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Arc routing problems consist basically of finding one or several routes traversing a given set of arcs and/or
edges that must be serviced. The Close-Enough Arc Routing Problem, or Generalized Directed Rural Post-
man Problem, does not assume that customers are located at specific arcs, but can be serviced by travers-
ing any arc of a given subset. Real-life applications include routing for meter reading, in which a vehicle
equipped with a receiver travels a street network. If the vehicle gets within a certain distance of a meter,
the receiver collects its data. Therefore, only a few streets which are close enough to the meters need to
be traversed. In this paper we study the generalization of this problem to the case in which a fleet of
vehicles is available. This problem, the Distance-Constrained Close Enough Arc Routing Problem, consists
of finding a set of routes with minimum total cost such that their length does not exceed a maximum
distance.
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In this article, we propose a new formulation for the Distance-Constrained Close Enough Arc Routing
Problem and present some families of valid inequalities that we use in a branch-and-cut algorithm for
its solution. Extensive computational experiments have been performed on a set of benchmark instances

and the results are compared with those obtained with other heuristic and exact methods.
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1. Introduction

Some real-world logistic problems, such as meter reading,
waste collection or postal delivery, require that a service is per-
formed while traversing a street or road. Recent technological ad-
vances allow some of these tasks to be performed in an easier and
less expensive way. Particularly, radio frequency technology (RFID)
permits collecting the consumption data from electricity, gas or
water meters remotely (Uribe-Pérez, Hernandez, De la Vega, & An-
gulo, 2016).

Until recently, the collection of this data had to be performed
door to door and thus the vehicles or workers had to traverse all
the streets where the meters where located. Using RFID, the ser-
vice providers do not need to visit all their customers. The meter
sends the data consumption and, if the receiver is closer than a
certain distance, this data is collected. Therefore, the operator only
needs to enter the meter covering zone to perform the service. An
interesting summary of the models and methods proposed since
the late 1970s in meter reading is the paper by Eglese, Golden, and
Wasil (2014).
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The first description of this application for a single vehicle
was provided by Gulczynski, Heath, and Price (2006). They con-
sider the problem where each customer is modeled as a point
in the plane and the salesman must travel within a required ra-
dius r of each customer. They assume that the salesman “is not
restricted to a road network”, that is, it can move between any
pair of points in the plane following a straight line whose cost is
the Euclidean distance. The objective is to minimize the total dis-
tance traveled. Since then, this problem, the Close Enough Trav-
eling Salesman Problem (CETSP), and variants where the radius
associated with each customer may be different or the shape of
the area around the customer is not a circle have been studied
by several authors: Dong, Yang, and Chen (2007), Mennell (2009),
Shuttleworth, Golden, Smith, and Wasil (2008), Behdani and Smith
(2014), Coutinho, Subramanian, do Nascimento, and Pessoa (2016),
and Carrabs, Cerrone, Cerulli, and Gaudioso (2017). Another closely
related problem is the Covering Tour Problem (CTP) studied by
Gendreau, Laporte, and Semet (1997). The CTP is defined on a
graph G = (VUW,E), where W is a set of vertices that must be
covered, and consists of determining a minimum length Hamilto-
nian cycle on a subset of V such that every vertex of W is within
a prespecified distance from the cycle. For this problem, the au-
thors present an ILP formulation and several valid inequalities and
propose a heuristic and a branch-and-cut algorithm.
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Ha, Bostel, Langevin, and Rousseau (2012, 2014) consider the
meter reading application in the context of a street network,
where, although the customers (meters) do not need to be nodes
of the network, they can be serviced by traversing a street that is
close enough. Ha’s et al. approach to the problem is clearly that
of an arc routing problem. Unlike the previous articles, where the
service has to be done in all or some of the vertices of a network
(node or vehicle routing problems), in arc routing problems (ARPs)
the service has to be done in some or all the arcs or/and edges
of a network. See the book Corberan and Laporte (2014), the an-
notated bibliography by Mourdo and Pinto (2017), and Corberan,
Eglese, Hasle, Plana, and Sanchis (2020) for a comprehensive treat-
ment of this area. Ha et al. call this problem the Close-Enough Arc
Routing Problem (CEARP) and propose a formulation and a branch-
and-cut algorithm that exhibits a very good performance on large
instances. In a more general context, Drexl (2007, 2014) studies
this problem and calls it the Generalized Directed Rural Postman
Problem (GDRPP). In the GDRPP each customer has an associated
subset of arcs, of which at least one has to be traversed in order
to service the customer, and the goal is to find a minimum cost
route servicing all the customers. Drexl proves that the problem is
NP-hard because it contains the Directed Rural Postman Problem
as a special case and proposes a formulation and a branch-and-cut
algorithm producing good computational results.

Avila, Corberan, Plana, and Sanchis (2016) introduce two new
formulations for the CEARP, present a polyhedral study and pro-
pose a branch-and-cut algorithm using several families of new in-
equalities, comparing the obtained results with those from Ha,
Bostel, Langevin, and Rousseau (2014). In Cerrone, Cerulli, Golden,
and Pentangelo (2017) a new flow-based formulation is given, as
well as some techniques to reduce the size of the graph. The re-
sults obtained on one of the set of instances proposed in Ha et al.
(2012) using this new formulation improve those of Ha et al., but
are slightly worse than those in Avila et al. (2016). A stochastic
version of the CEARP has been studied by Renaud, Absi, and Feillet
(2017). In that paper, the authors point out that the remote read-
ing of a meter may fail and therefore there is an uncertainty in
the collection of the data. They introduce the probability of read-
ing a meter as a function of the distance of the customer from
the vehicle route, and propose a mathematical formulation and a
cutting-plane algorithm and several heuristics for its solution.

The Generalized Arc Routing Problem is an undirected version
of the CEARP where the clusters of edges associated with the cus-
tomers are pairwise-disjoint connected subgraphs. This problem,
which can be seen as the arc routing counterpart of the Gener-
alized Traveling Salesman Problem, is studied by Araoz, Fernandez,
and Franquesa (2017), who describe some facets and valid inequal-
ities for the problem and present a branch-and-cut algorithm for
its solution.

Other applications of the CETSP and the CEARP arise in the
robot monitoring of wireless sensor networks (Behdani & Smith,
2014; Yuan, Orlowska, & Sadiq, 2007). As Yuan et al. (2007) point
out, “in a wireless sensor network, where sensors are geograph-
ically distant from each other, it may not be practical to require
sensors to directly coordinate with each other to form a com-
munication network due to the energy restriction. One possible
solution is to employ a mobile robot, which can travel to all
sensors, to download the data and finally return to its base station
(starting position)”. Like in meter reading, “the robot must be
physically within its effective range”. Ardaoz et al. (2017) also note
that another area of application is in quality control for networks
maintenance, where only a small subset of the edges of a network
has to be traversed. The same authors argue that the CEARP is
the most appropriate problem for modeling location/arc routing
problems in which facilities have to be located at some given
areas and connected among them by means of a route.
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The CEARP is defined for a single vehicle, but in practical ap-
plications where the number of customers is very high the service
must be carried out by a fleet of vehicles (or one vehicle perform-
ing several routes). Avila, Corberan, Plana, and Sanchis (2017) in-
troduce the problem of finding a set of routes with total minimum
cost, that start and end at a depot, service all the customers, and
such that the length of each route does not exceed a certain limit.
For this problem, the Distance Constrained CEARP (DC-CEARP), the
authors introduce four different formulations and, based on them,
they propose four branch-and-cut algorithms for its solution. Re-
cently, a matheuristic algorithm for the DC-CEARP has been de-
scribed in Corberan, Plana, Reula, and Sanchis (2019).

In this paper we deepen the study of the DC-CEARP. The contri-
bution of this work is threefold. First, we propose a new formula-
tion for the DC-CEARP that combines the best features of the pre-
viously existing ones. For this formulation, an exhaustive study of
its associated polyhedron is performed, and several different fam-
ilies of valid inequalities are proposed. Secondly, many of the new
inequalities presented here can be used, directly or easily adapted,
in other arc routing problems, and the ideas in which some of
the algorithms designed for the separation of these inequalities are
based (or the algorithms themselves), can be used for similar in-
equalities in other problems. Finally, the designed branch-and-cut
algorithm is an efficient exact method that is able to solve in-
stances with up to 140 customers, 196 vertices, 544 arcs, and 5
vehicles to optimality within two hours computing time.

The paper is organized as follows. In Section 2 we describe
the problem formally and present the new formulation. Several
families of valid inequalities are shown in Section 3, while the
corresponding separation methods and the branch-and-cut algo-
rithm are presented in Section 4. Computational experiments are
reported in Section 5, and some conclusions and future lines of re-
search are given in Section 6.

2. Problem definition and formulations

The Distance-Constrained Close Enough Arc Routing Problem,
DC-CEARP, is defined as follows. Consider a strongly connected and
directed graph G = (V,A), where V is the set of vertices, A is the
set of arcs, and, for each arc (i, j) €A, there is a distance dij asso-
ciated with its traversal. Vertex 1 represents the depot. There is a
fleet of K identical vehicles based at the depot and a set of L cus-
tomers. Each customer ce {1, ..., L} has an associated set of arcs
H.CA from which it can be serviced. We consider that a customer
c is serviced if there is a vehicle k that traverses at least one arc in
H.. The length of the routes of the vehicles must not exceed a max-
imum travel distance denoted by Dpg. The aim of the DC-CEARP
is to find a set of K routes, starting and ending at the depot, with

minimum total distance and such that each customer c=1,...,L,
is serviced and the length of each route does not exceed Dpgx.
In what follows, K = {1,...,K} will represent the set of vehi-

cles, H = {1, ..., L} the set of customers, and Ay =H; UH, U---UH;
the set of required arcs. The arcs in the set Ayg = A\ Ag are called
non-required arcs. Given two sets S, TcV, we define (§:T) =
{(i,j)eA:ieS, jeT} and (5,T)=(S:T)U(T:S). In particular,
8T(S) =(S:V\S), 67(5)=(V\S:S) and 8(S) = (S5, V\S). Finally,
A(S) ={(i.j) eA:i, jeS} and, given a set of variables x; indexed
on the arcs, and given a set F of arcs, x(F) = 3_; j)cF Xij-

In Avila et al. (2017) four formulations for the DC-CEARP us-
ing different types of variables are presented. In these formula-
tions, there are two types of variables. Some variables are asso-
ciated with the number of times a vehicle traverses an arc, while
other variables indicate if the vehicle traversing a required arc ser-
vices an associated customer or not.

The formulation we propose here, Fyy,, is based on the Fyy.,
and Fy, formulations presented in Avila et al. (2017). This new
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formulation has more variables than Fyy, and Fy, but, as it will
be seen in Section 5, they are useful in the exact solution of the
DC-CEARP. The formulation Fyy, uses the following variables:

xf]: number of times that the vehicle k traverses arc (i, j) € A,

1,
0,
1,

zk = {O,

The DC-CEARP can be formulated as

Minimize > > > d;;xf;

if the customer c is serviced by vehicle k
while traversing arc (i, j) € Ag
otherwise.

kc
Yij

if the customer c is serviced by vehicle k
otherwise.

keK (i,j)eA
s.t.:
Z dijx:‘j <Dmax VkeK (1)
(i,j)eA
XK(8* (1)) =x*(8~ (i) VieV, VkeK (2)
Z ZYE'C:] VceH (3)
keK (i,j)eH,
X =y V(i j) € Ap, YeeH. Vke K 4)
Y Y=z VeeH, VkeK (5)

(i, j)eHe

X(87(S)) = ZX —x*(H. nA(V\ S)) VScV\{1}, YceH, VkeK

(6)
xf; >0 and integer V(i, j) e A, Vk e K (7)
ZXe€{0,1} VceH, VkeK (8)
yf-‘jc € {0,1} V(i,j) €Ag, YceH, VkeK (9)

Inequalities (1) limit the maximum length of each vehicle route.
Constraints (2) are the well known symmetry equations. Inequali-
ties (3) force each customer to be serviced exactly from one arc
and with one vehicle, and inequalities (4) say that if a vehicle ser-
vices a required arc then it has to traverse it. The relation between
the yf.‘].c and zK variables is given by Eq. (5). The connectivity of each
route is guaranteed by inequalities (6). They are valid because, if
vehicle k does not service customer ¢, zK =0 and the inequality
is trivially satisfied. Otherwise, if vehicle k services customer c by
traversing an arc in HcNA(V\S), then it does not need to traverse
the cutset §(S) and the inequality is also trivially satisfied. Only if
vehicle k services customer c by traversing an arc not in H. NA(V\S)
(hence, traversing an arc in §(S) or in A(S)), the vehicle has to tra-
verse §(S) and, therefore, the inequality is satisfied. Note that there
is an exponential number of such inequalities. Finally, (7)-(9) are
the non-negativity and integrality constraints.

Note that the coefficients in the objective function and those in
inequalities (1) do not necessarily have to be the same. We have
set the same coefficients for the sake of simplicity and because we
think of them as distances associated with a time that the routes
should not exceed because they may correspond, for example, to
drivers’ working hours.
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3. Valid inequalities

In this section we introduce some inequalities that are valid for
the DC-CEARP and that will strengthen the linear relaxation of the
formulation.

3.1. More connectivity inequalities

Besides the connectivity inequalities (6) in the formulation, in-
volving variables x and z, other connectivity inequalities are pre-
sented in what follows.

In Avila et al. (2017), the following connectivity inequalities
were introduced:

X@B4(S) = 1-x*H.nAV\S)) = Y xF(H)., VScV\({1}.
k' #k
Vce H,Vk e K. (10)

These inequalities ensure that, if no vehicle other than k traverses
the arcs in H¢ (thus it cannot service customer c), and vehicle k
does not traverse any arcs in H- NA(V\S), then vehicle k has to tra-
verse the cutset (V\S, S) in order to service this customer. They are
called disaggregate connectivity inequalities because they refer to a
single vehicle. For each subset 2 c K of |2] >2 vehicles, the fol-
lowing 2-aggregate connectivity inequalities are valid

D AETS) = 1= X (HNAV\S)) — D x (Ho),

keQ2 keQ2 k'¢Q

VScV\ {1}, VceH (11)
In the case 2 =K the aggregate connectivity inequalities are:
SRET(S) = 1- Y K (HNAV\S)), (12)

keK keK

for any subset SCV\{1} and any customer ¢ € H.
If we consider also yf.‘jf variables, we have a different family of

connectivity inequalities (see Avila et al., 2017):

xK(8T(S)) = Z VScV\{1}, VceH, VkeK (13)
(i, j)eH\AV\S)

Note that, if vehicle k services customer c using an arc in

H:\A(V\S), then the vehicle has to traverse 6(S).

Unlike for inequalities (10), the ©2-aggregate and aggregate ver-
sions of connectivity inequalities (6) and (13) are just the sum of
the corresponding disaggregate inequalities and, therefore, they are
dominated.

ke

Yij»

3.2. Parity inequalities

Parity inequalities are based on the fact that a vehicle crosses
any cutset an even (or zero) number of times. The parity inequali-
ties for the DC-CEARP described in what follows are different from
those in other arc routing problems because they are related not
only to the arcs in the cutset but also to the sets H.. Four different
families of parity inequalities were presented in Avila et al. (2017).
From them, the two stronger ones are presented in what follows.

The first family uses only x variables. Given a vehicle k, let
ScV and consider a subset of customers {cy, ca, ..., cq}, With ¢>3
and odd, such that H;, N ch N&(S)=¢ and H,;N8(S) #0, V¢, i=
1,...,q (see Fig. 1(a)). In Avila et al. (2017), it is proved that the
following parity inequalities are valid for the DC-CEARP:

q
X5 = Yo (1- 23K (He) — 26(Hg \ 3(5))) + 1.

i=1 k'k

(14)

Note that, if no other vehicle k' #k services customer ¢; (i.e.,
2ok 2k XK (H;) = 0) and vehicle k does not traverse any edge of cus-

tomer ¢; that is not in the cutset (i.e., xk(Hcl. \ §(S)) =0), then k
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(a) Parity Inequalities (14).
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VS H, S

A e

/.

H,

q

(b) Parity Inequalities (15).

Fig. 1. Structure of the parity inequalities for the DC-CEARP.

traverses at least an arc in H; N §(S). Extending the previous argu-
ment to the g customers in §(S), vehicle k has to traverse at least g
times &(S) and, since q is an odd number, it has to go through the
cutset one more time.

The second set of inequalities use the xf‘l and the yg‘jf variables.
Consider now the set of arc subsets F = {F,.F,....,F,}, with
g >3 and odd, satisfying F; € H, N §(S) and N FC}. =0,V Cj (see
Fig. 1(b)). Then, the following parity inequalities are valid for the
DC-CEARP:

k : ke; —_
@) =Y () - 1) +1.

i=1

(15)

In this case, note that if vehicle k services each customer c;
from an arc in F;, then it has to traverse §(S) at least g times.
Again, since q is an odd number, the number of traversals should
be at least g + 1.

Besides the right-hand side of the inequalities, there is a dif-
ference between the conditions satisfied by the customers in the
parity inequalities above. As it is depicted in Fig. 1, two customers
¢; and c, satisfying Hc, N Hc, N 8(S) # @ cannot be considered for
inequality (14), but they can for inequality (15) if F;, and F, are
chosen such that F., NF, = @. Nevertheless, we want to point out
that the greater the sets F, the stronger inequalities (15). In par-
ticular, if F;; = H,, N 8(S), foralli=1,...,q, and F; Nk, =9 for all
i j=1,..., g, we obtain the strongest inequality.

By comparing both kind of inequalities, it can be seen that none
of them dominates the other in all the cases. Hence, in the branch-
and-cut algorithm we will use both families of parity inequalities
(14) and (15).

Finally, given a set of vehicles Q = {k;...., kp}, 2<P<K, we
have the following Q2-aggregate parity inequalities:

q
YAE ) za+1-23 (1 # (Ho) + Y ¥ (H \8(S))-
ke i=1 "k¢Q ke
(16)

(17)

D XK@ ) = Z‘I(Zzy"ff(&i) - 1) +1.

keQ2 i=1 keQ2

It can be seen that if 2 =K and F;, = H;, V¢; (hence H;; \ §(S) = ¢
holds), inequalities (16) and (17) reduce to the following aggregate
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Fig. 2. Standard K-C basic structure.

parity inequality:
D XETS) =g+ 1.

keK

3.3. K-C inequalities

K-C inequalities were introduced in Corberan and Sanchis
(1994) for the undirected Rural Postman Problem. Beyond the con-
nectivity and parity inequalities described before, the K-C inequali-
ties try to make connectivity and parity conditions satisfied simul-
taneously on a partition of the vertex set that is more complex
than the two shores of the cutsets (S, V\S) used in connectivity
and parity inequalities.

The name of this family of inequalities is motivated by the
number of sets into which V is partitioned, which is usually de-
noted by K. To avoid confusion with the number of vehicles, in
what follows we use the letter Q instead.

All the versions of the K-C inequalities are based on a structure
(see Fig. 2) defined by a partition of the set of vertices V into Q + 1
subsets, Mo, My, ..., Mg_1, Mg, and a set of coefficients for the arcs
or edges of the graph. For each (i, j) €A, we define

Q-2, if (i, j) € (Mo, Mg)
ajj =1 Ir—sl,. if (i, j) e M, Ms), {r.s}#{0,Q} (18)
0, otherwise.

Let us call external arcs those joining two consecutive sets M,
and M,,q, and internal arcs to those joining two sets M, and M;
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Fig. 3. Standard disaggregate K-C inequality for the DC-CEARP. Depot is represented by a triangle.

with |r—s| > 1 and {r, s}#{0, Q}. Note that all the external arcs
have coefficient 1, while the coefficient of an internal arc from M,
to M; (not shown in Fig. 2) is equal to the cost of the shortest path
using the coefficients of the external arcs. Finally, the coefficient of
the arcs in (Mg, Mg) is Q — 2. It is known (see Corberan & Sanchis,
1994 and Avila et al., 2017) that any vector x e Z!l representing a
tour traversing at least an even number ¢ >2 of times the arcs in
(Mo, My), and visiting at least once each node set Mo UMq, My, ...,
Mgq_1, satisfies the following K-C inequality:

> x> (Q-2)g+2(Q-1).

(i.j)eA

(19)

Inequality (19) is valid for any ARP in which all the tours x
must traverse q times the arcs in (Mg, Mg) and visit all the node
sets MopUMgq, My, ..., Mg_1. As an example, this is the case of the
ARPs with one single vehicle when there are g required arcs in
(Mp, My) and some required arcs in all the sets My,...,Mg_;. In
an ARP with several vehicles, such as the DC-CEARP studied here,
it is usual that single vehicles are not obliged to traverse all the re-
quired arcs (or, therefore, to visit all the nodes), but only those arcs
that are serviced by it. Thus, the K-C inequalities for the DC-CEARP
presented in this section have the same left-hand side (LHS) as in-
equality (19), but the right-hand side (RHS) must include variables
yf.‘jf that define the service of a customer by a vehicle from an arc,
in such a way that, when the vehicle k satisfies the above condi-
tions, the RHS of the inequality takes value (Q —2)q+2(Q —1).

3.3.1. Disaggregate K-C inequalities
Consider a partition of the set of vertices V into Q subsets {Mg U

Mg, M;, ..., Mg_1}, with Q> 3, and the set of coefficients «;; given
in (18) (see Fig. 3).
Let us consider a family of arc subsets 7 = {F,E. ..., Fg}, with

g >2 and even, satisfying (see Fig. 3):

e E#£p Vie{l,...,q},
e 3¢ eHsuch that F € H,, n (Mg, Mg), Viefl,..., q},
e ENF=0, Vije(l,....q}, i#].
Furthermore, assume that for each M;, j=1,...,Q -1, either

1eM; or the set of arcs G; = He; N (A(M;) U8(M;)) is nonempty,
for some c; € H. Note that we cannot assume G;, N G;, = ¢ because
3(Mj,) and 8(M;,) are not necessarily disjoint sets. We define the
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disaggregate K-C inequality associated with a vehicle k as:

q Q-1
> ez @-2) (2E - 1)+ X296, (20)
i=1 j=1

(i.j)eA

if the depot is in My UM, and

vk
D Xz

(i.j)eA

q Q-1
Q-2 (B -1)+ ¥ 296)+2
i=1 o
o
(21)
if 1M, with [£{0, Q}.

Note 1. If Q =2, then inequality (20) is exactly the connectivity
constraint (6) associated with set S = M;.

Theorem 1. For each vehicle k, disaggregate K-C inequalities (20) and
(21) are valid for the DC-CEARP.

Proof. See Appendix A.l. O
3.3.2. Q-aggregate K-C inequalities

Here we present the K-C inequalities associated with any subset
of vehicles 2 € K. Note that, inequality (20) can be written as

q Q-1
5wy @2 Y (290 - X 26 =@ - 0
(i.j)eA i=1 =1

(22)

where the values for coefficients «;; are given in (18).

If we consider a subset of vehicles 2 € K and we add the ||
corresponding disaggregate K-C inequalities we obtain an inequal-
ity that is obviously valid for the DC-CEARP, but it is not interesting
for the problem, since it is dominated:

q Q-1
> X - @233 (20) - X Y 246))

ke (i,j)eA keQ i=1 ke j=1
> —|2](Q-2)q

However, by changing the RHS from —|Q[(Q —2)q to —(Q —
2)q, we obtain new and stronger inequalities (except when RHS=0,
ie, when Q =3, ¢ =2 and the depot is not in MyUMj). Specif-
ically, given a partition {MoUMq, My,...,Mg_1}, Q>3, with the
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My

v M,

Fig. 4. A fractional solution for vehicle k not cut off by a disaggregate K-C inequal-
ity.

corresponding set of coefficients «, a set F = {F,F F} (g=2
and even) and some sets G; as above, and given a subset of vehi-
cles 2, we define the Q2-aggregate K-C inequality as

q Q-1
Y Y az@-2) (Lo -1)+ Y 3246

ke (i.j)eA i=1 " keQ j=1keQ
(23)
if the depot 1€ My UMy, and
Y k= @2 (Caam-1)
ke (i,j)eA i=1 "keQ
Q-1
+ ) > 2yk(Gy +2 (24)
j=1 ke
J#l.

if 1M, with 1¢{0, Q}.

Theorem 2. Given a set of vehicles Q2 C K, the Q2-aggregate K-C in-
equalities (23) and (24) are valid for the DC-CEARP.

Proof. See Appendix A.2. O
3.4. K-Cyy inequalities

K-Cg, inequalities are a variant of the K-C inequalities that take
into account the asymmetry of the costs associated with the di-
rection of traversal. In some ARPs the K-Cy, inequalities are domi-
nated by the standard K-C inequalities. This is not the case for the
DC-CEARP. For example, consider the fractional DC-CEARP solution
&, 7) depicted in Fig. 4.

It can be seen that this solution satisfies all the connectivity
inequalities (6) and it also satisfies the K-C inequality (20) corre-
sponding to this structure:

D X u

(i,j)eA

— (0.5+0.5+125)+ (1.25+1.25+1.25) =6, and

" € — i —
(Q—z)l;(z"(m 1)+;2yk (G)_(2(05+05) 1)

+<2><1—l)+2><1+2><l:6.

We will see that the disaggregate K-Cy, inequalities that we de-
scribe in what follows do cut off this solution.

37
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3.4.1. Disaggregate K-Cy, inequalities

Consider a partition of the set of vertices V into Q subsets {Mg U
Mg, My, ..., Mq_1}, with Q> 2, and the following set of coefficients
(see Fig. 5). For each (i, j) €A,

Q-1, if (i, j) € (Mo, Mg)

s—1, if (1,j)e (Mo : M), 1<s<Q-1
Bij=1{s+1, if (i,j)e(Ms:Mp), 1<s<Q-1

[r—sl, if(i.j)e M M), 1<rs=<Q

0, otherwise.

Let us also consider a family of arc subsets 7 = {F, B, ..., F}, and
the arc sets G; satisfying the same conditions as for the K-C in-
equalities. Note that now we have Q>2 (see Note 2 below). We
define the disaggregate K-Cy, inequalities associated with a vehicle
k as:

Q-1
> Byxj= Q-1 Z (23"‘”‘ (F) - 1) +Y 299G, (25)
(i,j)eA i
if the depot is in My UM, and
Q-1
> Byxii= (Q—1)Z<2yk“(F)—1> 3 249Gy + 2.
(i.j)eA —
J#L.
(26)

if 1eM; with 1¢{0, Q}.

Theorem 3. For each vehicle k, K-Cy, inequalities (25) and (26) are
valid for the DC-CEARP.

Proof. The proof is similar to that of Theorem 1 and is omitted
here for the sake of brevity. O

Let us now check that the K-Cy, inequality cuts off the frac-
tional solution (R"j") depicted in Fig. 4:

3 By % =2(05+0.5+125)+0x1.25

(i.j)eA
+1x1254+1x125=7,

while

q q
Q- (FE - 1)+ Y25y
i=1

i=1

=2<2(0.5+0.5)71+2><171)>+2x1+2><1:8.

Note 2. Unlike the standard K-C inequalities, the K-Cy, inequalities
with Q = 2 are not equivalent to any other known inequality.

3.4.2. Q-aggregate K-Cy, inequalities

Given a partition {My U Mg, My, ..., Mg_1}, Q>2, with the cor-
responding set of coefficients 8, a set F = {F|, b, ..., F;} (=2 and
even), some sets G; as above, and given a subset of vehicles 2 C K,
we define the Q-aggregate K-Cy, inequality as

q Q-1
Y Y Bz Y (T hE 1)+ Y29y,
i=1

ke (i,j)eA keQ2 j=1 ke
(27)

if the depot 1€ MU My, and
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Fig. 5. Disaggregate K-Cyp, inequalities for the DC-CEARP.

q
Y Y A= @-DY (X aaE -1)

ke (i,j)eA i=1 " keQ
Q-1
+ ) > MG + 2. (28)
i1 ke
£l

—

if 1eM;, with 1£{0, Q}.

Theorem 4. Given a set of vehicles Q2 C K, the Q2-aggregate K-C in-
equalities (27) and (28) are valid for the DC-CEARP.

Proof. The proof is similar to that of Theorem 2 and is omitted
here for the sake of brevity. O

3.5. Path-Bridge inequalities

Path-Bridge inequalities are a generalization of the K-C inequal-
ities introduced in Letchford (1997) for the undirected General
Routing Problem and are inspired by the path inequalities intro-
duced in Cornueéjols, Fonlupt, and Naddef (1985) for the Graphical
Traveling Salesman Problem.

As K-C, Path-Bridge inequalities try that connectivity and parity
conditions are satisfied simultaneously on a given partition of the
vertex set V. They are based on a structure (see Fig. 6) with two
sets My, Mz, a number P>1 of ‘paths’ between My and My, and
a number B> 0 of required arcs in (Mg, Mz) forming the ‘bridge’,
with P+ B > 3 being an odd number. It can be noted that K-C in-
equalities described in Section 3.3 are a particular case of the Path-
Bridge inequalities when P =1 and B> 2 and even.

3.5.1. Disaggregate path-bridge inequalities
Given two integers P>1, B>0 such that P+B>3 is an
odd number, consider the partition of V into the subsets

n; >2, and consider the following coefficients (see Fig. 6). For each
(i, j) €A,

Let us consider a family of arc subsets F = {F, B, ..., Fg} satis-
fying:
e FE#£p Vie{l,...,B},
o ¢ e H such that F; € H,; N (Mg, Mz) Vie{l,..., B},
« ENF=0, Yi#je{l... B}
Furthermore, assume that for each ML, t=1,...,P, r=1,..., 1,
either 1€ M} or it exists a set of arcs G} such that ¥ # G. € He; N

Ap(MLU8(ML)) for a cj € H. We define the disaggregate Path-Bridge
inequality associated with vehicle k as:

B P n )
! d zykc] (Gt)
’ k 1 ‘"
2z S rn ) £E D
(i,j)eA i=1 t=1r=1
(29)
if the depot 1€ MyUMjz, and
B P n )
) t 2 kc; Gt
D X = (23/’“‘ (F) - l) + ) 31’17_({)
(i,j)eA i=1 t=1 r=1 t
t#ty
Mo ke; (L
2y (G?) 2
—P+1, 30
My —1 1 (p— 1) (30)
r=1
r ;ﬁ To

if the depot 1 € M2 (different from Mo and My).

Theorem 5. For each vehicle k, disaggregate Path-Bridge inequalities
(29) and (30) are valid for the DC-CEARP.

Proof. See Appendix A.3. O

If we multiply the Path-Bridge inequalities (29) and (30) by
]'[’;1 (ne — 1), all the coefficients become integer. When P = 2 (and,

1, if (i, j) € (Mo, Mz)

I, if (i, j) e (ML, MY, te{1,....P}, r,se€{0.1,....n +1}
(Xj_jz

At e ] A DeMLMY) t#£u, re{l,... nd, se{l,... m}

0, otherwise.
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Fig. 6. Standard Path-Bridge for the DC-CEARP.

hence, B is an odd number), the inequality is called 2-Path-Bridge
inequality and can be written as:

B
D (= 1)y = Daj xf; = Y 2(ny = 1) (1 = 1)y*9(F)

(i.j)eA i=1

n
+ > 2(ny -
j=1

1y*i(G))

+ 3 20m - DY*(E) -

j=1

B+ -1y - 1), (31)

when the depot 1€ My U Mj. If the depot is, for example, in a node
joofthe patht =1 (1¢ M}O ), the resulting inequality is

3 (= 1)y — ey K _szl ~1)(my — DY (E) +2(nz — 1)
(i.j)eA i=1
"
+ X
j=1
J#Jo

n
2(n~1)y*T G+ 21 = 1)y*5 (G2~ (B+1) (m — 1) (my—1).
j=1

(32)

3.5.2. Q-aggregate Path-Bridge mequalltles

Given P, B, a partition {Mo, My, {M{}!=] 1 », )+ its corresponding
set of coefficients a;;, and the families of arcs F; and G, as in the
previous section, we define the Q2-aggregate Path-Bridge inequality
associated with a subset Q2 C K of vehicles as:

Y5 X52i<22yka(ﬁ)—1)

ke (i,j)eA i=1 “keQ

39

n
2 ke; Gt
+ZZ(Z 20N, (33)
keQ s=1 t
if the depot 1€ MyUMjz, and
Z Z (XUX
keQ (i, j)eA
2 kc; G
>2(22ykﬁ<mf1)+z z ppeadte
keQ ke p_1 =1 ™
t;étg
Mg ke ¢ o
2y*i(G,) 2
+> Y —P+1, (34)
k@ 1 ng, — 1 (n, - 1)
r#ry

if the depot 1 ¢ Mﬁg (different from My and Mj).

Theorem 6. Given a set of vehicles 2 C K, the Q2-aggregate Path-
Bridge inequalities (33) and (34) are valid for the DC-CEARP.

Proof. The proof is similar to that of Theorem 2 and is omitted
here for the sake of brevity. O

Note 3 (Path-Bridge), inequalities). An asymmetric version of
Path-Bridge inequalities, called Path-Bridgey, inequalities, is pro-
posed in Corberan, Romero, and Sanchis (2003) for the Mixed Gen-
eral Routing Problem. Inequalities based on the same idea can also
be proposed for the DC-CEARP. However, not all their coefficients can
be easily determined, since the coefficients of the variables associated
with arcs between nodes of different paths must be computed by se-
quential lifting for each particular Path-Bridge structure. This process
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is involved and, in addition, the obtained coefficients depend on the
ordering in which arcs are considered. For this reason, its separation
has never been implemented and, therefore, these inequalities are not
studied here.

3.6. Max-distance constraints

In the DC-CEARP, the length of each route cannot exceed the
maximum distance Dpqx. Based on this constraint, in this section
we present several sets of inequalities that we call max-distance
inequalities.

Let F®  H be a subset of customers. Consider the Close Enough
Arc Routing Problem (which considers only one vehicle), defined
on graph G and with set of customers FX. Let cEARP(F™) be its op-
timal value (or a lower bound of it). If CEARP(F™) > Dy, then the
inequalities

ZX(F®) < |[FH| -1, VkeK (35)

are valid for the DC-CEARP, because a single vehicle cannot service
all the customers in F™,

On the other hand, if S is the set of vertices incident with the
arcs in U, puHe and 1¢S5, then at least two different vehicles have
to enter S, and the following inequality is also valid for the DC-
CEARP

ARG () = 2.

kek

(36)

However, a DC-CEARP solution in which a vehicle enters S twice,
but no other vehicle does, satisfies (36). In order to force two dif-
ferent vehicles to enter S, the following valid inequalities can be
used

D X(E(S) =1, VK eK.
k#k'

(37)

The above inequalities, which were proposed in Avila et al.
(2017), can be generalized as follows. For a given set of customers
FH let v(F®) be a lower bound on the minimum number of ve-
hicles needed to service F¥. Then, a number of vehicles less than
v(F™) cannot service all the customers in F¥, Hence, if v(F®) > 2,
the following inequalities are satisfied by each feasible solution of
the DC-CEARP:

D ZE(FT) < |F - w(F™) - |1Q]), ¥V QCK,
keQ2

1<[Q| <v(F") -1, (38)

D XEO)=vFH-[Q, YQCK, 0<|Q| <v(F¥)-1.
keK\Q
(39)

Note that, for v(F®) =2, inequalities (38) and (39) are exactly
(35) and (36)+(37) above, respectively. For v(F®) = 3, we have two
sets of inequalities (38):

ZK(F™) < |[F¥| -2, VkeK, and (40)

ZK(F®) + 2K (F%) < |F¥| -1, Vk.K € K. (41)

3.7. Symmetry breaking inequalities

Let {cq,..., ¢} be any ordering of the set of customers (for
example, according to the distances between them and the de-
pot). The following symmetry breaking inequalities (see Fischetti,
Salazar-Gonzalez, & Toth, 1995) are introduced to avoid equivalent
solutions:

zZl =1 (42)

40
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i1
z8 <y 2" k=3,... K i=2 (43)
=1

z8=0 k=i+1,... K i=1...L-1 (44)

Inequality (42) forces vehicle 1 to service customer c;. Then, ve-
hicle 2 services the first customer in the ordering not serviced by
vehicle 1, and so on. Inequalities (43) state that if a customer ¢; is
serviced by vehicle k, then at least one ‘previous’ customer c;, j =
1,...,i—1, has to be serviced by the vehicle k — 1. Eq. (44) pre-
vents customers ¢;,i=1,..., L —1 from being serviced by vehicles
with indices larger than i.

4. The branch-and-cut algorithm

In this section, we present a branch-and-cut algorithm for the
DC-CEARP. This new algorithm uses some separation procedures
from the methods described in Avila et al. (2017) and incorpo-
rates new ones for some of the inequalities described in Avila et al.
(2017) and for the new inequalities presented in this article. More-
over, an upper bound obtained by the matheuristic algorithm pro-
posed in Corberan et al. (2019) is used.

4.1. Separation algorithms

In what follows we describe the separation algorithms that
have been used to identify the following types of inequalities that
are violated by the current LP solution at any iteration of the cut-
ting plane algorithm: connectivity and parity inequalities, disaggre-
gate and $2-aggregate K-C and K-Cg,, Path-Bridge inequalities, and
max-distance constraints. Section 4.1.5 provides a synopsis of the
cutting planes and characteristics of their separation procedures.

4.1.1. Connectivity inequalities

Several separation procedures have been used to separate con-
nectivity inequalities. The first algorithm, A1, separates aggregate
connectivity inequalities (12). It is based on computing the con-
nected components of the graph induced by the arcs a such that
S ex X > &, where ¢ is a given parameter. For each weakly con-
nected component, its corresponding aggregate connectivity in-
equality is checked for violation. We try ¢ =0, 0.25,0.5,0.75, but
a given value is tried only when the previous one did not succeed
in finding a violated inequality.

The second heuristic, A2, is based on the Gomory-Hu algo-
rithm. It also works on the aggregate graph induced by the sum
of the variables corresponding to all the vehicles. If there is a vi-
olated (aggregate) connectivity inequality in this graph, it means
that there will be a violated (disaggregate) connectivity inequality
(6) for at least one vehicle.

Two more separation procedures for connectivity inequalities
(13) have been implemented. The first one, A3, works like the first
algorithm described in this section, but using the graph induced by
the arcs of each single vehicle.

The last algorithm, A4, is based on the computation, for each
vehicle k and each customer c, of the maximum flow on a net-
work containing the arcs for which xf‘j > 0 plus an artificial sink
and some artificial arcs from the end vertices of the arcs in H. ser-
viced by vehicle k (i.e. those arcs a such that yk > 0) to the sink.
The capacity of the arcs is defined as xf.‘. for the arcs in the origi-
nal graph, and as infinity for the artificial ones. The maximum flow
from the depot to the sink defines a minimum cutset (S, V\S), with
1eV\S, and the associated connectivity inequality (13) is checked
for violation.
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4.1.2. Parity inequalities

We have developed several heuristic algorithms to identify vio-
lated parity inequalities. They work as follows.

Given a fractional solution, let (x¥, y*, zK) be its part corre-
sponding to vehicle k. We build the graph induced by the arcs
satisfying xk — yk > ¢, if a is required, and xX > ¢ otherwise, where
yk = nCiEaHx{y’g,C :aeH}, ie the maximum value of y¥ among

the customers serviced by arc a. Let Sy,...,S; be the sets of
vertices of the weakly connected components of the induced
graph. For each cutset §(S;), we now try to select the set of
customers FE ={cy,...,¢q} and the corresponding sets of arcs
F={F..... Fe,}. Two different strategies have been implemented
in order to find these sets.

In strategy 1 (algorithm A5), we create a list of pairs of required
arcs and customers (a, c) such that a € (S;)NHc. We order this list
according to the value of yX¢ in a decreasing order. Starting from
the first pair (a, c) of the list, we iteratively add ¢ to F® and a to
F. if neither arc a nor customer ¢ have been previously selected.
Once the set of customers has been built, we try to enlarge sets
Fc by including each unselected arc a of the list in the set F. with
maximum yX°.

Now, for each vehicle k, we calculate x(8(S)) — Y1, 2y¥i (F,).
If this value is less than 0, we add k to the set of chosen vehicles
Q.

If Y req Yecr, V&€ < 0.5 for some customer ¢  F¥, this customer
is removed from FH, If |F| is even, we add or remove one more
customer according to the value of Y-y > ecr yke in order to make
|[FH| odd. For each removed customer c, the arcs that belonged to
F. are studied to see if they can be included in another arc subset
of F.

Finally, we check if the corresponding 2-aggregate parity in-
equality (17) is violated.

Strategy 2 (algorithm A6) considers only the cutsets &(S;) for
which x¥(8(S;)NAg) is close to an odd number, ie. 2n+0.75 <
Xk(8(S;) NAg) <2n+1.25 for some n e {1,2,...}. Let us call A, =
{aed(S)NAR: X egen, Y& > 0} and Hg, = {c e H : Zaeé(simARyL‘f >
0}, which denote the set of required arcs in cutset §(S;) servicing
some customer and the set of customers that are serviced by some
arc in the cutset, respectively.

We calculate ZaeAsi yke for all the customers in Hs, and select

the customer c¢ that maximizes this value. This customer is added
to F** and F. = Hc N Ag,. Now we update As, by A, \ i and Hg, by
Hs, \ {c} and repeat the procedure for choosing the following cus-
tomers until |FH¥| =2n+ 1.

As in strategy 1, we include in €2 all the vehicles k for which
XK(8(S)) — >0, 2y (F,) <0 and check if the corresponding Q-
aggregate parity inequality (17) is violated.

In order to separate parity inequalities (16) when || =K, al-
gorithm A7 uses a similar procedure with strategy 2 adapted to
the graph induced by the arcs satisfying Y ¥ — 1 > ¢, if a is re-
quired, and Y x Xk > ¢ otherwise.

We have also tried an alternative method for selecting the set of
customers FM based on the solution of the following integer pro-
gram. As before, we define Hjs, as the set of customers that are
serviced by some arc in the cutset §(S;). For each customer c € Hg,,
we define a binary variable u. that takes value 1 if ¢ is included
in F¥ and 0 otherwise. Let us define w, = Zaes(si)y’;‘ for each cus-

tomer ¢ € Hg, and consider two customers cr, ¢s as incompatible if

there is an arc ae 8g(S;) such that y¥ = 0 and yk%

solve the following IP:

> 0. Then, we

Maximize ch e

ce]HIsi

s.t.:

4
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Z e = odd (45)
CeJHIgi
Ue, + e, <1 Vi, ¢ incompatible (46)
e €{0,1} Vc e H, (47)

In order to study the performance of the above method, we
have compared it with the heuristic procedure for selecting F™. On
a sample of 27 randomly selected instances, the IP-based method
used, on average, 123.53 seconds per instance to find, on aver-
age, 0.22 violated parity inequalities per call, while the heuristic
method found, on average, 0.13 parity cuts in 0.46 seconds of com-
puting time. Based on these results, we have decided not to use
the IP-based method.

4.1.3. K-C, K-Cy, and Path-Bridge inequalities

Algorithm A8 looks first for the graph structure associated with
the disaggregate K-C inequalities (20) and (21). Again, let (xk, yk,
ZK) be the part corresponding to vehicle k of a given fractional so-
lution. Let G¥ be the graph induced by the arcs a with x¢ > 0 and
label the depot and the arcs aeAg such that xk > ¢ and yk > xk/2
as ‘required’, where ¢ is a given parameter. We compute the con-
nected components induced by these arcs and the depot. Let us
call C; to these components. We then apply a procedure based on
that described in Corberan, Letchford, and Sanchis (2001) for the
undirected GRP to obtain the sets My, My, My, ..., Mg, which con-
sists of, given a component C;, checking if it is connected to two
different components by arcs with x¥ > 0. For such a component,
we try to split it in two parts such that each part is connected to a
different component. These two parts will be the “seeds” for defin-
ing sets My and M. Now we shrink these seeds and the remaining
components into a single vertex each and compute a spanning tree
by iteratively adding the arc of maximum weight not forming a cy-
cle (and not connecting the seeds). This tree is transformed into a
path linking the seeds by (iteratively) shrinking each non-seed ver-
tex with degree one into its (unique) adjacent vertex. If the length
of the path is at least 3, the vertices of the path define the seeds
for sets Mg, My, ..., Mg. All the vertices of G that do not belong to
a set M; yet are iteratively assigned to a set M; to which they are
adjacent.

Set F is formed by some sets of ‘required’ arcs in My UM asso-
ciated with different customers. For each set Mj, j=1,..., Q-1,
non containing the depot, we define G; as the set of arcs G; =
He; N (A(M;) U8 (M))). If the corresponding K-C inequality for vehi-
cle k is not violated, we try to improve the inequality by shrinking
some consecutive sets M;. Several values for ¢ have been tried and,
after some computational testing, we finally decided to set ¢ = 0.2.

At this point, a K-C structure has been found, and its corre-
sponding disaggregate K-C inequality for vehicle k can, or not, be
violated. Since inequality (20) (if the depot belongs to MyU My,
otherwise it would be similar) can be written as (22), we evaluate
its left hand side for each vehicle k' =1, ..., K. Then we include in
Q all the vehicles k' for which this expression is less than 0 and
check if the resulting 2-aggregate K-C inequality (23) or (24) is vi-
olated.

Any K-C structure found by algorithm A8 is used to look for vi-
olated K-Cy, inequalities (algorithm A9). As before, the inequality
for each single vehicle k’ is checked and those vehicles for which
the left hand side is negative are included into 2. The separation
of 2 Path-Bridge inequalities is done with a similar procedure, al-
gorithm A10, that is not described here for the sake of brevity.

4.1.4. Max-distance inequalities
Two heuristic algorithms are used to separate max-distance in-
equalities. The first heuristic, A11, is the one described in Avila
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Table 1
Inequalities and separation procedures.
Class Inequalities Separ. proc. Type Complexity New? Reference
(12) Al H O(]A||H]) No Corberan et al. (2001)
Connectivity (6) A2 AE O(|V3|A]) No /:\vila et al. (2017)
(13) A3 H O(K|A||H]) No/Yes  Avila et al. (2017), [TP]
(13) A4 AE O(K|H||V|2]A])  NoJYes  Avila et al. (2017), [TP]
(17) A5 H O(K|H|[V[|A])  Yes [TP]
Parity (17) A6 H O(K[H||V||A])  Yes [TP]
(16) A7 H O(|V||A|[H]) Yes [TP]
K-C (20), (21), (23), (24) A8 H O(K|VI2|A]) No/Yes  Corberan et al. (2001), [TP]
K-Co» (25)-(28) A9 H O(K|VI2|A]) NofYes  Corberan et al. (2003), [TP]
2 Path-Bridge (29), (30), (33), (34) A10 H O(K|VI?|A]) No/Yes Corberan et al. (2001), [TP]
. (36)-(38) All H O(|H|)* No Avila et al. (2017)
Max-distance (36)-(38) A12 H 0(K)* Yes [TP]

et al. (2017) for separating inequalities (36). If a violated max-
distance constraint (36) is found, at least one of the inequalities
(37) is also violated and it is added. Furthermore, the correspond-
ing inequality (38) is also added.

The second heuristic, A12, looks for violated inequalities (38).
It is designed to cut fractional solutions in which, for a vehicle k,
several zK variables take values close to 1 and another one takes a
value close to 0.5. It works as follows.

Given a fractional solution associated with vehicle k, (x¥, yk,
Z5), let {cy,cy, ..., Cq} be the set of customers such that z¥ >
zE > -->zk >05. We define F¥ ={cy,c;,....cp}, where f is
the maxnmal number such that z¥(F¥) > |F¥| — 1 + ¢ (initially we
set ¢ =0.5), and we call ‘potential customers’ to the remaining
{crin. crnse- s cq}. We check if v(F®) is greater than one and,
therefore, the corresponding inequality (38) is violated. Otherwise,
for each potential customer € € {¢f.,Cfy, ..., Cq}, we iteratively

consider the set F' = FE U {¢} and check if v(F ) is greater than

one. Finally, if no violated inequality has been found for any set fH,
we set & = 0 and define the set F¥ as above (f is now the maximal
number such that zK(F®) > |[F®| — 1) and check if v(F™) is greater

than one. If a subset F¥ (or fH) for which the corresponding in-
equality (38) is violated is found, this inequality is added. Then,
we look for the cutset of minimum weight between the depot and
the arcs of the customer in Fy and the corresponding max-distance
inequalities (36) and (37) are checked for violation.

Given a set of customers F®, the value of v(F™) (either the
number of vehicles needed to service F* or a lower bound) is com-
puted by solving the corresponding CEARP using the branch-and-
cut algorithm in Avila et al. (2016). Since solving the CEARP in-
stances to optimality can be time consuming, we have limited the
execution time of the CEARP solver to 10 seconds.

4.1.5. Inequalities and separation procedures: a summary

Table 1 summarizes the separation procedures described be-
fore and provides information on their computational complexity
and the references where they were proposed or used. In partic-
ular, the first column shows the inequalities class, while column
two gives the exact family of inequalities being separated. Column
“Separ. Proc.” provides the name of the separation procedure used
and column “Type” indicates if the procedure is heuristic (“H”) or
almost exact (“AE”). This last type means that the algorithm is an
adaptation of an exact procedure for identifying a violated inequal-
ity with similar characteristics. For example, algorithm A4 is based
on the exact separation of inequalities

x*(81(S)) = Z yfjc, VS cV\{1}, YceH, VkeK.
(i,j)eH,

However, note that the sum in this inequality is done for all the
arcs (i, j)eHc, while in inequalities (13) the sum is for all (i,

2

j) e HA\A(V\S). The computational complexity of the algorithms is
given in Column 5. An asterisk (*) means that the reported value
is the computational complexity of the corresponding separation
algorithm if no call to the B&C algorithm described in Avila et al.
(2016) is done. If the B&C is executed to compute the minimum
number of vehicles needed to service a given subset of customers,
the resulting computational effort is non-polynomial (but each call
is limited to 10 seconds). The last two columns indicate if the pro-
cedure has already been used in other works and report the cor-
responding references. A “No/Yes” entry indicates that some new
parts have been added in this work to the existing procedures and
“[TP]” is used to refer to this paper.

4.2. Comparison of separation strategies and cutting-plane algorithms

To analyze the contribution of the valid inequalities and the
separation algorithms presented in the previous sections, we com-
pare the gaps in the root node and the performance profiles (Dolan
& More, 2002) of the different versions of our branch-and-cut pro-
cedure using different combinations of separation algorithms.

Let S be the set of versions of our algorithm and P the set
of instances selected for this comparison. Then, for each version
se s, we calculate GapOs = by 3 pep (BKSp — LBOp,s) /LBOp,s * 100,
where BKS, denotes the value of the optimal or best known so-
lution obtained by any version for instance p and LBOps the lower
bound obtained by s at the root node. We also compute the per-
formance ratio rps = tps/min{tys : s € S}, where tp; is the comput-
ing time required by algorithm s to solve instance p. If algorithm
s is not able to solve the instance p within the time limit, we set
rps = oco. Thus, the performance profile of each version s,

HpeP:rps <t}

[P ’

describes the percentage of instances that can be solved by s
within a factor T >1 compared to the fastest algorithm. Note, for
example, that ps(1) is the percentage of instances for which algo-
rithm s is the fastest and that ps(co) is the percentage of instances
that are solved by algorithm s within the time limit.

We started with a “full version” of the branch and cut, denoted
by V1234, with the following characteristics. The initial LP relax-
ation contains all the inequalities in the formulation, except for the
connectivity inequalities (6) that are exponential in number and,
hence, only the following subset of them are included:

XK(87(Sc)) =z, VkeK, VceH,

ps(T) =

where S, is the set of vertices incident with the arcs in Hc.
Furthermore, the symmetry breaking inequalities (42)-(44),
some max-distance inequalities (38) and (39) associated with some
subsets of customers that cannot be serviced with a single vehicle,
and inequalities x¥(8+(1)) > 1, Vk € K, which force each vehicle
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Fig. 7. Impact of the connectivity inequalities: performance profile.

to leave the depot, are included. At each iteration of the cutting-
plane algorithm in the root node, the separation procedures de-
scribed above are applied using the following general scheme and
the violated inequalities found are added to the LP relaxation:

1. All the heuristic separation algorithms for connectivity inequal-
ities (A1-A4) are applied. The algorithm based on flow compu-
tations (A4) is used only if the other ones fail to find violated
inequalities.

. Heuristic parity separation algorithms (A5-A7).

3. Algorithms for separating K-C, K-Cy,, and Path-Bridge inequali-
ties (A8-A10) are applied for each vehicle k only if no violated
connectivity inequalities have been found for this vehicle.

4. Heuristic algorithms A11 and A12 for separating max-distance
inequalities.

N

Only the fastest separation algorithm for disaggregate connec-
tivity inequalities (A3) is applied in the nodes of the branch-and-
cut tree.

The above cutting-plane procedure is applied until no new vio-
lated inequalities are found. When this happens, we branch using
the Strong Branching strategy implemented in CPLEX with higher
priority given to the zK and yf.‘jf variables.

All other B&C versions are based on different cutting-plane al-
gorithms associated with different separation strategies. The B&C
algorithms were tested on a subset of 48 instances taken from the
four sets of DC-CEARP instances proposed in Avila et al. (2017) and
whose characteristics are described in Section 5.1. Twelve in-
stances, three for each value of ke{2, 3, 4, 5}, were chosen at
random from each subset. The experiments were performed on a
desktop PC with an Intel(R) Core(TM) i7 at 3.4 gigahertz CPU with
32 gigabyte RAM running Windows 10 Enterprise 64 bits using a
single thread. The algorithms were coded in C++ combined with
CPLEX 12.10 and all the experiments were carried out with a time
limit of 7200 seconds.

We first studied the impact of connectivity inequalities and
their separation procedures. To do this, we compared the V1234
B&C with three new versions. In the first version, called V234, we
remove all the separation algorithms for connectivity inequalities
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Table 2
Results on the subset of 48 instances - connectivity.

#opt GapO (%) TimeO (seconds) Time (seconds)
V1234 46 5.874 252.38 1031.19
V234 41 11.560 198.83 1654.31
V1(a) +234 44 5.824 265.86 1209.48
V1(b) +234 41 8.693 192.62 1491.66

(A1-A4), except for algorithm A1 when the obtained solution is
integer. The second version, V1(a)+234, uses all the separation al-
gorithms except for A2, while the last one, V1(b)+234, uses all the
separation algorithms except for A4. Note that A2 and A4 are the
most time-consuming procedures.

Fig. 7 shows the performance profile of the four compared ver-
sions and Table 2 reports for each version the number of optima
obtained (out of 48 instances), the average gap in the root node,
and the average computing time spent at the root node and the
average total computing time in seconds. V1234, as expected, and
surprisingly V1(a)+234, are the best versions in terms of gap, al-
though this last version shows a worse performance profile and
worse behavior in terms of averages and number of optima. The
other two versions, V234 and V1(b)+234, are clearly dominated by
V1234. Therefore, we decided to include all separation procedures
for connectivity in the final version of the B&C.

Then, we studied the effect of parity inequalities and their sep-
aration by comparing the full version V1234 with two versions ob-
tained from it by removing all the separation algorithms for par-
ity inequalities (A5-A7), version V134, and removing algorithms
A5 and A7 (V1+2(a)+34). The results obtained are summarized in
Fig. 8 and Table 3.

As Fig. 8 shows, all three versions compared have similar per-
formance profiles. However, the gaps in the root node and other
measures reported in Table 3 for V134 and V1+2(a)+34 are worse
than those of the full version, and therefore none of the latter ver-
sions is considered interesting.

We also considered different options regarding the max-
distance inequalities. Here, three new versions were implemented.
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Fig. 8. Impact of the parity inequalities: performance profile.

Table 3
Results on the subset of 48 instances - parity.

#opt GapO (%) TimeO (seconds) Time (seconds)
V1234 46 5.874 252.38 1031.19
V134 44 6.065 258.00 1069.87
V1+4+2(a)+34 45 6.034 268.13 1165.09

Table 4
Results on the subset of 48 instances - max-distance.

#opt GapO (%) TimeO (seconds) Time (seconds)
V1234 46 5.874 252.38 1031.19
V123 46 9.835 114.34 902.39
V123 +4(a) 46 7.738 136.99 1036.11
V123 +4(b) 46 6.655 241.18 1054.21

In the first one, V123+4(a), we removed the separation algo-
rithm A11, while algorithm A12 was removed in the second one
V123+4(b). The third version, V123, did not include any separation
algorithm for max-distance inequalities. These three versions are
compared again with version V1234. Performance profiles, average
gaps in the root node, and other measures are presented in Fig. 9
and Table 4.

From Fig. 9 we can see that V123 is the fastest version in 60%
of the instances, followed by V123+4(a), although they are the two
versions with the worst gaps. V123+4(b) is not an interesting op-
tion because its performance profile is similar to that of V1234 but
it shows worse gaps. The V123+4(a) version has a better perfor-
mance profile than the full version but a worse average gap, and it
is clearly dominated in terms of computing time and performance
profile by V123. Therefore, we selected V123 as the most interest-
ing option among the three tested versions.

Finally, we compared a new version V124 resulting from re-
moving the separation algorithms A8-A10 for K-C, K-Cy;, and Path-
Bridge inequalities, with the most promising versions obtained
from the previous experiments, V1234 and V123. Note that sep-
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Table 5
Results on the subset of 48 instances — K —C, K — Cp,, and Path-Bridge.

#opt GapO (%) TimeO (seconds) Time (seconds)
V1234 46 5.874 252.38 1031.19
V123 46 9.835 114.34 902.39
V124 46 6.064 228.98 1127.72

aration algorithms A8, A9, and A10 have many parts in common,
and thus removing only some of them would produce no benefit
in terms of the overall algorithm efficiency.

Fig. 10 shows the performance profiles for the three versions.
Version V123 is the fastest one to reach the optimal solution in
more than 80% of the instances and can optimally solve all 46 in-
stances in less that 2 times the time of the fastest version. The
performance profile of the other two versions is similar and it can
be seen that they reach the 46 optimal solutions only with fac-
tors T =20 and T = 21. As for the average gaps in the root node,
V124 does not improve the results obtained by V1234 either. Look-
ing at the Table 5, we can see that V124 has no advantage over
V1234 and is therefore not considered an interesting alternative.
Overall, version V123, although produces greater gaps at the root
node, is considerably faster and has a better performance profile
than V1234. Therefore, we decided to use version V123 for our fi-
nal computational experiments.

5. Computational experience

In this section we study the performance of the final version
(V123) of the branch-and-cut algorithm, Algorithm 1 in what fol-
lows. As in the previous analysis, the experiments were performed
on a desktop PC with an Intel(R) Core(TM) i7 at 3.4 gigahertz CPU
with 32 gigabyte RAM running Windows 10 Enterprise 64 bits.
Again, we used CPLEX 12.10 with a single thread. The performance
of Algorithm 1 has been compared with that of the best of four
branch-and-cut procedures described in Avila et al. (2017), Algo-
rithm 2 in what follows, and, for illustrative purposes, with the
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Fig. 10. Impact of the K-C, K-Cp, and Path-Bridge inequalities: performance profile.

full version V1234, denoted as Algorithm 0. Algorithm 2 has been
executed on the same machine and using the same version of
CPLEX.

All the experiments were carried out with a time limit of two
hours. CPLEX heuristic algorithms were turned off, and CPLEX own
cuts, including zero-half cuts, were activated in automatic mode.
The optimality gap tolerance was set to zero, best bound strategy
was selected and CPLEX presolve phase was reapplied at the end
of the root node. The instances used and the computational results
obtained are described in what follows.
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5.1. Instances

We have tested our branch-and-cut algorithm on the four
sets of DC-CEARP instances proposed in Avila et al. (2017). The
graphs of the two first sets of instances, Random50 and Ran-
dom75, were generated randomly and have 50 and 75 vertices
respectively. Sets Albaida and Madrigueras are based on the street
networks of these two Spanish towns. As pointed out in Avila
et al. (2017), generating the value of Djqx for each instance is
a hard task, because depending on this value, the instance can
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Table 6
Characteristics of the instances.
Vi Al ARl |Ang| i
Min Max Min Max Min Max Min Max

Random50 50 296 300 105 292 7 193 10 97
Random75 75 448 450 143 438 10 305 15 140
Albaida 116 259 305 124 172 109 162 18 33
Madrigueras 196 453 544 224 305 197 281 22 47

be infeasible or trivial (some of the vehicles are not needed). A
detailed description of how these values have been generated can
be found in that paper. The characteristics of these 251 instances
are summarized in Table 6. The complete data, including the
values of Dpmgx and the number of vehicles with the correspond-
ing best solutions found, can be downloaded from http://www.
uv.es/corberan/instancias.htm in the class “Distance-Constrained
GDRPP”.

5.2. Computational results

The computational results obtained with Algorithm 0, Algorithm
1, and Algorithm 2, are shown in Table 7, where instances have
been grouped by number of vehicles and number of customers,
which are shown in columns 1 and 2. Column 3 reports the num-
ber of instances of each subset. For both algorithms, the columns
labeled ‘# opt’, ‘GapO (%), and ‘Time’ report the number of op-
timal solutions found, the average gap in the root node, and the
average computing time in seconds, respectively. The bold rows at
each group of instances with the same number of vehicles show
the total number of instances, in the case of the ‘inst’ and ‘# opt’
columns, and the average values for the remaining columns. The
last row of the table summarizes the results for all the instances.

As can be seen in Table 7, the number of optima obtained with
Algorithm 1 is very good (234 out of 251 instances) and is a bit
better than those obtained with Algorithm 0 (231 optima) and Al-
gorithm 2 (229 optima), although the average gap in the root node
is slightly higher than that of Algorithm 2 (8.94% versus 8.42%),
and, as expected, higher than the one obtained using all the sep-
aration procedures described in Section 4.1 (6.5%). However, it is
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Table 8
Results on the 11 instances not solved by
any algorithm.

Gap0(%)  Final Gap(%)
Algorithm 0 14.20 8.98
Algorithm 1 14.36 7.80
Algorithm 2 15.35 9.23
Table 9

Results on the 27 instances not solved by at least
one algorithm.

#opt Gap(%)  Final Gap(%)
Algorithm 0 7 12.07 4.98
Algorithm 1 10 11.86 3.68
Algorithm 2 5 12.94 5.27

in the computing times where we can appreciate the main dif-
ferences. The average computing time is 976.3 seconds with Al-
gorithm 1 versus 1080.1 seconds obtained with Algorithm 2 and
1300.9 of Algorithm 0. Although for 2 and 3 vehicles the times for
Algorithm 2 are better on average, when the number of vehicles in-
creases, the times of Algorithm 1 are significantly lower. The same
computational results organized by sets of instances are shown in
Tables 10-13 in the Appendix A.4.

To study the running times in more detail, we compare the
performance profiles of the three branch-and-cut algorithms (see
Fig. 11). Comparing the performance ratios of the three methods
at T =1, we observe that Algorithm 1 is the fastest one in almost
80% of the instances, while Algorithm 0 is the slowest one. As T
increases, the difference between Algorithm 1 and Algorithm 2 de-
creases, but note that five more instances can be solved using Al-
gorithm 1.

Table 7 does not report the average final gaps since
most instances are optimally solved by all algorithms. Instead,
Table 8 compares the average gaps in the root node and the aver-
age final gaps obtained by the three procedures in the 11 instances
that are not solved by any of the algorithms, while Table 9 pro-
vides the same information but in the 27 instances that have not
been optimally solved by at least one of the algorithms. Note that

Table 7
Computational results for all the instances grouped by number of vehicles and customers.
Veh |H| inst  Algorithm 2 (Avila et al., 2017)  Algorithm 1 Algorithm 0
#opt  GapO(%) Time #opt  GapO(%) Time #opt GapO(%) Time
2 [10,21] 18 18 1.80 19.2 18 2.4 8.8 18 0.74 36.5
[12,30] 21 21 1.62 111.6 21 2.6 75.2 21 1.19 240.5
[31,46] 16 16 1.19 109.3 16 1.9 86.9 16 1.12 256.5
[47,140] 17 17 1.64 365.1 16 1.6 712.5 16 1.74 1030.8
72 72 1.57 147.8 71 2.14 211.7 71 1.19 379.7
3 [10,21] 17 17 7.75 40.4 17 8.5 21.0 17 4.67 55.5
[12,30] 21 21 7.07 238.7 21 7.7 140.4 21 5.70 3249
[31,46] 16 16 4.74 696.8 16 53 578.7 16 432 775.0
[47,140] 17 16 5.23 1218.9 16 4.6 1477.1 16 5.17 1718.2
71 70 6.27 529.2 70 6.61 530.7 70 5.02 695.5
4 [10,21] 12 12 14.53 49.6 12 15.8 273 12 6.88 71.9
[12,30] 19 19 14.33 766.9 19 15.6 344.2 19 11.20 1236.5
[31,46] 16 13 11.65 2253.8 16 11.0 908.1 14 10.05 1790.2
[47,140] 17 11 9.45 3178.5 13 8.6 34546 13 9.02 3862.8
64 55 12.40 1644.7 60 12.66 12519 58 9.52 1854.2
5 [10,21] 9 9 19.35 73.9 9 24.0 60.6 9 6.39 100.7
[12,30] 10 10 19.63 956.8 10 22,5 589.0 10 17.04 983.1
[31,46] 10 5 15.64 3963.6 8 15.2 28588 7 14.01 3684.5
[47,140] 15 8 15.61 4516.9 6 14.5 5132.1 6 14.13 5571.8
44 32 17.29 2673.3 33 18.45 2545.6 32 13.18 2980.9
Total 251 229 8.42 1080.1 234 8.94 976.3 231 6.50 1300.9
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Table 10
Results for the Random50 instances.
Algorithm 2 (Avila et al,, 2017)  Algorithm 1 Algorithm 0
Veh  |H| inst #opt GapO(%) Time #opt Gap0(%) Time #opt  Gap0(%) Time
2 10 3 3 1.286 4.15 3 1.654 2.42 3 0.000 4.05
[24,25] 3 3 0.485 12.96 3 0.064 8.82 3 0.203 23.32
[45,50] 3 3 0.641 42.42 3 1.717 33.85 3 0.877 90.87
[92,97] 3 3 2.317 124.04 3 2.242 282.22 3 2.382 333.59
12 12 1.182 45.89 12 1419 81.83 12 0.865 112.96
3 10 2 2 4.894 4.58 2 4.950 3.53 2 0.832 5.43
[24,25] 3 3 2.945 17.06 3 7.099 14.34 3 2.572 25.19
[45,50] 3 3 4.135 41.79 3 4.167 47.30 3 3.958 102.06
[92,97] 3 3 7.362 204.18 3 6.629 546.30 3 7.448 665.87
11 11 4.829 72.57 11 5.780 166.45 11 3.963 217.29
4 [24,25] 3 3 10.132 21.05 3 11.284 19.08 3 8.870 43.11
[45,50] 3 3 11.697 61.31 3 10.745 91.27 3 9.593 225.55
[92,97] 3 3 9.457 296.30 3 8.818 897.77 3 9.405 1286.17
9 9 10.429 126.22 9 10.282 336.04 9 9.290 518.28
5 [45,50] 1 1 23.557 177.30 1 23.713 362.52 1 16.785 247.67
[92,97] 2 2 15.064 1257.17 1 14.388 3838.74 2 12.212 3652.98
3 3 17.895 897.21 2 17.496 2680.00 3 13.736 2517.87
Total 35 35 6.138 147.90 34 6.447 396.49 35 5.108 456.11
Table 11
Results for the Random75 instances.
Algorithm 2 (Avila et al,, 2017)  Algorithm 1 Algorithm 0
Veh  |H]| inst #opt Gap0O(%) Time #opt GapO(%) Time #opt  GapO(%) Time
2 15 3 3 0.000 8.65 3 0.428 5.91 3 0.000 15.18
[36,37] 3 3 1.341 38.57 3 1.657 25.69 3 1.022 74.42
[70,75] 3 3 1.754 117.15 3 1.397 165.33 3 1.796 568.20
[138,140] 3 3 2417 1301.58 2 1.927 3224.57 2 2.482 3727.94
12 12 1.378 366.49 11 1.352 855.38 11 1.325 1096.44
3 15 3 3 9.063 17.45 3 10.801 11.70 3 3.483 29.04
[36,37] 3 3 4.843 46.26 3 6.286 56.64 3 3.970 97.40
[70,75] 3 3 6.122 251.25 3 5.843 331.01 3 6.231 1057.64
[138,140] 3 3 4.516 1469.63 2 3.340 3927.21 2 4.207 4156.80
12 12 6.136 446.15 11 6.567 1081.64 11 4473 1335.22
4 15 3 3 11.781 31.76 3 16.834 2441 3 4454 68.39
[36,37] 3 3 15.312 158.04 3 16.322 205.91 3 12.860 371.22
[70,75] 3 3 10.046 1392.74 3 9.670 2157.84 3 9.146 3341.02
[138,140] 3 1 6.741 5481.51 1 6.267 6669.73 2 6.645 5945.34
12 10 10.970 1766.01 10 12.273 2264.47 11 8.276 243149
5 15 1 1 13.345 66.69 1 26.376 55.98 1 7.505 102.25
[36,37] 1 1 32.737 542.60 1 30.940 427.73 1 23.325 855.11
[70,75] 3 3 14.646 2265.34 2 13.820 4881.76 1 13.076 5785.79
[138,140] 3 0 16.209 7200.00 0 15.359 7200.00 0 15.960 7200.00
8 5 17.331 3625.66 4 18.106 4591.13 3 14.742 4989.34
Total 44 39 8.192 1362.48 36 8.799 1980.61 36 6.519 223347
Table 12
Results for the Albaida instances.
Algorithm 2 (Avila et al., 2017)  Algorithm 1 Algorithm 0
Veh |H| inst #opt GapO(%) Time # opt  Gap0(%) Time #opt Gap0(%) Time
2 18 6 6 3.538 34.25 6 4.034 15.20 6 1.763 58.01
21 6 6 1.219 16.83 6 2.015 7.12 6 0.457 41.95
28 6 6 1.970 32.24 6 2.641 18.76 6 1.385 152.69
33 6 6 1.154 36.06 6 2.575 47.90 6 1.243 114.10
24 24 1.970 29.85 24 2.816 22.24 24 1.212 91.69
3 18 6 6 8.455 61.72 6 8.943 25.13 6 5.488 73.85
21 6 6 7.351 42.59 6 8.022 27.41 6 5.735 67.13
28 6 6 2.997 90.50 6 2514 44.05 6 2.462 145.30
33 6 6 4.751 170.06 6 4.609 78.64 6 4.126 270.38
24 24 5.889 91.22 24 6.022 43.81 24 4.453 139.17
4 18 4 4 12.813 73.04 4 13.200 30.87 4 9.794 78.07
21 5 5 17.543 41.55 5 17.172 26.10 5 5.995 68.98
28 6 6 12.621 336.71 6 13.281 17752 6 12.903 1790.16
33 6 6 11.328 307.19 6 10.677 135.02 6 10.536 861.09
21 21 13.460 207.78 21 13.448 101.39 21 9.990 788.79
5 18 3 3 12.669 85.19 3 18.844 47.46 3 4.144 123.25
21 5 5 24.553 68.58 5 26.648 69.39 5 7.522 86.78
28 6 6 18.300 557.79 6 23.032 357.12 6 16.521 647.22
33 3 3 15.245 411.98 3 14.827 404.20 3 13.235 398.89
17 17 18.606 304.77 17 21.908 226.16 17 11.110 346.09
Total 86 86 9.158 144.77 86 10.081 87.90 86 6.216 325.45
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Table 13
Results for the Madrigueras instances.
Algorithm 2 (Avila et al,, 2017)  Algorithm 1 Algorithm 0
Veh |H| inst #opt GapO(%) Time #opt Gap0(%) Time #opt Gap0(%) Time
2 22 6 6 1.546 130.35 6 2.930 93.79 6 0.678 253.73
28 6 6 1.900 221.49 6 3.508 146.33 6 2.011 423.49
42 6 6 1.229 229.38 6 1.288 166.10 6 1.097 519.50
47 6 6 1.204 248.47 6 1.161 170.64 6 1.280 573.65
24 24 1.470 207.42 24 2.222 144.22 24 1.267 442.59
3 22 6 6 10.609 337.95 6 11.965 182.74 6 8.103 421.24
28 6 6 9.670 398.32 6 8.916 257.54 6 8.103 558.15
42 6 6 4.608 1659.23 6 5.422 1429.00 6 4.552 1736.76
47 6 5 4.600 2476.03 6 4.044 1766.47 6 4.588 1887.95
24 23 7.372 1217.88 24 7.587 908.94 24 6.337 1151.03
4 22 5 5 22.932 1389.99 5 26.800 492.66 5 13.243 1467.63
28 5 5 10.310 1107.49 5 9.979 590.93 5 8.524 1057.10
42 6 3 9.993 5616.06 6 8.653 2167.21 4 8.505 3709.02
47 6 2 9.893 5397.74 4 8.655 4896.17 3 9.493 5563.51
22 15 12.978 3571.37 20 13.079 2172.65 17 9.855 3102.67
5 22 2 2 21.667 1216.51 2 22.989 1139.78 2 20.618 1974.83
28 2 2 21.565 1894.25 2 20.549 733.89 2 15.022 998.91
42 6 1 12.981 6309.60 4 12.805 4491.22 3 12.841 5798.89
47 6 2 14.655 6110.96 2 12.979 5449.31 2 13.931 6177.68
16 7 15.768 5046.55 10 15.111 3961.91 9 14.494 4862.93
Total 86 69 8.721 2250.26 78 8.894 1586.80 74 7.340 2143.17
1
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Fig. 11. Performance profile.

in these harder instances, Algorithm 1 obtains better gaps at the
root node, as well as final gaps. Table 9 also reports the number of
instances solved optimally by each algorithm.

Looking at the computational results disaggregated by sets of
instances, Tables 10-13 in the Appendix A.4, we note that the per-
formance of Algorithm 1 is better than that of Algorithm 2 in those
instances that are based on real street networks like the Albaida
and Madrigueras sets. Another particularity of these two sets of in-
stances is that their number of customers is not too large, from 19
to 34 and from 23 to 48 in the Albaida and Madrigueras instances,
respectively, because they are defined following “geographical” cri-
teria, as it was assumed that it can occur in real-life problems.
Algorithm 2, on the other hand, performs better on the Random
50 and 75 sets, which were randomly generated and have a larger
number of customers (many of them defined by larger subsets of
arcs).

48

6. Conclusions

In this paper we study the Distance-Constrained Close Enough
Arc Routing Problem, which generalizes the Close Enough Arc
Routing Problem to the case in which there is a fleet of vehicles
based on a depot that jointly serve a set of customers. Each cus-
tomer is associated with a set of arcs which are close enough to
it, such that the customer can be served by traversing any of these
arcs. The length of the routes is limited by a given value and the
objective is to minimize the sum of the route distances. The DC-
CEARP is inspired by and has application to meter reading prob-
lems.

In this work, we propose a new formulation for the DC-CEARP
and study its associated polyhedron. Several families of valid in-
equalities are introduced and separation procedures are devised
for them. Extensive computational experiments are carried out to
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measure the contribution of each of these separation procedures.
A branch-and-cut algorithm is presented, that is able to solve to
optimality instances with up to 140 customers, 196 vertices, 544
arcs, and 5 vehicles.

In what refers to future work, and taking into account the kind
of applications of this problem, we plan to study the variant in
which the routes of the vehicles have to be balanced. One way of
balancing routes consists of minimizing the length of the longest
one. For this problem we are planning to design and implement
a branch-and-cut-and-price algorithm capable of solving instances
with a large number of vehicles.
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A.1. Proof of Theorem 1

Theorem 1. For each vehicle k, disaggregate K-C inequalities (20) and
(21) are valid for the DC-CEARP.

Proof. Let us suppose that 1eMyUM, (the proof for the case
1¢& My UMy is similar). We have to prove that all the routes (x",y")
for vehicle k corresponding to DC-CEARP solutions satisfy inequal-
ity (20). We consider the following cases:

(a) Routes (&",y") servicing each customer ¢; from a required
arc in F, i=1,...,q, and servicing each customer ¢; from a re-
quired arc in Gj, j=1,...,Q — 1. On the one hand, these tours ¢
traverse at least q times the arcs in (Mp, Mg), and visit at least
once each node set MoUMg, My, ..., Mg_1, and, hence, they sat-
isfy (19):

Z X > (Q-2)q+2(Q - 1).
(i.j)eA
Additionally, variables 7 satisfy y"‘f (F)=1, foreachi=1,...

and y*i (Gj) =1, for each j=1,.
the RHS of (20), we obtain

. q,
.,Q — 1. Substituting them in

Q-1
Q-2) Z(zf’“' (F) -1+ > 279G

i=1 j=1
=Q-2)g+2(Q-1).

Hence, Yiiea®ii = (Q-2) YL VI(E) - 1) +
ZQ 12 3% (Gj) holds and routes &, 7°) satisfy inequality
(20)

(b) Routes (xk 7") servicing each customer ¢; from a required
arc in F;, i=1,...,¢q, and each customer ¢; from a required arc in
Gj, j=1,...,Q -1, except one of them, say ;. These tours & tra-
verse ¢ required arcs between My and Mg and visit all but one the
subgraphs G(Mj), ..., G(Mg_1). Note that, regarding a K-C struc-
ture (see Fig. 2), this cannot be done at an «-cost lower than
(Q-2)q+2(Q—1) -2 (otherwise, by adding two arcs connect-
ing M; with M;_; we would obtain a tour satisfying (a) and (b)
with «-cost less than (Q —2)q+2(Q — 1), which is impossible)
and, hence, these tours satisfy

3 o= (Q-2)g+2(Q 1) -2

(i.j)eA

On the other hand, variables ¥’ satlsfy ke (F) =1, for each i=
,...,q, and kaJ(G)_l for all j=1,...,Q -1, except one of
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them, for which y’“’ (G;) = 0. Thus, if we substitute these values
in the RHS of (20),

Q-1
Q-2 Z(zf"“ (F) -1+ > 279G

i=1 j=1
=(Q-2)q+2(Q-2)=(Q-2)q+2(Q-1)-2

is obtained and, thus, (2",37") satisfies (20).

(c) Routes (%",y") servicing each customer ¢; from a required
arc in F;, i=1,...,q, and each customer ¢; from a required arc in
Gj, j=1,...,Q -1, except a number b of them (b=2,3,...). As

before, it can be seen that these tours X* satisfy

> ;= (Q-2)g+2(Q—1) - 2b,

(i.j)eA

and the RHS of inequality (20) takes the value

Q-1
Q-2 Z(ﬂq (F) - 1)+ 25(G))

i=1 j=1
=(Q-2)q+2(Q-1-b)=(Q-2)g+2(Q—-1)-2b.

(d) Routes (R",y") servicing each customer ¢; from a required arc
in F;, for all i=1,..., q except one of them, say ¢, and each cus-
tomer ¢; from a required arc in G;, j=1,..., Q — 1. These tours b
traverse q — 1 (an odd number) required arcs between My and Mg
and visit all the subgraphs G(My), ..., G(Mgy_1). Regarding a K-C
structure, this cannot be done at an «-cost lower than (Q — 2)(q —
2) +2(Q — 1) (otherwise, by adding two arcs connecting M with
Mg, with a-cost Q — 2 each, we would obtain a tour satisfying (a)
and (b) with a-cost less than (Q —2)g + 2(Q — 1), which is impos-
sible) and, hence, these tours satisfy

D o= (Q-2)(q-2)+2(Q-1).

(i.j)eA

Moreover, variables y satisfy y’“' (F)=1, foreachi=1,...,q ex-
cept one of them, for which *!(F) = 0, and 7*i Gy = 1 for all
j=1,...,Q — 1. Thus, after substituting these values in the RHS of
(20) we obtain

Q-1
Q- 2)2(2*’“1 (F) -1+ > 279G

i=1 j=1
=Q-2)(@-1-1D+2(Q-1),

and (Rk,yk) satisfies (20).

(e) Routes (Xk,?k) servicing each customer c¢; from a required
arcin F;, foralli=1,..., q except two of them, and each customer
¢j from a required arc in Gj, j=1,...,Q — 1. These tours % tra-
verse g — 2 (an even number) required arcs between M, and Mg
and visit all the subgraphs G(M;), ..., G(Mg_1), so they satisfy

D o= (Q-2)(q-2)+2(Q-1).

(i.j)eA

Variables y satlsfy y'“' (F)=1, foreachi=1,...,q except two of
them, for which 7% (F) = 0, and 7*“i Gy =1, for allj=1,...,Q0 -
1, and the RHS of inequalities (20) takes the value

Q-1
Q-2) 2(2*’“' (F) -1+ > 279G

i=1 j=1
=0Q-2)@-2-1-D+2(Q-1)<@Q-2)(@-2)+2(Q-1),
and (Rk,yk) satisfies (20).

(f) Routes (z",y") servicing each customer ¢; from a required
arc in F, for all i =1, ..., q except three, four,...of them, and each
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customer ¢; from a required arc in G;, j=1,...,Q — 1. By using a
similar reasoning, it can be proved that they satisfy inequality (20).

(g) Routes (x*,7%) similar to those in the cases (d)-(f) but
where each customer ¢; is serviced from a required arc in G,
j=1,...,Q -1, except a number b of them (b=1,2,...). It can
be seen that both the term } «;;X; and the RHS of inequality
(20) decrease in 2b units, thus satisfying inequality (20). O

A.2. Proof of Theorem 2

Theorem 2. Given a set of vehicles Q2 C K, the Q2-aggregate K-C in-
equalities (23) and (24) are valid for the DC-CEARP.

Proof. Again, let us suppose that 1eMyUMj (the proof for the
case 1¢MyUMj is similar). We have to prove that every DC-CEARP
solution satisfies inequality (23). Let (21,y] ..... XKJK) be a DC-
CEARP solution. Then, ) ;.o x* is a tour on the arcs of G since it
represents a connected and even graph. On the other hand, for
eachi=1,...,q, the sum } o 37’“1' (F), is a binary value indicating
if any of the vehicles in €2 services the customer ¢; from an arc in
F; (see inequalities (3)). In the same way, for each j=1,..., Q -1,
the sum Yo ¥ (Gj) is a binary value indicating if any of the
vehicles in € services the customer ¢; from an arc in G;. Hence,
a similar reasoning to that of the proof of Theorem 1, but replac-
ing ®.7°) by Ckea X, ke 7°), concludes that the following in-
equality, which can be rewritten as inequality (23), is satisfied:

Q-1
3 oy Y 7= (- 2)2(22*“*(&)—1)+22 S FG)).

(i,j)eA keQ i=1 keQ j=1 keQ
O

A.3. Proof of Theorem 5

Theorem 5. For each vehicle k, disaggregate Path-Bridge inequalities
(29) and (30) are valid for the DC-CEARP.

Proof. Let us suppose that 1eMyUM; (the proof for the case
1¢MyUMj5 is similar). We have to prove that all the single routes
&, %) for vehicle k € K corresponding to DC-CEARP solutions sat-
isfy inequality (29). We consider the following cases:

(a) Routes (2",37") servicing each customer ¢; from an arc in F;,
i=1,...,B, and servicing each customer G from an arc in G, t =
1,..., Pandr=1,..., ne. On the one hand, these tours % traverse
at least B times the arcs in (Mp, Mz), and visit at least once all
the node sets Mo UM and ML. It can be seen (see Corberan et al,
2001) that these tours satisfy:

P

> a”xU >B+Z Call

(i,j)eA

—P+1

On the other hand, variables 37" satisfy y’“" (F) =1, for each
i=1,...,B, andj/kcf(GD =1,foreacht=1,....,Pandr=1,...,n;
Substituting these values in the RHS of (29) we obtain

B ne 9y kc; Gt P
Z(*"CI(F) 1)+ZZ vy )—P+1=B+Zn2nt
t=1 ¢

i=1 t=1 j=1

1—P+l.

e pown 279G
Hence, ¥ jyca ey = Yy (2y ()= 1) + £y Tty et -
P + 1 holds, and routes (i ,y ) satisfy inequality (29).

(b) Routes ()?",yk) servicing each customer ¢; from a required
arc in F;, i=1,...,B, and servicing each customer c;, except one
of them (H eGO) from a required arc in G, t=1,...,P, r=
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1,...,n¢. These tours XX traverse B times some required arcs be-

tween My and M7 and visit all the sets M! except the set Mﬁg

Note that this cannot be done with an «a-cost lower than B+
Zn[

Sl ety P

1ngM0 w1thM0 1 1,

traversing at least B times the arcs 1n (Mo, M) and visiting all the
node sets MgUM; and Mt, with a-cost less than B+ YF_, nf%‘] -

w1th a—cost we would obtain a tour,

P + 1, which is impossible. Hence, these tours %< satisfy

Z a,]x,] >

(@i.j)eA

2

Ny, —

+1-—

Moreover, variables y satisfy yrei (F)=1, foreachi=1,...,B,
and ¥ (Gt) =1, for all t=1,....P and r=1,....n, except one
of them, for which ykc’ (Gig) =0. Thus, the RHS of inequalities
(29) takes the value

P
2n; 2(ng,, — 1)
2B—-B 0 —P+1
( )+ Z nt—1+ nto—l +
t=1
t £ty
Poon 2

_B+Znt—l —P+1-— -
t=1
and, hence, the routes (%, 7*) satisfy (29).
(c) Routes (Xk,yk) servicing each customer ¢; from a required
arc in F;, for all i=1,...,B except one of them, say ¢, and each
customer ¢; from a required arcin G, t =1,....P, r=1,....n

Tours X traverse B — 1 required arcs between My and M; and
visit all the sets M. Considering that P+ B — 1 is an even number,
this cannot be done with a a-cost lower than B+ YF_; n2tn[] —-P+
1 — 2. Otherwise, by adding two arcs connecting My with Mz, with
o-cost 1 each, we would obtain a tour, traversing at least B times

the arcs in (Mg, Mz) and visiting all the node sets MyUM; and Mt,

with a-cost less than B+ Y ; - ﬂ — P +1, which is impossible.
Hence, these tours X" satisfy
P
2n
7 ok == B+Z ! ;-P+1-2

(i,j)eA

Additionally, variables J* satisfy y*% (F,) = 1, for each i = 1,.
except one of them, for which 7*% (F) = 0, and 7 (Gt) = 1, for all
t=1,...,P, r=1,...,n. Thus, after substituting them in the RHS
of (29), we obtain

2B-1) - 2,

and the routes (Xk,yk) satisfy (29).

(d) In a similar way, it can be seen that inequalities (29) are
satisfied by all the routes (x",y") servicing any other number of
customers ¢; and ¢;. O

A.4. Computational results per set of instances

In this appendix we show, for each set of instances, the com-
putational results obtained with the proposed branch and cut and
their comparison with those obtained with the exact algorithm de-
scribed in Avila et al. (2017) and with the version using all the sep-
aration procedures. Tables 10, 11, 12, and 13 report the results for
the sets Random50, Random75, Albaida, and Madrigueras, respec-
tively.
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