraciones de lo que serán los ingredientes prin-
cipales de nuestra biyección. En primer lugar, obtenemos una consecuencia de
los resultados de A. Turull en [Tur08] y [Tur09] sobre ciertos isomorfismos de
character triples que ocurren por encima de la correspondencia de Glauberman.
Estas propiedades están ı́ntimamente relacionadas con las biyecciones de las re-
ducciones de las conjeturas de McKay y Alperin–McKay que hemos mencionado
anteriormente. Esta consecuencia que obtenemos a partir de los resultados de
Turull será el punto clave para el último paso de nuestra demostración, y está
basada en ideas de A. Laradji [Lar14]. Además, combinamos la correspondencia
de Fong–Reynolds con la teoŕıa de Fong de bloques de grupos p-resolubles, lo
cual será necesario para reducir nuestro problema al caso en que el bloque tiene
defecto maximal. Otro ingrediente para esta reducción es la mejora de un teo-
rema de Navarro sobre el número de p-subgrupos de Sylow en grupos p-resolubles
(ver [Nav03]). Este resultado fue demostrado por Navarro y lo incluimos en esta
tesis con su permiso.

En la Sección 4.3 demostramos la existencia de la biyección en una serie de
proposiciones que tratan algunos casos por separado. El objetivo fundamental
de la mayoŕıa de estas proposiciones es demostrar que podemos asumir que G no
tiene p-subgrupos normales no triviales. Llegados a ese punto, usamos nuestra
consecuencia de los resultados de Turull para concluir la demostración.

En la Sección 4.4 demostramos la divisibilidad de dimensiones en correspon-
dientes de Brauer, aprovechando la versión de la correspondencia de Fong–
Reynolds para grupos p-resolubles y la mejora del teorema de Navarro, que
han sido demostrados en la Sección 4.2.

Curiosamente, a pesar de que los teoremas principales de este caṕıtulo son para
grupos p-resolubles, dependen también de la Clasificación de grupos finitos sim-
ples, ya que ambos usan el profundo resultado de Geck [Gec20] sobre la corres-
pondencia de Glauberman.

Concluimos este caṕıtulo con una sección breve de consecuencias interesantes
de nuestro Teorema G para bloques nilpotentes y la correspondencia de Dade–
Glauberman–Nagao.
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Resum

Siga G un grup finit i p un nombre primer. Un dels principals temes d’interés en
la teoria de representacions de grups finits és la interacció entre invariants globals
i invariants locals. Quan parlem de propietats globals, normalment ens referim a
propietats de tot el grup, i quan parlem de propietats locals ens referim a propi-
etats de certs p-subgrups no trivials i els seus normalitzadors. Freqüentment
els invariants globals es troben a la taula de caràcters de G, i els subgrups lo-
cals són p-subgrups de Sylow i els seus normalitzadors. L’exemple paradigmàtic
d’aquesta interacció en teoria de representacions és la següent conjectura, pro-
posada per J. McKay a 1972.

Conjectura (McKay). Si P és un p-subgrup de Sylow de G, aleshores G i
NGpP q tenen el mateix nombre de caràcters irreductibles de grau no divisible
per p.

Freqüentment, estes conjectures admeten generalitzacions que incorporen p-blocs
de Brauer, l’objecte principal d’interés d’aquesta tesi. Donat un bloc B amb
grup de defecte D, aleshores la correspondència de Brauer associa naturalment
a B un bloc b de NGpDq. A 1975, J. L. Alperin va proposar una generalització
de la conjectura de McKay incorporant la correspondència de Brauer. Esta
generalització constitueix actualment un dels principals problemes de la teoria
de representacions modulars.

Conjectura (Alperin–McKay). Siga B un p-bloc de G amb grup de defecte D
i siga b el seu corresponent de Brauer en NGpDq. Els blocs B i b contenen el
mateix nombre de caràcters d’altura zero.

Sumant aquesta igualtat sobre els blocs que tenen un p-subgrup de Sylow com
a grup de defecte, recuperem la igualtat proposada a la conjectura de McKay.
Generalitzacions com la conjetura d’Alperin–McKay són exemples de problemes
que intenten establir connexions entre propietats de p-blocs i propietats dels
seus grups de defecte, un tema clàssic a la teoria de representacions modulars
de grups finits. Altres exemples notables d’aquestes connexions es poden trobar
a conjectures de R. Brauer, E. C. Dade o G. R. Robinson.

Si B és un p-bloc de G, denotem per kpBq “ | IrrpBq|, és a dir, el nombre
de caràcters ordinaris irreductibles que pertanyen a B. La famosa conjectura
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kpBq de Brauer proposa que si D és un grup de defecte de B, aleshores kpBq

està fitat superiorment per el nombre d’elements de D. Aquesta conjectura s’ha
pogut provar per a grups p-resolubles a [GMRS04], després de que, en 1962, H.
Nagao reduira aquest cas de la conjectura a un problema de classes de conjugació
en un producte semidirecte. No obstant això, la conjectura kpBq segueix oberta
en general, inclús per a blocs principals. Notablement, és una de les poques
conjectures importants de la teoria de representacions modulars que encara no
ha sigut redüıda a grups simples (més endavant explicarem què volem dir per
reducció a grups simples).

La conjectura de Héthelyi–Külshammer és, en certa forma, una versió dual a la
conjectura kpBq. En [HK00] es va provar que un grup resoluble d’ordre divisible
per p tenia com a mı́nim 2

?
p´ 1 classes de conjugació. En el mateix article,

es conjectura que la mateixa fita deuria ser certa per a qualsevol grup finit
d’ordre divisible per p (finalment esta conjectura va ser resolta per A. Maróti a
[Mar16]). També es va proposar una fita inferior per al nombre de caràcters
en un bloc. Més concretament, la conjectura de Héthelyi–Külshammer proposa
que si kpBq ą 1 aleshores kpBq ě 2

?
p´ 1. Recentment s’ha aconseguit provar

aquesta fita per al bloc principal en [HS22], però per a blocs arbitrarisencara
es desconeix inclús per a grups resolubles.

En tot cas, en el primer caṕıtol d’esta tesi centrem la nostra atenció en el pro-
blema 21 de la famosa llista de problemes de Brauer.

Problema (Problema 21 de Brauer). Siga n un nombre natural. Existeix un
nombre finit de classes d’isomorfisme de grups d’ordre potència d’un nombre
primer que ocorren com a grups de defecte de blocs que contenen exactament n
caràcters ordinaris irreductibles?

En altres paraules, Brauer pregunta si és possible fitar superiorment en funció
de n l’ordre d’un grup de defecte d’un bloc amb n caràcters. El problema 21 de
Brauer ha sigut demostrat per a grups resolubles en [Kül89] i per a p-resolubles
en [Kül90]. Posteriorment, utilitzant este resultat i la solució de E. Zelmanov al
problema restringit de Burnside, es va demostrar que el problema 21 de Brauer
tenia una solució afirmativa assumint la conjectura d’Alperin–McKay, però en
cap cas es va donar una classificació dels possibles grups de defecte per a cap n
fixat. De fet, per a grups resolubles, la fita donada per a |D| quan kpBq “ 2 és
major que 1022, i per a grups p-resolubles és molt més gran. Malgrat això, si
kpBq “ 2 aleshores |D| “ 2 en general, sense assumir p-resolubilitat.

En 1941 R. Brauer i C. Nesbitt proven que kpBq “ 1 si i sols si |D| “ 1. El
següent pas en aquest problema tardaria 41 anys en arribar, quan J. Brandt prova
en [Bra82] que kpBq “ 2 si i sols si |D| “ 2, com hem esmentat abans. Per a
blocs principals, la classificació dels grups de defecte possibles quan kpB0pGqq P

t3, 4u es va aconseguir a [KS21] i quan kpB0pGqq “ 5 a [RSV21], però per a
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blocs arbitraris, el problema segueix obert inclús per a blocs amb exactament 3
caràcters ordinaris.

Encara que esta classificació segueix sent un problema extremadament compli-
cat, es va demostrar en [KNST14] que, assumint que B satisfà la conjectura
d’Alperin–McKay, es té que kpBq “ 3 si i sols si |D| “ 3. En aquesta tesi
obtenim el següent pas en esta direcció, provant que si kpBq “ 4 aleshores D ha
de ser isomorf a C2 ˆ C2,C4 o C5, assumint la conjectura d’Alperin–McKay per
a B. Aquest és l’objectiu principal de la primera part de la tesi i és el Teorema
B del Caṕıtol 2, que va apareixer a [MRS23].

En la segona part d’esta tesi ens centrem en un invariant distint. Donat un
bloc B, en compte de considerar el nombre kpBq de caràcters irreductibles en
B, considerem el conjunt cdpBq de graus de caràcters en B. Encara que s’ha
demostrat que el conjunt de graus d’un grup no determina la seua resolubilitat
[Nav15], hi ha connexions entre el conjunt de graus d’un grup resoluble i la seua
longitud derivada. Esta connexió es pot observar per exemple a la conjectura
de Isaacs–Seitz, que proposa que si G és resoluble aleshores |cdpGq| ě dlpGq, on
dlpGq denota la longitud derivada del grup resoluble G. El teorema de Taketa
(anterior a la conjectura) prova aquesta desigualtat per als anomenatsM -grups,
una classe de grups entre els nilpotents i els resolubles. A més, Isaacs i Passman
van provar la conjectura per a grups resolubles amb 3 graus distints com a molt.
Actualment, la conjectura només es coneix fins a grups resolubles amb 5 graus
distints gràcies a resultats de S. C. Garrison i M. L. Lewis.

En [M21], G. Navarro va proposar una possible connexió nova entre caràcters
d’un bloc i els seus grups de defecte. Si B es un bloc amb grup de defecte
D i dlpDq és la longitud derivada del grup (resoluble) D, aleshores Navarro va
formular la següent pregunta.

Problema (Navarro). És cert que |cdpBq| ě dlpDq?

El teorema de Taketa dona una resposta afirmativa a la pregunta de Navarro per
a p-grups. A més, la pregunta té una resposta afirmativa per a blocs nilpotents
(definits en [BP80]). Si el bloc B té un únic grau, aleshores es va provar a
[OT83] que B es nilpotent i per tant la pregunta també té una resposta afir-
mativa. Si cdpBq “ tm,nu aleshores utilitzant la recent prova de la conjectura
d’altura zero de Brauer [MNST22] i assumint la conjectura de Malle–Navarro
sobre blocs nilpotents [MN11] obtindŕıem altra vegada una resposta afirmativa
per a B. En el cas del bloc principal, la pregunta de Navarro tindŕıa una res-
posta afirmativa per a grups resolubles assumint la conjectura de Isaacs–Seitz.
En [GMS22, Theorem D] es demostra que també hi ha una resposta afirmativa
per a qualsevol p-bloc del grup simètric Sn, el grup alternat An i el grup general
lineal GLnpqq on q és una potència de p.
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El nostre objectiu al Caṕıtol 3 és verificar certs casos de la pregunta de Navarro.
Concretament, demostrem que la pregunta té una resposta afirmativa per a
blocs principals amb 3 graus de caràcters com a màxim. Com a conseqüència,
utilitzant fites conegudes per a la longitud derivada de p-grups, obtenim que la
pregunta de Navarro té una resposta positiva per a blocs principals de grups amb
p-subgrups de Sylow de tamany menor o igual a p21. Els resultats esmentats fins
ara són el Teorema C, el Teorema D i el Corol.lari E del caṕıtol 3 i aparegueren
en [M21] i [GMS22].

La prova d’aquests resultats es fa amb el que anomenem una reducció a grups
simples. Un dels majors projectes de la història de les matemàtiques és la Clas-
sificació de grups finits simples. Després de dècades i amb centenars de publica-
cions s’aconsegúı provar que un grup finit simple pertany a una de les següents
quatre famı́lies: els grups ćıclics d’ordre primer, els grups alternats An per a
n ě 5, els anomenats grups de tipus Lie i una famı́lia de 26 grups anomenats
esporàdics. Des d’aleshores, s’ha trobat una tècnica molt potent per a provar
teoremes en teoria de representacions: es reduix la prova del teorema a provar
certes condicions (freqüentment més fortes que el teorema original) per a grups
simples. Després utilitzem les sofisticades teories de representacions dels grups
alternats i de tipus Lie per a provar estes condicions i aix́ı concloure la prova del
nostre teorema original. Estes tècniques han funcionat per a reduir moltes de
les grans conjectures en la teoria de representacions ordinàries i modulars (entre
elles la conjectura de McKay [IMN07] i la de Alperin–McKay [Spa13b]). Els
nostres teoremes d’este caṕıtol també es redueixen a grups simples. En alguns ca-
sos, incloem les proves de grups simples, que requereixen l’estudi de caràcters en
blocs principals de grups simples i les seues extensions a grups d’automorfismes.

La següent generalització a la pregunta de Navarro ha sigut proposada per A.
Jaikin-Zapirain.

Problema. És cert que |cdpBq| ě |cdpDq|?

De moment, no tenim cap contraexemple a la pregunta de Jaikin-Zapirain. En-
cara aix́ı, sabem que també es verifica per a blocs nilpotents, i per tant per als
casos esmentats anteriorment.

També és important la següent conjectura de A. Moretó [Mor04], que es sembla
en certa forma a la pregunta de Navarro. La conjectura és la següent.

Conjectura. Si B és un bloc de G amb grup de defecte D aleshores la longitud
derivada de D està fitada en funció del nombre d’altures distintes de caràcters
del bloc B.

Si denotem per htpBq el conjunt d’altures del grup B, una versió més forta de la
conjectura de Moretó seria la fita |htpBq| ě |dlpDq|. A més, aquesta fita també
donaria una resposta afirmativa a la pregunta de Navarro, ja que caràcters amb
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graus iguals tenen la mateixa altura. Aquesta fita es verifica per a algunes
famı́lies importants de grups, com els grups simètrics, els grups alternats i el
general lineal en caracteŕıstica p, però és falsa en general i a la Secció 3.6 donem
un contraexemple. La prova per a les famı́lies de grups que hem dit abans és
[GMS22, Theorem D]. El cas del grup general lineal apareix en [Mor04].

Finalment considerem dos resultats clàssics on es pot observar la gran quantitat
d’informació estructural d’un grup que es pot llegir al conjunt de graus dels seus
caràcters. Un clàssic teorema de J. G. Thompson prova que si tots els graus de
caràcters no lineals són divisibles per p aleshores G té un p-complement normal.
Un teorema de I. M. Isaacs i S. D. Smith va millorar el resultat de Thompson
provant que és suficient que la propietat dels graus es verifique al p-bloc principal.
Tanquem el Caṕıtol 3 amb una versió d’estos resultats, on considerem un primer
q distint de p. En concret, provem que si tots els graus del p-bloc principal
d’un grup G són potències de p aleshores G és p-resoluble i G{Op1pGq té un
q-complement abelià normal. La prova és molt més elemental que la dels altres
resultats principals i no depén de la Classificació de grups finits simples. És el
Teorema F i també aparegué en [M21].

A l’últim caṕıtol d’esta tesi s’estudia la existència de bijeccions entre conjunts
de caràcters que respecten divisibilitat de graus. Un exemple paradigmàtic és la
correspondència de Glauberman. Si un p-grup actua per automorfismes sobre un
grup K d’ordre no divisible per p, aleshores existeix una bijecció natural entre el
conjunt IrrP pKq de caràcters irreductibles de K que són P -invariants i el conjunt
de caràcters irreductibles de C “ CKpP q, el subgrup de punts fixats per P . De
fet, si χ P IrrP pKq, G. Glauberman va provar que la restricció de χ a C es pot
escriure com

χC “ eχ˚ ` p∆

on e és un enter no divisible per p i ∆ és un caràcter (no necessàriament irre-
ductible) de C que no conté χ˚. Aquest χ˚ és el corresponent de Glauberman de
χ. Si χ P IrrP pKq es correspon amb χ˚ P IrrpCq aleshores χ˚p1q divideix χp1q,
encara que esta divisibilitat té una prova excepcionalment sofisticada, que es va
aconseguir a [Gec20] després de la seua reducció a grups simples en [HT94]. A
més, es pot utilitzar la correspondència de Glauberman per a provar la conjec-
tura de McKay en el cas que G té un p-complement normal (veure el principi
del caṕıtol 9 de [Nav18]).

Tant la conjectura de McKay com la de Alperin–McKay proposen que hi ha
certs conjunts de caràcters amb el mateix nombre d’elements, i per tant és na-
tural preguntar-se quines propietats poden verificar les bijeccions entre aquests
conjunts. Esta ha sigut una de les claus de la reducció a grups simples d’estes
conjectures. En ambdues reduccions, es va provar que la conjectura es verifica
si, per a grups simples, podem trobar bijeccions verificant que el que passa per
damunt de caràcters que es corresponen es, en cert sentit, igual (esta igualtat
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es descriu més precisament amb el llenguatge de central character triple isomor-
phisms i block character triple isomorphisms). Un temps després de les proves
d’estes reduccions, s’ha aconseguit provar en [NS14] i [Ros23] que de fet, si
estes bijeccions existeixen per a tot grup simple, aleshores existeixen per a tot
grup finit.

Com hem dit abans, al Caṕıtol 4 tractem el problema de trobar bijeccions que
respecten la divisibilitat de graus de caràcters, en concret per a les conjectures
de McKay i Alperin–McKay. Este problema té una resposta negativa en general:
al grup A5 per a p “ 5 no es pot trobar esta bijecció ni per a la conjectura de
McKay ni per a la de Alperin–McKay. En efecte, els graus no divisibles per 5 dels
seus caràcters són 1, 3, 3 i 4, mentre que els del normalitzador d’un 5-subgrup
de Sylow són 1, 1, 2, 2. A més, estos són precissament els caràcters del 5-bloc
principal d’este grup.

No obstant, en [Tur07] es va construir una bijecció amb estes caracteŕıstiques
per a la conjectura de McKay en grups resolubles. A [Riz19] es va extendre
aquest resultat a grups p-resolubles, assumint la divisibilitat de graus en la cor-
respondència de Glauberman, un fet que es va demostrar a posteriori. Al Caṕıtol
4 demostrem que és possible trobar una bijecció amb divisibilitat de graus per
a la conjectura d’Alperin–McKay en grups p-resolubles.

En general es sap molt poc sobre la dimensió d’un bloc ([Lin18, Secció 10.1]
exposa alguns dels resultats coneguts). Brauer va provar que si B és un bloc
amb grup de defecte D i el seu corresponent de Brauer en NGpDq és b, aleshores
la p-part de dimpBq és divisible per la p-part de dimpbq. Malgrat això, no es
sap ni tant se vol si dimpcq ď dimpBq on c és un bloc d’un subgrup H que
indueix B. Sorprenentment, les tècniques que utilitzem a aquest caṕıtol ens
permeten provar que la dimensió del bloc B és divisible per la dimensió del seu
corresponent de Brauer en grups p-resolubles. El 2-bloc principal de A5 és un
contraexemple que mostra que este fet és fals fora dels grups p-resolubles, ja que
dimpBq “ 44 i dimpbq “ 12. Els resultats que hem esmentat són el Teorema G i
el Teorema H del Caṕıtol 4 i apareixeràn en [MR22].

Guió de la tesi

El Caṕıtol 1 conté els resultats bàsics sobre teoria de caràcters ordinaris, caràcters
de Brauer i blocs de Brauer que necessitarem a aquesta tesi. Per a caràcters or-
dinaris, les nostres referències són [Isa06] i [Nav18], i per a caràcters de Brauer
i blocs utilitzem [Nav98]. Incloem una discussió de la teoria de Fong sobre blocs
p-resolubles, ja que serà fonamental per als resultats dels Caṕıtols 2 i 4. Ja que
al Caṕıtol 2 necessitarem tractar amb grups de permutacions primitius, incloem
una secció de preliminars amb les definicions i propietats bàsiques, aix́ı com les
classificacions que ens seràn necessàries.
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Al Caṕıtol 2 provem que si un bloc conté exactament 4 caràcters irreductibles i
satisfà la conjectura d’Alperin–McKay, aleshores els seus grups de defecte tenen
ordre 4 o 5. El resultat clau és la prova del resultat quan assumim que els grups
de defecte són normals. Esta prova conté dos ingredients clau: l’estudi de grups
amb un nombre menut de caràcters projectius i l’ús de classificacions de grups
de permutacions primitius afins de rang menut.

Per caràcters projectius ens referim a caràcters de G la restricció dels quals
conté al mateix caràcter G-invariant θ d’un subgrup normal N (solem dir que
aquests caràcters estàn sobre θ). Utilitzant la teoria de Fong de blocs de grups p-
resolubles, podem reduir el resultat principal a estudiar grups amb pocs caràcters
sobre un caràcter d’un subgrup normal en concret. Utilitzem un resultat famós
de R. B. Howlett i I. M. Isaacs i resultats de R. Higgs [Hig88] que proven que
si | IrrpG|θq| aleshores G{N és resoluble i els caràcters que estàn sobre θ tenen
el mateix grau. Este fet ens permet generalitzar un resultat de F. DeMeyer i
G. Janusz que relaciona la condició | IrrpG|θq| ď 2 amb el nombre de caràcters
en IrrpPN |θq, on P és un p-subgrup de Sylow de G. Higgs ja va provar aquesta
generalització, però en el llenguatge de representacions projectives. En esta tesi,
donem una prova completament caràcter-teorètica.

Utilitzant caràcters projectius i una fórmula de Brauer per a contar caràcters,
podem reduir el problema a poder assumir que cert quocient del nostre grup és
un grup de permutacions primitiu amb rang menor o igual a 3, i emprem clas-
sificacions d’aquests grups de D. S. Passman [Pas68] i D. A. Foulser [Fou69]
(en el cas de rang 3, podem assumir resolubilitat utilitzant el teorema de Higgs
que hem esmentat abans). La nostra prova inclou un estudi cas per cas de les
possibles estructures que apareixen als resultats de Passman i Foulser. Freqüent-
ment, es necessiten càlculs amb el software [GAP] i arguments extremadament
ad-hoc. En concret, obtenim un resultat sobre la estructura de certs subgrups
de Sylow d’un cas que anomenem el cas imprimitiu en la classificació de Foulser,
que combinem amb la generalització del teorema de DeMeyer i Janusz per a
trobar la contradicció.

Una vegada hem provat el cas de defecte normal, obtenim el nostre resultat
principal estudiant el possible nombre de caràcters d’altura zero a un bloc amb
4 caràcters. Com assumim que el nostre bloc satisfà la conjectura d’Alperin–
McKay, el nombre de caràcters d’altura zero en B coincideix amb el del seu
corresponent de Brauer, i podem utilitzar resultats de dominació de blocs i els
casos de defecte normal per a concloure la prova del teorema. Tant en el cas de
defecte normal com a la prova del resultat principal, fem ús de la profunda teoria
de blocs amb grup de defecte ćıclic de Dade [Dad66]. És interessant observar
que els resultats d’aquest caṕıtol depenen de la Classificació de grups finits sim-
ples. En efecte, utilitzem resultats de Howlett–Isaacs i Higgs que depenen de la
Classificació. Si intentem evitar aquests resultats, necessitem classificacions de
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grups de permutacions primitius que també depenen de la Classificació. En qual-
sevol cas, sembla que una prova d’este resultat independent de la Classificació
està fora d’abast, per ara.

Al Caṕıtol 3 provem que la pregunta de Navarro té una resposta afirmativa per
a blocs amb 3 graus de caràcters com a màxim. Tractem els casos de 2 i 3 graus
per separat, ja que quan |cdpB0pGqq| ď 2 és possible provar que G és p-resoluble
i obtindre més informació estructural, mentre que en el cas |cdpB0pGqq| “ 3 no
és possible (una vegada més, el grup A5 il.lustra este fet, ja que el seu 2-bloc
principal té 3 graus).

En la Secció 3.2 obtenim una reducció del Teorema C a grups simples, utilitzant
resultats de la teoria de Clifford. Provem estos resultats per a grups simples en
la Secció 3.3. En la Secció 3.4 obtenim una reducció del Teorema D a grups
simples. En aquest cas, la reducció es més sofisticada, i necesitem fer ús de
resultats d’inducció tensorial de caràcters. Incloem una prova dels resultats de
grups simples per a grups alternats en la Secció 3.5. Tanquem el caṕıtol amb
uns comentaris sobre el Problema B i una prova per a GLnpqq i SLnpqq en la
Secció 3.6. Provem el Teorema F en la Secció 3.7. A diferència de les proves dels
Teoremes C y D, la prova del Teorema F no depén de la Classificació de grups
finits simples i és molt més elemental.

Finalment, al Caṕıtol 4 provem que existeix una bijecció entre els conjunts de
caràcters d’altura zero d’un bloc B amb grup de defecte D i el seu corresponent
de Brauer a NGpDq amb divisibilitat de graus de caràcters en grups p-resolubles.
Podem veure aquest resultat com una versió refinada de la conjectura d’Alperin–
McKay per a esta famı́lia de grups.

En la Secció 4.2 s’inclouen proves dels que seràn els ingredients principals de
la nostra bijecció. En primer lloc, obtenim una conseqüència dels resultats d’
A. Turull en [Tur08] i [Tur09] sobre certs isomorfismes de character triples
que ocorren per damunt de la correspondència de Glauberman. Estes propietats
estàn ı́ntimament relacionades amb les bijeccions de les reduccions de les con-
jectures de McKay i Alperin–McKay que hem esmentat abans. La conseqüència
que obtenim a partir dels resultats de Turull serà clau al pas final de la nostra
prova, i està basada en idees de A. Laradji [Lar14]. A més, combinem la cor-
respondència de Fong–Reynolds amb la teoria de Fong de blocs p-resolubles, lo
qual ens permetrà reduir el nostre problema al cas en que el bloc té defecte maxi-
mal. Altre ingredient per a esta reducció és la millora d’un teorema de Navarro
sobre el nombre de p-subgrups de Sylow a grups p-resolubles (veure [Nav03]).
Esta millora va ser provada per Navarro i la incloem a la tesi amb el seu permı́s.

En la Secció 4.3 provem la existència de la bijecció en una sèrie de proposicions
que tracten alguns casos per separat. L’objectiu principal de la majoria d’estes
proposicions és provar que podem assumir que G no té p-subgrups normals no
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trivials. Arribats aćı, utilitzem la conseqüència dels resultats de Turull per a
obtindre la prova.

En la Secció 4.4 provem la divisibilitat de dimensions en corresponents de Brauer,
aprofitant la versió de la correspondència de Fong–Reynolds per a grups p-
resolubles i la millora del teorema de Navarro, que hem provat a la Secció 4.2.

Curiosament, malgrat que els teoremes principals d’este caṕıtol són per a grups
p-resolubles, depenen també de la Classificació de grups finits simples, ja que
necessitem fer ús del sofisticat resultat de Geck [Gec20] sobre la correspondència
de Glauberman.

Finalitzem el caṕıtol amb una breu secció de conseqüències interessants del nostre
Teorema G per a blocs nilpotents i la correspondència de Dade–Glauberman–
Nagao.
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a Estela y Aya por acompañarme, soportarme y escucharme practicar cada una
de mis charlas.

xxxiii





Introduction

Let G be a finite group and let p be a prime. One of the main areas of interest
in the representation theory of finite groups is the interaction between global
and local properties. By global we usually mean properties regarding the whole
group G, and by local we mean properties of certain nontrivial p-subgroups
and their normalizers. Frequently, our global properties are contained in the
character table of G and the local subgroups are the Sylow p-subgroups and
their normalizers. The paradigmatic example of this type of interaction is the
McKay conjecture.

Conjecture (McKay). If P is a Sylow p-subgroup of G, then G and NGpP q

have the same number of irreducible characters whose degree is not divisible by
p.

These conjectures often admit generalizations to Brauer p-blocks, which will be
the focus of this thesis. Given a block B with defect group D, then the Brauer
correspondence associates a block b of NGpDq to B. In 1975, J. L. Alperin
proposed a generalization of the McKay conjecture by considering blocks under
the Brauer correspondence. This generalization constitutes one of the main
problems in modular representation theory.

Conjecture (Alperin–McKay). Let B be a p-block of G and let b be its Brauer
correspondent. Then B and b have the same number of height-zero irreducible
characters.

Generalizations such as the Alperin–McKay conjecture fit into the classical
theme in modular representation theory of establishing connections between
properties of blocks and their defect groups, and can shed a light on the true
nature of the original conjectures. Other notable examples of connections be-
tween properties of blocks and their defect groups can be found in conjectures
of R. Brauer, E. C. Dade or G. R. Robinson.

If B is a p-block of G, we denote by kpBq “ | IrrpBq|, that is, the number of
irreducible complex characters that belong to B. The famous kpBq-conjecture
states that if D is a defect group of B then we should have that kpBq ď |D|. This
conjecture was proved to hold for p-solvable groups in [GMRS04] after H. Nagao
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reduced this case to a problem on conjugacy classes of a semidirect product.
However, the kpBq-conjecture remains open in general, even for principal blocks.
Notably, it is one of the few main conjectures in modular representation theory
that still has no reduction to simple groups (we will explain later what we mean
by a reduction to simple groups).

The Héthelyi–Külshammer conjecture can be seen as a dual version of the kpBq-
conjecture. In [HK00], it was shown that a solvable group whose order is
divisible by p has at least 2

?
p´ 1 conjugacy classes. In the same paper, the

authors conjecture that this bound is valid for any finite group (this was finally
proved by A. Maróti in [Mar16]). Furthermore, a lower bound on the number
of characters in a block was also conjectured. More precisely, they conjecture
that if kpBq ą 1 then kpBq ě 2

?
p´ 1. This has been recently proved for the

principal block in [HS22], but for arbitrary blocks it is not known even for
solvable groups. However, the problem to which we turn our attention in the
first chapter of this thesis is Brauer’s problem 21.

Question (Brauer’s Problem 21). Given a natural number n, are there only
finitely many isomorphism classes of prime-power order groups that occur as
defect groups of blocks with exactly n irreducible characters?

In other words, Brauer asks if it is possible to find an upper bound for the
order of the defect group of some block in terms of the number n of irreducible
characters in this block. Brauer’s problem 21 was proven to hold for solvable
groups in [Kül89] and for p-solvable groups in [Kül90]. Using this and E.
Zelmanov’s solution to the restricted Burnside problem, it was proven to follow
from the Alperin–McKay conjecture in [KR96], although no classification of the
possible defect groups is given for any fixed n. In fact, for solvable groups, the
bound obtained for |D| when kpBq “ 2 is greater than 1022, and it gets even
larger in p-solvable groups. However, if kpBq “ 2 then |D| “ 2 in general.

In 1941, R. Brauer and C. Nesbitt proved that kpBq “ 1 if and only if |D| “ 1.
The next step appeared 41 years later, when J. Brandt proved that kpBq “ 2
if and only if |D| “ 2 [Bra82]. If B is the principal block, which we denote
by B0pGq, the classification of the possible defect groups was achieved when
kpB0pGqq P t3, 4u in [KS21] and when kpB0pGqq “ 5 in [RSV21]. However, for
arbitrary blocks, it still remains open to classify the defect groups of blocks with
3 irreducible characters.

Even though this classification remains a very difficult problem, it was proved in
[KNST14] that, assuming the Alperin–McKay conjecture holds for B, we have
that kpBq “ 3 if and only if |D| “ 3. In this thesis we obtain the next step in
this direction, proving that if kpBq “ 4 then D – C2 ˆ C2,C4 or C5, assuming
that the Alperin–McKay conjecture holds for B. This is the main goal in the
first part of this thesis. The main result mentioned is Theorem A of Chapter 2
and appears in [MRS23].
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The second part of this thesis is concerned with a different block invariant.
Instead of considering the number kpBq of irreducible characters in B, we now
focus on the set cdpBq of degrees of characters in the block B. Although the set
of character degrees of a group does not determine its solvability [Nav15], there
is some connection between sets of character degrees and the derived length of
solvable groups. This is illustrated for example by the Isaacs–Seitz conjecture,
which posits that if G is solvable then |cdpGq| ě dlpGq, where dlpGq denotes
the derived length of the solvable group G. Taketa’s theorem (proved long
before the conjecture) proves this bound for the so called M -groups, a family of
groups between nilpotent and solvable. The Isaacs–Passman theorems prove the
conjecture for groups with at most 3 character degrees. Currently, the Isaacs–
Seitz conjecture is known to hold for solvable groups with up to 5 character
degrees, by work of S. C. Garrison and M. L. Lewis.

In [M21], G. Navarro proposed a new possible connection between the characters
in a block and their defect groups. Let B be a p-block of G with defect group
D with derived length dlpDq.

Question (Navarro). Is it true that |cdpBq| ě dlpDq?

Navarro’s question has a positive answer for p-groups by Taketa’s theorem. It
also holds for nilpotent blocks as defined in [BP80]. If a block B has only
one character degree, then by the main result of [OT83] we have that B is
nilpotent and thus the question also holds in this case. If cdpBq “ tm,nu then a
positive answer for B would follow using the recent proof of Brauer’s height zero
conjecture [MNST22] and assuming a conjecture of G. Malle and G. Navarro on
nilpotent blocks [MN11]. Furthermore, for principal blocks of solvable groups,
an affirmative answer to Navarro’s question would follow from the Isaacs–Seitz
conjecture. By Theorem D of [GMS22], it also holds for all p-blocks of Sn, An
and GLnpqq where q is a power of p.

Our focus in Chapter 3 is on the verification of certain cases of Navarro’s ques-
tion. More precisely, we prove that his question has a positive answer for princi-
pal blocks with at most 3 character degrees. In particular, by using well-known
bounds on the derived length of p-groups, we verify that Navarro’s question has
a positive answer for principal blocks of groups whose Sylow p-subgroups have
size at most p21. The results mentioned so far constitute Theorem C, Theorem
D, Corollary E in Chapter 3 and appeared in [M21] and [GMS22].

The proof of these results is done via a reduction to simple groups. One of the
largest projects in the history of mathematics is what is known as the Classifica-
tion of finite simple groups. After several decades and hundreds of publications,
it has been possible to prove that a finite simple group belongs to one of the
following four families: the cyclic groups of prime order, the alternating groups
An for n ě 5, the so called groups of Lie type, and a family of 26 groups called
the sporadic simple groups. This classification was finished in the decade of
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the 1980’s. Since then, many theorems in the representation theory of finite
groups have been proved using a very powerful technique: we reduce the proof
of a theorem to a certain set of conditions (frequently stronger than the orig-
inal statement) which have to be checked for every simple group. Then, we
take advantage of the very sophisticated theory of representations of alternating
groups and groups of Lie type to check these questions and prove our original
theorem. These techniques have worked wonderfully to reduce many of the main
conjectures in ordinary and modular representation theory (such as the McKay
conjecture [IMN07] and the Alperin–McKay conjecture [Spa13b]). Our the-
orems in this chapter also reduce to simple groups. We include the proofs for
simple groups in some cases, which require a study of characters in principal
blocks of simple groups and their extensions to automorphism groups.

It is worth mentioning that A. Jaikin-Zapirain has proposed the following stronger
version of Navarro’s question.

Question (Jaikin-Zapirain). Is it true that |cdpBq| ě |cdpDq|?

At the time of this writing we have no counterexamples for Jaikin-Zapirain’s
question. However, it also holds for nilpotent blocks and thus it holds in the
cases mentioned in the previous paragraph.

It is also important to mention that Navarro’s question is similar to a conjecture
posed in [Mor04] by A. Moretó.

Conjecture (Moretó). If B is a block of G with defect group D then the de-
rived length of D is bounded above in terms of the number of distinct heights of
characters in B.

If htpBq denotes the set of heights inB, then a stronger version of Moretó’s bound
would be |htpBq| ě dlpDq. This bound would also give a positive answer to
Navarro’s question, using that characters of the same degree have equal heights.
This bound holds for several important families of groups, such as symmetric
groups, alternating groups and general linear groups in characteristic p, but it
is false in general and in section 3.6 we give a counterexample. For the families
of groups that we mentioned, this is proved in [GMS22, Theorem D], although
the case of the general linear group appears in [Mor04].

Finally, we consider two classical results in character theory which show how
much information on the structure of a group can be read from its set of character
degrees. J. G. Thompson’s theorem on normal p-complements states that if
every nonlinear irreducible character has degree divisible by p then G has a
normal p-complement. This was improved by I. M. Isaacs and S. D. Smith by
proving that it is sufficient to check the condition on character degrees in the
principal p-block. We end the chapter with a version of these results on normal
complements, where we consider a prime q ‰ p. More precisely, we prove that
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if every character degree in the principal p-block is a power of q then G is p-
solvable and G{Op1pGq has an abelian normal q-complement. Its proof is much
more elementary in nature and it does not depend on the classification of finite
simple groups. This is Theorem F and also appeared in [M21].

The final chapter is concerned with the existence of bijections between certain
character sets that respect degree divisibility. A paradigmatic example of this
is the Glauberman correspondence. If a p-group P acts by automorphisms on a
group K of order not divisible by p, then there is a natural bijection between
the set IrrP pKq of irreducible characters that are P -invariant and the irreducible
characters of C “ CKpP q, the fixed point subgroup. In fact if χ P IrrP pKq then
G. Glauberman proved that the restriction of χ to C can be written as

χC “ eχ˚ ` p∆

where e is an integer coprime to p and ∆ is a (not necessarily irreducible) char-
acter of C that does not contain χ˚. This χ˚ is the Glauberman correspondent
of χ. If χ P IrrP pKq corresponds to χ˚ P IrrpCq then it turns out that χ˚p1q

divides χp1q, although this fact has an exceptionally deep proof (see [Gec20])
after its reduction to simple groups in [HT94]. Moreover, the Glauberman cor-
respondence can be used to prove the McKay conjecture in the case that G has
a normal p-complement (this can be found at the beginning of Chapter 9 of
[Nav18]).

Since both the McKay and Alperin–McKay conjectures suggest that two sets
have the same number of elements, it is a natural question to ask if there are
bijections with nice properties. This has been one of the key ideas of the reduc-
tions to simple groups of these conjectures. In both reductions, it was proved
that the conjectures hold if it is possible to prove that, for simple groups, there
are bijections such that what happens above corresponding characters is, in some
sense, equal (this is described using the sophisticated theory of central charac-
ter triple isomorphisms and block character triple isomorphisms). After these
reductions, it has been proved in [NS14] and [Ros23] that in fact, if these
bijections exist for simple groups, then they exist for every finite group.

As we mentioned before, in Chapter 4 we explore the problem of finding bijec-
tions which respect degree divisibility in the McKay and Alperin–McKay con-
jectures. It turns out that this is false in general, and the group A5 for p “ 5
is a counterexample. Indeed, its characters of degree not divisible by 5 have de-
grees 1, 3, 3, 4 and the character degrees of the normalizer of a Sylow 5-subgroup
have degrees 1, 1, 2, 2. Further, these are precisely the characters in the principal
5-block of this group.

However, in solvable groups, it was proved in [Tur07] that it is possible to
construct such bijections for the McKay conjecture. This was extended to p-
solvable groups in [Riz19] by assuming that there is degree divisibility in the
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Glauberman correspondence, a fact that was proved afterwards. We prove in
Chapter 4 that this can also be done for Alperin–McKay correspondences in
p-solvable groups.

In general, very little is known about the dimension of a block ([Lin18, Section
10.1] shows some of the known results). Brauer proved that if B is a block
of G with defect group D and its Brauer correspondent in NGpDq is b then
the p-part of dimpbq divides the p-part of dimpBq. However, it is not clear
even if dimpcq ď dimpBq where c is a block of a subgroup H ď G inducing
B. Surprisingly the techniques used in this chapter allow us to prove that the
dimension of a block is divisible by the dimension of its Brauer correspondent in
p-solvable groups. This is again false outside p-solvable groups, as shown by A5

for p “ 2, whose principal block has dimension 44 and its Brauer correspondent
has dimension 12. These are Theorem G and Theorem H of Chapter 4 and will
appear in [MR22].

Structure of the work

Chapter 1 contains the basic results on character theory, Brauer characters and
blocks that we will need for this work. For ordinary characters we use [Isa06] and
[Nav18], and for Brauer characters and blocks we use [Nav98]. We include a
brief discussion of some of Fong’s results on the block theory of p-solvable groups,
which is essential for the results in Chapters 2 and 4. Since we need to deal with
primitive permutation groups in Chapter 2, we also add a section discussing the
important definitions and properties and the necessary classifications.

In Chapter 2 we prove that if a block contains exactly 4 irreducible characters and
it satisfies the Alperin–McKay conjecture then its defect groups have order 4 or
5. Here, the key result is proving that the result holds whenever the defect groups
are normal. The proof of this result contains two main ingredients: the study
of groups with a small number of projective characters, and the classification of
affine primitive permutation groups of small rank.

By projective characters we mean characters of G whose restriction contains the
same G-invariant character θ of a normal subgroup N (we sometimes say that
these characters lie over θ). Using Fong’s theory of blocks of p-solvable groups,
we are able to reduce the main result to the study of groups with few characters
lying over a particular character of a particular normal subgroup. We make use
of an important theorem of R. B. Howlett and I. M. Isaacs and results of R. Higgs
[Hig88] that prove that if | IrrpG|θq| ď 2 then G{N is solvable and the characters
in IrrpG|θq all have the same degree. This last part allows us to generalize a result
of F. DeMeyer and G. Janusz which relates this condition on | IrrpG|θq| with the
number of characters in IrrpPN |θq where P is a Sylow subgroup of G. This was
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already proved by Higgs but in the language of projective representations. We
include a character-theoretic proof.

By using a well known character-counting formula of Brauer and further reduc-
tions, we end up assuming that our group is a solvable primitive permutation
group of low rank, and use a classification of such groups due to D. S. Passman
[Pas68] and D. A. Foulser [Fou69]. Our proof of the normal defect case includes
a case-by-case analysis of the groups in the results of Passman and Foulser to
exclude every possibility that contradicts the conclusion of the theorem. This
analysis often needs GAP calculations and some very ad-hoc arguments. More
precisely, we obtain a result on certain Sylow subgroups of a case we call the
imprimitive case in Foulser’s classification, which we combine with our general-
ization of the DeMeyer–Janusz theorem to find a contradiction.

From this key result of the normal defect case, we obtain our main result by
studying the possible number of height zero characters in a block with four
irreducible characters. By assuming the Alperin–McKay conjecture, we know
that the number of height zero characters in our block agrees with the number
of height zero characters in its Brauer correspondent, and we can use results
of block domination and the normal defect cases to conclude the proof of our
theorem. Both the normal defect case and the main result use Dade’s deep
theory of blocks with cyclic defect [Dad66]. It is worth mentioning that these
results depend on the classification of finite simple groups. Indeed, we use the
results of Howlett–Isaacs and Higgs that depend on the classification. If we try
to avoid these, we would require classifications of primitive permutation groups
that rely on the classification. In any case, it seems that a classification-free
proof of these results is currently out of reach.

In Chapter 3 we prove that Navarro’s question has a positive answer for principal
blocks with at most three character degrees. We treat the cases |cdpB0pGqq| ď 2
and |cdpB0pGqq| “ 3 separately, since in the first case we can even prove that G
is p-solvable and find even more structural information, whereas in the second
case p-solvability is no longer guaranteed (once again this is illustrated by the
example A5 whose principal 2-block has 3 character degrees).

In Section 3.2 we reduce Theorem C to simple groups. The proof of the necessary
results on simple groups is done in 3.3. In Section 3.4 we reduce Theorem D
to simple groups using some results on tensor induced characters, and provide
a proof for alternating groups in Section 3.5. We end the chapter with some
remarks on Question B in Section 3.6, including a proof for GLnpqq and SLnpqq.
The proof of Theorem F is done in Section 3.7.
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Finally, in Chapter 4, we prove that there is a correspondence between height
zero characters in Brauer correspondent blocks such that the degree of a char-
acter is divisible by the degree of its correspondent in p-solvable groups, which
can be seen as a refinement of the Alperin–McKay conjecture for these groups.

In Section 4.2 we provide proofs for the main ingredients of this correspondence.
First, we derive a consequence of results of A. Turull in [Tur08] and [Tur09]
on certain character triple isomorphisms above the Glauberman correspondence.
These properties are closely related to the bijections in the reduction theorems of
the McKay and Alperin–McKay conjectures. The consequence that we obtain
from Turull’s results is key for the final step of our proof and it is based on
ideas of Laradji [Lar14]. We also extend the Fong–Reynolds correspondence for
p-solvable groups in order to reduce our problem to blocks of maximal defect,
and finally we include a proof of a stronger version of Navarro’s result on the
number of Sylow p-subgroups in subgroups of p-solvable groups from [Nav03].
This last result was proved by Navarro, and we include it in this thesis with his
kind permission.

In Section 4.3 we prove the existence of this correspondence in a series of propo-
sitions that handle different cases separately. The largest part of the proof is
devoted to showing that we may assume that G has no nontrivial normal p-
subgroups, and at that point we can use Turull’s results.

Finally, in Section 4.4 we prove the divisibility property of dimensions of Brauer
correspondents, which takes full advantage of Navarro’s result and the extended
Fong–Reynolds correspondence proved in Section 4.2.

Interestingly, even though all the results in this chapter are for p-solvable groups,
they depend on the classification of finite simple groups as well. The classification
is necessary to use Geck’s deep result [Gec20] on the Glauberman correspon-
dence.

We end the chapter with some remarks on interesting consequences of our The-
orem G for nilpotent blocks and the Dade–Glauberman–Nagao correspondence.
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CHAPTER 1

Preliminaries

In this thesis, our group theoretical notation follows [Isa08].

1.1. Basics on character theory

For ordinary characters, we follow [Isa06] and [Nav18].

Let G be a finite group and let F be a field. We denote by FG the set

FG “ t
ÿ

gPG

agg | ag P F u.

The structure of F -vector space is given to FG by

f
ÿ

gPG

agg “
ÿ

gPG

fagg

for f P F and
ÿ

gPG

agg `
ÿ

gPG

bgg “
ÿ

gPG

pag ` bgqg.

We may identify the elements g P G with the sum
ř

hPG ahh where ag “ 1 and
ah “ 0 for all h ‰ g, and in fact the elements of G form a basis for FG. Finally,
to define multiplication in FG we use the product in G for the elements of the
basis and extend linearly to FG. Thus FG is an F -algebra, which we call the
group algebra.

An F -representation of G is a group homomorphism

X : G Ñ GLnpF q.

The integer n is the degree of X . By extending linearly, we obtain an algebra
homomorphism FG Ñ MatnpF q. Conversely, an algebra homomorphism FG Ñ

MatnpF q defines an F -representation of G by restriction. Two F -representations
X and Y are said to be similar if there exists M P GLnpF q such that X pgq “

M´1YpgqM for all g P G.

1



2 1.1. Basics on character theory

We say that an F -representation X is irreducible if it is not similar to a rep-
resentation of G which can be written in block form as

ˆ

˚ ˚

0 ˚

˙

.

The F -character afforded by an F -representation X is defined by χpgq “

trpX pgqq for all g P G, where trpAq denotes the trace of the square matrix A.
We say that an F -character is irreducible if it is afforded by some irreducible
F -representation. The integer χp1q is the degree of χ (which is precisely the de-
gree of X ). It follows easily from the definitions that F -characters are constant
on the conjugacy classes of G. Furthermore, similar F -representations afford the
same F -character.

If Y and Z are F -representations of G, then the map defined as

g ÞÑ X pgq “

ˆ

Ypgq 0
0 Zpgq

˙

is an F -representation of G which we call the sum of Y and Z. It follows easily
that sums of F -characters are F -characters.

Now if A P MatnpF q and B P MatmpF q then we define the Kronecker product
of matrices AbB P MatnmpF q by

AbB “

¨

˚

˝

a11B ¨ ¨ ¨ a1nB
...

. . .
...

an1B ¨ ¨ ¨ annB

˛

‹

‚

.

It turns out that if X and Y are F -representations of G of degrees n and m
respectively, X b Y defined by

pX b Yqpgq “ X pgq b Ypgq

for all g P G is an F -representation of G of degree nm. Furthermore, if X affords
χ and Y affords ψ then X b Y affords χψ, so products of characters are also
characters.

From now on we fix F “ C. We denote by IrrpGq the set of irreducible complex
characters (we often omit the word complex and just say irreducible character).
We also denote by CharpGq the set of characters of G. The map

1G : G Ñ Cˆ

g ÞÑ 1

is a character of G, called the trivial or principal character. A character of
degree 1 is called a linear character. Clearly, linear characters are irreducible.
We denote by LinpGq the set of linear characters of G. Notice that if λ is a linear
character then λ is a group homomorphism λ : G Ñ Cˆ. It is easy to check that
LinpGq is a group with multiplication given by pλµqpgq “ λpgqµpgq for all g P G.

Universitat de València Josep Miquel Mart́ınez Maŕın



1. Preliminaries 3

We denote by cfpGq the set of maps G Ñ C that are constant on the conjugacy
classes of G (we call these maps class functions). It is easy to see that cfpGq

is a C-vector space.

We can define a hermitian inner product in cfpGq as follows. If α and β are class
functions, then

rα, βs “
1

|G|

ÿ

gPG

αpgqβpgq

where βpgq denotes the complex conjugate of βpgq. The following is a funda-
mental theorem in character theory.

Theorem 1.1. The set IrrpGq is an orthonormal basis of cfpGq. In particular,
| IrrpGq| equals the number of conjugacy classes of G.

Proof. This is [Isa06, Theorem 2.8] and the First Orthogonality Relation
([Isa06, Corollary 2.14]). □

If χ is a character of G, then by Theorem 1.1 we may write

χ “
ÿ

ψPIrrpGq

rχ, ψsψ.

The irreducible characters that verify rχ, ψs ‰ 0 are called the irreducible
constituents of χ, and rχ, ψs is the multiplicity of ψ in χ.

Let ClpGq “ tK1, . . . ,Kku be the set of conjugacy classes of G. Let IrrpGq “

tχ1, . . . , χku and let gj P Kj . Another consequence of Theorem 1.1 is that the
square matrix

XpGq “ pχipgjqq

is regular. We call XpGq the character table of G.

We end this section with the definition of the determinant of a character. Let χ
be a character of G afforded by a representation X . Since det : GLnpCq Ñ C is
a group homomorphism, we define the determinant detpχq by

detpχqpgq “ detpX pgqq

and it is easy to see that detpχq P LinpGq. The determinantal order opχq of
χ is the order of detpχq in the group LinpGq.
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4 1.1. Basics on character theory

1.1.1. Induction and restriction of characters. Let H be a subgroup
of G and α P cfpHq. Define the map 9α : G Ñ C as 9αpxq “ αpxq if x P H and
9αpxq “ 0 otherwise.

Definition 1.2. The induced class function αG is defined by

αGpxq “
1

|H|

ÿ

gPG

9αpgxg´1q.

It follows directly from the definition that αG is a class function of G, and that
αGp1q “ |G : H|αp1q.

Definition 1.3. If α P cfpGq, then the restriction of α to H is defined by

αHpxq “ αpxq

for all x P H.

Again, it is straightforward to check that αH is a class function of H, and that
if α P CharpGq then αH P CharpHq. The following easy result gives a relation
between induction and restriction.

Theorem 1.4 (Frobenius reciprocity). Let α P cfpHq and β P cfpGq. Then
rαG, βs “ rα, βHs.

Proof. See [Isa06, Lemma 5.2]. □

It follows that if α P CharpHq then αG P CharpGq.

Theorem 1.5. Suppose that G is a finite group, N Ÿ G and H ď G such that
NH “ G and let M “ H XN . Then restriction defines a bijection IrrpG{Nq Ñ

IrrpH{Mq.

Proof. See [Nav18, Theorem 1.18]. □

1.1.2. Factor groups.

Definition 1.6. Let χ be a character of G. Then the kernel of χ is

kerpχq “ tg P G | χpgq “ χp1qu.

A character with trivial kernel is said to be faithful.

Lemma 1.7. Let X be a representation of G affording the character χ. Then
kerpχq “ kerpX q.
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1. Preliminaries 5

Proof. See [Isa06, Lemma 2.19]. □

Theorem 1.8. Let G be a finite group and N Ÿ G.

(i) If χ P CharpGq and N Ď kerpχq then χpngq “ χpgq for all g P G, n P N .

(ii) Let A “ tχ P CharpGq | N Ď kerpχqu. If χ P A then the map χ̃ :
G{N Ñ C given by

χ̃pNgq “ χpgq

is a well-defined character of G{N .

(iii) The map χ ÞÑ χ̃ is a bijection A Ñ CharpG{Nq satisfying rχ, ψs “

rχ̃, ψ̃s.

Proof. This is [Nav18, Theorem 1.11]. □

In this thesis, we view IrrpG{Nq as a subset of IrrpGq, by identifying the char-
acters χ and χ̃ from the previous theorem. Notice that, if G1 denotes the com-
mutator subgroup of G, we have LinpGq “ IrrpG{G1q.

1.1.3. Normal subgroups. Let N Ÿ G and θ P cfpNq. If g P G then
we define θg by θgpnq “ θpgng´1q for all n P N . If θ P CharpNq is afforded
by the representation X then θg P CharpNq is the character afforded by the
representation X g defined by X gpnq “ X pgng´1q for all n P N . In this case,
we say that θ and θg are conjugate characters in G. We have that G acts on
CharpNq and IrrpNq by conjugation.

Theorem 1.9 (Clifford). Let χ P IrrpGq and let θ P IrrpNq be an irreducible
constituent of χN . Let tθ1, . . . , θtu be the set of different G-conjugates of θ.
Then

χN “ e
t
ÿ

i“1

θi,

where e “ rχN , θs.

Proof. This is [Isa06, Theorem 6.2] □

Let θ P IrrpNq. We denote by IrrpG|θq the set of irreducible characters of G
whose restriction to N contains θ as an irreducible constituent. Notice that by
Frobenius reciprocity, IrrpG|θq consists of the irreducible constituents of θG.

Notice that from Theorem 1.9 it follows that e “ rχN , θs, t and θp1q all divide
χp1q.

If θ P IrrpNq we denote by Gθ “ tg P G | θg “ θu the stabilizer of θ in G (also
sometimes known as the inertia subgroup of θ in G). By the orbit-stabilizer
theorem |G : Gθ| “ t, using the notation of the previous theorem. The following
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6 1.1. Basics on character theory

result relates IrrpGθ|θq and IrrpG|θq and often allows us to assume that θ is
G-invariant.

Theorem 1.10 (Clifford correspondence). Let θ P IrrpNq. Then the map ψ ÞÑ

ψG defines a bijection IrrpGθ|θq Ñ IrrpG|θq.

Proof. This is [Isa06, Theorem 6.11]. □

In the situation above, we say ψ P IrrpGθ|θq and ψG P IrrpG|θq are Clifford
correspondents.

Suppose that χ P IrrpGq is such that χN “ θ P IrrpNq. Then we say that χ is
an extension of θ to G, or that θ extends to G. In this situation, we have full
control of the set IrrpG|θq via the following correspondence.

Theorem 1.11 (Gallagher correspondence). Suppose χ P IrrpGq is such that
χN “ θ P IrrpNq. Then the map

IrrpG{Nq Ñ IrrpG|θq

β ÞÑ βχ

is a well-defined bijection.

Proof. This is [Isa06, Theorem 6.17]. □

There is a situation when we can guarantee that a character of a normal subgroup
extends.

Theorem 1.12. Let θ P IrrpNq be G-invariant and assume that G{N is cyclic.
Then θ extends to G.

Proof. This is [Nav18, Theorem 5.1]. □

1.1.4. The Glauberman correspondence.

Definition 1.13. Assume a group A acts on a group G. Assume further that
for any x, y P G, a P A we have pxyqa “ xaya. Then we say that A acts by
automorphisms on G.

In this case, for all elements a P A, the map defined by

σa : G Ñ G

g ÞÑ ga
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1. Preliminaries 7

is an automorphism of G. A classical example of such an action is a group acting
by conjugation on a normal subgroup. By [Nav18, Theorem 2.1] it follows that
A acts on IrrpGq by

χapgq “ χpga
´1

q.

When |A| and |G| are coprime and A acts by automorphisms on G, then there is
a natural correspondence IrrApGq Ñ IrrpCGpAqq known as the Glauberman–
Isaacs correspondence (here IrrApGq denotes the set of irreducible characters
of G fixed by A).

By using the odd order theorem, either A or G is solvable. G. Glauberman
proved that this correspondence exists assuming that A is solvable, and I. M.
Isaacs proved that it exists when G is solvable. In his PhD Thesis, T. R. Wolf
proved that both correspondences coincide when both A and G are solvable.

We state here the p-group case of the Glauberman correspondence, which is
what we will need in Chapter 4.

Theorem 1.14 (Glauberman correspondence). Suppose that A is a p-group that
acts by automorphisms on a finite group G whose order is not divisible by p. Let
C “ CGpAq. Then for all χ P IrrApGq we have

χC “ eχ˚ ` p∆

where χ˚ P IrrpCq, p does not divide e and ∆ is a character of C or zero and
such that r∆, χ˚s “ 0. The map χ ÞÑ χ˚ is a bijection.

Proof. This is [Nav18, Theorem 2.9]. □

So the Glauberman correspondence associates to a character χ P IrrApGq the
unique irreducible constituent of the restriction χC that occurs with multiplicity
not divisible by p. The following deep result was proved by M. Geck after a
reduction to simple groups due to B. Hartley and A. Turull.

Theorem 1.15 (Geck). Suppose that A is a p-group that acts by automorphisms
on a finite group G whose order is not divisible by p. Let C “ CGpAq and let
˚ : IrrApGq Ñ IrrpCq be the Glauberman correspondence. Then χ˚p1q divides
χp1q.

Proof. This was reduced to simple groups in [HT94] and proved in [Gec20].
□

We mentioned in the introduction that the Glauberman correspondence is in
some sense natural. We now show a consequence of this.
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8 1.1. Basics on character theory

Lemma 1.16. Let L Ÿ G be a p1-subgroup and let D be a p-subgroup of G.
Denote by C “ CLpDq and let ˚ : IrrDpLq Ñ IrrpCq be the D-Glauberman
correspondence. If θ P IrrDpLq then NGpDqθ “ NGpDqθ˚.

Proof. First notice that CŸ NGpDq. Let θ P IrrDpLq and write θC “ eθ˚ `p∆,
as in Theorem 1.14, so that e is not divisible by p. If g P NGpDq then

(1.1.1) pθgqC “ epθ˚qg ` p∆g

where, if ∆ ‰ 0 then ∆g denotes the character

∆g “
ÿ

ψPIrrpCq

r∆, ψsψg

and otherwise ∆g “ 0. Now if g P NGpDqθ then by 1.1.1, pθ˚qg is a constituent of
θC with multiplicity not divisible by p. By Theorem 1.14 necessarily pθ˚qg “ θ˚

and we conclude that g P NGpDqθ˚ .

Conversely, if g P NGpDqθ˚ then by 1.1.1 we see that θC and pθgqC both contain
θ˚ as an irreducible constituent with multiplicity not divisible by p. By Theorem
1.14 we conclude that θg “ θ and g P NGpDqθ, as desired. □

1.1.5. Character triples.

Definition 1.17. If N Ÿ G and θ P IrrpNq is G-invariant, we say pG,N, θq is
a character triple.

The theory of character triples is a very strong tool for studying the set IrrpG|θq,
whenever θ P IrrpNq is G-invariant. The key result is that we may find an
isomorphic character triple with nice properties. But, what exactly do we mean
by isomorphic in this case? In the following definition, we denote by CharpG|θq

the set of characters of G whose restriction to N is a multiple of θ.

Definition 1.18 (Isaacs). Let pG,N, θq and pH,M,φq be character triples and
suppose that ˚ : G{N Ñ H{M is an isomorphism of groups. If N ď U ď G,
denote by U˚ the unique subgroup M ď U˚ Ď H with U˚{M “ pU{Nq˚. If
β P CharpU{Nq then β˚ denotes the corresponding character of U˚{M . Now
assume that for each subgroup N ď U ď G there is a bijection

˚ : IrrpU |θq Ñ IrrpU˚|φq

which we extend linearly to a map CharpU |θq ÞÑ CharpU˚|φq. We say that ˚ is
a character triple isomorphism if for every N ď V ď U ď G, χ P IrrpU |θq,
β P IrrpU{Nq the following holds:

(i) pχV q˚ “ pχ˚qV ˚ ,

(ii) pχβq˚ “ χ˚β˚.
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1. Preliminaries 9

Lemma 1.19. If ˚ : pG,N, θq Ñ pH,M,φq is a character triple isomorphism,
then for all χ P IrrpG|θq we have

χp1q

θp1q
“
χ˚p1q

φp1q
.

Proof. This is [Isa06, Lemma 11.24]. □

The key result is the following.

Theorem 1.20. Every character triple pG,N, θq is isomorphic to a character
triple pG˚, N˚, θ˚q where N˚ is central in G˚ and θ˚ is linear and faithful.

Proof. See [Nav18, Corollary 5.9]. □

We mentioned at the beginning of this section that character triples provide a
strong tool for analyzing the set IrrpG|θq. We illustrate this by providing some
results which can be proved by using character triple isomorphisms, and which
will be used in later chapters.

Theorem 1.21. Let θ P IrrpNq. Then χp1q{θp1q divides |G : N | for all χ P

IrrpG|θq.

Proof. This is [Nav18, Theorem 5.12]. □

Theorem 1.22. Let θ P IrrpNq be G-invariant. Then θ extends to G if and only
if θ extends to P for every Sylow subgroup P {N of G{N .

Proof. This is [Nav18, Theorem 5.10]. □

Theorem 1.23. Let θ P IrrpNq be G-invariant, and assume

gcdpopθqθp1q, |G : N |q “ 1.

Then θ extends to G. In particular, this happens if gcdp|N |, |G : N |q “ 1.

Proof. This is [Nav18, Corollary 6.2]. □
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10 1.1. Basics on character theory

1.1.6. Fully ramified characters. Let θ P IrrpNq be G-invariant. Con-
tinuing with the analysis of the set IrrpG|θq, we explore the situation where
IrrpG|θq “ tχu. In this case, it is said that θ is fully ramified in G.

Lemma 1.24. Let θ P IrrpNq be G-invariant and let χ P IrrpG|θq. The following
are equivalent:

(i) θ is fully ramified in G,

(ii) χN “ eθ where e2 “ |G : N |,

(iii) χpgq “ 0 for every g P GzN .

Proof. This is [Nav18, Lemma 8.2]. □

Notice that by the previous result, if θ is fully ramified in G then |G : N | is a
square.

Theorem 1.25 (DeMeyer–Janusz). Let θ P IrrpNq be G-invariant. Then θ is
fully ramified in G if and only if θ is fully ramified in P for every P {N P SylppGq

for any prime p dividing |G|.

Proof. This is [Nav18, Theorem 8.3] and [Nav18, Problem 8.1]. □

Using Gallagher’s character counting formula (see [Nav18, Section 5.5]) we can
obtain the following result.

Lemma 1.26. Let NŸ G and suppose that θ P IrrpNq is G-invariant. If θ is fully
ramified in G and N ă G then G{N has no cyclic self-centralizing subgroup.

Proof. This is [Nav18, Problem 8.3]. □

In 1964, Iwahori and Matsumoto conjectured that if θ P IrrpNq is fully ramified in
G then G{N had to be solvable. One of the first applications of the classification
of finite simple groups to character theory was the proof of this conjecture, due
to Howlett and Isaacs.

Theorem 1.27 (Howlett–Isaacs). Let θ P IrrpNq be G-invariant. If θ is fully
ramified in G then G{N is solvable.

Proof. See [Nav18, Theorem 8.13]. □
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1.2. Brauer characters and blocks

Richard Brauer introduced the concepts of Brauer characters and blocks as a
way to connect representations in characteristic 0 and in prime characteristic.
We discuss some basic properties of these objects in this section. Our reference
is [Nav98].

1.2.1. Brauer characters. Let R denote the ring of algebraic integers in
C. If χ P IrrpGq and g P G then by elementary linear algebra χpgq is a sum of
roots of unity and therefore irreducible characters take values in R. Let p be a
fixed prime and choose a maximal ideal M of R containing p. Let F “ R{M ,
which is a field of characteristic p, and consider the canonical ring epimorphism
˚ : R Ñ F . We set

S “ t
r

s
| r P R, s P RzMu Ď C.

We have that S is a ring with R Ď S. We extend ˚ : R Ñ F in the natural way,
i.e.

´r

s

¯˚

“ r˚ps˚q´1.

Let

U “ tξ P C | ξm “ 1 for some integer m not divisible by pu Ď R.

Lemma 1.28. The restriction of ˚ to U defines an isomorphism U Ñ Fˆ of
multiplicative groups. Also, F is algebraically closed.

Proof. See [Nav98, Lemma 2.1]. □

In this thesis, we denote by G0 the set of p-regular elements of G. Suppose
X : G Ñ GLnpF q is an F -representation of G. If g P G0 then the eigenvalues of
X pgq lie in Fˆ. By Lemma 1.28, these eigenvalues are of the form ξ˚

1 , . . . , ξ
˚
n for

unique ξ1, . . . , ξn P U. We say the Brauer character of G afforded by X is the
map φ : G0 Ñ C defined by φpgq “ ξ1 ` ¨ ¨ ¨ ` ξn. We remark that φ is uniquely
determined up to choice of the maximal ideal M . We say that φ is irreducible
if X is irreducible, and denote the set of irreducible Brauer characters of G by
IBrpGq. Brauer characters are also sometimes called modular characters.

Exactly as it happens with ordinary characters, sums and products of Brauer
characters are Brauer characters.

Theorem 1.29. If p does not divide |G|, then IBrpGq “ IrrpGq.

Proof. This is [Nav98, Theorem 2.12]. □

Let cfpG0q be the set of class functions on the conjugacy classes of G contained
in G0.
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12 1.2. Brauer characters and blocks

Theorem 1.30. The set IBrpGq is a basis for cfpG0q. Moreover, φ P cfpG0q is
a Brauer character if and only if φ is a linear combination of the elements of
IBrpGq with nonnegative integral coefficients.

Proof. This is [Nav98, Theorem 2.3] and [Nav98, Theorem 2.10]. □

Now if χ P IrrpGq we denote by χ0 the restriction of χ to G0. By [Nav98,
Corollary 2.9] χ0 is a Brauer character of G. By Theorem 1.30 we may write

χ0 “
ÿ

φPIBrpGq

dχφφ

for unique nonnegative integers dχφ. These integers are called the decomposi-
tion numbers.

As we did with ordinary characters, if N Ÿ G and η P IBrpNq then we denote
by IBrpG|ηq the set of irreducible Brauer characters of G whose restriction to N
contains η as a constituent.

Definition 1.31. Let φ be a Brauer character afforded by the F -representation
X of G. Then kerpφq “ kerpX q.

As happens with ordinary characters, if N Ÿ G then we view IBrpG{Nq as the
subset of IBrpGq of Brauer characters that contain N in their kernel.

Theorem 1.32. Let X be an irreducible F -representation of G. Then OppGq Ď

kerpX q.

Proof. See [Nav98, Lemma 2.32]. □

It follows that IBrpG{OppGqq “ IBrpGq.

1.2.2. Blocks. Let K P ClpGq and let R be any commutative ring with 1.

We denote by K̂ “
ř

xPK x P RG. In fact, it is easy to see that K̂ P ZpRGq and

the set tK̂ | K P ClpGqu is a basis for ZpRGq (see for example [Isa06, Theorem
2.4]).

Let χ P IrrpGq

ωχpK̂q “
|K|χpxKq

χp1q

where xK P K. A fundamental fact of character theory is that ωχpK̂q P R for
all K P ClpGq (see [Isa06, Theorem 3.7]). This is the key fact that allows the
connection between characteristic 0 and characteristic p representation theory.

Indeed, set λχpK̂q “ ωχpK̂q˚ P F . By viewing K̂ P ZpFGq and extending λχ
linearly, λχ : ZpFGq Ñ F is an algebra homomorphism.
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Now let φ P IBrpGq and let X : G Ñ GLnpF q be an F -representation affording φ.
We extend X : FG Ñ MatnpF q linearly and obtain an algebra homomorphism.

By Schur’s lemma, X pK̂q is a scalar matrix for all K P ClpGq. Set λφpK̂q P F

to be the scalar such that X pK̂q “ λφpK̂qIn and again λφ : ZpFGq Ñ F defines
an algebra homomorphism by extending linearly.

We are now ready to define the main object of this section (and of this thesis).

Definition 1.33. The p-blocks of G are the equivalence classes in IrrpGq Y

IBrpGq under the relation χ „ ψ if λχ “ λψ for χ, ψ P IrrpGq Y IBrpGq.

We often omit the prime p whenever there is no ambiguity and refer to p-blocks
as blocks. We write BlpGq for the set of p-blocks of G.

If B is a p-block we denote IrrpBq “ IrrpGq XB and IBrpBq “ IBrpGq XB. We
write λB “ λψ for any ψ P B. We write kpBq “ | IrrpBq| and lpBq “ |IBrpBq|.

Theorem 1.34. If χ P IrrpGq and φ P IBrpGq are such that dχφ ‰ 0 then
λχ “ λφ.

Proof. See [Nav98, Theorem 3.3]. □

As a consequence, IBrpBq is precisely the set of constituents of the Brauer char-
acters χ0 for all χ P IrrpBq. It follows from Theorem 1.34 and [Nav98, Corollary
2.11] that both kpBq ą 0 and lpBq ą 0.

We digress a little bit to state a different characterization of blocks. We will say
χ, ψ P IrrpGq are linked if there is some φ P IBrpGq such that dχφ ‰ 0 ‰ dψφ.
Linking defines a graph whose vertices are the set IrrpGq and where we connect
two vertices if the corresponding characters are linked. This graph is known as
the Brauer graph.

Theorem 1.35. If B P BlpGq, then IrrpBq is a single connected component of
the Brauer graph.

Proof. This is [Nav98, Lemma 3.5]. □

Theorem 1.36 (Weak block orthogonality). Let B be a p-block of G. Let x P G0

and y P GzG0. Then
ÿ

χPIrrpBq

χpxqχpyq “ 0.

Proof. See [Nav98, Corollary 3.7]. □
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14 1.2. Brauer characters and blocks

There is a particularly important block called the principal block. It is denoted
by B0pGq and it is the unique block of G that contains the trivial character 1G.

Throughout this thesis, if n is a positive integer, we will write np for the p-part
of n, that is, the largest power of the prime p that divides n.

Write |G|p “ pa and let B be a block of G. We define the defect of a block B
to be the nonnegative integer dpBq such that

pa´dpBq “ mintχp1qp | χ P IrrpBqu.

By definition, if χ P IrrpBq then there exists a nonnegative integer hχ such that

pa´dpBq`hχ “ χp1qp.

We say hχ is the height of χ.

1.2.3. Defect groups. In this section, we show how to associate a G-
conjugacy class of p-subgroups, called the defect groups, to a block (see Defi-
nition 1.40).

Let χ P IrrpGq. The primitive central idempotent associated to χ is

eχ “
χp1q

|G|

ÿ

gPG

χpg´1qg P ZpCGq.

To see that these are central, notice that we may write

eχ “
χp1q

|G|

ÿ

KPClpGq

χpx´1
K qK̂

where xK P K.

Recall the definition of S at the beginning of Section 1.2.

Theorem 1.37. Let B be a block of G. Then

fB “
ÿ

χPIrrpBq

eχ P ZpSGq.

Proof. This is [Nav98, Corollary 3.8]. □

We extend ˚ : ZpSGq Ñ ZpFGq by
¨

˝

ÿ

KPClpGq

sKK̂

˛

‚

˚

“
ÿ

KPClpGq

s˚
KK̂

and write
eB “ pfBq˚ P ZpFGq.

Theorem 1.38. Let B,B1 P BlpGq. Then the following hold.
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1. Preliminaries 15

(i) eBeB1 “ δBB1eB,

(ii) 1 “
ř

BPBlpGq eB,

(iii) λBpeB1q “ δBB1

(iv) the set tλB | B P BlpGqu is the set of all algebra homomorphisms
ZpFGq Ñ F .

Proof. See [Nav98, Theorem 3.11] and the preceding comments. □

Write eB “
ř

KPClpGq aBpKqK̂. By using (iii) of the previous result we have that

1 “
ÿ

KPClpGq

aBpKqλBpK̂q.

It follows that there exists some conjugacy class K P ClpGq such that

λBpK̂q ‰ 0 ‰ aBpKq.

In this situation, we say that K is a defect class for B.

Theorem 1.39. Let K and L be defect classes for the block B and let xK P K,
xL P L. Let P P SylppCGpxKqq and Q P SylppCGpxLqq. Then P and Q are
G-conjugate.

Proof. This is [Nav98, Corollary 4.5]. □

It is this last result that allows us to define the defect groups of a block.

Definition 1.40. Let B be a block with defect class K, let xK P K and P P

SylppCGpxKqq. The defect groups of B are the G-conjugates of P .

Theorem 1.41. Let B be a block with defect dpBq and let D be a defect group
of B. Then

|D| “ pdpBq.

Proof. This is [Nav98, Theorem 4.6]. □

Notice for instance that χp1q is not divisible by p for some χ P IrrpBq if and only
if the defect groups of B are the Sylow p-subgroups of G. This is the case of the
principal block, for instance.

Theorem 1.42. Let B P BlpGq and let D be a defect group of B. Then OppGq Ď

D.

Proof. See Theorem [Nav98, Theorem 4.8], □
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16 1.2. Brauer characters and blocks

1.2.4. Block induction. There are different definitions of block induction
in the literature, although they coincide in the important cases. The one we use
is due to Brauer.

If H ď G and b P BlpHq, we extend λb : ZpFHq Ñ F to an F -linear map
λGb : ZpFGq Ñ F by

λGb pK̂q “ λb

˜

ÿ

xPKXH

x

¸

(here the sum is zero ifKXH “ H). Notice thatKXH is the union of conjugacy
classes of H, so

ÿ

xPKXH

x P ZpFHq

and λGb is well defined.

The map λGb may not be an algebra homomorphism. However, if it is an algebra
homomorphism then by Theorem 1.38(iv) we have that there is a unique block
bG P BlpGq such that λGb “ λbG . In this case we say bG is defined and that it is
the induced block.

Theorem 1.43. Suppose that P is a p-subgroup of G and let H ď G be a such
that PCGpP q Ď H Ď NGpP q. If b P BlpHq then bG is defined. Moreover if B is
any block of G then B “ bG for some b P BlpHq if and only if P is contained in
some defect group of B.

Proof. See [Nav98, Theorem 4.14]. □

Let P be a p-subgroup of G. We denote by BlpG|P q the set of blocks of G with
defect group P .

Theorem 1.44 (Brauer’s first main theorem). The map

BlpNGpP q|P q Ñ BlpG|P q

b ÞÑ bG

is a bijection.

Proof. See [Nav98, Theorem 4.17]. □

In the situation of Brauer’s first main theorem, we say b and bG are Brauer
correspondent blocks. The famousAlperin–McKay conjecture states that
Brauer correspondent blocks should have the same number of characters of height
zero.

Lemma 1.45. Let H ď L ď G and assume b P BlpHq is such that bL is defined.
Then bG is defined if and only if pbLqG is defined, and in this case bG “ pbLqG.
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1. Preliminaries 17

Proof. Since bL is defined, there is some block B P BlpLq such that bL “ B
and then λB “ λLb . If K P ClpGq then

λGBpK̂q “ λB

˜

ÿ

xPKXL

x

¸

“ λLb

˜

ÿ

xPKXL

x

¸

“ λb

˜

ÿ

xPKXH

x

¸

“ λGb pK̂q

and the result follows. □

The following result relates irreducible induction of characters with block induc-
tion.

Theorem 1.46. Let H ď G, b P BlpHq and assume ψ P Irrpbq is such that
ψG P IrrpGq. Then bG is defined and ψG P IrrpbGq.

Proof. This is [Nav98, Corollary 6.2]. □

A natural question comes up: suppose H ď G and b P BlpHq such that bG is
defined. When is it possible that bG “ B0pGq? Brauer’s third main theorem
answers this question.

Theorem 1.47 (Brauer’s third main theorem). Let H ď G and b P BlpHq.
Assume bG is defined. Then bG “ B0pGq if and only if b “ B0pHq.

Proof. This is [Nav98, Theorem 6.7]. □

1.2.5. Blocks and normal subgroups. Let N Ÿ G. We now discuss the
relation between blocks of G and the blocks of G{N and N . Recall that we
identify (ordinary and Brauer) characters of G{N with characters of G that
contain N in their kernel.

Definition 1.48. Let B P BlpGq and B P BlpG{Nq. Then we say B dominates
B if IrrpBq X IrrpBq ‰ H.

It turns out that if B dominates B then B Ď B (see the discussion before
[Nav98, Theorem 7.6]). In general, B P BlpGq may not dominate any blocks
of G{N (of course this happens when B contains no characters with N in their
kernel). The following is an extremely useful result when working with factor
groups.

Theorem 1.49. Let N Ÿ G and write G “ G{N .

(i) Suppose that B Ď B where B P BlpGq and B P BlpGq. If D is a defect
group of B, then there is a defect group P of B such that D Ď PN{N .
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18 1.2. Brauer characters and blocks

(ii) If N is a p-group, then every block B P BlpGq contains a block B P BlpGq

with defect groups P {N where P is a defect group of B.

(iii) If N is a p1-group and B Ď B where B P BlpGq and B P BlpGq, then
IrrpBq “ IrrpBq, IBrpBq “ IBrpBq and the defect groups of B are the
groups PN{N for every defect group P of B.

Proof. This is [Nav98, Theorem 9.9]. □

There is a particular situation in case (ii) of the previous result where more can
be said.

Theorem 1.50. Suppose that G has a normal p-subgroup P such that G{CGpP q

is a p-group. If B P BlpGq then denote by B P BlpG{CGpP qq the unique block
dominated by B (by Theorem 1.49(ii)). Then the map B ÞÑ B is a bijection
BlpGq Ñ BlpG{CGpP qq and lpBq “ lpBq.

Proof. This is part of [Nav98, Theorem 9.10]. □

It is interesting to note that there is some compatibility between the Gallagher
correspondence (Theorem 1.11) and blocks.

Lemma 1.51. Let N Ÿ G and let χ P IrrpGq. Suppose that χN “ θ P IrrpNq. Let
χ1, χ2 P IrrpG|θq and write χi “ βiχ where βi P IrrpG{Nq for i “ 1, 2. If β1 and
β2 lie in the same block of G{N then χ1 and χ2 lie in the same block of G.

Proof. See [Riz18, Lemma 2.4]. □

If B P BlpGq then we define the kernel of B as

kerpBq “
č

χPIrrpBq

kerpχq.

Theorem 1.52. Let B P BlpGq and χ P IrrpBq. Then kerpBq “ Op1pkerpχqq. In
particular, if B “ B0pGq then kerpBq “ Op1pGq.

Proof. This is [Nav98, Theorem 6.10]. □

Moreover we can obtain the following consequence of Theorem 1.49 for principal
blocks.

Corollary 1.53. Let N Ÿ G. Then B0pG{Nq Ď B0pGq. If N is a p1-group,
then IrrpB0pG{Nqq “ IrrpB0pGqq.
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1. Preliminaries 19

Proof. This follows from the definition of block domination by noticing that
1G P B0pGq contains N in its kernel and is identified with 1G{N P B0pG{Nq.
Now by Theorem 1.52, every irreducible character in B0pGq contains Op1pGq in
its kernel, and the second part follows. □

We move on now to discuss how blocks of G interact with blocks of the normal
subgroup N . If b P BlpNq and g P G then bg “ tψg | ψ P bu is a block of N .

Definition 1.54. We say B P BlpGq covers b P BlpNq if there is some χ P B
such that χN has an irreducible constituent in b.

The standard definition of covering is a bit more technical, and we refer the
reader to the comments before [Nav98, Theorem 9.1]. The fact that the stan-
dard definition of covering and ours is equivalent is [Nav98, Theorem 9.2]. In
fact, this result gives yet another characterization.

Theorem 1.55. The block B P BlpGq covers b P BlpNq if and only if for every
χ P B we have that every irreducible constituent of χN lies in a G-conjugate of
b.

Proof. See [Nav98, Theorem 9.2]. □

Theorem 1.56. Suppose that B P BlpGq covers b P BlpNq. Then given θ P b
there is χ P B over θ.

Proof. See [Nav98, Theorem 9.4]. □

Theorem 1.57. If G{N is a p-group and b P BlpNq, then there is a unique block
B of G covering b.

Proof. See [Nav98, Theorem 9.6]. □

Next we state a Clifford correspondence for blocks. If b P BlpNq we denote by
BlpG|bq the set of blocks of G covering b.

Theorem 1.58 (Fong–Reynolds correspondence). Let b P BlpNq and T pbq the
stabilizer of b in G.

(i) The map

BlpT pbq|bq Ñ BlpG|bq

B ÞÑ BG

is a bijection.
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20 1.2. Brauer characters and blocks

(ii) If B P BlpT pbq|bq then IrrpBGq “ tχG | χ P IrrpBqu and IBrpBGq “

tφG | φ P IBrpBqu.

(iii) Every defect group of B P BlpT pbq|bq is a defect group of BG.

(iv) If B P BlpT pbq|bq and χ P IrrpBq, then hχ “ hχG.

Proof. See [Nav98, Theorem 9.14]. □

Theorem 1.59. Suppose that B P BlpG|Dq covers b P BlpNq and that CGpDq Ď

N . Then bG is defined, bG “ B and B is the unique block covering b.

Proof. By [Nav98, Lemma 9.20] the block B is regular with respect to N (in
the sense of [Nav98, p. 210]) and now the result follows from [Nav98, Theorem
9.19]. □

Next we state a result of Fong on the defect groups of covered blocks.

Theorem 1.60 (Fong). Let N Ÿ G and let b P BlpNq be G-invariant. Suppose
that B P BlpGq covers b and that dpBq ě dpB1q for all blocks B1 P BlpGq covering
b. If P is a defect group of B, then p does not divide |G : PN | and P X N is a
defect group of b.

Proof. See [Nav98, Theorem 9.17]. □

We introduce now two important concepts when studying the behavior of blocks.

Definition 1.61. Let B P BlpGq and let P be a defect group of B. Let b P

BlpPCGpP q|P q be such that bG “ B. Then b is a root of B.

Notice that roots always exist, by Theorem 1.43. This motivates the following
definition.

Definition 1.62. If B P BlpG|P q and b P BlpPCGpP q|P q is a root of B, write
T pbq for the stabilizer of b in NGpP q. Then |T pbq : PCGpP q| is the inertial
index of B.

By [Nav98, Theorem 9.22] the inertial index of a block is always a p1-number.

We end this section by stating an important result of R. Knörr.

Theorem 1.63 (Knörr). Let N Ÿ G, b P BlpN |Qq and let B be a block of G
covering b. Then there is a defect group P of B such that P XN “ Q.

Proof. This is [Nav98, Theorem 9.26]. □
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1.2.6. Blocks of p-solvable groups. We include a short section discussing
an important resut of Fong on the blocks of p-solvable groups. This is only a
very small fraction of what is known about these blocks. The reader is referred
to Chapter 10 of [Nav98] for a complete exposition of these results. We begin
by stating the Fong–Swan theorem.

Theorem 1.64 (Fong–Swan). Let G be a p-solvable group, and let φ P IBrpGq.
Then there exists χ P IrrpGq such that χ0 “ φ.

Proof. This is [Nav98, Theorem 10.1]. □

Let G be a group of order not divisible by p. Then by Theorem 1.29, IBrpGq “

IrrpGq. Now since G0 “ G and IrrpGq is a basis for cfpGq, this implies that
χ, ψ P IrrpGq are linked if and only if χ “ ψ. It follows that the connected
components of the Brauer graph are the vertices. By using Theorem 1.35, we
have proved the following result.

Theorem 1.65. If G is a p1-group, then the p-blocks of G are the singletons tχu

where χ P IrrpGq.

Now we are ready to state Fong’s theorem on blocks of p-solvable groups.

Theorem 1.66 (Fong). Suppose that G is p-solvable, let K “ Op1pGq and let
θ P IrrpKq be G-invariant. Then there is a unique block B of G covering tθu.
Further, IrrpBq “ IrrpG|θq, IBrpBq “ IBrpG|θq, and the defect groups of B are
the Sylow p-subgroups of G.

Proof. This is [Nav98, Theorem 10.20]. □

It turns out that using Fong’s theory, we can relate Brauer’s first main theorem
(Theorem 1.44) with Glauberman’s correspondence in a fascinating way.

Theorem 1.67. Let G be p-solvable and let K “ Op1pGq and P P SylppGq.
Assume that φ P IrrpKq is G-invariant and let B P BlpGq be the block covering
tφu. Write C “ CKpP q and let φ˚ P IrrpCq be the Glauberman correspondent
of φ. Let b P BlpNGpP qq be the Brauer correspondent block of B. Then Irrpbq “

IrrpNGpP q|φ˚q.

Proof. See [MW93, Theorem 0.29]. □
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22 1.2. Brauer characters and blocks

1.2.7. Ordinary-modular character triples. We devote this section to
the discussion of a refinement of the theory of character triples and character
triple isomorphisms that will work particularly well for p-solvable groups.

Let N Ÿ G and let θ P IrrpNq be G-invariant (so that pG,N, θq is a character
triple). Recall that θ0 is a Brauer character of N . It may happen that θ0 P

IBrpNq. In this case, we say that pG,N, θq is an ordinary-modular character
triple.

In the following definition, we use the notation BrpG|ηq for the set of Brauer
characters of G whose restriction is a multiple of η P IBrpNq.

Definition 1.68. Let pG,N, θq and pH,M,φq be ordinary-modular character
triples and assume that there is a character triple isomorphism

˚ : pG,N, θq Ñ pH,M,φq

in the sense of Definition 1.18. If N ď U ď G, denote by U˚ the unique subgroup
M ď U˚ Ď H with U˚{M “ pU{Nq˚. If β P IBrpU{Nq then β˚ denotes the
corresponding Brauer character of U˚{M . Now assume that for each subgroup
N ď U ď G there is a bijection

˚ : IBrpU |θ0q Ñ IBrpU˚|φ0q

which we extend linearly to a map BrpU |θ0q Ñ BrpU˚|φ0q. We say ˚ is an
ordinary-modular character triple isomorphism if for every N ď V ď

U ď G, ψ P IBrpU |θ0q, β P IBrpU{Nq and χ P IrrpU |θq the following holds:

(i) pψV q˚ “ pψ˚qV ˚ ,

(ii) pψβq˚ “ ψ˚β˚

(iii) pχ˚q0 “ pχ0q˚.

Essentially, the previous definition extends the definition of character triple iso-
morphism by adding the condition that the character triples are also isomorphic
for Brauer characters and that these isomorphisms are compatible. The follow-
ing is the key result.

Theorem 1.69. Suppose pG,N, θq is an ordinary-modular character triple, and
that θp1qp “ |N |p. Then there exists an isomorphic ordinary-modular character
triple pH,M,φq where φ is linear and faithful and M is a p1-group.

Proof. This is [Nav98, Problem 8.13]. □

Notice that whenever N is a normal p1-subgroup of G, then any character triple
pG,N, θq is an ordinary-modular character triple that satisfies the conditions of
the previous result.
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1.3. Primitive permutation groups

This section is entirely group-theoretical. We introduce the notion of primi-
tive permutation group, their properties and some of the classifications that are
needed for the results in Chapter 2.

1.3.1. Primitive actions. Suppose that G acts transitively on a set Ω and
let ∆ Ď Ω. We denote by ∆ ¨ g “ tα ¨ g | α P ∆u. We say that ∆ is a set of
imprimitivity if for every g P G we have that either ∆ ¨g “ ∆ or ∆ ¨gX∆ “ H.

The sets ∆ defined above are sometimes called blocks in the literature (for in-
stance, in [Isa08]), although we steer clear of this word to avoid confusion.
The terminology we employ here appears for example in [KS03]. The following
example appears in [Isa08, 8B].

Example 1.70. Suppose H ď G and let Ω “ tHg | g P Gu, so that G acts
transitively by right multiplication on Ω. Assume that H ď K ď G, and let
∆ “ tHk | k P Ku. If g P G then ∆ ¨ g “ tHkg | k P Ku. Now Hx P ∆ ¨ g if and
only if there is some k P K such that Hx “ Hkg, which happens if and only if
Hx is contained in the coset Kg. In particular, p∆ ¨ gq X∆ “ H if Kg ‰ K and
∆ ¨ g “ ∆ if Kg “ K. It follows that ∆ is a set of imprimitivity.

Every singleton is a set of imprimitivity, and so is Ω. These are sometimes called
the trivial sets of imprimitivity.

Definition 1.71. We say that a transitive action of G on Ω is primitive if
the only sets of imprimitivity are the singletons and Ω. Otherwise, the action is
imprimitive.

If the action of G on Ω is primitive and faithful then we say G is a primitive
permutation group.

In Example 1.70, notice that if H is a maximal subgroup of G, then the sets of
imprimitivity constructed would be trivial. In fact, we have the following result.

Theorem 1.72. Let G be a group acting transitively on a set Ω which contains
more than one point. Let H “ Gα, for α P Ω. Then the action of G on Ω is
primitive if and only if H is a maximal subgroup of G.

Proof. See [Isa08, Corollary 8.14]. □

Definition 1.73. Let G be a group acting primitively on a set Ω of n elements.
Then the degree of the action is n.
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1.3.2. The O’Nan–Scott theorem. Originally, the O’Nan–Scott theo-
rem classified maximal subgroups of symmetric groups. In [Cam81], Cameron
recognized the strength of this result as it classified the possible structures of
finite primitive permutation groups. However, both the original theorem and
Cameron’s survey omitted a case. This was later corrected by Liebeck, Praeger
and Saxl in [LPS88].

Before stating this theorem, we briefly discuss a family of primitive permutation
groups which will be our main focus. Let G be a primitive permutation group
acting on a set Ω of size n. Let V be the socle of G, that is, the subgroup
generated by the minimal normal subgroups of G. If V is p-elementary abelian
of size pk, then we say that G is an affine primitive permutation group on
Ω. In this case Ω can be identified with V (so n “ pk) and G is a subgroup of
the affine group V ¸ GLpV q. Also Gα “ GX GLpV q for any α P V .

Theorem 1.74 (O’Nan–Scott, Liebeck–Praeger–Saxl). Let G be a finite group
acting primitively on a set Ω of n elements. Then one of the following holds.

(i) G is an affine group.

(ii) G is almost simple.

(iii) The socle of G is a direct product of at least two isomorphic nonabelian
simple groups.

Proof. See [LPS88, Section 2] □

We are exclusively interested in case (i) of Theorem 1.74 (notice that this is the
only case possible when G is solvable). However, it is worth pointing out that
in case (iii), there are three possible actions of G on Ω, which are described in
[LPS88, Section 1]. One of these had been omitted before.

1.3.3. Affine primitive permutation groups of low rank. The main
focus of this section is to state classifications of certain affine primitive permu-
tation groups. We begin by introducing some important concepts.

Definition 1.75. Let G be a primitive permutation group acting on Ω. The
rank of G is the number of orbits of Gα acting on Ω, for any α P Ω.

By part (i) of Theorem 1.74, if G is a primitive permutation group of affine type
with socle V , then V is p-elementary abelian of order pk and G “ V ¸H where
H is the stabilizer of the trivial element of V , and H ď GLpk, pq. Then the rank
of G is the number of orbits of H on V . We will show a classification of groups
of this form. Before stating this classification, we need to introduce a family of
groups.
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The group V can be identified with the additive group of Galois field Fpk . The
semilinear group ΓpV q is the group of maps V Ñ V defined by

ΓpV q “ tx ÞÑ axσ | a P V zt0u, σ P GalpFpk{Fpqu.

Notice that ΓpV q is a metacyclic group. Indeed, it contains the normal subgroup

Γ0pV q “ tx ÞÑ ax | a P V zt0uu

which is cyclic and isomorphic to the multiplicative group of Fˆ

pk
, and

ΓpV q{Γ0pV q – GalpFpk{Fpq

is cyclic of order k. We may use the notation Γppkq “ ΓpV q.

Primitive permutation groups are usually classified in terms of their rank. No-
tice, for example, that if the rank of G is 2 then G is doubly transitive in the
sense of [Isa08, 8A]. In Chapter 2, when dealing with affine primitive permu-
tation groups, we will be limited to groups of rank 2 and 3, and to p-solvable
groups. In the first case, we will use a famous theorem of Passman.

Theorem 1.76 (Passman). Let G be a p-solvable affine primitive permutation
group of rank 2 with socle V of size pk, and let H be the stabilizer of the trivial
element of V in G. Then one of the following happens.

(i) H ď Γppkq,

(ii) G is solvable and pk P t32, 52, 72, 112, 232, 34u,

(iii) G is nonsolvable and pk P t112, 192, 292, 592u.

Proof. This is [Pas68, Theorem 1]. □

We remark that the solvable case of Theorem 1.76 was proved by Huppert.

Cases (ii) and (iii) of Theorem 1.76 are described in Table 1.3.3 when p ‰ 3
(which is what we will need in Chapter 2) and is extracted from [Sam14, Table
15.1] (although we complete the table by including the ID in the last row). We
give the order of the stabilizer H of the trivial element of V in G and the [GAP]
ID in the library of primitive groups.

In the case of rank 3, we will even be able to assume that the group is solvable,
thus using the following classification.

Theorem 1.77 (Foulser). Let G be a solvable (and thus affine) primitive permu-
tation group of rank 3. Let V be its socle, and let H be the stabilizer of the trivial
element of V in G, so that G “ V ¸H. Then one of the following happens:

(i) (the affine case) H ď ΓpV q,
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26 1.3. Primitive permutation groups

Table 1. Cases (ii) and (iii) of Theorem 1.76 when p ‰ 3

pk |H| GAP Primitive Group ID
52 24 p52, 15q

48 p52, 18q

96 p52, 19q

72 48 p72, 25q

144 p72, 29q

112 120 p112, 39q

240 p112, 42q

120 p112, 56q

600 p112, 57q

192 1080 p192, 86q

232 528 p232, 59q

292 840 p292, 106q

1680 p292, 119q

592 3480 p592, 84q

(ii) (the exceptional case) H stabilizes no nontrivial subgroup of V and

|V | P t26, 34, 132, 172, 192, 36, 292, 312, 472, 74u,

(iii) (the imprimitive case) there exists a decomposition V “ V1 ˆ V2 such
that Vi is a subgroup of V and each Vi is a set of imprimitivity of the
action of H on V . Moreover, H has two orbits on each Vi.

Proof. See [Fou69, Theorem 1.1]. □

The statement is not given with as much information as in their original classi-
fication, but with what is needed for the purposes of Chapter 2. For instance,
Cases 2(a), 2(b) and 2(c) of the original result are unified here as Case(ii)(a)
and some orbit sizes are omitted.

In the imprimitive case (case (iii) of Theorem 1.77), the subgroups V1 and V2
are sometimes called the imprimitivity spaces. Let K “ NHpV1q. Then |H :
K| “ 2 so K “ NHpV2q. Then K – pA ˆ Bq ¸ C2 where H – A ˆ B and
A – H{CHpV1q – B (see [MW93, Lemma 2.8] for more general information
for the imprimitive case).
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CHAPTER 2

The blocks with four irreducible characters

2.1. Introduction

Suppose that G is a finite group, p is a prime, and B is a Brauer p-block of G
with defect group D. In [BF59], R. Brauer and W. Feit proved that

kpBq ď
1

4
|D|2 ` 1.

Besides this bound, very little is known about the number of irreducible complex
characters in the block B. Brauer’s kpBq-conjecture asserts that kpBq should be
bounded by the size of the defect groups of B. However, this conjecture has not
even been reduced to finite simple groups.

In this chapter we are interested in the problem of classifying the defect groups
of blocks in terms of the number kpBq. As mentioned in the introduction, this is
a hard problem. R. Brauer and C. Nesbitt proved in 1941 that if kpBq “ 1 then
|D| “ 1 (see [Nav98, Theorem 3.18]). The next step came 41 years later, when
J. Brandt proved in [Bra82] that kpBq “ 2 if and only if |D| “ 2, and at the
present time there is no classification for kpBq ą 2. It is however a consequence
of the Alperin–McKay conjecture that kpBq “ 3 if and only if |D| “ 3, as
shown in [KNST14], but no proof without assuming this open conjecture is yet
available. Although the cases where B is a principal block and kpBq “ 4 or 5
have been recently solved in [KS21] and [RSV21], the nonprincipal block cases
remain open.

It is well-known that many blocks with kpBq “ 4 have defect groups with |D| “ 4
or 5 (for instance 2.A5 for p “ 5, or 2.S5 for p “ 2), but it is not known if these
are the only possibilities, even assuming the Alperin–McKay conjecture. The
following is the main result of this chapter.

Theorem A. Suppose that B is a Brauer p-block of a finite group G with defect
group D. Assume that kpBq “ 4. If the Alperin–McKay conjecture holds for B,
then |D| “ 4 or |D| “ 5.

We prove Theorem A by studying finite groups with a small number of projective
characters, a problem of interest on its own. This constitutes the main part of
this chapter.

27
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Finally, we would like to remark that this result can be seen as a contribution
to Brauer’s Problem 21, as stated in the introduction. We care to remark that
for p-solvable groups, this problem was already solved by B. Külshammer in
[Kül90], and shown to follow from the Alperin–McKay conjecture in [KR96]
but without giving the exact bound on |D|. In this chapter we give this bound
for blocks with four irreducible characters.

The results in this chapter appeared in [MRS23].

2.2. Preliminary results

We begin by stating a few necessary results. The first one is a small part of
Dade’s deep theory of blocks with cyclic defect groups. Recall that we denote
by lpBq the number of irreducible Brauer characters in B. In this chapter, we
write k0pBq for the number of height zero ordinary characters in the p-block B.

Theorem 2.1 (Dade). Let B be a p-block of G with cyclic defect group D. Then

k0pBq “ kpBq “ lpBq `
|D| ´ 1

lpBq

and lpBq is the inertial index of B (see Definition 1.62).

Proof. This is part of [Dad66, Theorem 1]. □

For the primes 2 and 3, P. Landrock was able to obtain useful results on the
number of irreducible characters of height zero.

Theorem 2.2 (Landrock). Let B be a p-block of G with defect group D, and
write |D| “ pd.

(i) If p “ 2 and d ą 1 then

(a) k0pBq ” 0 mod 4,

(b) if there is no χ P IrrpBq such that χp1qp “
|G|p

pd´1 , then

k0pBq ” 2d mod 8.

(ii) If p “ 3 then k0pBq ” 0 mod 3.

Proof. The case p “ 2 is included in [Lan81, Corollary 1.3], and the case p “ 3
is [Lan81, Corollary 1.6]. □

The characters satisfying χp1qp “
|G|p

pd´1 are precisely those which have height 1.

If D is abelian then no such characters exist, by the main result of [KM13].
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2. The blocks with four irreducible characters 29

Next we include a summary of the known classifications of defect groups of blocks
with a small number of irreducible characters.

Theorem 2.3. Let B be a p-block of G with defect group D. Then

(i) kpBq “ 1 if and only if |D| “ 1,

(ii) kpBq “ 2 if and only if |D| “ 2,

(iii) if the Alperin–McKay conjecture holds for B then kpBq “ 3 if and only
if |D| “ 3,

(iv) if kpBq “ 4 and lpBq “ 1 then |D| “ 4.

Proof. The case kpBq “ 1 was proved by Brauer and Nesbitt, and a proof can
be found in [Nav98, Theorem 3.18]. The case of kpBq “ 2 is the main result of
[Bra82]. If kpBq “ 3 and the Alperin–McKay conjecture holds for B then this
was proved in [KNST14, Theorem 4.1], and the converse follows from Theorem
2.1. The final case is done in [Kül84]. □

Next we state a remarkable result which will allow us to assume our block has
maximal defect when dealing with blocks with normal defect groups.

Theorem 2.4 (Reynolds). Let B P BlpG|Dq and assume DŸ G. Then Brauer’s
height zero conjecture holds for B. Furthermore, there is a finite group M and
a block B1 P BlpMq such that

(i) there are bijections IrrpBq Ñ IrrpB1q and IBrpBq Ñ IBrpB1q, where
corresponding characters have proportional degrees and equal heights,

(ii) D is isomorphic to a defect group P of B1, P P SylppMq and P Ÿ M .

Proof. This is [Rey63, Theorem 6]. □

In this chapter, we use a fundamental concept in the theory of projective repre-
sentations: the Schur multiplier. We refer the reader to [Isa08, Section 5A]
for the basic definitions and properties.

Lemma 2.5. Let G be a finite group. Suppose that NŸ G and assume λ P IrrpNq

is G-invariant and linear. Let opλq be the order of λ as an element of LinpNq. If
every Sylow p-subgroup of G{N has trivial Schur multiplier whenever p divides
opλq then λ extends to G.

Proof. By [Isa06, Theorem 6.26] and [Isa06, Theorem 11.7]. □

When dealing with Frobenius complements (see [Isa08, Section 6A]) the previ-
ous lemma is particularly useful.
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30 2.2. Preliminary results

Lemma 2.6. Let G be a Frobenius complement and let P P SylppGq. Then P is
cyclic or generalized quaternion. In particular P has trivial Schur multiplier.

Proof. By [Isa08, Theorem 6.10] and [Isa08, Theorem 6.11] we have that P
is cyclic or generalized quaternion, and by [Isa08, Corollary 5.4] and [Isa08,
Problem 5A.7] its Schur multiplier is trivial. □

Theorem 2.7 (Higgs). Let G be a finite group, N Ÿ G and let θ P IrrpNq be
G-invariant. If IrrpG|θq “ tα, βu then αp1q “ βp1q and G{N is solvable.

Proof. See [Hig88]. □

It is worth mentioning that Theorem 2.7 depends on the Classification of Finite
Simple Groups. Before proving a version of Theorem 1.25, we need the following
elementary fact.

Lemma 2.8. Let χ P IrrpGq and Z ď ZpGq. Then χp1q2 ď |G : Z|.

Proof. This is [Isa06, Corollary 2.30]. □

Lemma 2.9. Let Z Ÿ G and let λ P IrrpZq be G-invariant. Suppose that λG “

e1χ1`e2χ2 for some χ1, χ2 P IrrpGq and e1, e2 P N. If p is an odd prime dividing
the order of G{Z and Q{Z P SylppG{Zq, then λQ “ dη for some η P IrrpQq and
d P N. In particular, Q is nonabelian.

Proof. Using that character triple isomorphisms preserve the number | IrrpG|λq|

and the structure of G{N , using Theorem 1.20, there is no loss in assuming Z
central. Since χ1p1q “ χ2p1q by Theorem 2.7 and pχiqZ “ eiλ for i “ 1, 2, we
have that e1 “ χ1p1q “ χ2p1q “ e2 so λG “ e1pχ1 ` χ2q. Also observe that
|G : Z| “ λGp1q “ 2e1χ1p1q “ 2χ1p1q2. Now write ψ “ χ1 ` χ2. Since ψ
vanishes on GzZ we have that ψQ “ dλQ where

d “
2χ1p1q

|Q : Z|
.

If η P IrrpQ|λq then

rψQ, ηs “ rdλQ, ηs “ dηp1q P Z,
so d2ηp1q2 P Z. Now,

d2ηp1q2 “
4χ1p1q2

|Q : Z|2
ηp1q2 “

2|G : Q|ηp1q2

|Q : Z|
P Z

and we conclude that |Q : Z| divides ηp1q2. By Lemma 2.8 we have that ηp1q2 ď

|Q : Z| so ηp1q2 “ |Q : Z|, and then Lemma 1.24 implies that IrrpQ|λq “ tηu as
wanted. □
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2. The blocks with four irreducible characters 31

The following lemma will be used when dealing with groups appearing in Case
(iii) of Theorem 1.77. The definition and basic properties of the semilinear group
ΓpV q of an Fp-vector space V are given before Theorem 1.76.

Recall that a prime t is called a primitive prime divisor for pp, aq if t divides
pa ´ 1 but t does not divide pj ´ 1 for 1 ď j ă a. By a well-known result by
Zsigmondy (see [MW93, Theorem 6.2] for instance), such a prime always exists
except when a “ 6 and p “ 2, or a “ 2 and p` 1 is a power of 2.

Lemma 2.10. Let K be a finite group and let Z Ď ZpKq. Suppose that there exist
H{Z ď K{Z with |K : H| “ 2 and A{Z ď K{Z is isomorphic to a subgroup
of a semilinear group ΓpV q, where V is an Fp-vector space (p R t2, 3u prime)
of dimension a, such that H{Z “ A{Z ˆ B{Z and pA{Zqg “ B{Z for every
g P KzH. Suppose further that A{Z acts transitively on V zt0u. Then there is
an odd prime divisor t of pa ´ 1 such that K has abelian Sylow t-subgroups.

Proof. We use the bar notation, so write K “ K{Z, A “ A{Z, B “ B{Z and
so on. Notice that since A acts transitively on V zt0u, we have that pa´1 divides
|A|, and so does every prime divisor of pa ´ 1.

Suppose there is a primitive prime divisor t of pa ´ 1. Let T1 be a Sylow t-
subgroup of A and let z P ZpT1q of order t. Let T0 “ xzy. By [CDPS16,
Lemma 3.7] we have that

T1 ď CApT0q “ AX Γ0pV q “ FpAq

where FpAq denotes the Fitting subgroup of A. Since Γ0pV q is cyclic we have
that T 1 is cyclic and normal in A.

Let x P T1 such that xxy “ T1 and let g P K ´ H, so g is an involution. Let
y “ xg P B and notice that xyy “ T2 is the Sylow t-subgroup of B. Now
T “ T1 ˆT2, the Sylow t-subgroup of H, is abelian. Write T “ T {Z, so T 1 Ď Z.
We note that it is enough to show that T is abelian. Suppose to the contrary
that T is not abelian. We have 1 “ rx, ys P T 1 Ď Z but since g is an involution
and xg “ yz1, y

g “ xz2 for some z1, z2 P Z, then

rx, ysg “ rxg, ygs “ ry, xs “ rx, ys´1 “ rx, ys,

a contradiction. Thus we may assume that there does not exist a primitive prime
divisor for pa ´ 1. Since p R t2, 3u we have that pp, aq “ p2m ´ 1, 2q for some
integer m ą 2. Then

p2 ´ 1 “ pp` 1qpp´ 1q “ 2m`1p2m´1 ´ 1q

and hence there is an odd prime q dividing p2 ´ 1. Since |A : A X Γ0pV q| ď 2,
we have that t divides |A X Γ0pV q|. Hence A has a normal and cyclic Sylow
t-subgroup. Now, we proceed as above. □
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32 2.3. Theorem A

Recall that we denote by BlpGq the set of p-blocks of a finite group G, and that
if n is a positive integer then np denotes the p-part of n.

Lemma 2.11 (Brauer’s formula). Suppose that x1, . . . , xk are representatives of
the noncentral conjugacy classes of p-elements in G. Let B be a p-block of G.
Then

kpBq “ |ZpGq|p lpBq `

k
ÿ

i“1

ÿ

bPBlpCGpxiqq

bG“B

lpbq.

Proof. See [Nav98, Theorem 5.12]. □

Before proceeding with the main result, we recall two standard facts about the
Frattini subgroup.

Lemma 2.12. Let G be a finite group and let ΦpGq be its Frattini subgroup. If
G{ΦpGq is cyclic then G is cyclic.

Proof. Write xxΦpGqy “ G{ΦpGq, and assume xxy ă G. Therefore xxy Ď M
for some maximal subgroupM of G. Now ΦpGq Ď M by definition of the Frattini
subgroup, so xxyΦpGq Ď M ă G, and therefore xxΦpGqy Ď M{ΦpGq ă G{ΦpGq,
a contradiction. □

Lemma 2.13. Let G be a finite p-group and let ΦpGq be its Frattini subgroup.
Then G{ΦpGq is p-elementary abelian.

Proof. Let tN1, . . . , Nku denote the set of maximal subgroups of G. Since G
is nilpotent, Ni Ÿ G and G{Ni is cyclic of order p. Further, the map

g ÞÑ pN1g, . . . , Nkgq

is a group homomorphism G Ñ G{N1 ˆ ¨ ¨ ¨ ˆ G{Nk with kernel ΦpGq “ N1 X

¨ ¨ ¨ XNk, and the result follows. □

2.3. Theorem A

Now we are ready to prove the main result of this chapter, which will follow
from Theorem 2.14. The following proof appeared in [MRS23].

Theorem 2.14. Let G be a finite group, B a p-block of G with kpBq “ 4. Let D
be a defect group of B and assume DŸ G. Then D is isomorphic to C4,C2 ˆC2

or C5.
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2. The blocks with four irreducible characters 33

Proof. We divide the proof in steps.

Step 0. If there exists 1 ă N ă D with N Ÿ G then p “ 2, 3, and if B is a block
of G{N dominated by B then kpBq P t2, 3u.

Let N Ÿ G, with N ă D and let B be a block of G{N dominated by B with
defect group D{N (see Theorem 1.49). Then kpBq ď 4. If kpBq “ 1 then N “ D
by Theorem 2.3. If kpBq “ 4 then every irreducible character in B contains N
in its kernel, and Theorem 1.52 implies N “ 1. Hence, if 1 ă N ă D, it is
necessary that kpBq P t2, 3u. By Theorem 2.3, this forces p “ 2, 3.

Step 1. We may assume that D P SylppGq and that D is p-elementary abelian.
In particular, G is p-solvable. Furthermore we may assume p ‰ 2, 3.

The first part is Theorem 2.4. Let ΦpDq Ÿ G be the Frattini subgroup of D
and assume ΦpDq ą 1. Let B be the unique block of G{ΦpDq dominated by B.
By Step 0 we have p P t2, 3u and kpBq P t2, 3u. By Theorem 2.3 we have that
|D{ΦpDq| “ p and hence D is cyclic by Lemma 2.12. Now the result follows
easily by applying Theorem 2.1. Hence we may assume ΦpDq “ 1 so D is
p-elementary abelian by Lemma 2.13.

Suppose that p “ 2. Again by Theorem 2.3 we know that |D| ą 2 and by
Theorem 2.2 we obtain that |D| “ 4 and then D “ C2 ˆ C2, and we are done.
Now, suppose that p “ 3. In this case, by Theorem 2.2 we would have a
contradiction.

Step 2. D is a minimal normal subgroup of G.

If there exists a minimal normal subgroup of G strictly contained in D, then by
Step 0 we have that p “ 2, 3, contradicting Step 1. Hence D is a minimal normal
subgroup of G.

Step 3. We may assume that ZpGq “ Op1pGq.

Let N “ Op1pGq and let λ P IrrpNq be such that if b “ tλu P BlpNq then B covers
b. By the Fong–Reynolds correspondence (see Theorem 1.58) we may assume
that b is G-invariant, and hence λ is G-invariant. Now pG,N, λq is an ordinary-
modular character triple (see Definition 1.68). By Theorem 1.69 we know that
there exists an isomorphic ordinary-modular character triple pH,M,φq with M
a p1-group and φ linear and faithful (in particular, M is central). Moreover,
since G{N – H{M , we have that M “ Op1pHq and that H is also p-solvable.
Now let B1 be a p-block of H covering b1 “ tφu. By Theorem 1.66 we have that

|IrrpBq| “ |IrrpG|λq| “ |IrrpH|φq| “ |IrrpB1q|

and if D1 is a defect group of B1 then D1 P SylppHq. We claim that if D1 is one
of C4,C5,C2 ˆC2, then so is D. Indeed, if Q{M P SylppH{Mq then Q “ D1 ˆM .
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Since G{N – H{M , we have that

D – DN{N – D1M{M – D1

and D has one of the desired structures. Thus, by working with pH,M,φq, we
may assume that λ is linear, faithful, and N is central.

Write Z “ ZpGq. Next we prove that N “ Z. To do so, since N Ď Z, we just
need to show that |Z|p “ 1. Assume by way of contradiction that |Z|p ą 1. It
follows from Brauer’s formula (see Lemma 2.11) that kpBq ě |Z|plpBq. Since
kpBq “ 4 this forces p “ 2, 3, contradicting Step 1. Thus N “ Z.

Step 4. Let tx1, . . . , xtu be a set of representatives of the G-conjugacy classes of
p-elements of G. Then t “ 2 or t “ 3.

We may assume that x1 “ 1, so tx2, . . . , xtu are a set of representatives of the
nontrivial G-conjugacy classes of p-elements of G. By Brauer’s formula (Lemma
2.11) and Step 3 we have

(2.3.1) kpBq “ lpBq `

t
ÿ

i“2

ÿ

bPBlpCGpxiqq

bG“B

lpbq.

The case where lpBq “ 1 is done in [Kül84] (in a wider context), so we may
assume lpBq ě 2. Since bG “ B for some b P BlpCGpxiqq (see Theorem 1.43) we
have that either t “ 2 or t “ 3, as desired.

By Theorem 1.66 we have that IrrpBq “ IrrpG|λq, where λ P IrrpZq is the
character from Step 3. From now on we denote by b the unique block of ZD
covered by B and notice that 1D ˆ λ “ λ̂ P Irrpbq is G-invariant (by Step 3) so
b is G-invariant.

Step 5. Suppose that |D| “ p2. Then lpBq “ 2 and G acts on Dzt1u transitively.

Let u P D, u ‰ 1. Let C “ CGpuq and let bu P BlpC|Dq with bG “ B (Theorem
1.43). Since kpBq “ 4 and 1 ă lpBq ă 4, Brauer’s formula 2.3.1 forces either
lpbuq “ 1 or lpbuq “ 2.

Suppose that lpbuq “ 1. Notice that since D Ÿ G and D Ď C we have that D is
a defect group of bu by Theorem 1.42. By Theorem 1.49, bu dominates a unique
block bu P BlpC{xuyq with defect group D{xuy, which is cyclic since |D| “ p2. By
Theorem 1.50 we have lpbuq “ lpbuq. By Theorem 2.1, bu has inertial index lpbuq

(see Definition 1.62), and so does bu. Notice that b P BlpCGpDqq is a root of bu
(see Definition 1.61), so that bC “ bu. Recall that b is G-invariant because λ is G-
invariant. In particular, b is C-invariant and we have |C : CGpDq| “ lpbuq “ 1.
Hence the action of G{ZD on D is Frobenius. This implies that the Sylow
subgroups of G{ZD have trivial Schur multiplier by Lemma 2.6. By Lemma

2.5, λ̂ extends to G and so does λ. By Gallagher’s theorem (Theorem 1.11),
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| IrrpG|λq| “ | IrrpG{Zq| so G{Z has exactly four conjugacy classes. Using that
p ‰ 2, 3 by Step 1, we get that G{Z is isomorphic to the dihedral group of order
10, and D – C5 as desired.

Then we may assume that lpbuq “ 2 and hence, by Brauer’s formula 2.3.1 we
have that t “ 2 and lpBq “ 2.

Step 6. We have that G{Z is an affine primitive permutation group of rank 2 or
3.

By the Schur–Zassenhaus theorem there is K ď G such that G “ KD and
K X D “ 1. Write G “ G{Z, D “ DZ{Z and K “ K{Z. We have that G
acts on Ω “ tKd | d P Du transitively via right multiplication. Notice that K
is the stabilizer of the trivial coset in Ω. If K ă L ă G then L “ KU where
U “ LXD. Since DŸ G we have U Ÿ L so K normalizes U and then U Ÿ G, a
contradiction with Step 2. Thus K is maximal in G, we have that this action is
primitive (see Theorem 1.72) and G is a primitive permutation group with socle
D.

Since the action of K on Ω has the same number of orbits as the action by
conjugation of G on D, by Step 4 it has 2 or 3 orbits. Hence the rank of G is 2
or 3, as wanted.

Step 7. We may assume the rank of G is 3.

Suppose that G, and hence K, has rank 2, so that t “ 2. By Theorem 1.76
and using that p ‰ 2, 3 by Step 1, either K is isomorphic to a subgroup of the
semilinear group Γppdq or

pd P t52, 72, 112, 192, 232, 292, 592u,

where |D| “ pd.

We assume first that K is isomorphic to a subgroup of Γppdq. In this case we
know that there exists Z ď H � K with H{Z cyclic (and hence, H abelian)
with |H : Z| “ s | pd ´ 1 and index |K : H| “ t | d. Since there are just two
orbits of p-elements in G, we have that G{ZD acts transitively on Dzt1u and
pd ´ 1 | |G : ZD|.

Recall that IBrpBq “ IBrpG|λq. Since lpBq ď 3 we have that IBrpHD|λq has at
most three G-orbits, and each of the orbits is of size at most |G : HD| “ |K :
H| “ t ď d. Hence |IBrpHD|λq| ď 3d. Notice that

IBrpHDq “ IBrpHD{Dq “ IrrpHD{Dq

by Theorems 1.32 and 1.29, and hence by Gallagher’s correspondence (see The-

orem 1.11) we have IBrpHD|λq “ IrrpHD|λ̂q where again λ̂ “ 1D ˆ λ is the
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canonical extension of λ to ZD. Since λ̂ is invariant and HD{ZD is cyclic, λ̂
extends to HD and hence

|IBrpHD|λq| “ |HD{ZD| “ |H : Z| “ s.

Then s ď 3d. Now,

pd ´ 1 ď |G : ZD| “ st ď 3dt ď 3d2.

Notice that, if d P t1, 2, 3u we would have p P t2, 3u which is a contradiction.
Hence we may assume d ą 3 and p ą 3. But then we have a contradiction since
in this case 3d2 ă pd ´ 1.

Hence we may assume that we are in one of the exceptions listed above, so in
particular |D| “ p2. By Step 5 we have that lpBq “ 2 and G acts transitively on
Dzt1u. Let u P Dzt1u and let bu P BlpCGpuq|Dq inducing B. By the argument
in Step 5, bu has inertial index 2, so |CGpuq : CGpDq| “ 2, and lpbuq “ 2. Since
G acts transitively on Dzt1u, we have that

|G : ZD| “ |G : CGpDq| “ 2|G : CGpuq| “ 2pp2 ´ 1q.

Since we are dealing with the case that G{ZD is not a subgroup of the semilinear
group, using Table 1.3.3 and the fact that |G : ZD| “ 2pp2 ´ 1q, we have that
G{Z “ PrimitiveGrouppr, iq with

pr, iq P tp52, 18q, p112, 42q, p292, 110qu

in [GAP]. These groups have a normal subgroup N{Z Ÿ G{Z of index 2 and
such that for q ‰ p, the Sylow q-subgroups of N{Z are either cyclic or quaternion

groups (in any case they have trivial Schur multiplier). In particular, λ̂ extends

to N by Lemma 2.5. Now | IrrpG|λ̂q| “ 4 and the G-orbits of IrrpN |λ̂q have size

at most |G : N | “ 2, so we have | IrrpN |λ̂q| ď 8 but by Gallagher’s theorem

| IrrpN |λ̂q| “ | IrrpN{ZDq| “ kpN{ZDq.

If p ‰ 5 we have kpN{ZDq ą 8 so these cases are impossible. If p “ 5 then

N{ZD – SLp2, 3q and IrrpN |λ̂q contains three characters of degree 1, three
characters of degree 2 and a character of degree 3 by Gallagher’s theorem. Since
|G : N | “ 2, the G-orbits in IrrpN |λ̂q have size at most 2. This yields at least 5

G-orbits in IrrpN |λ̂q, which is a contradiction.

Final Step

By Step 7 the rank of G is 3. Notice that in this case we have | IrrpK|λq| “

lpBq “ 2. By Theorem 2.7, K{Z is solvable, and so is G{Z. By Step 5 we may
assume that d ‰ 2. By Theorem 1.77 (and taking into account that K “ K{Z
is a p1-group, p ‰ 2, 3 and d ‰ 2) we are in one of the following situations:

Case (i): K ď Γppdq.
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In this case, we have a subgroup Z ď H ď K with H{Z cyclic (and hence, H
abelian) with |H : Z| “ s | pd´1 and index |K : H| “ t | d. Since |IrrpK|λq| “ 2
and |IrrpH|λq| “ |H{Z| “ s we obtain that

s “ |IrrpH|λq| ď 2t ď 2d.

Now, G{ZD acts on D in two nontrivial conjugacy classes. Hence

pd ´ 1 ď 2|G : DZ| “ 2st ď 4d2.

If d “ 1 we obtain p “ 5 and we are done. In the other case, we have d ą 3 and
p ą 3, but this is a contradiction.

Case (ii): K imprimitive.

We have that K{Z is an imprimitive linear group with imprimitivity spaces V1,
V2, where D “ V1 ˆ V2 and |V1| “ |V2| “ pa. As in the comment after Theorem
1.77, we may write H “ NKpV1q “ NKpV2q. Then K – pA ˆ Bq ¸ C2 where

H – A ˆ B and A – H{CHpV1q – B. By part (iii) of Theorem 1.77, we have

that A is a solvable linear transitive group on V1zt0u, so we are in cases (i) or
(ii) of Theorem 1.76 and we have that either A ď Γppaq or

pa P t52, 72, 112, 232u

(recall that p ‰ 3 by Step 1). Since | IrrpK|λq| “ 2, by Lemmas 2.9 and 2.10
and Step 1 we are in the latter situation. Notice that |IrrpK|λq| “ 2 forces
|IrrpH|λq| P t1, 4u.

Since we are in case (ii) of Theorem 1.76 we have that A contains a normal
subgroup N isomorphic to SLp2, 3q (this can be checked in [GAP] using Table
1.3.3). Write N{Z “ N . Then λ extends to N by Lemma 2.5 and by Gallagher’s
theorem the degrees of the irreducible characters of IrrpN |λq are t1, 2, 3u, where
the degrees 1 and 2 appear three times each and the degree 3 appears once.
Let ξ, γ, δ P IrrpN |λq with ξp1q “ 1, γp1q “ 2 and δp1q “ 3. Observe that δ is
H-invariant.

Suppose first that |IrrpH|δq| “ 1. Then δ is fully ramified in H and hence, |H{N |

is a square, but this is not possible since in all the possible cases |H{N |3 P t3, 27u.
Therefore |IrrpH|δq| ą 1. Then |IrrpH|λq| “ 4 and by Clifford’s theorem we
deduce that ξ and γ lie under a unique irreducible character in IrrpH|λq, so they
are fully ramified in their stabilizers Hξ and Hγ . Again, by Clifford’s theorem
it follows that |H : Hξ| “ |H : Hγ | “ 3 and hence |H : N |2 “ |Hξ : N |2. Now

|H : N | “ |A|2{|N |, and since |N |2 “ 8 it follows that |H : N |2 is never a square.
We conclude that 1 ă |Hξ : N |2 is not a square, so |Hξ : N | is not a square,
yielding a contradiction with the fact that ξ is fully ramified in Hξ.

Case (iii): pd “ 74.
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In this case G{Z is a subgroup of one of the groups of case (ii)(b) of Theorem
1.77, and has degree 74. The primitive permutation groups of degree 74 are
classified (see the main result of [Ron05]) and this guarantees that the [GAP]
library of such groups is complete. By using [GAP] we obtain that G{Z is one
of the groups G{Z “ PrimitiveGroupp74, iq where i P t774, 775u.

In the case i “ 774 we can find a normal subgroup Z Ď N Ÿ G with |G : N | “ 4
and all Sylow q-subgroups of N , for q ‰ p, are cyclic, so they have trivial Schur
multiplier. In this case we have that λ extends to N by Lemma 2.5. Then λ
extends to N XK and

|IrrpN XK|λq| “ |IrrpN XK{Zq| “ | IrrpN{DZq| “ 192.

However, since | IrrpK|λq| “ lpBq “ 2 and using |K : K X N | “ |G : N | “ 4 we
have that | IrrpN XK|λq| ď 8, a contradiction.

In the case i “ 775 we can find a normal subgroup N{Z of order 3 ¨ 74. Again,
λ extends to N and if c is the unique block of N covered by B we have that
Irrpcq “ IrrpN |λq. Then there are at most 4 orbits in IrrpN |λq of size dividing
640 and the sum of the sizes is 803. By an easy counting argument we exclude
the possibility that there are either 2 or 3 orbits, and if there are 4 orbits, then
they have sizes t1, 2, 160, 640u, in particular there is an orbit of size 1. Let θ
be the G-invariant irreducible character of c. Now, since CGpDq Ď N we have
that B is the unique block of G covering c (see Theorem 1.59) and hence there
is just one irreducible character in G lying over θ (the one lying in B). This
means that there exists θ P IrrpN |λq that is fully ramified in G and by Lemma
1.26 we have that there is no self-centralizing cyclic subgroup in G{N . However
if P {N P Syl5pG{Nq and C{N “ CG{N pP {Nq then C{N is cyclic of order 10
and CG{N pC{Nq “ C{N . □

Corollary 2.15. Let G be a finite group, B a p-block of G with kpBq “ 4 and D
a defect group of B. Assume k0pBq “ k0pbq where b P BlpNGpDqq is the Brauer
correspondent of B in NGpDq. Then D is isomorphic to one of C4,C2 ˆ C2,C5.

Proof. By Theorem 1.49, b dominates some block

b P BlpNGpDq{ΦpDqq

with defect group D{ΦpDq. We have

kpbq “ k0pbq ď k0pbq

by Theorem 2.4. We explore all the possibilities for kpbq using Theorem 2.3.
If kpbq “ 1 then D{ΦpDq “ 1, which is impossible. If kpbq “ 2 then we have
|D{ΦpDq| “ 2 and then D is cyclic and p “ 2. Using Theorem 2.1 we conclude
that |D| “ 4 and we are done. If kpbq “ 3 then we have D{ΦpDq is cyclic of
order 3, so D is a cyclic 3-group. Then using Theorem 2.1 we get a contradiction.
Finally if kpbq “ 4 then D{ΦpDq is one of the groups from Theorem 2.14, and
it must be elementary abelian. If |D{ΦpDq| “ 5 then D is cyclic and then by
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Theorem 2.1 we have D – C5. Otherwise, D{ΦpDq – C2 ˆ C2 and p “ 2. Since
kpbq ď k0pBq we have kpBq “ k0pBq and we apply Theorem 2.2 to conclude that
|D| “ 4. □
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CHAPTER 3

Character degrees in blocks and defect groups

3.1. Introduction

One of the main themes in the representation theory of finite groups is to relate
global and local invariants. For example, for a prime p, Brauer’s Problem 12
asks what can be said about the Sylow p-subgroups of G from the makeup of the
set of irreducible characters IrrpGq. More generally, the problem of determining
structural properties of a defect group of a p-block B of G based on the set
IrrpBq of irreducible characters of B has been an important topic of study in
the area. The proof of one direction of the Brauer Height Zero Conjecture in
[KM13] and the recent proof of the remaining direction [MNST22] have been
major breakthroughs in this line of investigation. Other recent results studying
the p-structural properties of the defect groups in terms of properties of the
irreducible characters in the block can be found in [FLLMZ19], [GRSS20]
and [NRSV21]. The results in this chapter are a contribution to this lively
area of research.

Let B be a Brauer p-block of a finite group G, with defect group D. We write
cdpBq “ tχp1q | χ P IrrpBqu for the set of the degrees of the complex irreducible
characters in B and dlpDq for the derived length of the solvable group D. As
mentioned in the introduction, this chapter’s main motivation is the following
question.

Question B (Navarro). Is it true that dlpDq ď |cdpBq|?

Question B has a positive answer if |cdpBq| “ 1. In fact, a theorem of T.
Okuyama and Y. Tsushima [OT83] shows that in this case the defect group D
is abelian. Similarly, Navarro’s prediction is confirmed whenever D is normal
in G by [Rey63, Theorem 8] and whenever the block B is nilpotent by [BP80,
Theorem 1.2]. On the other hand, at the time of this writing, the case where
|cdpBq| “ 2 remains an open problem, although it would follow from the recently
proved Brauer Height Zero Conjecture, along with a conjecture of G. Malle and
G. Navarro [MN11]. Specializing the question to the principal blockB “ B0pGq,
we obtain the following result.

41
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Theorem C. Let p be a prime, let G be a finite group with Sylow p-subgroup
P , and let B0pGq be the principal p-block of G. If |cdpB0pGqq| ď 2, then G is
p-solvable, dlpP q ď |cdpB0pGqq| and G{Op1pGq has normal Sylow p-subgroups.

The group A5 has a principal 2-block with character degrees t1, 3, 5u, and this
shows that when exploring this problem for principal blocks with more than 2
character degrees, p-solvability is no longer guaranteed. However, we can still
prove that Navarro’s question has a positive answer for principal blocks with
three character degrees.

Theorem D. Let p be a prime, let G be a finite group with Sylow p-subgroup P ,
and let B0pGq be the principal p-block of G. If |cdpB0pGqq| ď 3, then dlpP q ď

|cdpB0pGqq|.

It was proved in [Man00] that if a p-group P has derived length dlpP q ą 4 then
|P | ą p21. The following is an immediate corollary.

Corollary E. Let p be a prime, let G be a finite group with Sylow p-subgroup
P , and let B0pGq be the principal p-block of G. If dlpP q ď 4 then dlpP q ď

|cdpB0pGqq|. In particular, Question B has a positive answer for B0pGq if |G|p ď

p21.

Both Theorems C and D are proved via a reduction to finite simple groups. At
the end of this Chapter we prove the following block version of a well-known
theorem of J. G. Thompson.

Theorem F. Let G be a finite group, p and q distinct primes dividing |G| and let
B0pGq be the principal p-block of G. Then cdpB0pGqq consists only of q-powers
if and only if G{Op1pGq has an abelian normal q-complement.

This result does not depend on the Classification of finite simple groups, and it
has a more elementary nature.

Theorems C and F appeared in [M21] and Theorem D and Corollary E appeared
in [GMS22].

3.2. The reduction of Theorem C

Let us record the following elementary well-known situation.

Lemma 3.1. Let G be a finite group. Then all irreducible characters of B0pGq

are linear if and only if G{Op1pGq is abelian.
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Proof. This follows from Theorem 1.52 using that G1 Ď kerpλq for all linear
characters λ of G. □

If S is a group, then S{ZpSq is naturally embedded as a normal subgroup in
A “ AutpSq. We will need the following result on almost simple groups, whose
proof will be deduced from Propositions 3.15, 3.18 and 3.19.

Theorem 3.2. Suppose that S is a nonabelian simple group of order divisible by
p with abelian Sylow p-subgroups. Let S ď H ď A “ AutpSq. Then there exist
α, β P IrrpHqzIrrpH{Sq in the principal block of H such that αp1q ‰ βp1q.

Before proceeding with the proof of the main result of this section, we recall the
Isaacs–Smith theorem.

Theorem 3.3. Suppose that G is a finite group and that p divides the degree
of every nonlinear irreducible character in B0pGq. Then G has a normal p-
complement.

Proof. This is the main result of [IS76]. □

We will also make use of the recent proof of Brauer’s height zero conjecture for
principal blocks.

Theorem 3.4 (Malle–Navarro). Assume every character in B0pGq has height
zero and let P P SylppGq. Then P is abelian.

Proof. This is the main result of [MN21]. □

Assuming that we have proved Theorem 3.2, we can prove our main result.

Theorem 3.5. Suppose that G is a finite group, and assume that cdpB0pGqq “

t1,mu. Then G is p-solvable.

Proof. By Lemma 3.1 we may assume m ą 1, and by Theorem 3.3 we may
assume that m is not divisible by p, and then all characters in B0pGq have height
zero. Then, by Theorem 3.4, the Sylow p-subgroups of G are abelian. Arguing
by induction and using that B0pG{Mq Ď B0pGq for any M Ÿ G (see Corollary
1.53), we may assume that G has a unique minimal normal subgroup N . Also N
is nonabelian and has order divisible by p. Therefore there exists S Ď N simple
such that N “ Sx1 ˆ ¨ ¨ ¨ ˆ Sxt for some xi P G, and if H “ NGpSq, then

G “

t
ž

j“1

Hxj

is a disjoint union. Let C “ CGpSq and Si “ Sxi . We set S “ S1.
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Now, S – SC{C ď H{C ď A “ AutpSq. By Theorem 3.2, there exist α, β
in the principal block of H{C such that αp1q ‰ βp1q, and α and β do not
lie over the trivial character of S. Let 1 ‰ ν P IrrpSq be under α. Now, let
η “ ν ˆ 1S2 ˆ ¨ ¨ ¨ ˆ 1St P IrrpNq. Notice that Gη “ Hν Ď H, using that ν is
nontrivial. Since S2 ¨ ¨ ¨St Ď C Ď kerpαq, we have that α P IrrpH|ηq. By the
Clifford correspondence (Theorem 1.10) there is some ψ P IrrpHνq such that
ψH “ α. Using that Gη “ Hν and applying again the Clifford correspondence
we have that ψG “ pψHqG “ αG P IrrpGq. With the same argument βG P IrrpGq.
Therefore αG and βG are irreducible, and have degrees tαp1q and tβp1q, which
are different. By Theorem 1.46, we have that B0pHqG is defined and contains αG

and βG. By Brauer’s third main theorem (see Theorem 1.47), B0pHqG “ B0pGq.
Hence, tαp1q “ tβp1q, but this is impossible. □

Notice that Theorem 3.5 can be seen as a principal block version of the Isaacs–
Passman Theorem.

Theorem 3.6 (Isaacs–Passman). Let G be a finite group and let m be a positive
integer. Assume that the set of degrees of irreducible characters of G is contained
in t1,mu. Then G is metabelian.

Proof. See [Isa06, Corollary 12.6]. □

Using the Isaacs–Passman theorem we obtain the following corollary.

Corollary 3.7. Suppose that G is a finite group with cdpB0pGqq “ t1,mu.
Then G{Op1pGq is metabelian and has a normal Sylow p-subgroup.

Proof. By Theorem 3.5 we have that G is p-solvable. By Theorem 1.66,
IrrpB0pGqq “ IrrpG{Op1pGqq. Then if cdpB0pGqq “ t1,mu we have

cdpG{Op1pGqq “ t1,mu.

By Theorem 3.6 we have that G{Op1pGq is metabelian, so there exists some
K{Op1pGq Ÿ G{Op1pGq abelian such that G{K is also abelian. For a different
prime q ‰ p, if Q{Op1pGq P SylqpK{Op1pGqq we have Q{Op1pGq Ÿ K{Op1pGq

and Q{Op1pGq Ÿ G{Op1pGq, but then Q Ď Op1pGq so K{Op1pGq must be con-
tained in some P {Op1pGq P SylppG{Op1pGqq. Since G{K is abelian we have that
P {Op1pGq Ÿ G{Op1pGq, as desired. □
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3.3. Almost simple groups for Theorem C

We begin this section with an easy result.

Lemma 3.8. Let G be finite group, let p be a prime dividing the order of G and
let B0pGq be the principal p-block of G. For any m P N,m ‰ 1 there exists a
nontrivial χ P IrrpB0pGqq such that χp1q is not divisible by m.

Proof. If G has a nontrivial linear character in the principal p-block then we
choose χ to be this character. Otherwise, assume by way of contradiction that

any χ P IrrpB0pGqqzt1Gu has degree divisible by m, so χp1q

m is an integer. Let
g P G be p-singular. By weak block orthogonality (see Theorem 1.36) we have

0 “
ÿ

χPIrrpB0pGqq

χp1qχpgq “ 1 `
ÿ

1G‰χPIrrpB0pGqq

χp1qχpgq “

“ 1 `m
ÿ

1G‰χPIrrpB0pGqq

χp1q

m
χpgq

so

´
1

m
“

ÿ

1G‰χPIrrpB0pGqq

χp1q

m
χpgq

and by the previous comment, the right hand side is an algebraic integer, so ´ 1
m

is an algebraic integer, a contradiction. □

In what follows we use a well-known fact about finite simple groups of Lie type in
characteristic p. If S is such a group and S R tPSp4p2q1,G2p2q1, 2G2p3q1, 2F4p2q1u

then there is a character StS P IrrpSq known as the Steinberg character. It
is a character of degree StSp1q “ |S|p, and it is the unique character of such a
degree in IrrpSq, so it is AutpSq-invariant. In [Fei93], Feit proved the following
classical result.

Theorem 3.9 (Feit). The character StS extends to AutpSq.

Proof. This is the main result of [Fei93]. □

The Steinberg character is what is known in the theory of representations of
groups of Lie type as a unipotent character (see [GM20, Section 2.3]). These
were proven to extend to their stabilizers in AutpSq in [Mal08]. Notice that we
can obtain Feit’s theorem as a consequence of this result.

Theorem 3.10. Let S be a simple group of Lie type defined over a field of
characteristic p, and assume S R tPSp4p2q1,G2p2q1, 2G2p3q1, 2F4p2q1u. Then the
p-blocks of S are the principal block and the block that contains only the Steinberg
character StS.
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Proof. This is [Cab18, Theorem 3.3]. □

3.3.1. The case p “ 2. In this section all blocks are 2-blocks and Brauer
characters are 2-Brauer characters. We begin by recalling a classical theorem of
Fong on the degree of real valued 2-Brauer characters.

Theorem 3.11 (Fong). Suppose that φ P IBrpGq is real valued. If φp1q is odd
then φ “ 1G0.

Proof. This is [Nav98, Theorem 2.30]. □

The following result is part of [B71, Corollary 8B].

Lemma 3.12. Let G be a finite group and let χ P IrrpGq be a real-valued character
of odd degree. Then χ P IrrpB0pGqq.

Proof. Let χ0 be the restriction of χ to the 2-regular elements of G. Notice
that if ϕ P IBrpGq is a constituent of χ0 and ϕ ‰ ϕ then ϕ is also a constituent
of χ0. Also, by Theorem 3.11 if ϕ ‰ 1G is a real-valued constituent of χ0

then ϕp1q is even. Since χp1q is odd, χ0 must contain the trivial character, so
χ P IrrpB0pGqq. □

Theorem 3.13. Let G be a finite group with abelian Sylow 2-subgroups. Then
O21

pG{O21pGqq is the direct product of a 2-group and simple groups of one of
the following types:

(i) PSL2p2nq, n ą 1,

(ii) PSL2pqq q ” 3 or 5 mod 8, q ą 3,

(iii) The Ree groups 2G2p32n`1q with n ě 1,

(iv) The Janko group J1.

Proof. This is the main result of [Wal69]. □

Lemma 3.14. Let S “ PSL2pqq “ SL2pqq for q “ 2n, n ě 2. Then

(i) if q ´ 1 is divisible by 3, S has a unique rational character of degree
q ` 1,

(ii) if q ` 1 is divisible by 3, S has a unique rational character of degree
q ´ 1.

Proof. With the notation of Theorem 2, Chapter 38 of [Dor72], in the first
case this character is χ q´1

3
and in the second case it is θ q`1

3
.
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To see uniqueness, notice that in the first case, in the class denoted by paq, χj

takes the value ζj ` ζ´j for ζ “ e
2πi
q´1 , and j P t1, . . . , q´2

2 u. It is easy to see that

j “
q´1
3 is the unique exponent such that ζj ` ζ´j is an integer. The second

case is done identically. □

Proposition 3.15. Theorem 3.2 holds for p “ 2.

Proof. We have that S is isomorphic to one of the groups in Theorem 3.13.
Let A “ AutpSq and S ď T ď A.

(i) If S – SL2pqq for a power q of 2, then A{S is cyclic (see [Ste60, Section
3]). By Theorem 3.10, all characters of odd degree of S lie in B0pSq. If
q´1 is divisible by 3, by Lemma 3.14 there exists an A-invariant charac-
ter α P IrrpB0pSqq of degree q ` 1. By Theorem 1.12 and the Gallagher
correspondence (Theorem 1.11), all elements of IrrpT |αq are extensions
of α. By Theorem 1.56 there exists an extension α̂ P IrrpB0pT qq. How-
ever, B0pSq also contains a character γ of degree q´1, and by Theorem
1.56 there exists some β P IrrpB0pT qq over γ, so γp1q divides βp1q by
Clifford’s theorem (Theorem 1.9). Then α, β are characters of different
degrees that lie in B0pT q and which do not contain S in their kernel.
The case where q ` 1 is divisible by 3 is done identically.

(ii) If S – PSL2pqq, q ” 3, 5 mod 8, then A contains a subgroup N –

PGL2pqq such that S ď N , and N{S and A{N are cyclic. The Steinberg
character StS and StN is a real-valued character of degree q so by Lemma
3.12, it is in the principal block of S and N respectively. Now let
S ď T ď A and then T X N P tS, T u. Then StTXN P IrrpB0pT X

Nqq. Furthermore TN{N – N{T X N is cyclic, so by Theorem 1.12
and Theorem 1.56, there is an extension α of StTXN in B0pT q. By
Lemma 3.8, B0pSq contains a character γ of q1-degree, and by Theorem
1.56 there exists some β P IrrpB0pT qq over γ. By Clifford’s theorem
(Theorem 1.9) γp1q divides βp1q so βp1q ‰ αp1q and this case is done.

(iii) If S – 2G2pqq, for q “ 32n`1 then A{S is cyclic (see [GLS94, Theorem
2.5.12]). By [LM80, Theorem 3.9], S has a unique character γ of degree
q3 in the principal block. Let S ď T ď A, we have that γ is T -invariant
and by Theorem 1.12 and Theorem 1.56, γ extends to α P IrrpB0pT qq.
For the character β we argue identically as in the previous case.

(iv) If S – J1 then A “ S and we may choose the characters of degree 77
and 133 which lie in B0pSq.

This ends the proof. □

3.3.2. The case p “ 3. In this section all blocks are 3-blocks.
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Proposition 3.16. The list of nonabelian simple groups with abelian Sylow 3-
subgroups is the following:

(i) A5,A6,A7,A8,M11,M22,M23,HS,O
1N, J1,

(ii) PSL2pqq with 3 ∤ q,

(iii) PSL3pqq for 3 | pq ` 1q,

(iv) PSU3pqq for 3 | pq ´ 1q,

(v) PSL3pqq for a power q of a prime with 3 | pq ´ 1q and 9 ∤ pq ´ 1q,

(vi) PSU3pqq for a power q of a prime with 3 | pq ` 1q and 9 ∤ pq ` 1q,

(vii) PSp4pqq for a power q of a prime with 3 | pq ´ 1q,

(viii) PSp4pqq for a power q of a prime with q ą 2 and 3 | pq ` 1q,

(ix) PSL4pqq for a power q of a prime with q ą 2 and 3 | pq ` 1q,

(x) PSU4pqq for a power q of a prime with 3 | pq ´ 1q,

(xi) PSL5pqq for a power q of a prime with 3 | pq ` 1q,

(xii) PSU5pqq for a power q of a prime with 3 | pq ´ 1q,

(xiii) PSL2p3nq, n ě 3.

Proof. This follows from the main result of [SZ16]. □

Proposition 3.17. Suppose that S is a simple group with abelian Sylow 3-
subgroups, S fl PSL2p3nq. Then there exists 1 ‰ α P IrrpB0pSqq that has an
extension α̂ P IrrpB0pT qq for all S ď T ď AutpSq and β P IrrpB0pSqq such that
βp1q does not divide αp1q.

Proof. Write A “ AutpSq. All groups of Proposition 3.16(i) excluding A6 –

PSL2p32q can be checked with [GAP]. For the remaining cases we will prove
the claim first for T “ A.

If S is isomorphic to the groups of the form PSLnpqq,PSUnpqq,PSpnpqq, then A
contains a subgroupN of inner-diagonal automorphisms, isomorphic to PGLnpqq,
PGUnpqq or PCSpnpqq respectively, withNŸA and A{N is abelian (see [GLS94,
Theorem 2.5.12] and [Ste60, Section 3]), although the notation we use appears
for example in [LS13].

By [LS13, Theorem 3.1] in cases (ii)-(xii) of Proposition 3.16, the Steinberg
character is in the principal block of S and N . By Theorem 3.9 we have that
StN extends to A, so by Gallagher’s Theorem (see Theorem 1.11) IrrpA|StN q “

tµStN | µ P IrrpA{Nqu. Hence, all characters in IrrpA|StN q are extensions of
StN , and at least one of these characters lies in B0pAq by Theorem 1.56. Finally,

Universitat de València Josep Miquel Mart́ınez Maŕın
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by Lemma 3.8, B0pSq contains a nonlinear character of q1-degree, so this case is
done.

Finally we proceed to prove the claim for any arbitrary subgroup S ď T ď

AutpSq. Then T contains a normal subgroup M “ T X N Ÿ T where S Ÿ M ,
M{S is cyclic and T {M is abelian. In any of the previous cases we found
a character α that extended to α̂ P IrrpB0pAqq and α̂N P IrrpB0pNqq. Now
M Ÿ N so B0pNq covers B0pMq, and then α̂M P IrrpB0pMqq. Now α̂T P IrrpT q

and then α̂M extends to T as well. By Gallagher’s Theorem (Theorem 1.11)
IrrpT |α̂M q “ tµα̂M | µ P IrrpT {Mqu and since T {M is abelian, every element
of IrrpT |α̂M q is an extension of α̂M . By Theorem 1.56 at least one of these
characters lies in B0pT q, so we are done. □

Proposition 3.18. Theorem 3.2 holds for p “ 3.

Proof. Let S be a simple group of order divisible by 3 with abelian Sylow
3-subgroups. If S “ A6 this is easy to check with [GAP]. Otherwise, assume
S fl PSL2p3nq, and let α, β be as in Proposition 3.17. Let S ď T ď AutpSq

and α̂ P IrrpB0pT qq be an extension of α. By Theorem 1.56 there exists χ P

IrrpB0pT qq over β and by Clifford’s theorem χp1q is divisible by βp1q, which
does not divide αp1q. Then α̂ and χ are characters of different degrees that lie
in B0pT q and which do not contain S in their kernel.

Now, assume that S – PSL2pqq for q “ 3n, n ě 3. Let A “ AutpSq and
let S Ď N Ÿ A such that N – PGL2p3nq. In this case, the unique character
outside the principal block is the Steinberg character StS by Theorem 3.10.
Write q ” ϵ mod 4, ϵ P t´1, 1u. The only characters of S that do not extend to
N are the characters of degree 1

2pq ` ϵq.

If ϵ “ 1 then N has a family of characters ψk of degree q`1 whose only possibly

nonrational values are of the form ζjk ` ζ´jk for some integer j and ζ “ e
2πi
q´1 ,

and ψk lie over characters of B0pSq of degree 1
2pq ` 1q. Let σ be the generator

of the cyclic group of field automorphisms in A. Then ψσk takes the values

pζjkq3 ` pζ´jkq3. Since q ´ 1 is divisible by 4 we can choose n such that ζn is a
4th root of unity, and then pζjnq3 ` pζ´jnq3 “ ζ´jn ` ζjn, so ψn is xσy-invariant.
By Theorem 1.12 and using that A{N is cyclic, ψn extends to φ P IrrpB0pAqq.
Let S ď T ď A and let α be a constituent of φT . Since α lies over a character of
S of degree 1

2pq`1q then either αp1q “ 1
2pq`1q or αp1q “ q`1. Now S also has

a character β in the principal block of degree q ´ 1. By Theorem 1.56 there is
some γ P IrrpB0pT qq lying over β so that γp1q is a multiple of βp1q. Then both
γ and α do not contain S in their kernel and αp1q ‰ γp1q.

If ϵ “ ´1 then an identical argument can be made to show there is a character
χ P IrrpB0pNqq of degree q ´ 1 that extends to B0pAq, and since these groups
also have characters of degree q ` 1 in the principal block, the same reasoning
works. □
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3.3.3. The case p ě 5. In this case, Theorem 3.2 follows easily from the
work on simple groups done in [GRSS20].

Proposition 3.19. Theorem 3.2 holds for p ě 5.

Proof. Let S be a nonabelian simple group of order divisible by p, and let T
be a subgroup S ď T ď AutpSq. If S fl PΩ`

8 pqq then we are in case (i) of
[GRSS20, Proposition 2.1], and may choose the extensions of the nontrivial
characters α, β to the principal p-block of T . Otherwise S – PΩ`

8 pqq for some
prime power q. Then we are in case (ii) of the same result, so there exist two
nontrivial characters α, β P IrrpB0pSqq such that αp1q ą 2βp1q. The result

produces characters α̂, β̂ P IrrpB0pT qq such that α̂S P tα, 2αu and β̂S P tβ, 2βu.

In particular α̂p1q ‰ β̂p1q. Since α̂ and β̂ lie over a nontrivial character of S, we
are done. □

3.4. The reduction of Theorem D

3.4.1. Auxiliary lemmas.

Lemma 3.20. Let G be a finite group, N Ÿ G, and θ P IrrpB0pNqq. Assume
θ extends to χ P IrrpB0pGqq. Then tµχ | µ P IrrpB0pG{Nqqu Ď IrrpG|θq X

IrrpB0pGqq.

Proof. By Gallagher’s correspondence (Theorem 1.11), IrrpG|θq “ tµχ | µ P

IrrpG{Nqu. We have χ “ 1G{Nχ and then by Lemma 1.51, if µ P IrrpB0pG{Nqq

then µχ P IrrpB0pGqq. □

Lemma 3.21. Let G be a finite group and let S1 ˆ ¨ ¨ ¨ ˆ St Ÿ G, where the
Si’s are subgroups permuted by G. Let S “ S1. Assume there exists α P

IrrpNGpSq{CGpSqq in the principal block and such that S is not contained in
kerpαq. Then αG P IrrpB0pGqq.

Proof. Write H “ NGpSq and C “ CGpSq. Let η P IrrpSq be under α. Now
let

ψ “ η ˆ 1S2 ˆ ¨ ¨ ¨ ˆ 1St P IrrpS1 ˆ ¨ ¨ ¨ ˆ Stq.

Notice that Gψ “ Hη. Since S2 ¨ ¨ ¨St Ď C Ď kerpαq we have that α P IrrpH|ψq.
By the Clifford correspondence (Theorem 1.10) there is some µ P IrrpHηq such
that µH “ α. Using that Gψ “ Hη and applying again the Clifford corre-

spondence, µG “ pµHqG “ αG P IrrpGq. Now by Theorem 1.46, B0pHqG is
defined and contains αG, and by Brauer’s third main theorem (Theorem 1.47),
B0pHqG “ B0pGq so we are done. □
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Lemma 3.22. Let G be a finite group and let S1 ˆ ¨ ¨ ¨ ˆ St Ÿ G, where the Si’s
are subgroups permuted transitively by G. Let S “ S1, consider tx1, . . . , xtu Ď G
such that Si “ Sxi, and let α P IrrpSq. If α is NGpSq-invariant then η “

αx1 ˆ ¨ ¨ ¨ ˆ αxt is G-invariant.

Proof. Let s P S, x P G and H “ NGpSq. Notice that G “
št
j“1Hxj is a

disjoint union, so x´1 “ hxj for some j P t1, . . . , tu and some h P H. Then

ηxpsq “ ηpsx
´1

q “ ηpshxj q “ αxj pshxj q
ź

i‰j

αxip1q.

Now sh P S and then αxj pshxj q “ αpshq. Since α is H-invariant we have

ηxpsq “ αpshq
ź

i‰j

αxip1q “ αpsq
ź

i‰1

αxip1q “ ηpsq,

so ηxpsq “ ηpsq.

Now

ηxpsxj q “ ηxx
´1
j psq “ ηpsq “ ηx

´1
j psq “ ηpsxj q

applying the equality from the previous paragraph twice. In particular, for any
y P Si, η

xpyq “ ηpyq.

Let si P Si and notice that

ηps1 ¨ ¨ ¨ stq “

śt
i“1 ηpsiq

śt
i“1

´

ś

j‰i α
xip1q

¯ “

śt
i“1 ηpsiq

αp1qt
2´t

;

then if x P G we have

ηxps1 ¨ ¨ ¨ stq “ ηpsx
´1

1 ¨ ¨ ¨ sx
´1

t q “

śt
i“1 ηpsx

´1

i q

αp1qt
2´t

“

śt
i“1 ηpsiq

αp1qt
2´t

which equals ηps1 ¨ ¨ ¨ stq, so we are done. □

We will need the following elementary lemma.

Lemma 3.23. Let α, β P IrrpB0pGqq be such that one of αp1q and βp1q is not
divisible by p and αβ P IrrpGq.Then αβ P IrrpB0pGqq.

Proof. See for instance [NT12, Lemma 3.5]. □

In the next results we use a construction known as the tensor induced char-
acter. We refer to [Nav18, Section 10.2] for details on this construction.
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Lemma 3.24. Let G be a finite group and let N “ S1ˆ¨ ¨ ¨ˆStŸG, where the Si’s
are subgroups transitively permuted by G by conjugation. Let S “ S1. Assume
that there exists α P IrrpB0pSqq with αp1q not divisible by p, ZpSq Ď kerpαq and
such that α extends to α̂ P IrrpB0pNGpSq{CGpSqqq. Then the tensor induced
character α̂bG is in the principal block of G.

Proof. Write H “ NGpSq. Let tx1, . . . , xtu be a transversal for H in G such
that Sxi “ Si and notice that NGpSiq “ Hxi . Also, write αi “ αxi P IrrpSiq.

By Lemma 3.22, α1 ˆ ¨ ¨ ¨ ˆ αt P IrrpNq is G-invariant. Let M “
Şt
i“1H

xi Ÿ G.
Since B0pHq covers B0pMq then α̂M P IrrpB0pMqq. As in the proof of [Nav18,
Corollary 10.5], the tensor induced character χ “ α̂bG extends α1 ˆ ¨ ¨ ¨ ˆ αt P

IrrpB0pNqq. Also, by [Nav18, Lemma 10.4] we have that for g P M ,

χpgq “

t
ź

i“1

α̂xipgq,

so χM “
śt
i“1 α̂

xi P IrrpMq. Moreover, α̂xip1q “ αp1q is not divisible by p, so
χM is in the principal block of M by Lemma 3.23.

Now let Q P SylppMq. We have that Q X Si P SylppSiq. Then CGpQq Ď

CGpQ X Siq Ď Hxi , and then CGpQq Ď
Şt
i“1H

xi “ M . By Theorem 1.59,
B0pMqG is defined and is the unique block of G covering B0pMq. Now by
Brauer’s third main theorem (Theorem 1.47), B0pMqG “ B0pGq and we conclude
that χ P IrrpB0pGqq, as desired. □

The following result is necessary in the case that the character α of the previous
result has no extension to IrrpB0pNGpSq{CGpSqqq.

Lemma 3.25 (Navarro). Let NŸG, N “ S1ˆ¨ ¨ ¨ˆSt where the Si’s are permuted
transitively by G and have order divisible by p. Write S “ S1 and write Si “ Sxi

for some xi P G. Let θ1 P IrrpSq with ZpSq Ď kerpθ1q and assume that there exists
α P IrrpNGpSq{CGpSqq of p1-degree, in the principal block, such that αS “ aθ1
for some integer a. Let θi “ pθ1qxi, and let θ “ θ1ˆ¨ ¨ ¨ˆθt P IrrpNq. Then there
is χ P IrrpB0pGqq of p1-degree such that χN “ eθ for some integer 1 ď e ď at.

Proof. This is [M21, Lemma 4.4]. □

We finish the preliminaries of this chapter with a well known result.

Lemma 3.26. Let G be a finite group and assume CGpOppGqq Ď OppGq. Then
G has a unique p-block.

Proof. Let P “ OppGq. Let b be the unique block of P . Since CGpP qP Ď P ,
by Theorem 1.43 bG is defined. By Theorem 1.42, P is contained in every
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defect group of every block of G. Applying the second part of Theorem 1.43, we
conclude that bG is the unique block of G. □

3.4.2. Components and the generalized Fitting subgroup. In the
proof of Theorem 3.36 we make use of some notable subgroups of a finite groupG.
These are the layer, denoted by EpGq, which is the subgroup generated by the
components of G, and the generalized Fitting subgroup F˚pGq “ FpGqEpGq,
where FpGq is the Fitting subgroup. For the definition and important properties
of these subgroups see [Isa08, Section 9A], [KS03, Section 6.5] or [A86, Chapter
31]. We summarize in this section what we will need to know about these
subgroups.

Lemma 3.27. Let K be a component of G suppose that the prime p divides |K|.
Then p divides |K{ZpKq|.

Proof. This is [A86, (33.12)]. □

Lemma 3.28. Let K be a component of G and let N be its normal closure in G.
Then N is the central product of the distinct G-conjugates of K, and

N{ZpNq – K1{ZpK1q ˆ ¨ ¨ ¨ ˆKt{ZpKtq

where tK1, . . . ,Ktu denotes the set of G-conjugates of K.

Proof. This is [KS03, (6.5.3)] and [KS03, 1.6.7]. □

Lemma 3.29. Let G be a finite group and let F˚pGq be its generalized Fitting
subgroup. Then CGpF˚pGqq Ď F˚pGq.

Proof. This is [A86, (31.13)]. □

3.4.3. Some results on simple groups. We shall need the following re-
sults on simple groups.

Lemma 3.30. Let S “ PSL2p3kq for k ě 3 and let p “ 3. Then for any S ď

T ď AutpSq there is a character γ P IrrpB0pT qq such that γS “ aα for some
α P IrrpB0pSqq, a P t1, 2u and αp1q ě 13 is not divisible by 3.

Proof. Write q “ 3k and q ” ϵ mod 4 so that ϵ P t´1, 1u. In Proposition 3.18
we find a character γ P IrrpB0pT qq of degree γp1q P t1

2pq` ϵq, q` ϵu that lies over

a T -invariant character α P IrrpB0pSqq of degree αp1q “ 1
2pq ` ϵq. Since k ě 3

the smallest possible value for αp1q is 13. □

The proof of the next three theorems is done in Section 3 of [GMS22] for groups
of Lie type and in Section 3.5 for the alternating groups.
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Theorem 3.31. Let p P t2, 3u and let S be a finite nonabelian simple group of
order divisible by p. Let G be an almost simple group with socle S and assume
S R tPSL2p3kq | k ě 2u if p “ 3. Then there is some α P IrrpB0pSqq with
αp1q ą 2 that extends to IrrpB0pGqq and some β P IrrpB0pGqq with βp1q ‰ αp1q

and S Ę kerpβq.

Proof. For alternating groups, this is Corollary 3.39. For sporadic groups and
simple groups of Lie type with exceptional Schur multiplier this is [GMS22,
Proposition 3.1]. For the remaining simple groups of Lie type in nondefining
characteristic see [GMS22, Lemma 3.5]. For simple groups of Lie type in defin-
ing characteristic see [GMS22, Proposition 3.8]. □

Theorem 3.32. Let p “ 2 and let G be almost simple with socle S. If |cdpB0pGqq| “

3, then S is PSL2pqq for some q. In particular, in such a case, if K is a perfect
central extension of S, then the Sylow 2-subgroups of K are metabelian.

Proof. For alternating groups, this is Corollary 3.38. For sporadic groups and
simple groups of Lie type with exceptional Schur multiplier this is [GMS22,
Proposition 3.1]. For the remaining simple groups of Lie type in nondefining
characteristic see [GMS22, Proposition 3.6]. For simple groups of Lie type in
defining characteristic see [GMS22, Proposition 3.8]. □

Theorem 3.33. Let p “ 3 and let S be a finite nonabelian simple group of order
divisible by 3. Let G be an almost simple group with socle S. If G has nonabelian
Sylow 3-subgroups, then |cdpB0pGqq| ą 3.

Proof. For alternating groups, this is Corollary 3.38. For sporadic groups and
simple groups of Lie type with exceptional Schur multiplier this is [GMS22,
Proposition 3.1]. For the remaining simple groups of Lie type in nondefining
characteristic see [GMS22, Proposition 3.7]. For simple groups of Lie type in
defining characteristic see [GMS22, Proposition 3.8]. □

3.4.4. The reduction theorem. For the main result of this section we
make use of the following result.

Theorem 3.34. Let G be a finite group and let m,n be positive integers. Assume
that the set of degrees of irreducible characters of G is contained in t1,m, nu.
Then G is solvable and has derived length at most 3

Proof. See Theorem [Isa06, Theorem 12.15]. □

Before proceeding with the reduction, we state a related result, which generalizes
Theorem 3.3.
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Theorem 3.35 (Giannelli–Rizo–Sambale–Schaeffer Fry). Assume p ą 3 and
that

|tχp1q|χ P IrrpB0pGqq, p ∤ χp1qu| ď 2.

Then G is p-solvable.

Proof. This is [GRSS20, Theorem A]. □

Next we prove our main result using Theorems 3.31, 3.32, and 3.33. For this
reduction theorem, we make use of the following fact: the unique integral solution
for xy “ xy with x, y ą 1 is x “ y “ 2. Furthermore if a, x, y are positive integers
and a, x ą 1 then xy ă axy.

Theorem 3.36. Let G be a finite group, p a prime and assume that

cdpB0pGqq “ t1,m, nu.

Then the Sylow p-subgroups of G have derived length at most 3.

Proof. We proceed by induction on |G|.

Step 1: We may assume p “ 2, 3, p divides m but not n and that Op1pGq “ 1.

If p divides n and m then by Theorem 3.3 we have G{Op1pGq is a p-group.
By Theorem 1.66, IrrpB0pGqq “ IrrpG{Op1pGqq, so G{Op1pGq has 3 character
degrees, and then the result holds by Theorem 3.34. If p does not divide n and
m then the result follows by Theorem 3.4. Hence we assume p divides m but
not n. If p ą 3 then by Theorem 3.35 we have G is p-solvable. Applying again
Theorem 1.66 we have IrrpG{Op1pGqq “ IrrpB0pGqq and then G{Op1pGq has at
most 3 degrees and we are done by Theorem 3.34. Hence we assume p “ 2, 3.
Also, using IrrpB0pG{Op1pGqqq “ IrrpB0pGqq (by Corollary 1.53) and arguing by
induction we may assume Op1pGq “ 1.

Step 2: G has a nontrivial component K with |K{ZpKq| divisible by p.

Let EpGq be the layer of G. If EpGq “ 1 then F˚pGq “ FpGq “ OppGq and then
CGpOppGqq Ď OppGq by Lemma 3.29. Then G has a unique block by Lemma
3.26, and we are done by Theorem 3.34. We may assume that EpGq ‰ 1. Let
K be a component of G and let N be the normal closure of K in G. By Lemma
3.28,

ś

gPGK
g ď G, so

N “
ź

gPG

Kg.

If |K| is not divisible by p then |N | is not divisible by p, contradictingOp1pGq “ 1
from Step 1, so K has order divisible by p. By Lemma 3.27 we have that
|K{ZpKq| is also divisible by p.
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Step 3: If N is the normal closure of K in G then N{ZpNq is a direct product
of isomorphic copies of K{ZpKq and cdpB0pG{ZpNqqq “ t1,m, nu.

By Lemma 3.28, N is a central product of G-conjugates of K. Write Ḡ “

G{ZpNq, and again by Lemma 3.28

N{ZpNq “ N̄ “
ź

K̄g “ K̄1 ˆ ¨ ¨ ¨ ˆ K̄t

is a direct product of nonabelian simple groups K̄i – K{ZpKq, and the K̄i’s
are transitively permuted by Ḡ. We write K̄1 “ K̄. If |cdpB0pḠqq| ă 3 then by
Theorem 3.5 we have that Ḡ is p-solvable, which is impossible, so cdpB0pḠqq “

t1, n,mu.

Step 4: If p “ 3 then K̄ fl PSL2p9q

Let H̄{C̄ “ NḠpK̄q{CḠpK̄q. There is a natural isomorphism K̄ – K̄C̄{C̄ Ď

H̄{C̄ and we view H̄{C̄ Ď AutpK̄q. If K̄ – PSL2p9q and p “ 3 then it is easy
to check in [GAP] that for any K̄ ď T̄ ď AutpK̄q there are two characters
α, β P IrrpB0pT̄ qq that do not contain K̄ in their kernel with αp1q ‰ βp1q and
both αp1q and βp1q are not divisible by p. If T̄ “ H̄{C̄, then by Lemma 3.21 we

have that αḠ, βḠ P IrrpB0pḠqq and αḠp1q “ tαp1q, βḠp1q “ tβp1q, (both p1 or
both divisible by p, depending on t). This is a contradiction, so K̄ can not be
isomorphic to PSL2p9q.

Step 5: If p “ 3 and K̄ – PSL2p3kq for k ě 3 then we may assume K̄ Ÿ Ḡ.

Let α, γ and a P t1, 2u be as in Lemma 3.30. Since K̄ has abelian Sylow 3-
subgroups, we know that there exists β P IrrpB0pH̄qq with βp1q ‰ γp1q and
K̄ Ę kerpβq by Theorem 3.2. Then we can argue as before with Lemma 3.21, and

we get that γḠ, βḠ P IrrpB0pḠqq, so tγp1q, tβp1q P cdpB0pḠqq. Then necessarily

n “ γḠp1q “ tγp1q “ taαp1q

and m “ tβp1q. Also by Lemma 3.25 there exists some 1 ď e ď at ď 2t not
divisible by 3 such that n “ eαp1qt. Thus taαp1q “ eαp1qt. It is easy to see that
the above equality has no integral solutions verifying αp1q ě 13 and t ą 1.

Step 6: In the remaining cases, we may also assume K̄ Ÿ Ḡ.

Assume by way of contradiction that t ą 1. Let α P IrrpB0pK̄qq with αp1q ą 2,
and β P IrrpB0pH̄{C̄qq be as in Theorem 3.31. Let α̂ P IrrpB0pH̄{C̄qq be an

extension of α. By Lemma 3.21, α̂Ḡ, β̂Ḡ P IrrpB0pḠqq. Hence tαp1q, tβp1q P

cdpB0pGqq. Since αp1q ‰ βp1q we have that t is not divisible by p (because n is
not divisible by p).

If αp1q is not divisible by p, then by Lemma 3.24, α̂bḠ P IrrpB0pḠqq, so α̂bḠp1q “

αp1qt P cdpB0pGqq. Since βp1q is necessarily divisible by p, this forces αp1qt “
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tαp1q “ n and if t ą 1 the only possibility is αp1q “ 2 “ t, a contradiction with
αp1q ą 2.

We are left with the case that p divides αp1q, so βp1q is p1. By [Nav18, Corollary

10.5] χ “ α̂bḠ P IrrpḠq extends η “ αx1 ˆ ¨ ¨ ¨ ˆ αxt P IrrpB0pN̄qq, where
tx1, . . . , xtu is a transversal of H̄ in Ḡ (recall that η is G-invariant by Lemma
3.22). By Theorem 1.56 there exists some ψ P IrrpB0pḠqq over η. By Gallagher’s
theorem (Theorem 1.11), ψ “ µχ for some µ P IrrpḠ{N̄q. Since p divides αp1q

then p divides ψp1q and ψp1q “ m. Then

ψp1q “ µp1qχp1q “ µp1qαp1qt “ m “ tαp1q

but this forces µp1q “ 1 and αp1q “ 2 “ t, which contradicts the fact that
αp1q ą 2. This proves the claim.

Step 7: G{CGpKq is almost simple with socle KCGpKq{CGpKq – K{ZpKq.

By Steps 5 and 6 any component K of G is normal in G. Write C “ CGpKq and
Z “ ZpKq. Since K{Z – KC{C Ÿ G{C, it suffices to prove that CG{ZpK{Zq “

C{Z. Let xZ P CG{ZpK{Zq. We have that for all k P K there exists a unique
zk P Z such that kx “ kzk. Notice that the map k ÞÑ zk is a homomorphism
K Ñ Z. Since K is perfect and Z is abelian, zk “ 1 for all k P K, so x P C.
The reverse inclusion is immediate.

Final Step.

If |cdpB0pG{Cqq| ą 3 then we are done using that IrrpB0pG{Cqq Ď IrrpB0pGqq.
Hence we assume cdpB0pG{Cqq “ t1,m, nu (if |cdpB0pG{Cqq| ă 3 then G{C is
p-solvable by Theorem 3.5). Since m is divisible by p, by the main result of
[KM13] the Sylow p-subgroups of G{C are nonabelian. Then by Theorems 3.32
and 3.33 we have p “ 2 and that the Sylow 2-subgroups of K are metabelian.
By Theorem 3.31 there is some nontrivial η P IrrpB0pKC{Cqq that extends to
η̂ P IrrpB0pG{Cqq. By Theorem 1.5, ηK P IrrpKq. Since B0pGq covers B0pKq

we have ηK P IrrpB0pKqq by Theorem 1.55, and ηK extends to B0pGq. By
Lemma 3.20, cdpB0pG{Kqq Ď t1,m{nu and since m{n R cdpB0pGqq we have
cdpB0pG{Kqq “ t1u. In particular, if P P Syl2pGq then PK{K is abelian by
Theorem 3.4, and P XK is metabelian, so dlpP q ď 3. □

3.5. Alternating groups for Theorem D

We devote this section to the proofs of Theorems 3.31, 3.32 and 3.33 for the al-
ternating groups. It is well known that if n ě 3, n ‰ 6, the symmetric group Sn

is the automorphism group of the alternating group An. The irreducible charac-
ters of the symmetric group Sn are parametrised by partitions λ “ pλ1, . . . , λtq
of n (see [JK81, Theorem 2.3.15]). We will write χλ P IrrpSnq for the character
labelled by λ. Its degree is given by the hook-length formula [JK81, Theorem
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2.3.21]. Recall that the values of all irreducible characters of Sn are integers
(see [JK81, Theorem 1.2.17]).

Proposition 3.37. Let p “ 2, 3 and assume n ą 10. Then both B0pSnq and
B0pAnq contain at least three nontrivial character degrees. Furthermore, if p “ 2
then at least two of those degrees are odd.

Proof. Write S “ An and G “ Sn. Since the Sylow p-subgroups of S and G
are nonabelian, by Theorem 3.4 we know that both B0pSq and B0pGq contain
some character of degree divisible by p. Hence, it suffices to find two characters
of degree not divisible by p in B0pGq that restrict irreducibly to a character in
B0pSq.

Assume first that p “ 2. Consider the partitions, λ1 “ pn´2, 1, 1q, λ2 “ pn´2, 2q.
Their corresponding characters of G have degrees χλ1p1q “ pn´ 1qpn´ 2q{2 and
χλ2p1q “ npn ´ 3q{2. Notice that exactly one of the degrees of χλ1 and χλ2 is
odd. Define the irreducible character

ψ “

#

χλ1 if pn´ 1qpn´ 2q{2 is odd

χλ2 otherwise

and notice that ψp1q is odd. If n is even consider the partition λ3 “ pn ´ 1, 1q,
and we have χλ3p1q “ n ´ 1. By Lemma 3.12, ψ, χλ3 P IrrpB0pGqq and ψp1q ‰

χλ3p1q. Furthermore, since both degrees are odd and |G : S| “ 2, both restrict
irreducibly to IrrpB0pSqq by Theorem 1.21 and we are done. If n is odd we argue
identically with λ3 “ pn´ 3, 2, 1q, for which χλ3p1q “ npn´ 2qpn´ 4q{3.

If p “ 3 then [RSV20, Table 1] contains two characters in IrrpB0pGqq of degree
coprime to 3 that restrict irreducibly to S, as desired. □

Corollary 3.38. Theorems 3.32 and 3.33 hold for S “ An.

Proof. The cases where n ď 10 can be checked in [GAP]. The remaining cases
are done in Proposition 3.37. □

Corollary 3.39. Theorem 3.31 holds for S “ An.

Proof. Write G “ Sn and S “ An. For n ď 10 this can be checked with
[GAP]. We may assume that n ą 10.

We first deal with the case p “ 2. Since |G : S| “ 2, by Lemma 3.12 and
Theorem 1.21, any irreducible character of G of odd degree belongs to B0pGq

and restricts irreducibly to B0pSq. Then we are done using Proposition 3.37.

If p “ 3 the result again follows from [RSV20, Table 1]. □
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3.6. More on Question B

In this section, we discuss certain cases of Question B and related questions. We
denote by htpBq the set of heights of characters in a block B.

3.6.1. Blocks of the general linear group in defining characteristic.
Using results of A. Moretó, we show that Question B holds for blocks of the
general linear group in defining characteristic.

Lemma 3.40. If B is a p-block of positive defect of GLnpqq, where q is a power
of p, then |htpBq| ě n´ 1.

Proof. This is [Mor04, Lemma 3.1]. □

Lemma 3.41. The Sylow p-subgroups of GLnpqq, where q is a power of p, have
nilpotency class n´ 1.

Proof. This is [Hup67, Satz III.16.3]. □

Corollary 3.42. Question B has an affirmative answer for the blocks of GLnpqq

in defining characteristic.

Proof. The result follows from Lemmas 3.40 and 3.41 using that the derived
length is bounded by the nilpotency class and |htpBq| ď |cdpBq|. □

Corollary 3.43. Let N Ÿ GLnpqq for a power q of a prime p, and assume
|GLnpqq : N | is not divisible by p. Then Question B has an affirmative answer
for the p-blocks of N . In particular, Question B holds for the blocks of SLnpqq

in the defining characteristic.

Proof. Let b be a block of N and let B be a block of GLnpqq covering b. By
Theorem 1.63 the defect groups of B are defect groups of b. Let ψ P Irrpbq
and let χ P IrrpBq be over ψ (see Theorem 1.56). It follows from Theorem 1.21
that ψp1qp “ χp1qp so we see that htpBq “ htpbq, so this result follows from the
argument of the proof of Corollary 3.42. □

3.6.2. Checking GAP libraries. Let p be a prime and let D be a p-
group of size pk. Since groups of order p2 are abelian, it is easy to see that
dlpDq ď k`1

2 . Using this bound, we have checked in [GAP] that Question B
holds for all sporadic groups. Furthermore, Question B has been checked for all
perfect groups and the primitive groups of degree up to 1500 and size up to 106.
Whenever the bound above does not work, in most cases it suffices to check that
|cdpBq| ď dlpP q for a Sylow p-subgroup P , since dlpDq ď dlpP q for any defect
group D. Otherwise, the fact that if D is a defect group of some block, then
D “ OppNGpDqq (see [Nav98, Corollary 4.18]) helps locating possible defect
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groups of a block if the defect is known. The bound used on dlpDq can be
improved using the main results of [Man00] and [Sch07] (in the latter case,
when p ě 5).

3.6.3. Related questions. If D is a p-group, Taketa’s Theorem [Isa06,
Theorem 5.12] states that |cdpDq| ě dlpDq, so questions regarding the derived
length of D are closely related to its set of character degrees. The following
conjecture was recently asked in [FLZ20].

Conjecture 3.44 (Feng–Liu–Zhang). Let B be a p-block of a finite group G
with defect group D. Let pa be the maximal element in cdpDq and let b be the
maximal height of the characters in B. Then a ď b.

Using [GAP] notation, let G “ SmallGroup(729, 122). Let A “ AutpGq and
Q P Syl13pAq. Let D P Syl3pNApQqq and R “ xD,Qy ď A. We consider the
semidirect productH “ G¸R. ThenH is a solvable group of size 28431 “ 37 ¨13,
with O31pHq “ 1. Then IrrpHq “ IrrpB0pHqq and cdpHq “ cdpB0pHqq “

t1, 3, 13, 39u. However if P P SylppHq we have cdpP q “ t1, 3, 9u, so H is a
counterexample to Conjecture 3.44. This example appeared in [Isa71, Example
6.1]. It belongs to a larger family of examples constructed by I. M. Isaacs
in an unpublished note regarding a similar question. In fact, this provides a
counterexample to Conjecture 3.44 for all odd primes, as asked by G. Malle
after G. Navarro found the counterexample SmallGroup(192,955) for p “ 2.

In Corollaries 3.42 and 3.43, we have used the bound dlpDq ď |htpBq| taking
advantage of the fact that |htpBq| ď |cdpBq|. It is a natural question to ask if we
can improve the bound in Question B by dlpDq ď |htpBq| in general. However
this bound does not hold even in solvable groups; the group H constructed above
is a counterexample, as its Sylow 3-subgroups have derived length 3. We mention
that for p “ 2, the group PerfectGroup(17280,1) is a counterexample for this
bound. No solvable counterexamples have been found for p “ 2.

Finally, we would like to remark that if G is solvable and B is the principal
block, then an affirmative answer to Question B would follow from assuming the
Isaacs–Seitz conjecture (see [Nav10, (8.2)]).

3.7. Theorem F

We begin with a well-known consequence of the Hall–Higman Lemma.

Lemma 3.45 (Hall–Higman). Let G be a p-solvable group and assume Op1pGq “

1. Then CGpOppGqq Ď OppGq.

Proof. See [Isa08, Theorem 3.21]. □
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Lemma 3.46. Let G be p-solvable and assume Op1pGq “ 1. Then the principal
block is the unique p-block of G.

Proof. Let P “ OppGq. By Lemma 3.45, CGpP q Ď P . Now the result follows
from Lemma 3.26 □

Lemma 3.47. Let G be a finite group, p a prime dividing |G|. If cdpB0pGqq are
all q-powers for a prime q ‰ p then G is p-solvable.

Proof. Let N be a minimal normal subgroup of G. Recall that B0pG{Nq Ď

B0pGq. By inductive hypothesis, G{N is p-solvable. If N is a p1-group or an
elementary abelian p-group we are done, so we assume that N is the direct
product of isomorphic nonabelian simple groups of order divisible by p. Now by
Lemma 3.8, N contains a nonlinear q1-degree character θ in the principal block.
By Theorem 1.56 there exists χ P IrrpB0pGqq over θ but then by Clifford’s
theorem, θp1q must divide χp1q, a contradiction. Hence G is p-solvable. □

We will use the following classical result.

Theorem 3.48 (Itô). Let G be a finite group and let A Ÿ G be an abelian
subgroup. Then for all χ P IrrpGq, χp1q divides |G : A|.

Proof. See [Nav18, Corollary 1.21]. □

The following result is a principal block version of a classical result of J. G.
Thompson, which we restate here.

Theorem 3.49 (Thompson). Let G be a finite group and let q be a prime.
Assume that the degrees of all nonlinear irreducible characters are divisible by q.
Then G has a normal q-complement.

Proof. See [Nav18, Theorem 7.5]. □

Theorem 3.50. Let G be a finite group, p a prime dividing |G| and B0pGq its
principal block. Then cdpB0pGqq are all q-powers for a prime q ‰ p if and only
if G{Op1pGq has an abelian normal q-complement.

Proof. Assume first that cdpB0pGqq are all q-powers, and we argue by induction
on |G|. By Lemma 3.47, G is p-solvable. Write G “ G{Op1pGq. By Theorem

1.49, B0pGq “ B0pGq. If Op1pGq ą 1 by inductive hypothesis G{Op1pGq “ G has
an abelian normal q-complement. If Op1pGq “ 1, by Lemma 3.46, G has a unique
p-block, so IrrpGq “ IrrpB0pGqq. Hence, every character in the principal q-block
of G has q-power degree, so by Theorem 3.49, G has a normal q-complement
N Ÿ G. If N is not abelian then there exists α P IrrpNq with αp1q ą 1, and αp1q
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is not divisible by q. Let ψ P IrrpG|αq. By Clifford’s theorem αp1q must divide
ψp1q which is a q-power, a contradiction.

Assume now that G has an abelian normal q-complement. Then it follows from
Theorem 3.48 that all characters of G have q-power degree. Again by Theorem
1.49, B0pG{Op1pGqq “ B0pGq so cdpB0pGqq are all q-powers and we are done. □

We should point out here that if the degrees of an arbitrary p-block B are all
p-powers, then the block B is nilpotent by the main result of [NR05].
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CHAPTER 4

Divisibility in the Brauer correspondence

4.1. Introduction

As we mentioned in the introduction, the McKay Conjecture states that if p is
a prime number, G is a finite group and P is a Sylow p-subgroup of G, then

| Irrp1pGq| “ | Irrp1pNGpP qq|.

For a solvable group G, Turull showed that the character correspondence from
the McKay conjecture can be chosen to be compatible with divisibility of char-
acter degrees. Namely, in [Tur07] he showed that there exists a bijection

Ω : Irrp1pGq Ñ Irrp1pNGpP qq

such that Ωpχqp1q divides χp1q for every χ P Irrp1pGq. Subsequently, in [Riz19]
Rizo extended Turull’s result to p-solvable groups by assuming the fact that the
Glauberman correspondence is compatible with divisibility of character degrees,
a fact later proved by M. Geck [Gec20] and whose proof relies on [HT94] and
deep results of Lusztig. Moreover, [BNRS22, Theorem 3.1] provides a version
of these results for p-Brauer characters.

The Alperin–McKay Conjecture generalizes the McKay conjecture by taking into
account Brauer blocks and height zero characters. If B is a p-block of a finite
group G and b is its Brauer correspondent, then

k0pBq “ k0pbq

where we denote by k0pBq the number of height zero irreducible characters in
B, as in Chapter 2.

The first theorem of this chapter generalizes all the above mentioned results by
showing that, for both ordinary and p-Brauer characters of p-solvable groups,
there exists a bijection between the height zero characters of B and b which
is compatible with divisibility of character degrees. We denote by Irr0pBq and
IBr0pBq the sets of height zero ordinary and Brauer characters in a block B.

Theorem G. Let G be a finite p-solvable group, B a p-block of G with defect
group D, and consider its Brauer correspondent b P BlpNGpDqq. Then there
exist bijections

Ω : Irr0pBq Ñ Irr0pbq
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and

Ψ : IBr0pBq Ñ IBr0pbq

such that Ωpχqp1q divides χp1q and Ψpφqp1q divides φp1q for every χ P Irr0pBq

and φ P IBr0pBq.

A key ingredient in the proof of the above theorem is Proposition 4.7, which is
a generalisation of the main result of [Nav03] and was kindly communicated to
us by Navarro. We also mention that work of Navarro, Späth and Tiep shows
that, if G is p-solvable and the inductive McKay condition holds for the prime q,
then there exists a bijection between p-Brauer characters of q1-degree of G and
p-Brauer characters of q1-degree of a q-Sylow normalizer (see [NST17, Theorem
C]). However, we do not consider this cross-characteristic case.

Next, we consider divisibility between the dimension of a p-block and that of its
Brauer correspondent. For a p-block C, we define dimpCq to be the dimension
of the corresponding block algebra. If B is a p-block with Brauer correspondent
b, then a theorem of Brauer shows that dimpbqp divides dimpBqp [Lin18, The-
orem 10.1.1]. In our next theorem, we show that divisibility holds for the full
dimension whenever G is p-solvable.

Theorem H. Let G be a finite p-solvable group, B a p-block of G with defect
group D and b P BlpNGpDqq its Brauer correspondent. Then dimpbq divides
dimpBq.

As mentioned in the introduction, if H is a subgroup of G and c is a p-block of
H that induces the p-block C of G, then it is not clear even whether dimpcq ď

dimpCq. We care to mention that if H is normal in G, then R. Kessar and M.
Linckelmann recently proved that divisibility holds with respect to covering of
blocks, hence answering a question asked by Navarro (see [MR22, Proposition
3.1]).

The results of Theorem G and Theorem H cannot be extended to arbitrary finite
groups. As a counterexample consider the principal 5-block and the principal
2-block of the alternating group A5 respectively.

In Section 4.2 we introduce some preliminary results including an extension of
Fong’s theory of p-solvable groups and Navarro’s theorem. Then, in Section 4.3
we prove Theorem G in a series of steps working by induction on the order of
the group. Finally, in Section 4.4 we prove Theorem H.

The results in this chapter appeared in [MR22].
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4.2. Preliminary results

Throughout this chapter, if χ P IrrpGq then we denote by blpχq the block of G
containing χ.

We now consider some preliminary results on the Glauberman correspondence
(see Theorem 1.14). If Q is a group acting on L with p|L|, |Q|q “ 1 and θ P

IrrpLq is Q-invariant, then we denote by θ˚ P IrrpCLpQqq its Q-Glauberman
correspondent. In [Tur08], Turull proved the existence of bijections above the
Glauberman correspondence by constructing certain isomorphisms of character
triples. This important result has been extended in various context and provides
a fundamental tool for the understanding of the local-global conjectures (see,
for instance, [NS14, Theorem 5.13], [Lad16], [NSV20, Section 4] and [Ros22,
Theorem 3.7]).

We begin by stating Turull’s astonishing result on character triple isomorphisms
above the Glauberman correspondence.

Theorem 4.1 (Turull). Let K be a normal p1-subgroup of G, and let P be
a p-subgroup of G such that KP “ G. Let θ P IrrpKq be P -invariant, let
θ˚ P IrrpCKpP qq be its Glauberman correspondent, and let T “ Gθ. Then the
character triples pT,K, θq and pT X NGpP q,CKpP q, θ˚q are isomorphic.

Proof. This is [Tur08, Theorem 6.5] and [Tur09, Theorem 7.12]. □

The following result was proved by A. Laradji.

Lemma 4.2 (Laradji). Assume that the character triples pG,N, θq, pM,L,ψq are
isomorphic, where G and M are p-solvable and both N and L are p1-groups.
Then there is a bijection f : IBrpG|θq Ñ IBrpM |ψq such that

φp1q

θp1q
“
fpφqp1q

ψp1q

for all φ P IBrpG|θq.

Proof. See [Lar14, Lemma 2.3]. □

In the following proposition, we provide yet another consequence of Turull’s
result and show that these bijections above the Glauberman correspondence
are also compatible with divisibility of character degrees. We obtain similar
bijections for Brauer characters using Lemma 4.2

Proposition 4.3. Let L be a normal p1-subgroup of G and consider a p-subgroup
Q of G such that N “ LQ Ÿ G. Let θ be a G-invariant irreducible character
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of L and consider the Q-Glauberman correspondent θ˚ P IrrpCLpQqq of θ. Then
there exist bijections

ΩQ : IrrpG|θq Ñ IrrpNGpQq|θ˚q

and
ΨQ : IBrpG|θq Ñ IBrpNGpQq|θ˚q

such that ΩQpχqp1q divides χp1q and ΨQpφqp1q divides φp1q for every χ P IrrpG|θq

and φ P IBrpG|θq.

Proof. By Theorem 4.1 there is a character triple isomorphism between pG,L, θq

and pNGpQq,CLpQq, θ˚q. Applying Lemma 1.19 and Lemma 4.2 we obtain bi-
jections

ΩQ : IrrpG|θq Ñ IrrpNGpQq|θ˚q

and
ΨQ : IBrpG|θq Ñ IBrpNGpQq|θ˚q

such that

ΩQpχqp1q{θ˚p1q “ χp1q{θp1q and ΨQpφqp1q{θ˚p1q “ φp1q{θp1q

for every χ P IrrpG|θq and φ P IBrpG|θq. Since θ˚p1q divides θp1q by Theorem
1.15, we conclude that ΩQpχqp1q divides χp1q and that ΨQpφqp1q divides φp1q.

□

Observe that by the proof of Proposition 4.3 it follows that the bijections ΩQ
and ΨQ restrict to the subsets of p1-degree characters.

If G is p-solvable and θ P IrrpOp1pGqq is G-invariant, then by Fong’s theorem
(Theorem 1.66) there exists a block B P BlpGq whose defect groups are Sylow
p-subgroups and such that IrrpBq “ IrrpG|θq. Our next result is used to replace
Fong’s theorem in the case where we consider a normal p1-subgroup L of G (but
not necessarily Op1pGq) and an irreducible character θ P IrrpLq which is not
necessarily G-invariant.

Before proceeding with the proof of the next proposition, we introduce some
terminology. Let G be a finite group, B a block of G with defect group D
and L Ÿ G a p1-subgroup of G. Then, we say that a character θ P IrrpLq is
pB,Dq-good if IrrpBq Ď IrrpG|θq and D is a defect group of the Fong–Reynolds
correspondent of B over blpθq. Notice that if LŸ G is a p1-subgroup, then such
a character θ always exists and is determined up to NGpDq-conjugation. Recall
that we denote by hχ the height of an irreducible ordinary or Brauer character
χ.

Proposition 4.4. Let G be a finite p-solvable group, B a p-block of G with defect
group D and consider its Brauer correspondent b P BlpNGpDqq. If LŸ G is a p1-
subgroup and θ P IrrpLq is pB,Dq-good, then there exists a subgroup L ď U ď Gθ
and a U -invariant character ν P IrrpOp1pUqq such that
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(i) induction ψ ÞÑ ψG defines a bijection IrrpU |νq Ñ IrrpBq,

(ii) induction φ ÞÑ φG defines a bijection IBrpU |νq ÞÑ IBrpBq,

(iii) in the above bijections, Irrp1pU |νq and IBrp1pU |νq maps onto Irr0pBq and
IBr0pBq respectively,

(iv) D P SylppUq and ν lies over θ,

(v) induction ψ ÞÑ ψNGpDq defines a bijection IrrpNU pDq|ν˚q Ñ Irrpbq,

(vi) induction φ ÞÑ φNGpDq defines a bijection IBrpNU pDq|ν˚q Ñ IBrpbq,

(vii) in the above bijections, Irrp1pNU pDq|ν˚q and IBrp1pNU pDq|ν˚q maps
onto Irr0pbq and IBr0pbq respectively,

where ν˚ is the D-Glauberman correspondent of ν.

Proof. We argue by induction on |G : L|. Let Bθ P BlpGθq be the Fong–
Reynolds correspondent of B over blpθq (see Theorem 1.58) and suppose that
Gθ ă G. Since θ is pBθ, Dq-good, the inductive hypothesis yields a subgroup
U ă Gθ and a U -invariant character ν P IrrpOp1pUqq satisfying the properties
(i)–(vii) with respect to pBθ, Dq. Now, induction of characters defines bijec-
tions IrrpU |νq Ñ IrrpBθq and IBrpU |νq Ñ IBrpBθq. On the other hand, the
Fong–Reynolds correspondence shows that induction of characters also defines
bijections IrrpBθq Ñ IrrpBq and IBrpBθq Ñ IBrpBq and hence we obtain (i) and
(ii).

Next, the inductive hypothesis implies that Irrp1pU |νq maps onto Irr0pBθq, which
maps onto Irr0pBq by part (ii) of Theorem 1.58. Let φ P IBr0pBq and β P IBrpBθq
such that βG “ φ. By the Fong–Swan theorem (see Theorem 1.64) there is some
ψ P IrrpBθq such that ψ0 “ β and hβ “ hψ, where ψ

0 denotes the restriction of

ψ to p-regular elements. Observing that ψG P IrrpBq and φ “ βG “ pψ0qG “

pψGq0, we deduce that ψG P Irr0pBq and hence ψ P Irr0pBθq by part (ii) of
Theorem 1.58. It follows that hβ “ 0 and thus (iii) holds.

Let θ˚ P IrrpCLpDqq. By Lemma 1.16 we have NGpDqθ˚ “ NGpDqθ “ NGθ
pDq.

Let bθ P NGθ
pDq be the Fong–Reynolds correspondent of b over blpθ˚q. Accord-

ing to Brauer’s first main theorem (Theorem 1.44) the induced block pbθq
Gθ is

defined and therefore pbθq
G “ ppbθq

NGpDqqG “ bG “ B by using Lemma 1.45.
Now, the Fong–Reynolds correspondence implies that pbθq

Gθ “ Bθ and so bθ is
the Brauer correspondent of Bθ. By inductive hypothesis, induction of charac-
ters defines bijections IrrpNU pDq|θ˚q Ñ Irrpbθq and IBrpNU pDq|θ˚q Ñ IBrpbθq.
Arguing as in the previous paragraphs we conclude that (v), (vi) and (vii) are
also satisfied. This shows that it is no loss of generality to assume Gθ “ G.

Finally, set N “ Op1pGq. If N “ L, then the result follows from Theorem 1.66
by choosing U “ G and ν “ θ. Thus, we assume L ă N . Let η P IrrpNq be
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pB,Dq-good and notice that, since θ is G-invariant, Clifford’s theorem implies
that η lies over θ. Since |G : N | ă |G : L|, the inductive hypothesis yields a
subgroup N ď U ď Gη and a U -invariant character ν P IrrpOp1pUqq satisfying
the properties (i)-(vii) with respect to N and η. Now, the result follows by
noticing that L ď U ď Gθ and that ν covers θ. □

If N Ÿ G and χ P IrrpBq is such that χN “ θ P IrrpNq, then by Gallagher’s
correspondence (Theorem 1.11), IrrpG|θq “ tηχ | η P IrrpG{Nqu, so it is a
natural question to study the relation between B and the blocks B of G{N such
that there is some η P IrrpBq with ηχ P IrrpBq. M. Murai studied this topic in
depth (see [Mur96] and [Mur98]). We now state a particular case of a result
of Murai.

Theorem 4.5 (Murai). Let N Ÿ G, let B P BlpGq and χ P IrrpBq such that
χN “ θ P IrrpNq. Let D be a defect group of B, let b P BlpNGpDqq its Brauer
correspondent and assume that N Ď D. Write BlpB,χq for the set of blocks B of
G{N containing a character η such that ηχ P IrrpBq, and Blpb, χNGpDqq for the

set of blocks b of NGpDq{N containing a character σ such that σχNGpDq P Irrpbq.
Then the correspondence from Brauer’s first main theorem defines a bijection
Blpb, χNGpDqq Ñ BlpB,χq.

Proof. This is proved in [Mur98, Corollary 2.5] in the more general case where
N is not necessarily contained in D, although the fact that the bijection is
defined by Brauer’s first main theorem (Theorem 1.44) is only mentioned in the
proof. □

The last result of this section is a generalization of the main result of [Nav03]
whose proof has been kindly provided to us by Navarro. We will need a result
on coprime action which also appeared in [Nav03].

Lemma 4.6. Suppose that A is a finite group acting coprimely on a finite group
G, and let H be an A-invariant subgroup of G. Let C “ CGpAq. Then |C : CXH|

divides |G : H|.

Proof. See [Nav03, Lemma 2.1]. □

Proposition 4.7 (Navarro). Let G be a p-solvable group, U ď G and consider
a p-subgroup P of G such that P XU P SylppUq. Then |U : NU pP XUq| divides
|G : NGpP q|.

Proof. We argue by induction, first on |G : U |, and then on |G|. Set K “

OppGq and Q “ P X U . Suppose that K is not contained in U and define
U0 “ UK and P0 “ PK. Since U X P ď U X P0 and U X P0 is a p-subgroup of
U , we deduce that U X P0 “ U X P . Then, by Dedekind’s Lemma we conclude
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that U0 X P0 P SylppU0q. Noticing that |G : U0| ă |G : U |, the inductive
hypothesis implies that |U0 : NU0pP0 X U0q| divides |G : NGpP0q| which divides
|G : NGpP q|. Now, the result follows since |U0 : NU0pP0 X U0q| “ |U : NU pQq|

and hence we may assume that K ď U .

Now using bar notation, write G “ G{K. Since P X U P SylppGq it follows that

K ď P X U . Using that K ď U we have |G : U | “ |G : U | and |G| ă |G|, so by
inductive hypothesis and using that K ď P XU we have |U : NU pP XUq| “ |U :
NU pP X Uq| divides |G : NGpP q| “ |G : NGpP q|. We may assume that K “ 1.

Since G is p-solvable, it follows that L “ Op1pGq ą 1. Then, by applying
the inductive hypothesis to G{L, we deduce that |UL : NULpQLq| divides |G :
NGpP qL|. Because |UL : NULpQLq| “ |U : NU pQqpL X Uq|, it suffices to
show that |NU pQqpLXUq : NU pQq| divides |LNGpP q : NGpP q|, or equivalently,
that |L X U : CLXU pQq| divides |L : CLpP q|. By Lemma 4.6, we have that
|CLpQq : CLXU pQq| divides |L : L X U |, and it follows that |L X U : CLXU pQq|

divides |L : CLpQq| which divides |L : CLpP q|. This concludes the proof. □

Notice that the above proposition immediately implies the main result of [Nav03].
In fact, if we choose P P SylppGq such that P X U P SylppUq, then Proposition
4.7 shows that the number of Sylow p-subgroups of U , i.e. |U : NU pU X P q|,
divides the number of Sylow p-subgroups of G, i.e. |G : NGpP q|.

Before proceeding further, we remark that the assumptions made in the above
proposition are necessary. First, consider G “ A5, U “ A4 and P P Syl3pUq.
In this case, |U : NU pP q| “ 4 does not divide |G : NGpP q| “ 10. This shows
that the result fails if G is not p-solvable. Next, let G “ S4, U P Syl2pGq and
consider a subgroup P of order 2 in O2pGq. Now |G : NGpP q| “ 3 might not be
divisible by |U : NU pP q| since P is not necessarily normal in U . Therefore, the
hypothesis P X U P SylppUq is also necessary.

4.3. Theorem G

We now proceed to prove Theorem G by induction on the order of G. First, we
show that without loss of generality we may assume B to be a block of maximal
defect.

Lemma 4.8. Let L “ Op1pGq. In the situation of Theorem G, we may assume
that B covers a G-invariant θ P IrrpLq. In particular, we have D P SylppGq,
IrrpBq “ IrrpG|θq and IBrpBq “ IBrpG|θq.

Proof. Consider a character θ P IrrpLq whose block is covered by B. Without
loss of generality we may assume that θ is pB,Dq-good. If θ is G-invariant, then
the result follows from Theorem 1.66. Thus, we assume Gθ ă G and consider a
subgroup U ď Gθ and a U -invariant character ν P IrrpOp1pUqq as in Proposition
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4.4. By Theorem 1.66 there exists a unique block C of U covering blpνq and we
have IrrpCq “ IrrpU |νq and IBrpCq “ IBrpU |νq. Furthermore, if c is the Brauer
correspondent of C in NU pDq and ν˚ is the D-Glauberman correspondent of ν,
then Irrpcq “ IrrpNU pDq|ν˚q and IBrpcq “ IBrpNU pDq|ν˚q according to Theorem
1.67. Since U ă G, the inductive hypothesis implies that there exist bijections

Ω0 : Irrp1pU |νq Ñ Irrp1pNU pDq|ν˚q

and

Ψ0 : IBrp1pU |νq Ñ IBrp1pNU pDq|ν˚q

such that Ω0pψqp1q divides ψp1q and Ψ0pηqp1q divides ηp1q for every ψ P Irrp1pU |νq

and every η P IBrp1pU |νq. Next, by applying Proposition 4.4, we obtain bijec-
tions

Ω : Irr0pBq Ñ Irr0pbq and Ψ : IBr0pBq Ñ IBr0pbq

by setting

ΩpψGq “ Ω0pψqNGpDq and ΨpηGq “ Ψ0pηqNGpDq

for every ψ P Irrp1pU |νq and every η P IBrp1pU |νq. Furthermore, by Proposition
4.7 we conclude that

ΩpψGqp1q “ |NGpDq : NU pDq|Ω0pψqp1q

divides

|G : U |ψp1q “ ψGp1q

and, similarly, that ΨpηGqp1q divides ηGp1q. □

Next, we show that it is no loss of generality to assume K “ OppGq “ 1.

Lemma 4.9. Let κ P IrrpKq and suppose that Irr0pB|κq is nonempty. Then κ is
linear and extends to its stabiliser in G.

Proof. First, observe that B is a block of maximal defect by Lemma 4.8 and
hence Irr0pBq “ Irrp1pBq. In particular, the character κ must be linear. Next,
let χ P Irrp1pB|κq and denote by ψ P IrrpGκq its Clifford correspondent over κ
(see Theorem 1.10). Since p does not divide the degree of χ, it follows that
ψ P Irrp1pGκq and that Gκ contains some Sylow p-subgroup P of G. Then, the
restriction ψP contains some linear constituent which must be an extension of
κ. Furthermore, if Q{K P SylqpGκ{Kq for a prime p ‰ q then κ extends to Q
by Theorem 1.23. By Theorem 1.22 we conclude that κ extends to Gκ. □

We will make use of the following result.

Lemma 4.10. Let P P SylppGq, L Ÿ G and let χ P Irrp1pGq. Then χL has a
P -invariant irreducible constituent and any two of them are NGpP q-conjugate.

Proof. See [Nav18, Lemma 9.3]. □
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We now construct a bijection for ordinary characters.

Proposition 4.11. If K ą 1, then there exists a bijection Ω : Irr0pBq Ñ Irr0pbq
such that Ωpχqp1q divides χp1q for every χ P Irr0pBq.

Proof. Consider an NGpDq-transversal T in the set of D-invariant linear char-
acters LinpKq. Using Lemma 4.10, we obtain

Irr0pBq “
ž

κPT
Irr0pB|κq

and

Irr0pbq “
ž

κPT
Irr0pb|κq.

Therefore, it is enough to find a bijection Irr0pB|κq Ñ Irr0pb|κq with the divisi-
bility of character degrees for every κ P T.

Fix κ P T and set c “ blpκq. Consider the set B of blocks B2 P BlpGκq that
cover c and such that pB2qG “ B. Similarly, define C to be the set of blocks

b2 P BlpNGpDqκq that cover c and such that pb2qNGpDq “ b. Notice that B
coincides with the set of blocks containing the Clifford correspondent χκ of some
χ P IrrpBq over κ. Moreover, since κ is D-invariant and D P SylppGq, it follows
that D is a defect group of every block B2 P B. Similarly, C coincides with the
set of blocks containing the Clifford correspondent ψκ of some ψ P Irrpbq over κ.
As before, D is a defect group of every block b2 P C. We claim that induction of
blocks defines a bijection

C Ñ B
b2 ÞÑ pb2qGκ .

First, observe that the map is well defined and, by Brauer’s first main theorem
(Theorem 1.44), injective. Then, let B2 P B and consider its Brauer correspon-
dent b2 P BlpNGpDqκq. Since B2 covers c “ blpκq and κ is Gκ-invariant, we
deduce that b2 also covers c. Recalling that pB2qG “ B, by the Brauer corre-

spondence we conclude that pb2qNGpDq coincides with b. Therefore b2 P C and
the map is surjective. Now, by the Clifford correspondence we obtain bijections

(4.3.1)
ž

B2PB
IrrpB2|κq Ñ IrrpB|κq

and

(4.3.2)
ž

b2PC
Irrpb2|κq Ñ Irrpb|κq.

Since these bijections are given by induction of characters, and recalling that
D ď Gκ, it follows that (4.3.1) and (4.3.2) restrict to the sets of irreducible
characters of height zero, or equivalently, of p1-degree. Now, for all χ P Irr0pBq

there is a unique B2 P B and a unique ψ P Irr0pB2q such that ψG “ χ. If there
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exist bijections ΩB2 : Irr0pB2q Ñ Irr0pb2q such that ΩB2pψqp1q divides ψp1q,
then we can define a bijection

Ω : Irr0pBq Ñ Irr0pbq

by setting

Ωpχq “ ΩB2pψqNGpDq

and we have Ωpχqp1q “ ΩB2pψqp1q|NGpDq : NGκpDq| which divides ψp1q|G :
Gκ| “ χp1q by Proposition 4.7. Therefore, in order to conclude, it is no loss of
generality to assume that κ is G-invariant.

Notice that κ has an extension pκ to the inertial subgroup Gκ by Lemma 4.9.
By Gallagher’s theorem (Theorem 1.11), for every character χ P IrrpG|κq, there
exists a unique η P IrrpG{Kq such that χ “ ηpκ. Furthermore, if η1 and η2 lie
in the same block, then so do η1pκ and η2pκ (see Lemma 1.51). We denote by
BlpB, pκq the set of blocks of G{K containing a character η such that ηpκ P IrrpBq.
Then

(4.3.3) Irr0 pB|κq “
ž

BPBlpB,pκq

␣

ηpκ
ˇ

ˇ η P Irr0
`

B
˘(

.

Similarly, if Bl
`

b, pκNGpDq

˘

is the set of blocks ofNGpDq{K containing a character
η such that ηpκNGpDq P Irrpbq, then we obtain

(4.3.4) Irr0 pb|κq “
ž

bPBlpb,pκNGpDqq

␣

σpκNGpDq

ˇ

ˇ σ P Irr0
`

b
˘(

.

By Theorem 4.5, induction of blocks yields a bijection Blpb, pκNGpDqq Ñ BlpB, pκq

which maps a block to its Brauer correspondent. Now, as K ą 1, the inductive
hypothesis yields a bijection

ΩB : Irr0
`

B
˘

Ñ Irr0
`

b
˘

such that ΩBpχqp1q divides χp1q for every B P BlpB, pκq with Brauer correspon-

dent b P Blpb, pκNGpDqq and for every χ P Irr0pBq. Finally, we define

Ω pχq “ ΩB pηq pκNGpDq

for every χ P IrrpB|κq, η P IrrpG{Kq and B such that χ “ ηpκ and blpηq “ B.
Thanks to (4.3.3) and (4.3.4), this defines a bijection between Irr0pB|κq and
Irr0pb|κq. Furthermore, since ΩBpηqp1q divides ηp1q, it follows that Ωpχqp1q

divides χp1q. This completes the proof. □

In the next results, if K Ÿ G we write BlpG{K,Bq for the set of blocks of G{K
dominated by B.

Lemma 4.12 (Navarro–Späth). Let KŸ G, let K ď H ď G and write G “ G{K.

Let b P BlpH, bq and let B P BlpG,Bq. If b
G
is defined and coincides with B then

bG is defined and coincides with B.
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Proof. See [NS14, Proposition 2.4(a)]. □

Lemma 4.13. Let K be a normal p-subgroup of G, let B be a block of G with
defect group D and Brauer correspondent b P BlpNGpDqq. Write G “ G{K.

Then block induction defines a bijection BlpNGpDq, bq Ñ BlpG,Bq.

Proof. Since K Ď D by Theorem 1.42, we have that NGpDq “ NGpDq and D

is a defect group of every block in BlpNGpDq, bq by part (ii) of Theorem 1.49. By
Brauer’s first main theorem (Theorem 1.44) block induction defines an injection

BlpNGpDq, bq Ñ BlpGq.

Now let b P BlpNGpDq, bq and assume b
G

“ B1 R BlpG,Bq and let B1 ‰ B be
the block of G dominating B1. Then by Lemma 4.12 we have bG “ B1 ‰ B, a
contradiction. Conversely, if B P BlpG,Bq then its Brauer correspondent must
be dominated by b, again by Lemma 4.12. Thus block induction restricts to a
bijection

BlpNGpDq, bq Ñ BlpG,Bq

and we are done. □

Next, we consider the case of Brauer characters.

Proposition 4.14. If K ą 1, then there exists a bijection Ψ : IBr0pBq Ñ IBr0pbq
such that Ψpφqp1q divides φp1q for every φ P IBr0pBq.

Proof. Define G “ G{K. By Lemma 4.13, block induction defines a bijection

BlpNGpDq, bq Ñ BlpG,Bq. Let B P BlpG,Bq and consider its Brauer correspon-

dent b P BlpNGpDqq. Noticing that |G| ă |G|, by inductive hypothesis we obtain
a bijection ΨB : IBr0pBq Ñ IBr0pbq such that ΨBpφqp1q divides φp1q for every

φ P IBr0pBq (see Theorem 1.32). Since K ď kerpφq for every φ P IBrpGq, we
obtain a bijection

Ψ : IBr0pBq Ñ IBr0pbq

by setting

Ψpφq “ ΨBpφq

for every B P BlpG,Bq, every φ P IBr0pBq and where we identify φ and ΨBpφq

via inflation with the corresponding Brauer characters of G and NGpDq respec-
tively. Since inflation of characters does not affect character degrees, we conclude
that Ψpφqp1q divides φp1q for every φ P IBr0pBq. □

As an immediate consequence of Proposition 4.11 and Proposition 4.14 we de-
duce that it is no loss of generality to assume K “ 1.

Corollary 4.15. We may assume that OppGq “ 1.
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We are now ready to prove Theorem G.

Proof of Theorem G. Let N “ Op1,ppGq and L “ Op1pGq. By Lemma 4.8
we know that D P SylppGq and that there exists some G-invariant character θ
of L whose block is covered by B. In particular, we deduce that Q “ N X D is
a Sylow p-subgroup of N and N “ LQ. If Q Ÿ G, then Corollary 4.15 implies
that Q “ 1 and hence G is a p1-group, in which case the result follows trivially.
Therefore, we may assume that NGpQq ă G.

Observe that NGpDq ď NGpQq and consider the block C “ bNGpQq. The induc-
tive hypothesis yields bijections

ΩC : Irr0pCq Ñ Irr0pbq

and

ΨC : IBr0pCq Ñ IBr0pbq

such that ΩCpψqp1q divides ψp1q and ΨCpϱqp1q divides ϱp1q for every ψ P Irr0pCq

and every ϱ P IBr0pCq. Next, recall that Irr0pBq “ Irrp1pG|θq and that IBr0pBq “

IBrp1pG|θq according to Lemma 4.8. Furthermore, Theorem 1.67 implies that
Irr0pCq “ Irrp1pNGpQq|θ˚q and that IBr0pCq “ Irrp1pNGpQq|θ˚q, where θ˚ is the
Q-Glauberman correspondent of θ. Then, applying Proposition 4.3 we obtain
bijections

ΩQ : Irr0pBq Ñ Irr0pCq

and

ΨQ : IBr0pBq Ñ IBr0pCq

such that ΩQpχqp1q divides χp1q and ΨQpφqp1q divides φp1q for every χ P Irr0pBq

and φ P IBr0pBq. Now, the result follows by setting Ω “ ΩC ˝ ΩQ and Ψ “

ΨC ˝ ΨQ. □

4.4. Theorem H

By [Nav98, Theorem 3.14], if B is a block of a finite group G, then B as an
FG-module affords the Brauer character

ρB “
ÿ

χPIrrpBq

χp1qχ0.

Thus,

dimpBq “ ρBp1q “
ÿ

χPIrrpBq

χp1q2.

Using this equality, together with Proposition 4.4 and Proposition 4.7, we can
prove Theorem H.
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Proof of Theorem H. We argue by induction on the order of G. Let U and
ν P IrrpOp1pUqq be as in Proposition 4.4 and observe that

(4.4.1) dimpBq “
ÿ

χPIrrpBq

χp1q2 “
ÿ

ψPIrrpU |νq

ψGp1q2 “
ÿ

ψPIrrpU |νq

|G : U |2ψp1q2.

Assume first that U ă G. By the inductive hypothesis, and using the fact that
IrrpU |νq is a full block B1 P BlpUq by Theorem 1.66, we deduce that

dimpB1q “
ÿ

ψPIrrpU |νq

ψp1q2

is divisible by

dimpb1q “
ÿ

φPIrrpNU pDq|ν˚q

φp1q2

where b1 P BlpNU pDqq is the Brauer correspondent ofB1 and Irrpb1q “ IrrpNU pDq|ν˚q

according to Theorem 1.67. We conclude that

dimpbq “
ÿ

ϱPIrrpbq

ϱp1q2 “
ÿ

φPIrrpNGpDq|ν˚q

φNGpDqp1q2

“ |NGpDq : NU pDq|2
ÿ

φPIrrpNU pDq|ν˚q

φp1q2

divides dimpBq by (4.4.1) and Proposition 4.7.

Thus, we may assume U “ G. In this case, if L “ Op1pGq, there exists some
G-invariant character θ P IrrpLq such that IrrpBq “ IrrpG|θq and Irrpbq “

IrrpNGpDq|θ˚q. Now

|G : L|θp1q “ θGp1q “
1

θp1q

ÿ

χPIrrpG|θq

χp1q2

and

|NGpDq : CLpDq|θ˚p1q “ pθ˚qNGpDqp1q “
1

θ˚p1q

ÿ

φPIrrpNGpDq|θ˚q

φp1q2

so dimpBq “ |G : L|θp1q2 and dimpbq “ |NGpDq : CLpDq|θ˚p1q2. To conclude,
observe that |NGpDq : CLpDq| divides |G : L| since CLpDq “ L X NGpDq and
that θ˚p1q divides θp1q by Theorem 1.15. □

4.5. Some consequences of Theorem G

4.5.1. Nilpotent blocks. Let B be a block of a p-solvable finite group G
with defect groupD and let b be its Brauer correspondent. Assume that lpBq “ 1
and write tφu “ IBrpBq. Then it follows from Theorem G that lpbq “ 1 and if
φ˚ is the unique irreducible Brauer character of b then φ˚p1q divides φp1q.
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If B is a nilpotent block, as defined in [BP80] then lpBq “ 1 by [BP80, Theorem
1.2]. In such blocks, Broué and Puig also proved in [BP80, Theorem 1.2] that
there is a bijection

IrrpDq Ñ IrrpBq

η ÞÑ χ ‹ η

where χ is any height zero character in IrrpBq, and pχ‹ ηqp1q “ χp1qηp1q. More-
over, it follows from the definition of nilpotent block that if B is nilpotent then
so is b.

Assuming that G is p-solvable, then fixing χ P Irr0pBq, our Theorem G combined
with the bijection of Broué and Puig gives a correspondence defined by

IrrpBq Ñ Irrpbq

χ ‹ η ÞÑ Ωpχq ‹ η

(here we abuse notation by using the star construction in B and in b). Under
this correspondence, there is also degree divisibility. Also, χ0 “ φ is the unique
Brauer character in B, whose degree must divide the degree of the unique Brauer
character in b, which is Ωpχq0. Notice that this agrees with the phenomenon
explained in the previous paragraph for blocks of p-solvable groups with one
Brauer character.

For arbitrary groups, this does not hold, as shown by the following example due
to D. A. Craven. Let S “ S23 and p “ 2, and let χ be the character defined by
the partition p8, 5, 4, 3, 2, 1q has degree 21422145536 and lifts a Brauer character
φ. Its correspondent φ˚ has degree 1100742656.

4.5.2. The Dade–Glauberman–Nagao correspondence. Let N Ÿ G
and assume that G{N is a p-group. Let θ P IrrpNq be G-invariant and assume
that θp1qp “ |N |p (we say that θ has defect zero). Then Irrpblpθqq “ tθu and the
defect groups of blpθq are trivial. Now by Theorem 1.57 there is a unique block B
of G covering blpθq. By Theorem 1.60, if D is a defect group of B then DN “ G
and D X N “ 1. Now NGpDq “ CN pDq ˆ D. By Brauer’s first main theorem
(Theorem 1.44), there is a unique block b P BlpNGpDqq with defect group D
inducing B. Again by Theorem 1.57, b covers a unique block b˚ P BlpCN pDqq

with must have trivial defect group by Theorem 1.60. Thus Irrpb˚q “ tθ˚u for a
unique θ˚ P IrrpCN pDqq and θ˚ also has defect zero.

The map θ ÞÑ θ˚ is known as the Dade–Glauberman–Nagao correspondence,
and it has deep connections with the reduction theorems of the Alperin weight
conjecture and its blockwise version (see [NT11, Section 4], [Spa13a, Section
3]). It generalizes the Glauberman correspondence, in the sense that if N is a
p1-group, then θ˚ is the D-Glauberman correspondent of θ.

Now, the blocks b˚ and blpθq described are nilpotent, and using that G{N is a
p-group, we have that B and b are also nilpotent by [KP90, Proposition 6.5].

Universitat de València Josep Miquel Mart́ınez Maŕın
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Furthermore, pθq0 and pθ˚q0 extend to φ P IBrpBq and φ˚ P IBrpbq respectively
by Green’s theorem [Nav98, Theorem 8.11].

By the previous section, if G (or equivalently N) is p-solvable then φ˚p1q divides
φp1q and so we have that, as a consequence of Theorem G, θ˚p1q divides θp1q, so
there is also divisibility of degrees in the Dade–Glauberman–Nagao correspon-
dence for p-solvable groups.

Again, this divisibility does not hold in general, as shown by the previous ex-
ample of Craven. Indeed, the character χ restricts irreducibly to a 2-defect zero
character of A23.
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Universitat de València Josep Miquel Mart́ınez Maŕın
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