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Abstract

The first part of the thesis is dedicated to the field of open quantum systems.
An open quantum system is a quantum system subject to the action of an
environment with which it interacts. Firstly, we introduce the basic concepts
of this theory, such as irreversible temporal evolution, Markovianity, and
master equations. In the first study conducted in this field, we investigate
how a non-equilibrium environment, composed of two systems at different
temperatures, affects the dynamics of a two-level system. We derive a master
equation to describe the evolution of the two-level system, and through
certain approximations, we obtain analytical results for the decay rates
appearing in it. These expressions allow us to anticipate that the system’s
dynamics will be governed by two timescales: a short one in which the
system will prethermalize to a non-asymptotic thermal state, and a long one
during which the system will evolve towards the true thermal state. In this
work, we also examine the effect of these composite environments on the

direction of heat flows when they are connected through a two-level system.

In the second chapter, we present the types of noise affecting two-
level systems that make up quantum computers, known as qubits. Firstly,
we briefly review the possible noise channels affecting qubits and present
two very simple models that use master equations to describe the qubits’
dynamics. It is theorized that the main source of noise in solid-state qubits
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is due to the presence of two-level systems (TLS) around the qubits with
which they interact. We first present a semiclassical noise model, considering
the qubit as a quantum system, but the two-level systems inducing noise are
treated as classical fluctuators. We study noise mitigation techniques on this
model and compare their effectiveness. Next, we introduce a purely quantum
model, considering the two-level systems around the qubit as quantum
systems. These two-level systems are also interacting with a medium at a
finite temperature, inducing decoherence on them. We explore the energy
structure of the qubit-TLS system, and under the secular approximation,
we study the main transitions and draw a physical picture of the process.

The second part of the thesis focuses on the field of quantum walkers
(QW). We introduce the basic scheme and its classical analogue. Next, we
show how the continuous limit of the QW leads to the Dirac equation and
how inhomogeneous coins can give rise to more interesting dynamics in
the continuum limit, such as spinors in electromagnetic fields or curved
spacetimes. In the first study conducted in this field, we consider a time-
inhomogeneous coin, which means a stochastic coin that can perform different
operations with different probabilities at each time step. We find that in
the continuum limit, these QWs simulate dissipative dynamics described
by a Lindblad equation. We conduct a numerical study of the dynamics
of a spinor described by this equation and identify two regimes: an initial
regime of ballistic propagation and a second regime of diffusion. Finally, we
also extend the study to coins with temporal noise that smoothly depends

on the position.

The next work in this part employs a 2-dimensional QW, which in
the continuum limit, simulates the Dirac equation in curved spacetimes
to simulate the Randal-Sundrum model. This model proposes an extra
dimension to explain the mass hierarchy problem. The extra dimension
is finite and has 4-dimensional branes at each end. One of the branes is



postulated to contain the matter of the Standard Model, while gravity
occupies the entire space. The QW that simulates this model accurately
reproduces the phenomenology of the model, as the spinor representing
the QW tends towards the position of the brane of the Standard Model.
Additionally, we study the evolution of entanglement entropy between the
spin and position of the QW, as well as the composition of energy modes of
the walker.

The last work in this part studies a QW with a non-linear coin that
depends on the walker’s components. This map can be experimentally
implemented using the components of an electric field propagating in a
nonlinear optical medium of the Kerr type. One characteristic of these
media is the formation of solitons. Firstly, we study the continuous limit
of this QW and perform a stability analysis of stationary homogeneous
solutions, which allows us to systematically explore the QW numerically and
anticipate soliton formation. Under certain approximations, also supported
by the numerical studies, we obtain an analytical solution describing the
solitons. The numerical study corroborates this solution and also reveals
the existence of dark solitons. Finally, we explore the stability of solitons
in the presence of constant electric fields. We find that non-linearity helps
reduce the soliton dispersion caused by the electric field but does not stop
it.
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Part 1

Quantum Noise

Open Quantum Systems and their use in qubit noise models






Chapter 1

The theory of Open
Quantum Systems

1.1 Introduction

Quantum Mechanics (QM) is the most fundamental theory of nature that we
currently know. Since its conception in the 1920s it has proven a successful
theory at different complexity levels, from correctly describing the energy
levels of the hydrogen atom to predicting the existence of the elementary
particles that constitute the building blocks of matter. Even thought the
theory has proven successful, whenever there is an increasingly high level of
complexity, approximate or perturbative methods need to be employed.

Quantum systems are hardly ever completely isolated, we refer to
them as open systems, and they should be considered in interaction with
a surrounding environment, which will most likely affect the dynamics of
the open system. The number of degrees of freedom of the environment are
generally much higher that those of the open system. One could resort to
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6 CHAPTER 1. THE THEORY OF OPEN QUANTUM SYSTEMS

exact methods to solve the evolution of the whole isolated system, composed
by the open system and its environment. In practice this task rapidly

becomes unfeasible.

The theory of open quantum systems (OQS) has developed the tools to
describe the open system without the need to give an exact description of the
environmental degrees of freedom. The use of the theory of open quantum
systems has been successful in the field of quantum optics, where for instance
a lossy cavity can modify the rates at which transitions occur and modify
the steady state of the system. The theory of OQSs has experienced a rise
in popularity due to its applicability in quantum technological scenarios,
where the phenomena of decoherence and dissipation are well captured by
the formalism, and it constitutes a test bed for the study of mitigation and
control techniques. The following sections are devoted to evolution dynamics
of OQSs. Specifically in Section 1.2 we explore the general features of the
evolution that the OQS undergoes and introduce the concept of Markovianity
and non-Markovianity in Sections 1.3 and 1.4, respectively. In Section 1.5
we derived a weak coupling master equation and in the following sections
we briefly study its asymptotic and thermodynamic properties. Finally, in
Section 1.8, we comment on how this theory is the basis for the work done
in [P.1]. In Chapter 2 of this part we delve deeper into the field of quantum
computing, and explore how the theory of OQS can be employed to explore
dissipative dynamics and to model noise sources.

1.2 Time evolution in open quantum systems

Let us consider the general situation where the open system .S is coupled
to an environment F. The total Hilbert space is the tensor product of
the Hilbert space of each subsystem H = Hg ® Hg. The whole system
is described by the free Hamiltonians of each subsystem, Hg for the open
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system and Hpg for the environment, plus the interaction Hamiltonian Hj
between both. The evolution of both system and environment is given by
the total Hamiltonian H = Hg + Hg + Hj so that the state of the whole
system at time ¢ is

(1) = e M) [y(to)) (1.1)

where [1(tg)) is the initial state of the composite system and we define
U(t,to) = exp|—iH (t — tp)], the unitary evolution operator. This unitary
evolution is given by the Schrédinger equation’

.d
i () = H [0(0) (12)

Finally, the open system is completely described by the partial trace with
respect to the environment of the final state

ps(t) = Trg {psu(t)} = T {U(t to)psp(to)UT (L 1)} (13)

where psg(to) = |[(to)) (¥(to)|. In practice this procedure, described by
the top right path of Fig. 1.1, is not feasible and we need to resort to a
representation of the evolution reduced to S. The mathematical object
®(t,1,) that describes the evolution of the initial state of the open system
S up to time t is called a dynamical map and it encodes the effect of the
environment onto the open system, a procedure which is described by the
bottom left path of the diagram in Fig. 1.1.

We have not specified the initial relation between system and environ-
ment. In general they could be in an entangled initial state but in most
problems they can be prepared in a separable/uncorrelated state

pse(0) = ps(0) ® pe(0) . (1.4)

In natural units where i = 1.




8 CHAPTER 1. THE THEORY OF OPEN QUANTUM SYSTEMS

unitary evolution

pse(to) p(t) = U(t, to)pse(to)UT(t, to)
Trg Trg
dynamical map
ps(to) ps(t) = d(110)[Ps(to)]

Figure 1.1: A diagram showing the action of the dynamical map ¢(t). It is
possible to either evolve the whole system, and trace out the environment
to obtain the dynamics of the OQS, or alternatively the evolution of the
OQS can be described by the dynamical map.

This assumption is correct in most quantum technological scenarios where
the control systems interact much more strongly with the open system than
the environment, so that in practice the correlations with the environment
are washed out. We can write the spectral decomposition of the environment
initial state as

pE(0) = Z Ai [Ai) (Aal (1.5)

where |)\;) are the eigenvectors of pg(0), which in general do not correspond
with the eigenvectors of the environment Hamiltonian Hpg. This is only the
case when the initial state of the environment is in equilibrium state, i.e.,
[Hg, pe(0)] = 0. If we plug this decomposition into Eq. (1.3)

ps(t) =Trp {U(Eto)l)s(to) ® ) Al (Al U(tyto)T}
i (1.6)
= XU t0) [N) ps(to) (Nl Ut t0) T [Ag)

i3

after defining the Kraus operators K; j(,t0) = vAi (A\j| U(¢, o) |A\;), which
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act on Hg, the dynamical map can be written as

ps(t) = Euan)lps(to)] = Y Kij(t,to)ps(to) K (8, t0) . (L.7)

i7j
where we denoted the dynamical map as £ 4, to differentiate a map that
evolves states of the form of Eq. (1.4) from a general dynamical map ¢ )
acting on general entangled states. The Kraus operators fulfill the property

ST (1 to)Kij(t te) =15 (1.8)
Z"j
that comes from the normalization condition of the quantum state. This
representation of the evolution is also referred to as the operator sum
representation of the dynamical map, and the indices on the operators can

be grouped into a single one

ps(t) = D Ku(t,0)ps(0)K[(t,0) . (1.9)

p={i,5}
Relation (1.7) indicates that when the evolution of the reduced density
matrix can be described by the means of Kraus operators, it can also be
described by a map & ;) acting on its initial state, which is often called a

universal dynamical map (UDM).

If we did not impose condition (1.4) the initial state would be not be
separable and the Kraus operators could depend on the initial state of the
system, in which case the dynamical map would not be universal; in this
case the same map cannot be applied to arbitrary states. Let us consider

the general initial state

pse(to) = ps(to) ® pe(to) + peor(to) (1.10)

where peor(tp), which is not a quantum state, contains all correlations
between system and environment, and Trg/g {pcor(to)} = 0. If we compute
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the evolution of this state as in Eq. (1.3) we arrive at following expression
for the dynamical map

ps(t) = Gt10)[Ps(to)] = Et o) s (t0)] + TrE {U(t, to) peor (to)U (1, to)

where the first term is the dynamical map given by Kraus operators (1.7).
Since the Kraus operators depend on the initial state of the environment
(and on the unitary evolution operator), the dynamical map ¢,y will
depend on the initial state of the system pg(tg) because of the term pcoy.
See reference [1] for further details on the effect of the initial correlations.

The key properties of a map that can be expressed in Kraus form are
that

e It preservers the trace

T {ps(t)} =Tt {Z K“(t,to)pg(to)Kl(t,to)} -

0

Tr {Z K:ﬂ(t,to)KM(t,to)pg(O)} = Tr {ps(to)} -
7

(1.12)

e It is linear

ZKH(apl + bpg)Klt = aZKulel +bZKMP2K;]; :
i i i

e [t preserves positivity of operators. An operator is positive semidefinite
if its eigenvalues are > 0. To show this property we can consider the

spectral decomposition of a positive operator O = )", 0; |e;) (e;| (with
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0; > 0) and see that, for any |¢) € Hg, the expectation value of the
evolved operator O

(@Y KuOKf|d) = > o (K ,lex) (ex| Kf|d) > 0
I

ok

is positive. While all Kraus maps preserve positivity not all positive
maps have a Kraus representation [1, 2]. When a map obeys the pre-
vious properties and has a representation in terms of Kraus operators
it is said to be completely positive. A completely positive (CP) map
preserves positivity of operators on arbitrarily large Hilbert spaces
Hs @ Hextra-

There is an equivalent way of determining if a dynamical map is UDM
demonstrated by Kosakowski in [3, 4], which indicated that a dynamical map
is a UDM if and only if it preserves the trace Tr {¢4,)p(to) } = Tr {p(to)}
and it is a contraction. A dynamical map is a contraction if

’ W(t,to)l)’ |

<1
ol

. VpeHs Vi, (1.13)

where ||p|| = Tr {\/PTP} is the trace norm. The trace norm is a witness
of the purity of the quantum state, therefore a contraction will cause the
reduction of the purity of the quantum state, in other words, UDMs create
mixed states. If a map would increase the purity of the quantum state it
would be required that the trace norm of the quantum state increases and
to do so the positivity of the dynamical map is lost. This observation will
be critical to understand the concept of Markovianity, which is dealt with
in Section 1.3.
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Reversibility of the dynamical map

In general, when the open system evolution is given by a dynamical map
its dynamics becomes irreversible, the exception being a dynamical map
representing unitary dynamics. This phenomenon is tightly related to the en-
tanglement generation between system and environment along the evolution.
When two systems entangle, the information is no longer contained in the
individual systems, but encoded in the global state of the composite system.
Taking the partial trace of the environment is equivalent to averaging over
the environmental degrees of freedom, then the reduced density matrix gives
a classical probabilistic mixture of compatible quantum states of the system,
since the actual quantum state is only correctly described globally. If the
entanglement between system and environment is maximal, the reduced
density matrix of the system becomes the maximally mixed state, and no
information about the system or environment can be extracted by just
measuring the system. This situation is most easily understood following
the top right path of Fig. 1.1: the unitary dynamics entangles the system
with the environment, and when the partial trace is taken over one of them
the remaining state only preserves part of the information. An inverse map
of this evolution d)(_t’lto), such that <Z>(_t’1to)[<b(t,t0)[p]] = ¢(t7t0)[¢(_t,1to)[pn = p,
may exist but in general it will not be a UDM.

A reversible dynamical map in only possible when the evolution of the
open system is unitary, that is, U 4 [p(to)] = Us(t, to)p(tg)U;(t, to), such
that, Us(t, to)UL(t, to) = UL(t, to)Us(t,to) = Is. We will denote by U
the dynamical map of unitary evolutions. In this case the inverse dynamical
map is simply U(;;O
UDM. During reversible evolutions a single Kraus operator that describes

)[pg(to)] = (u(t,to)[PS(t())])T’ which still remains an

the map U;4,) can be found, and it is the unitary evolution operator
KO(tatU) = US(tatO)'
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Dynamical map semigroup

A dynamical map is said to form a (continuous one-parameter) semigroup
if it only depends on the time differences of the evolution ¢, ;) = ¢, with
T =t9 —t1 > 0, and fulfills the following properties

Pt o s = Prys (1.14)
¢o =1g , (1.15)

where the composition acting on arbitrary density matrices is defined as
(P10 ds)[p] = Pe|ds]p]]. In a semigroup the inverse of an element might not
exist, which, as stated before, is specially true for irreversible dynamical
maps. A dynamical map semigroup is differentiable, and its derivative is

given by

dee
=Ll (1.16)

where L[] is a superoperator that acts on ¢;. This differential equation
together with condition (1.15) has a unique solution which is

o] =[], (1.17)

where L[] is called the generator of the semigroup and, to form a semigroup,
must be constant in time. From this solution it is straightforward to see
that condition (1.14) is fulfilled

brods = e[lt o eﬁs _ eE(tJrs) — ¢t+s . (1.18)

The explicit form of the generator £ depends on the particular physical
problem, and its derivation can be obtained though different approximate
methods. In Section 1.5 we will obtain an explicit form of the generator
through a perturbative expansion in the weak coupling between system and
environment. For the simple case of a closed system the generator is simply

£[0] = —i[H, 0], (1.19)
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where we defined its action on an arbitrary operator O. And for this
particular case the solution (1.17) becomes

D(i—t)[p(t0)] = U(t — to)p(to)UT(t — to) , (1.20)
where U(t — tg) = e *H(t=to),

If the generator L£(t) is allowed to be time dependent, the solution to
the new differential equation

doy
S — Ll (121)

is formally expressed as the time ordered exponential
t N\ 4!
Bitag) = Tl O (1.22)

where now the dynamical map not only depends on the final time, but also
on the initial time, and the semigroup property (1.14) is no longer fulfilled.
Despite the fact that time dependent generators do not lead to dynamical
maps that satisfy the semigroup properties, they can still be expressed in
the operator sum representation.

1.3 Markovianity

To first review the concept of quantum Markovian evolution, it is useful to
review the concept of classical Markovianity. A classical stochastic process,
where a random variable X (¢) takes different values x; at each time t;, is
said to be a Markov process if the probability of finding x,, at time ¢, is
only conditioned on the previous values x,,_1 at time ¢, _1 and not on any x;
obtained at time ¢; with ¢ < n — 1. This is expressed in terms of conditional
probabilities as

p({zn, tn{zn—1,tn-1}, -, {Z0, t0}) = p({zn, tn}{zn—1,tn-1}) . (1.23)
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This process is sometimes referred to as a memoryless process, where the
next random value is independent of the past history of values of X (¢). The
concept was presented in discrete time variables for illustrative purposes

but can be straightforwardly extended to continuous time variables.

The parallelism with the quantum setting is drawn by translating
the role played by probabilities to density operators p(t), and the role
of conditional probabilities to universal dynamical maps ¢, ). With
this reasoning one could say that an open quantum system undergoes a
Markovian evolution if it is described by UDMs (equivalent to a contractive

map) and they obey the composition law

Dta,to) = Plta,tr) © Plt1 o) (1.24)

where t; is an intermediate time of the evolution, so that to > t; > .
This relation is referred as the divisibility condition. To understand the
implications of this condition let us first look closely at the resulting state
after the evolution up to ¢;. In order to have an evolution described by an
operator sum representation, and hence a UDM, we required that the initial
state of the evolution was in a separable state (1.4). After evolving for time
t1 there is, in general, a generation of correlations or entanglement between
the system and environment. To compute the evolution between times
t1 — t9, an operator sum representation is not suitable since the state at
time t; is not separable, and hence the evolution would not be represented
by a UDM. Which may look surprising since the evolution from ¢ty — to
is also a UDM. The problem lies at the evolution between intermediate
steps. Under some conditions where the effect of the system is negligible on
the environment, a Born approximation can be taken under which system
and environment are assumed to be in a product state, and the divisibility
condition is able to be recovered.
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Another way to look at this problem is from the point of view of
irreversibility. We could write the evolution from t; — t2 as ¢, ) =
¢(;}7to) O P(19,t,) if the inverse of ¢, ) existed, but as seen before, except
under unitary dynamics, the map is irreversible and even if the inverse of
the map existed, it would not be a UDM.

The physical significance of the failure to obey the divisibility property
(1.24) is still debated nowadays, but a common interpretation is as follows.
When system and environment interact there is a flow of information from
system to environment, also represented by the increase of entanglement
between both systems or, equivalently, a reduction of coherence of the open
system. Usually, when the environment is not a big system, there can
be revivals of coherence: the open system is restoring part of its initial
information in which case the dynamical map becomes non-contractive.
In this situation, the process is said to have memory where, after some
time, information about the initial state of the system arises again. In the
Markovian case, where the evolution is said to be memoryless, the system

is monotonously losing information about its initial state.

This interpretation is tightly related to an alternative definition of
Markovianity that involves the behaviour of the trace distance [5], where an
evolution is Markovian if the trace distance (distinguishability) between any
two states decreases monotonously. This interpretation relates the degree of
non-Markovianity to the ability of any two arbitrary states to have memory
of the initial state and thus recover part of the initial distinguishability.
While this alternative interpretation is closely related to the contractive
property of the dynamical map, it is not concerned about the divisibility
property (1.24), a fact that is of special importance to draw the parallelism
between quantum and classical Markov processes.

The property of the environment that leads to memoryless dynamics is
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its capacity to destroy correlations. In general, large environments dissipate
correlations fast, as they have short correlation times. The correlations
that built up as a result of the interaction between system and environment
decay faster than the time required for the system to display coherent
dynamics, and in this situation the system is unable to retain its memory
about the initial state, or even the previous states if the decay of correlations
is extreme, in which case we might find a dynamical map that fulfills both
conditions of Markovianity.

The divisibility condition stated in Eq. (1.24) is generalized for time
dependent generators L£(t), but if we restrict to the case of a constant
generator and hence dynamical maps obeying the semigroup property (1.14)
the condition is automatically fulfilled. A semigroup dynamical map only
depends on the time differences of the interval 71 = t1 — tg and 7o = t9 — t1
and the semigroup property ensures

¢(7’1+7‘2) = ¢T2 © Cb‘rl . (125)

One could require the semigroup property to define a Markov process,
but that would lead to a more strict definition. It was shown by Gorini,
Kossakowski and Sudarshan [6] and independently by Lindblad [7] that any
dynamical map semigroup could be generated by a constant generator of
the form

£ot0) = il o]+ X (LapOL] - J{ELLw o)) . (126)
k

where H is a Hermitian operator, 4 are positive constants, and Lj are
the so called Lindblad operators. The operator H = Hg + >, AkLsz
represents the modified free Hamiltonian of the system due to the action of
the environment, the Lj are related to the induced decay channels, which
describe the dissipative part of the dynamics, and +; are the correspond-
ing decay rates. A simple way of obtaining this generator, presented in
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[8], is done by considering the infinitesimal version of the operator sum

representation

p(t +dt) = ZKMp (1.27)
where we may, in general, consider that there is one operator of order dt
Ko =1Ig+dt(—iH + M) , (1.28)

where H and M are Hermitian, and other operators K, with v > 0 of order

\/% as
K, =VdtL, . (1.29)

The completeness relation must hold

I[—ZK KT_H+dt<2M+ZLTL>+O(dt2), (1.30)

v>0

so that

1
_ I i
M = 2§ LiL, . (1.31)

v>0
Substituting these operators into the infinitesimal operator sum evolution
in Eq. (1.27) we find that

p(t+dt) = p(t)+dt (—z [H,p(t)] + ( - %Lle(t) - ép@)LiLV)) :
v>0
(1.32)

where employing the infinitesimal definition of the derivative we obtain

dp(t) _ p(t+dt) — p(t)
dt dt

= Lp(t) , (1.33)

where this generator is the same as the one in Eq. (1.26) with the decay

rates absorbed into the operators L, .
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This results would later be extended, see [2, 9] for a detailed derivation,

to account for time dependent generators with a similar form

L(t)p(t) = —ilH (1) pO]+)_ m(®) (Lk<t>p<t>LL<t> - i{LLu)Lk(t),pa)})
k

(1.34)
where now the Hermitian operator H(t) is time-dependent, as well as the
Lindblad operators L (t) and rates v (), with the only restriction of all the
rates being non-negative at all times, such that the dynamical map describes
a contractive evolution and obeys the more general Markov condition (1.24).

1.4 Non-Markovianity

Failure of dynamical maps to be a contraction 2 and/or to obey the divisi-
bility condition (1.24) deem them non-Markovian.

There have been many proposed witnesses or measures to quantify the
degree of non-Markovianity, see [10] for a complete review of non-Markovian
definitions and measures. Here we give the definitions of the ones employed
in the works that make up this thesis.

1. Bloch Volume Measure This measure proposed in [11] is directly
related to the contractive property of Markovian evolutions. It is
a nice geometrical characterization of non-Markovianity based on
the fact that the volume of accessible states through a Markovian
evolution monotonously decreases. During the time intervals where
this volumes increases a non-Markovianity is present, and the rate of
volume increase is used as a quantifier of it. In the particular case

of two dimensional systems, this characterization of the volume of

2Equivalent to being UDM or have an operator sum representation.
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accessible states matches the volume of the region of accessible states
represented by their Bloch vector. This characterization was employed
in [P.1] to visualize the reduction of the volume of all possible states
to a transient stationary state, and at the same time to find out that
the master equation that we derived was Markovian.

. BLP Measure This measure presented in [12] is very popular due

to its easy computation and its close connection with memory effects
on the open system. Non-Markovianity is quantified by the rate at
which two arbitrary states p; and ps become more distinguishable.

Distinguishability is measured with the help of the trace distance

D(os(0)p2(0) = 57T {010~ @) r(0) = o) | - (139

If during any point of the evolution it increases, it is a sign of recovery of
memory and hence non-Markovianity. If we define the rate of change of
trace distance as o(p1, p2,t) = 0.D(p1(t), p2(t)) the proposed measure
is

N = max/ dto(p1, p2,t) , (1.36)
P1,P2 o>0

where the maximization is performed over all pairs of states p1, ps.

. Negative decay rates in canonical form master equations This

characterization of non-Markovianity proposed in [13] takes advantage
of the fact that time-nonlocal master equations that can in general be
expressed as

dpjt(t) = —i[H(t), ps(t)] + /0 drK(t,7)p(T) | (1.37)

where K (t,s) is the memory kernel, are of non-Markovianity nature,
unless the kernel is proportional to §(t — 7) in which case becomes
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time-local. All time-local master equations with a generator (which is

in general time dependent)

W) _ Lyt (1.38)

can be brought into a canonical form
£ = ~iH O, /O1+ 3 w(0) (L OpOLL0) - FELOLUO. (0} )
k
(1.39)

where the operators L (t) obey the properties
T {Ly(t)} =0, Tr {L}(t)f:j(t)} =5y . (1.40)

There does no exist a unique way of writing a time-local master equa-
tion in the form of Eq. (1.39), there are (infinitely) many changes
of basis of the Lindblad operators that preserve the Lindblad form.
What makes this choice canonical is the requirement of conditions
(1.40) that render the representation unique. As stated in the pre-
vious section an equation with this generator leads to divisible and
completely positive evolution, as long as the decay rates are positive,
so that it is suggested that the negativity of the decay rates in the
canonical form is the suitable witness for non-Markovianity. The

following quantitative measure is then defined

N = —/%<O dt " vt (1.41)

i (t)<0
where the integration is carried in the time intervals in which any
of the decay rates is negative, and the sum only takes into account
negative decay rates. This measure was employed in [P.1] where the
derived master equation was brought into the canonical form. It was
again corroborated that the map was Markovian since all the obtained

decay rates were positive at all times.
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1.5 Weak coupling Master Equation

In previous sections we have seen some examples of evolution equations that
describe the evolution of the open system, for instance,

d/;(tt) = Lp(t) , (1.42)

where the generator was given by the Lindbladian (1.26). But, so far, we
only focused on the properties they should have in order to induce a Markov
process and have not payed any attention to physical situations and when
to extract a closed equation for the density matrix from them. In this
section we present the general physical situation under which a ME can be
obtained and under which approximations, see references [14, 2] for similar

derivations.

The general Hamiltonian describing the system plus environment is
given by
H=Hg+ H;+ Hp , (1.43)

where Hg is the open system Hamiltonian, Hr the environment one, and
Hi is the interaction Hamiltonian between system and environment. The

general form that the interaction Hamiltonian can have is

H =Y S,®B,, (1.44)

o
where S, are operators acting on the system and B, on the environment,
and they are Hermitian. As the name of this Section suggests, the first
assumption made to derive this ME is that the interaction between system
and environment is small, so that a perturbative approach can be followed
for the derivation. As stated before, the initial condition of the whole system

is considered in a separable state

p(0) = ps(0) ® pE , (1.45)
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where the reduced density matrix of the system in the initial time is pg(0).
We did not include a time dependence on the reduced density matrix of the
environment since we further assume that is starts in a stationary state, such
that, [Hg, pp] = 0, and that it is much larger than the open system so that
the perturbations that the system induces on the environment are negligible.
The complete evolution is unitary and is given by the von Neumann equation

d’;(tt) = —i[H, p(t)] . (1.46)

To produce a perturbative approach in the interaction Hamiltonian, it is

convenient to reformulate the problem in the interaction picture
ﬁ(t) — ei(Hs-‘y—HE)tp(t)e—i(Hs"rHE)t , (147)

so that the von Neumann equation becomes

P ity (1).0(0) (1.48)

where

H](t) :ei(Hs+HE)tHI€—i(Hs+HE)t —
Z ¢iHstg o~iHst @ ¢iHetp o—iHEt = Zsu(t) ® B,(t) , (1.49)
K %

is the interaction Hamiltonian in the interaction picture. The formal solution

to this equation is

(1) = p(0) — i /0 de (AL (1), 5(t)] (1.50)

and in order to develop a perturbative method we plug this solution in the
interaction picture von Neumann equation to obtain

ap(t) . - td,~

L = il 1), p0)] — [ df [E (o), [, 0] . (s

0
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To obtain an equation for the system’s density matrix we have to take the

partial trace with respect to the environment of the previous equation

dps(t) iTrp { }
(1.52)

where pg(t) = Trp {p(t)} and, in the first term, we employed the assumption
(1.45). This term can be reduced to

Y Sult) @ Bu(t), ps(0) ® p
I

[ T {10, (B (E), 500}

0

—i Y [Su(t), ps(0)|Trg {Bu(t)pr} - (1.53)
m
Since we assumed that the environment is in equilibrium [pg, Hg] = 0,

the quantity (By),, = Tre{Bu(t)pp} = Trp{Bu(0)ps} is time inde-
pendent. Through a redefinition of the interaction Hamiltonian H} =
Hr—>’ u <Bu>eq S,, this term can be eliminated by also redefining the sys-
tem Hamiltonian Hg = Hg + ) <Bu>eq S,,. For the sake of simplicity, we
drop the prime notation in the following. The equation now reads

Ps) _ " grep, {18 1), (L), 5(2 1.54
o == [ (U @ o0} -
Up to this point, the equation remains exact, but it is a hard equation to
solve since we still have the evolved total density matrix in the commutator
and it is non-local in time, which implies that it is a non-Markovian evolution
equation. By introducing further assumption it is possible to arrive to a
time-local ME. The first approximation we are going to consider is the Born
approximation, which assumes that, since the interaction between system
and environment is so weak, and in general the environment is a system

much bigger than the open system, it will almost be unperturbed by the



1.5. WEAK COUPLING MASTER EQUATION 25

open system. This assumption implies that the evolved state of the whole
system remains in a product state

pt) = ps(t) @ pE - (1.55)

There is some criticism [1] in the argumentation of this approximation.
From the physical point of view, it can be questioned whether the state
remains factorized but the parts of the system are still interacting. For
that reason, it is argued that the above should be considered an ansatz to
achieve a closed equation for the open system’s density matrix, instead of a
physical requirement for this equation to work. There are other approaches
for deriving the same weak coupling ME that do not rely on this assumption,
see [2, 1] for these alternative approaches.

Introducing this ansatz, the now approximate equation reads

dﬁjt(t) - _/0 dt'Trpg {[ﬁl(t)v [Hi (), ps(t) ®pE]]} , (1.56)

which, after expressing the interaction Hamiltonian as in Eq. (1.49), can be
expanded as

dﬁ;t(t) _ _; /0 at' (Tew {Bu(t) By ()} [Su(b), Su ()55 (t)] + )

(1.57)

where now we have been able to group the environment operators in-

side the trace. This defines the correlation function of the environment
Cuu(t,t') = Trg {B,(t)B,(t')pr}, and in this way we have obtained an
equation using open system operators alone. The description of the en-
vironment has been reduced to a correlation function which encapsu-
lates the correlations of the environment. Since the environment state
is stationary, the correlation functions only depend on the time difference
Cuu(t,t') =Trp{Bu(t —t')B,pr} = Cuu(t —t') where the cyclic property
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of the trace and the commutation of pg with the system evolution operator
have been used. It is convenient to perform the change of variable T = ¢t — ¢/,
so that

dps Z/ A7 (Cpun (T)[Su(t), S (t — 7)ps(t — 7)] + hc.) , (1.58)

and to transform it into a time-local master equation in which the Markov
approximation is introduced. Let us quantify the interaction strength by
the parameter g which is small. The approximation states that, since the

difference of g at time ¢t and at time ¢ — 7 is of second order g

ps(t—7) = ps(t) + O(g?) , (1.59)

and since the change in pg(t — 7) goes with terms of order O(g?) inside the
integral we can safely neglect the higher orders and substitute pg(t — 7) ~
ps(t) in the equation

d”S Z/ dr (Coup(T)[Su(t), Syt — T)ps(t)] + h.c.) ,  (1.60)

which becomes time-local. Even if, the above approximation is called
Markovian, the dynamics is not necessarily Markovian. Recall the third
measure of non-Markovianity that we introduced; since the equation is time
local, it can be brought into a canonical master equation, but we do not
have any guarantee that the decay rates stay positive along the evolution.
Another further assumption that is in line with this approximation is to
extend the limit of integration to infinity

d”S Z/ 7 (C(7)[Su(t), Su(t — 7)ps(t)] + hoc) . (L.61)

and obtain the equation that is known as Redfield equation. These later
approximation is correct as long as the relaxing dynamics of the system are
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slower than 7z, the time taken for the environment to wash out correlations.
The time scale of the relaxation is given by the coupling strength between
subsystems 7r ~ O(g~?2), so that, the validity of these approximations is
set by

TE <L TR - (1.62)

We can undo the change of image by differentiating Eq. (1.47)

dpa(t ) doo(t ) ) X
pjt( o g pjt( Jemifist 1St g, ps(p]e 45t (1.63)

so that by isolating the derivative in the Schrédinger picture we can obtain

the Redfield equation in this picture

dpjt(t) —ilHs, ps(t) Z/ dr (Cup(17)[Sus Su(=7)ps(t)] + h.c.) .

(1.64)

If we define the time-independent operator

- Z/OOO drClu(T)Sy(—7) , (1.65)

we can write the r.h.s. of equation in the form of a time-homogeneous

generator

dpjt(t) = ~i[Hs, ps()] = ) _[Su, Mups(t) = ps(AL] = Lps(t) . (1.66)

"

While a constant generator satisfies the semigroup property (1.14), it is not
ensured to produce a dynamical map contraction. In order to achieve a map
that is purely Markovian, one more approximation has to be considered,
the so called secular approximation.

To consider the secular approximation we have to rewrite Eq. (1.61)
as the Bloch-Redfield equation [14, 2]. To do so we rewrite the system
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operators S, in terms of the operators
Su = Suw) , (1.67)
w

where w are the energy differences in the system spectrum, and

Suw)= Y le) (el Sule) (] . (1.68)

e —e=w

with the set of {|€)} the eigenbasis of Hg, and € their respective eigenvalues.
The evolution of the system operators in the interaction picture now reads

Su(t) =D e ™S, (w) =) e™Si(w) (1.69)

where in the last equation we employed the Hermitian property of S, (t).
We also note that

Su(w) = Si(-w) , (1.70)
which implies that
[Hs, S}(w)Sy(w)] = 0. (1.71)
In this new representation of the system operators we can rewrite Eq. (1.61)
as
dps(t) _ il Su(w)ps(t)Sh(w) = Sh (W) Sy (w)ps(t))+h
i =) > (@) (S (W) ps (8) S, (w') =S (') Sy (w)ps (t)) +h-c.
w,w' W,V
(1.72)
which is the Bloch-Redfield equation, and where we defined
Ty (w) = / A7 Chu (7). (1.73)
0

The secular approximation consists on discarding the oscillating terms in
the systems operators, i.e., the terms where w — w’ # 0. This approximation
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works well as long as the time scales defined by 7s = min,_. lw — w'| 71
are short in comparison to the relaxation time scale g, i.e.,
Ts K TR . (1.74)

After this approximation the equation becomes

dpg(t ~ ~
S S S T () (Sul)s()S) ) — S}(@)S (@) (1) + .
w Y
(1.75)
which after expressing
1 .
L = §fyuy(w) +iou(w) , (1.76)
in its real and imaginary parts, we arrive at a Markovian equation
dps(t .
pst( ) - _ i[Hs + Hrs, ps(?)]

£33 @) (S @)ps ()8 @) — 5515w ps(1))

w v

(1.77)
in the Schrédinger picture, where we defined the Lamb Shift

Hrs = ou(w)S(w)S,(w) . (1.78)
w
Finally this master equation rates vy,, form a matrix whose elements are
o .
Yo (W) :/ dre"Cy (1) , (1.79)
—00
which according to Bochner’s theorem [2] is a positive matrix. This matrix
can be diagonalized to bring the equation back to a ME in the form of
Eq. (1.26).

which is a positive quantity, and ensures that this resulting equation

produces a Markov process.
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1.6 Stationary states

The interaction of the open system with the environment leads to an asymp-
totic stationary state of the system if there exist any pss = limy o0 ps(t)
such that

Lpss =0 . (1.80)
If the process is a contraction, it is ensured that at least one of these states
exists [1].

We now show that the steady state of the Markovian ME (1.77) of
an environment in a thermal state is the thermal state of the system. The
thermal state of a system is given by the canonical equilibrium distribution
—BH

e

p™(B) = W ; (1.81)

where = 1/T is the inverse temperature. If the environment is in a thermal
state at inverse temperature 3, the correlation functions obey the following

relation
O (t) = Tr {Bu(t)B,,p%l} - {Bue—iHEtBue—ﬁHEeiHEt} /7, (1.82)
where Z = Tr {e‘ﬂHE } and we employed the cyclic property of the trace.
We can insert the identity I = e PHEeBHE hefore the operator B, to obtain
O (t) = Tr {Bue_ﬂHE /ZeﬂHEe—iHEtBye—ﬂHEeiHEt} . (1.83)
We can now group the exponentials around B, to write
Cpu(t) = Tr {By(—t - iB)Bup%’} = Cyu(—t — i) , (1.84)

which is the Kubo-Martin-Schwinger condition. This property can be
translated to the decay rates of Eq. (1.77) as

Y (—w) = e_ﬁ“’%u(w) . (1.85)
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Let us assume that the steady state of the system is a thermal state at the
temperature of the environment
efﬁHS

Pg(B) = Trg (e s} - (1.86)

This is a stationary state of the ME (1.77) if the generator of this state
obeys Lp(B8) =0, i.e.,

—i[Hs + Hrs, p81+ D D Y (@) (S (w)pd' S (w) — %{Suw)&(wx P
w>0 p,v

£ 305 ) (Su(~w)pl 8] () — {8} (~)S, (), 1)) =0,
w>0 p,v
(1.87)

where we split the sum in w into two sums with positive and negative w,
and we assumed that there is not any degenerate eigenstate of the system
Hamiltonian. If the system was degenerate, the asymptotic state could not
be unique and/or stationary®. Since the thermal state commutes with Hg
and we recall Eq. (1.71), which implies [Hg, Hrg] = 0, the first commutator
of the generators of the thermal state is null.

Making use of the properties in Egs. (1.70,1.85) we can rewrite

1
Lo2(8) = 303 k) (Sulw)p S (@) — 5SS (w), o
w>0 p,v
_ Bw 1
e [SL@)AS, (@) = 58 W) Shw). Y] -
(1.88)
Finally by employing the following property of the thermal state and system

operators
LS, (w) = €725, (w) ik (1.89)

31f the system was degenerate, the dynamics could be reduced to a degenerate subspace
and the system could be able to evolve in that subspace.
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the first term of the first line can be made to cancel the last terms of the
second line, and using the same properties, the remaining terms can also
be made to cancel out showing that the thermal state of the system is an
stationary state of the ME. The process though which environment and
system reach thermal equilibrium is usually referred as thermalization. It is
an important process that has to be studied and controlled as far as possible
in quantum technological applications as it is one of the main processes
through which the systems loses coherence. We will take a closer look to
this phenomenon in the context of qubits in the next chapter and study the

characteristic time scales involved.

1.7 Heat fluxes in open systems

The scenario presented in the previous section represents a stationary
equilibrium state, i.e., the system has reached a thermodynamic equilibrium
with the surrounding environment. The theory of open quantum systems is
not limited to the presence of a unique environment, it can also describe the
dynamics of a system connected to multiple environments, which may be at
different temperatures. In those situations the open quantum system can
still reach a steady state, but it will not be in equilibrium, since the gradient
in temperatures will cause the appearance of currents through the system.
In this situation we say that the open system has reached a non-equilibrium
steady state. It might be also the case that the system is also subject to an
external driving force, encapsulated by an explicit time dependence of the
system’s Hamiltonian Hg(t). The energy variation of the system

% = % (Hg(t)) = Tr {Mgi(t) ps(t)} +Tr {Hs(t) dpgt(t)} » (1.90)

comes from the power of the driving forces (first term) and heat currents

of surrounding environments (second term). We can define the current
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produced by each environment as
Tilps(t) = Tr { Hs(t)D (ps(1)) }
, . . 1 ey
=Tr {Hs(t) Y (L ps (LT — S{LYTLL, Ps(’f)})} ,
o

(1.91)

where the superindex (i) makes reference to the decay rates and operators
of the different environments, and we defined the dissipator D® of each
environment. In the steady state the heat flux through the system becomes
constant so that % = 0, and the heat fluxes and driving power have to

balance. For simplicity, let us analyze the case without driving

dEg
rail ZTr {HSD } Z Ji(p (1.92)
Ps
where the steady state is given by the condition Lp¥ =0=)", D (pE),

which implies that all currents in the steady state have to be compensated.
This energy balance condition in the steady state is reminiscent of the first
law of thermodynamic. The theory of quantum thermodynamics is much
more extense, read for instance [15] for a basic review and emergence of the
laws of thermodynamics or [16] for a review on quantum heat engines.

1.8 Prethermalization (Publication [P.1])

In [P.1] we employ the theory of open quantum systems to tackle the
effect that a non-equilibrium environment has on the dynamics of a two
level system. The environment is composed of two subsystems that are at
different temperatures, i.e., the environment is not in equilibrium, but only
one of the subsystems is in direct interaction with the open system. The
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novelty of this work comes from the treatment of the composite environment,
and determining the correct approximations, that go in the same spirit as
the Markov approximation, used to obtain the evolution operators of the
environment and their corresponding correlation functions. We derived a
master equation which was brought into canonical form as in Eq. (1.39),
which allowed us to determine if the evolution was Markovian or not by
just looking at the derived canonical decay rates. We were also inspired
by the Quantum Volume measure of non-Markovianity to perform a study
over all possible states in a geometric or visual way which was enlightening.
The main result of the work is that this type of environments induce quasi-
stationary states that live for some time of the evolution, but which do
not correspond to the true steady state of the dynamical map. This effect
is an instance of prethermalization, a phenomenon present in weakly non-
integrable systems, where at short times the dynamics is dominated by one
part of the Hamiltonian, but at long time the weak break of integrability,
caused by a weak term of the Hamiltonian, drives the system out to the true
thermal state of the whole Hamiltonian. We present a rigorous definition
for the appearance of prethermalization, and do a systematic study of the
properties of the environment, namely its temperatures and couplings, that
enhance the existence of this intermediate quasi-stationary state. Finally, we
also explore the effect that this phenomenon may have on a system that is
coupled to multiple of these environments. The presence of this intermediate
quasi-stationary state can cause the switch of heat flow direction through
the system multiple times during the evolution.



Chapter 2

Noise in Quantum
Computing

2.1 Introduction

The statement that the quantum information of a system is lost when it
gets entangled with its environment is a witness of the deep distinction
between classical and quantum information. Expressed in another way, the
information of a composite quantum system is not the sum of its parts.
This profound characteristic of quantum mechanics was first brought to
light by John Bell [17] in 1964, whose work lead to the understanding
that quantum information is encoded in non-local correlations between
the different parts of a physical system. Another key difference between
quantum and classical information is that the acquisition of information in
a quantum system suffers from two problems: i) the measurement process
in quantum mechanics is a probabilistic procedure; ii) it also causes the

disturbance of system that is being measured.

35
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Some time after these discoveries, it was pointed out in 1982 indepen-
dently by Feynman [18] and Benioff [19], and by the unnoticed work of Yuri
Manin [20], that quantum systems could perform computations. The most
remarkable motivation was the complexity of simulating quantum systems
classically. There is no fundamental restriction for classical machines to
simulate quantum systems; in the end, it amounts to computing a rotation
matrix and applying it to a vector in a Hilbert space, but the problem
becomes exponentially harder for larger systems. This limitation motivated
the use of quantum systems to simulate analogous quantum systems. A
quantum simulator would be nothing other than a quantum system that
can be very precisely manipulated to simulate other quantum systems.

The peculiar features of quantum information, which sets it apart
from its classical counterpart, were indicative that quantum systems could
have a profound impact not only on the simulation of quantum systems
but on the foundations of computing. This became crystal clear with the
appearance of Shor’s factoring algorithm [21] in 1994, which showed that
a quantum computer could factor a large number more efficiently than
currently know algorithms, and Grover’s algorithm [22], which is a quantum
search algorithm with a quadratic increase in efficiency compared to best
possible classical algorithms.

The quintessential paradigm of quantum information processing is
performed over collections of two level systems [23] which, in analogy to
the classical bit, are called qubits. The qubit is the most basic carrier of
quantum information. A computation usually follows three steps: (i) qubit
initialization to a known state, (ii) qubit manipulation, which consists on
applying operations on single qubits or operations that involve (entangle)
multiple qubits, and (iii) measurement. Since the outcomes of the measure-
ment are probabilistic, it might be necessary to repeat the previous steps

several times.



2.1. INTRODUCTION 37

The most common framework to describe qubit manipulations is the
quantum circuit model. In this model, qubits are represented as wires,
and manipulations over them are represented by gates acting over these
wires. These gates have a corresponding physical implementation that is
performed on the physical qubit, but this abstraction allows one to remove
all the physical details and focus on the quantum information processing
or quantum algorithms alone. Since calibrating each possible operation
on a qubit is an arduous experimental task, it is convenient to be able to
represent all operations in terms of a small subset that can be controlled
with high precision. If combinations of these gates allow one to perform any
possible quantum operation, then it is said to be a universal set of gates.
It can be shown [24, 25] that a set of single qubit gates and an entangling
two qubit gate are universal. For instance, one of these sets is composed of
the three single qubit rotations around the three orthogonal axes and the
CNOT gate, which, conditioned on a control qubit state, flips the target
qubit state.

The first proposal to physically implement qubits, which was able to
perform a universal set of gates, was in 1994 when Peter Zoller and Ignacio
Cirac proposed in their seminal paper [26] a system of cold trapped ions.
After this initial proposal, there have been many quantum systems proposed
that can be more controllable or have better scalability. One of the most
popular and promising implementations is the so called superconducting
qubits, which are realized with a circuit loop that, when cooled down to
cryogenic temperatures, displays superconducting properties. The current in
the circuits is made of Cooper pairs that can display the quantum properties
of superposition and entanglement. Operations on these systems can be

performed with the use of microwave pulses.

While the quantum systems designed to carry and process quantum
information can be constructed, they are not free from interaction with
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external parties. Entanglement is at the same time the bane and the boon
of quantum computing. Entanglement between the different components of
a quantum computer has to be maintained and protected, but entanglement
with undesired external systems that do not take part in the computation has
to be avoided. In this chapter, we are concerned with the latter and employ
the theory of open quantum systems, introduced in the previous chapter, to
study the effects of thermalization and pure dephasing of qubits. In Section
2.2 we introduce the types of errors that affect qubits and briefly comment
on techniques to reduce them. In Sections 2.3 and 2.4 we introduce two
simple models of thermalization and pure dephasing and employ Markovian
master equations to describe the dynamics. Finally, in Sections 2.5 and 2.6
we introduce non-Markovian pure dephasing noise models, a semiclassical
and a full quantum model, respectively.

2.2 Quantum Errors and Noise

The two most common errors that qubits suffer are bit flip and phase flip
errors. If we define the basis of the qubit levels as {|0),|1)}, in analogy to
the two classical states 0 or 1, the bit flip error is represented by a certain
probability p that the following occurs
0 — 1) | o
1) —[0) .
A general qubit state « |0) + 3 |1) under this type of noise would change with
probability p to the state a|1) + 3|0). The operator sum representation
of this process has Kraus operators Ky = /1 — pll and K; = /PO, Where
o, represents the Pauli matrix . This type of error produces, in general,
a change in energy of the qubit, which causes energy dissipation of the
qubit into the environment. In Section 2.3 we study this type of error as a

consequence of thermalization in more detail.
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The other type of error that a qubit might suffer is the phase flip error,
which is represented by the following process

0) — 10},

2.2
) — =1 . 2

A general qubit state a|0) + §]1) under this type of noise would change
with probability p to the state «|0) — §|1), where the relative phase of
qubit states changes. This process has Kraus operators Ky = /1 — pl
and Ky = /po., where o, represents the z Pauli matrix. This type of
noise, which is exclusively quantum mechanical, implies a loss of quantum
information without any loss of energy. This noise process causes the loss
of coherence (or quantum superposition) of the quantum system, but does
not change the statistics of measuring in the eigenbasis of the qubit. If we
represent the state of the qubit by its density matrix, this noise process

produces
a2 aB*\ o al? 1—2p)as*

p — ’ *’ 52 —)0 i KopKS—FKlpKI = ‘ ‘ N ( p2) B ,
o BB (1—2p)a*p 8]

(2.3)
where we can see that the populations are not affected but the coherence
(off-diagonal elements) has decreased (in modulus). If the qubit is subject to
successive applications of this noise process, the off-diagonal elements will
tend to 0 (unless p = 1 or p = 0, which represent unitary processes). This
type of noise is also called pure dephasing. While this process only reduces
coherence, the bit flip errors, apart from producing energy dissipation, also
produce a reduction in coherence, which is a feature that we will explore in
the following section.

This type of errors might occur when applying imperfect gates as well
as when the qubits are idle, i.e., waiting for the following gate to be applied.
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The accumulation of these errors can render the computation useless, as
the information is being lost to the environment. There are two main
ways to tackle this problem. On the one hand, if the noise process that
produces the errors is well-know and characterized, mitigation techniques
can be applied that try to undo the harmful effect of noise. Mitigation
techniques try to compensate the effect of noise, for instance, by applying
additional operations on the qubits without affecting the computation. We
expand more on these techniques in the following subsection. On the other
hand, the method that works for general errors is called quantum error
correction (QEC) [27]. In a faulty classical computer, one could copy the
information many times and perform the operation on all the copies, to
then keep the result that happened with the highest frequency. In the
quantum realm, due to the no-cloning theorem [28, 29], information cannot
be copied and repeated, but it can be spread along multiple qubits to create
a highly entangled state that contains the original information. Then, after
performing the computation, part of the information will be lost, but since
it was spread between multiple parties, as long as some of them remained
unaffected, the correct answer can be reconstructed. The first code that was
able to correct the two type of errors previously introduced, and hence to
correct general one qubit errors, was introduced by Peter Shor [30] in 1995,
and involved encoding the state of one qubit into nine qubits. This code
requires full connectivity between all qubits, which is a feature that most
quantum computing implementations do not possess, and just to carry out
the encoding becomes a very demanding task. More modern error correcting
codes have been developed, such as surface codes [31, 32, 33, 34] that are
designed for qubits that are laid out in a two dimensional grid, which is a

common feature of current solid state implementations.

The basic difference is that QEC involves the detection and correction
of errors that occur during computation, while error mitigation schemes
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allow errors to occur and try to compensate for the negative effects of these
uncorrected errors in various ways. If an implementation of a quantum
computer can surpass the thresholds stabilised by QEC codes, errors could
in principle be completely eliminated. While error mitigation tries to reduce
the impact of errors it cannot completely eliminate them. In the next
subsection we introduce two basic mitigation techniques, whose efficiency is
later studied in the presence of random telegraph noise, a type of coherent
noise that can explain the decoherence dynamics of qubits.

Mitigation techniques

One such technique is dynamical decoupling [35, 36], which originated in
the field of nuclear magnetic resonance (NMR) and consists of applying
pulses at repeated time intervals that flip the state of the qubit. The
purpose of this technique is to partially cancel the noise induced in one
interval by the noise induced in the following one by flipping the state.
The effect of the pulses is to refocus the state dispersion caused by the
environment. In a pictorial description, before the pulse, the states drifts
”in one direction” due to the noise, and by flipping their state, they drift ”in
the opposite direction,” thus recovering part of the lost information. The
technique works when the noise induced by the environment possesses time
correlations, and if the time intervals of the pulses are smaller than the
correlation time of the environment. There are more sophisticated versions
of this technique [37, 38] which, instead of performing pulses at equally
spaced time intervals, they are performed at specific time intervals that lead
to improved fidelity. In reference [39], it was studied how these techniques
improve the fidelity of the qubits, and it was observed that this effect
was related to the suppression of the low-energy part of the environment
spectrum. This technique is especially useful when the qubits are idle, i.e.,
no operation is being performed on them, and they are only subject to the



42 CHAPTER 2. NOISE IN QUANTUM COMPUTING

action of the environment.

During an algorithm the qubit is subject to gates that rotate the qubit
state and modify the degree in which the qubit is affected by the noise. A
strategy to mitigate the noise consists on making the single qubit rotations of
the algorithm as random as possible in order to obtain an average effect of the
noise. One such technique is the so-called Pauli twirling [40, 41, 42], which
consists of applying random Pauli operators (I, o, oy, 0,) in between
the algorithm gates and then averaging over all possible realizations of
these operations. This technique does not change the logical circuit, but
randomizes the single qubit rotations.

2.3 Dissipative noise model: thermalization

A very simple model to describe the bit flip type of error is to have a
qubit that interacts with an environment at an inverse temperature g
that induces transitions between its eigenstates. Such a situation can be
described with a Hamiltonian of the form

H:?UZ+U+®B+U_®BT+HE, (2.4)
where the first term is the qubit free Hamiltonian, whose levels have an
energy difference of wy, Hg is the free Hamiltonian of the environment,
and the remaining two terms constitute the interaction Hamiltonian, where
the coupling is absorbed in the system operator B. The raising and lower
operators o4+ = 0, + i0y of the system induce excitation or decay of the
qubit states

o ]0) = 1),

2.5
o_|1) =10) . 25)
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This system can be described using the Redfield master equation (1.66),
and we leave the derivation to Appendix A.1. The master equation becomes

4 ps(t) = ~ilHy. ps(0)] + (e, B5) o4 ps(t)o— — Lo ps(t)}]
(w0, B2) + D)o ps(tos — shoro, ps(t)}] |
(2.6)

where Hg is the renormalized system Hamiltonian (see Appendix A.1),
v is related to the strength of the coupling with the environment, and
n(w,B) = [’ — 1]7! is the average thermal number at temperature (3.
If we define the density matrix components as p;;(t) = (i|ps(t)|j) with
{i,7} ={0,1}, we can write the following differential equation for them,

proft) = ispro(t) = 5 [2n(wo. B) +Uprot) (27)
p11(t) = yn(wo, Be)[1 — pr1(t)] — y[n(wo, Be) + Upua(t) . (2.8)

where we employed trace preservation of the density matrix p11(t) + poo(t) =
1.

Zero temperature

Let us first explore what occurs to a qubit coupled to an environment at 0
temperature, i.e., n(wg, 8 — 00) — 0. The second term of Eq. (2.6) becomes
null, and we have a Lindbladian ME with Lindblad operators L = o_,
meaning that the qubit will only be subject to spontaneous decay at a rate
v. The system of Eqgs. (2.7, 2.8) then has the solution

poolt) por(t)\ _ ((L—e ™) +epoo(0) e™o' =72y (¢) (2.9)
po(t)  p11(t) e~ 0t =1/2 p1(0) e " p11(0) -

We can define the timescale T} at which the populations decay p11(t) =
et/ p11(0) and the timescale T, corresponding to the coherence decay
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1po1(t)| = e~ ¥"2|po1(0)], following a nomenclature extracted from NMR. In
this scenario we observe that T = 2y~! = 27T}: the populations decay twice

as fast as the coherence, and at long times only the state |0) is populated.

Finite temperature

When the temperature of the environment is finite, the decay times become
shorter, becoming T} = [y(2n(wo, Br)+1)7]~! = T»/2, and, while coherences
have the same exponential decay, the populations change their stationary
solution
o ,t/Tl n(WO,BE) 7t/T1
11(t) = e 110)+ ———(1 —e . 2.10
o) pul0) + g ). )
In other words, at long times, the state of the qubit becomes the thermal
state at the temperature of the environment

e BeHs
lim pg(t)

A pst) = mrmmy (211)

Qubit initialization and [P.1]

In practical situations, the temperature of the surroundings of the qubits
employed in quantum computers has an associated thermal energy of at
least one order of magnitude less than the qubit energy'. This implies that
Bwo ~ 10 and effectively n(wog, Bg) ~ 0 meaning that, in the long time limit,
all the qubits in a quantum computer tend towards the state |0) in very good
approximation. This fact can be employed for the initialization of solid-state
qubits, the system is left to relax towards the ground state. Usually, not all
components of a quantum computer are at those low cryogenic temperatures,

but present a descending gradient of temperature as they are closer to the

!Typical values for a superconducting qubit energy are around 5GHz and temperatures
of 20mK
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physical qubits. In [P.1], it was pointed out that when a qubit is in direct
contact with an environment at a certain temperature, thermalization of
the qubit to that temperature is only a quasi-stationary state. If the system
is left untouched for a sufficiently long time, it may thermalize to a state
with a different temperature. This phenomenon can have implications
for the initialization of the qubit. If the initialization time is sufficiently
long, the qubit may reach an unexpected initial state, which can decrease
the fidelity of the initialization procedure. Hopefully, the thermal mass
of the qubit surroundings is high enough, and continuously pumped, so
that thermalization to a higher temperature is unlikely. More sophisticated
initialization protocols exist, for instance qubits initialization with tunable
environments [43], initialization by repetitive projective measurements [44],
or external coherent drive [45] to cool down the qubit, whose initialization
fidelity is not affected by thermal population limits.

2.4 Markovian pure dephasing

In the previous section, we noted that dissipative dynamics lead to both
changes in energy and a decrease in coherence of the qubit. However, it is
also possible to experience decoherence without energy dissipation. This
phenomenon is known as phase damping or pure dephasing noise. By
following the procedure outlined in the previous section, we can construct a

Hamiltonian that induces this effect on the qubit as,
wo
H:702+JZ®B+HE, (2.12)
where now qubit operators only act through o,. The Markovian ME

describing this scenario, derived in Appendix A.2, is

d

@ ps(t) = ~ilHs. ps()] + & (o-ps(o- —ps(0) . (213)
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where I' encodes the action of the environment and represents the rate at
which the qubit loses coherence. The solution of this master equation is

poo®) por(®)) _ [ poo(0) €Ty (1)
(Plo(t) Pn(t)) B <6‘i”6t_rtp10(0) p11(0) > ) (2.14)

where the timescale of decoherence is now T = I'"!. The timescale of pure
dephasing is referred to as T4, but in this case it coincides with T5. If in
the master equation of the previous section we included a pure dephasing

term then the decoherence time would have two contributions
o1 ()] = e/ |po1(0)] = e /T Te| 5y (0)] (2.15)

where the total decoherence time 75 is given by the relation

1 1 1

= 2.16
T, T, 204 (2.16)

In general, the decoherence time obeys 277 > T, (if there is presence of
dissipative dynamics), but usually, because of the presence of pure dephasing,
the decoherence time is shorter that the relaxation time, i.e., T < T7.

While a Markovian ME is a good description of the dissipative dynamics,
which mostly come from thermalizing processes, pure dephasing is not always
well described by Markovian dynamics. It has been observed [46, 47, 48,
49, 50, 51, 52, 53] that qubit dephasing presents coherence revivals and
has 1/f spectral distribution causing the appearance of slow oscillating
contributions, indications of non-Markovianity in the evolution of qubit
decoherences. A more realistic approach has to be considered to model pure
dephasing noise. In the following sections, we explore coherent noise models
that can reproduce the observed effects, and we also explore mitigation
techniques on them. First, we present a semiclassical model where the noise
is induced by classical fluctuators by introducing the Random Telegraph
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Noise (RTN). In the last section, we introduce a full quantum model, that is
physically motivated, and employ the techniques of open quantum systems

to study the decoherence effects.

2.5 Non-Markovian pure dephasing: semiclassical

model

It has been widely observed that the source of noise in solid-state imple-
mentations of quantum computing [54, 55, 56| is caused by the presence of
two-level defects within amorphous materials at low temperatures [57, 58].
Surprisingly, this effect appears to be universal across different materials
and compositions, and it is particularly prominent in amorphous materials
at temperatures below the Kelvin scale. When these two-level defects, or
two-level systems (TLS), are strongly coupled to their surrounding environ-
ment, their dynamics are described by incoherent fluctuations between their
two states, giving rise to what is referred to as fluctuators. A semiclassical
model can be introduced to describe the pure dephasing noise induced by
these fluctuators. Notably, this noise model is non-Markovian, rendering
the previous section’s model too simplistic to capture its complexity.

The state of the fluctuators can be described by a classical random
variable b¢ (t) € {+1,—1}, where k indicates individual fluctuators and the
superindex ¢ indicates one particular realization of the random process.
These fluctuator independently fluctuate between their two possible states
at the rate v,. The probability that a fluctuator switches n times after some
time t follows a Poisson distribution

t n
pa(t) = Lk,) e M (2.17)
n!
so that the average number of switches of fluctuator k£ during an interval of
length 7 is ;7. The autocorrelation function of a single fluctuator follows
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an exponential decay,
Ot —t') = (B (OB (E)); = e 2T (2.18)

which indicates that the spectrum (Fourier transform of the autocorrelation

function) is Lorentzian

. 4"}%
S = drC W = = 2.19
RTN (Vs W) /_ TC(7)e 4%% 2 ( )

Each of the fluctuators is coupled to the qubit with a coupling strength
vi. The stochastic variable

NrrN

X)) = b (t) (2.20)
i=1
captures the effect of the fluctuators on the qubit, where Ngrpn is the
number of fluctuators. The influence of the fluctuators is incorporated into
the qubit’s Hamiltonian through a interaction of the type

_ wo +X'(t)

Hz(t) 5 o, ,

(2.21)

where wy is the energy splitting of the two levels of the qubit.

The evolution of the qubit under one of the realizations of the Hamil-
tonian (2.21) is unitary, but we have to consider the averaged evolution
after many of these realizations, which, in general, represents a non-unitary
evolution. If p(t) represents the evolution of realization i, to obtain the av-
eraged evolution we have to consider the expectation value over realizations
p(t) = (p'(t));. In a experiment, the expectation value is obtained as

Ntraj

WAOR (2.22)
=1

1
Ntraj

(o' ()i
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where Ni,j is the number of realizations of the stochastic process. Ideally,
this number should be big to achieve convergence to the expected value.

The averaged evolution of a qubit under this model becomes

_ poo(0) po1(0)e~ o W (¢)
P(t) = (Iolo(o)eiwotW(t) p11(0) ) s (2.23)

where W (t) = (! I X'(t)4'Y g the decoherence function.

In the following, we study this decoherence function in different scenar-
ios. The decoherence function can be defined for a general pure dephased

qubit as

_ por(t)]
Wi = 1po1(0)] (224

Single fluctuator

Computing the decoherence function W (t) requires knowing the probability

distribution of the accumulated phase

b(t) = /0 ()t (2.25)

which for a single fluctuator, with coupling strength v and switching rate
vk, was analytically obtained in [59, 60]. The decoherence function induced

by a single fluctuator k can be obtained as

—yit Ve o
Wilt) = (e fox @) e (cos byt + Jesindit) o <k
i ekt (cosh Ot + g—: sinh 5kt) , Ve > Uk
(2.26)
where 0 = 1/\7,3 — ’U,%] Depending on the relation between the coupling
strength and the rate, the decoherence function can monotonously decay

(v < 7) or can present revivals (vp > i), indicating the presence of
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Figure 2.1: (Left) Evolution of the decoherence function for one evolution
of each kind, i.e., one with weak coupling and one with strong coupling.
(Right) Contour plot in the 7 — v plane of the non-Markovianity, where the
white region indicates a null non-Markovianity.

non-Markovianity. The decoherence time is approximately given by Ty =
(v — \/7E — v})/2 for the weak coupling regime and Ty = 7;/2 for the
strong coupling regime. In Fig. 2.1 we present the decoherence function
of the two regimes, as well as the degree of non-Markovianity given by
the BLP measure in terms of these parameters. On the one hand, we can
see that when v; < 43 the measure on non-Markovianity vanishes and the
decoherence function presents a monotonous decay. On the other hand,
when v < 7k, the decoherence presents revivals and the non-Markovianity
measure indicates presence of memory effects, a phenomenon that cannot be
obtained with a Markovian ME as the one employed in the previous section.

Ensemble of fluctuators

In general, the qubit is coupled to an ensemble of fluctuators, but what
is the probability distribution of its switching rates and couplings? It
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has been experimentally observed that superconducting qubits exhibit 1/ f
flux noise [61, 62] with a weak dependence on the particular experimental
implementation. In order to recover a 1/f spectrum in the model described

in the previous section the following is required,

Yrmax
s@ = [ Sertrwpr - (227)
Ymnin
where p() is the probability distribution of the fluctuators frequencies. This
requirement is fulfilled if the fluctuators switching rates are also distributed
according to a p(v) o 1/~ distribution. The cutoff frequencies for the
switching rates, Ymin and ymax, can be set by experimental timescales. Very
small switching rates are almost stationary during the whole experiment
Ymin A 1/texp, With texp the duration of the experiment, while very fast
switching rates average out quickly, Ymax ~ 1/At with At the sampling
timescale. The decoherence function of an ensemble of independent fluctua-
tors is simply the product of the decoherence functions of each fluctuator

i SSVRTN i 1 g/oi (4 Nerw i [ i (¢ NerN
Wl/f(t) = <€sz:1 v fo tpk(t)>i — H <ewkf0 tpk(t)>i — H Wk;(t) .
k=1 k=1
(2.28)

Mitigation of RTN noise

To reduce the decoherence induced by RTN noise, induced by only one
fluctuator throughout the rest of the section, mitigation techniques can be
applied on the qubit. Let us consider the simple spin echo technique which
consists on applying a o, pulse on the qubit in the intermediate time of the
evolution, and another o, at the end. For an evolution of length 2At, the
application of a o, pulse at the intermediate time At and at the final time

2At has the following effect on the unitary evolution of a single trajectory
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of the noise process

UH(0,8) = 65 I A0 g i I ) _ 1% (I )= 32 )
(2.29)

We use the convention to express times in terms of At, the time between

pulse applications. This evolution changes the coherence of the qubit as

P (2A8) = /5™ WA W) () (2.30)

so that the averaged decoherence function can be written as

W (2At) = <eXp (z OZAtB(t’)Xi(t’)dt’>>i , (2.31)

with

(2.32)

1 for 0<t' <At,
—1 for At<t <?2At.

The function B(t) is referred to as the filter function of the mitigation
technique, it takes values £1 and switches sign at definite time instants that
depend on the mitigation technique. Below we present the filter function
of the different mitigation techniques that we apply on RTN noise and the
resulting decoherence function. The average performed in Eq. (2.31) can be
computed using the method developed in [63]. The decoherence function
between time instants at which a pulse is applied, where the filter function
is constant, obeys the differential equation [63]

2 n
CZQW( t) + [ - dldf(t)} %W(t) +0?W(t) =0, (2.33)

with initial conditions W (0) = 1 and W’(0) = 0. The derivative of In ()
introduces discontinuities in the derivative of W (t) at times when [3(¢)
changes sign, which implies that W'(tJ) = —W'(t; ), where ¢t (¢;) is the
switch time from the right (left). In what follows, we present a derivation of
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the decoherence function for spin echo sequence (2.29), periodic dynamical

decoupling and for Pauli twirl, which all have a different filter function.

i)

i)

iii)

Free induced decay: The free induced decay (FID) is the evolution
of the qubit subject to the environment, but no manipulation of the
noise is present. The filter function is a constant function of time
B(t) = 1, and the solution of the differential equation (2.33) is the
same as obtained with other methods in Eq. (2.26), which we rewrite
here

Werp(t) = e (cos(at) + %sin(ét)) , (2.34)

with § = \/m , and we dropped the index of the fluctuators since

we are only considering one.

Spin echo: The spin echo sequence exemplified in Eq. (2.29) is the
simplest mitigation technique. The differential equation (2.33) is solved
for the time interval 1: 0 < ¢ < At with initial condition W;(0) =1
and W{(0) = 0 and the time interval 2: At < ¢t < 2At with initial
(boundary) conditions Wa(At) = Wi (At) and Wi(At) = —W{(At),
because of the discontinuity of (¢). The subindex in W,,(¢) indicates
at which time interval the function is calculated. The decoherence
function at the end of the evolution is
2
Wsp(2At) = e V241 (1 + %sin((SQAt) + g—z(l - cos(éQAt))) ,

(2.35)
This decoherence function has higher value than the FID decoherence
function (2.34) evaluated at time 2At.

Dynamical decoupling: The periodic dynamical decoupling filter
function B(t) switches between +1 and —1 at regular time intervals At.
With the continuity of W (t) and the discontinuity of its derivative, we
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can construct W,,(t) for the time interval ¢ € [(n — 1)At, nAt), which
depends on the previous steps. The dependence is captured in the

following set of equations

i1 () +29Wp 0 () + v Wi () = 0, (2.36)
ne1(nAt) = =W, (nAt) (2.37)
Wit1(nAt) = Wy, (nAt) , (2.38)

with initial conditions Wy (0) = 1 and W{(0) = 0. These equations
can be reduced to the following recurrence relations

Wo(0) =1, (2.39)
Wi(0) =0, (2.40)
Wit ((n + 1)At) = e—vAt{ (cos(6At) + % sin(6At)) W, (nAt)
(2.41)
. W/ (nAt)
- sm(éAt)T} ,
naa((n+ 1)AY) = e (cos(0A1) - T sin(9AH) W (nAt)

+ sm(aAt)an(nAt)} . (2.42)

This recurrence relation can be written as a matrix system Wn—i—l =
MW,, where W,, = (W, (nAt), W, (nAt))T. The general term can
be obtained by recursive application of the matrix M to the initial
condition Wy = (1,0)7, ie. M, = M™M,. The general term is
N S n cos(0AL) AT — A"

2 " Vixar 2

where A = a + V14 ao? with o = Tsin(dAt). This result was
obtained in [64, 65] employing a transfer matrix method.

Wpp(nAt) =e

(2.43)
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iv) Pauli twirling: The effect of applying Pauli gates instead of just
o, differs in that the set (I, 0,) does not change the sign of 5(t) while
the set (04, 0,) has the effect of flipping the sign of 3(t). After each
time step, we have a 50% chance of flipping the sign of the filter
function. Since the action of the decoherence function is lineal, we
have to average over all the possible decoherence functions. After the
first step the decoherence function is simply given by

Wi (At) = e*vm(cos(mt) + %m@m)) . (2.44)

In the next step, we have to consider the average over the two possi-
bilities, 3(t) keeps a constant sign or 8(t) flips sign

1 1
Wtwir1(2At) = §W1 (2At) + §WQ(2At)
2

e—'yQAt v v
=3 (cos(dQAt) + 25 sin(0At) + 1+ ﬁ(l - cos(52At))>

2
— 128t (cos(éAt) + %sin(éAt)) .
(2.45)

In the third step, we have to consider 4 possibilities which starts to

become a cumbersome computation

Wiaid(30) = § (W1(30) + Wa(3A1) + Ws(3A0) + Way(381)) |
(2.46)
where Wj;(t) are the same functions obtained from the dynamical
decoupling case, but Wo)(t) is the function obtained from solving the
differential equation (2.33) in the interval [2A¢, 3A¢t] with boundary
conditions Wy, (2At) = W1(2At) and Wy, (2At) = —W7(2At). Luckily
enough, this expression simplifies to

3
Wi (3A¢) = ¢ 1358 (cos(éAt) + %sin(éAt)) . (2.47)



56 CHAPTER 2. NOISE IN QUANTUM COMPUTING
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Figure 2.2: (Left) Evolution of the decoherence function induced by a weakly
coupled fluctuator v = 0.8y for different mitigation techniques. The red
lines correspond to a free evolution, where the qubit is only subject to RTN
noise, the blue line corresponds to a qubit that is subject to Pauli twirling
and the yellow line is a qubit subject to dynamical decoupling. (Right)
Same comparison for a strongly coupled fluctuator with v = 2. The time
step at which each pulse is applied is At = 1/(47). The crosses represent
numerical simulations of the decoherence functions with 10* realizations,
while the continuous lines represent the derived analytical formulas.

To compute the following step this systematic procedure can be applied,
and with the use of the inductive method, it can be shown that for a

general number of steps
_ _—ynAt T "
Wiwinn(nAt) = e (cos((SAt) + 5 Sln((SAt)> , (2.48)

which is an original result, and was verified by a numerical simulation
of multiple realizations of the noise process and random selection of

twirl pulses.

In Fig. 2.2 we show the effectiveness of each mitigation technique on
RTN noise of a single fluctuator and compare the analytical results with
numerical simulations. It can be observed that dynamical decoupling is the
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most effective at reducing the overall decay of the decoherence function, while
the Pauli twirl is still better than doing nothing. As mentioned before, the
Pauli twirl is better suited for mitigating noise during quantum algorithms,
while dynamical decoupling can only be applied on idle qubits. Since the
fluctuators are independent, the decoherence function for an ensemble of
them can be obtained in the same fashion as before.

Unbalanced fluctuators

So far, we only considered fluctuators that have balanced transition rates
between their two states, i.e., the rate of transition from the —1 — 1 state
v+ is the same as the transition rate from the 1 — —1 state y_. This
assumption is valid if the energy difference of the fluctuator levels Ey is
small compared to the thermal energy, i.e., Ey < kgT'. If that is not the

—E;/kpT

case, the rates are related [66, 67] by v_ /vy =€ , o that, for low

temperature, the transition 1 — —1 is dominant (spontaneous emission).

The decoherence function for the unbalanced case is

W(t) = e 7" |cosh(6,t) + 5— “ sinh(8,t)]| (2.49)

u

where 7, = 7*;7‘ is the average decay rate and 6, = /72 — v2 + ivAy with
Ay = vy —y- = 2y, tanh(Ef/2kpT). The effect of dynamical decoupling
on this unbalanced RTN noise was analytically obtained in [65]. While this
model gives reasonable predictions at temperatures near the energy of the
fluctuator and above, it starts to fail at lower temperatures where quantum
effects become relevant. Below this point, the TLS cannot be described as a
classical state that incoherently flips between two states, and one needs to
consider a model of a coherent TLS. In the next section, we propose a model
that takes into account a coherent TLS coupled to an external environment

that slowly reduces its coherence.
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We can see that, at very low temperatures, this semiclassical model
fails to fully describe the decoherence of the qubit. For instance, considering
a common case [68] where E; ~ 10kgT the rate difference approximately
becomes 27, and &, = 7, + v, so that the decoherence function reads

e Yut

= — ’1)2 COS( 2V 2 U2 COS
W(t) = 2(7%1}2)( (20t) + (292 + v?) cosh(2y,t) -

1/2
+ 279y (vsin(2vt) + 7, Sinh(?%ﬂf)) )

which in the long time limit reaches a constant value

2 v)2
lim W(t) — m

t—o0 ’73 + 02

(2.51)

contrary to what is expected. In a true quantum model, as a result of the
interaction between qubit and TLS, there should be a transfer of coherence
to the TLS that is destroyed by the environment. This semiclassical model
is too simple and cannot capture the quantum nature of the qubit-TLS
interaction. In the following section we introduce a full quantum model that
describes this interaction.

2.6 Non-Markovian pure dephasing: quantum
model

There have been some proposals [69, 70, 71, 72] of microscopic quantum
models to describe the noise induced by coherent TLS, see [68] for a review
of their physical motivation. In general, the TLS are modelled by an
asymmetric double well potential, with € the energy difference of the minima
and A the tunneling rate. In this section, we construct a quantum model
where the qubit is coupled to a coherent TLS, that is in turn coupled to
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Figure 2.3: Schematic picture of the model. The qubit (Q) is coupled to
the fluctuator (F), which in turn is coupled to its own bath of harmonic
oscillators a.

an external reservoir at a finite temperature. The total Hamiltonian reads
H = Hg + Hp + Hj, where the system qubit-TLS Hamiltonian has three
terms Hg = Hg + Hrrs + Hor,

1 € A v
Hg = -wyr,, Hrps=z0.+ -0, , Hor=-7.0., (2.52)

2 2 2 2
where 7; are Pauli matrices acting on the qubit’s Hilbert space and o;
on the TLS’s space. The TLS Hamiltonian is an effective description of
the double well described before. The qubit-TLS interaction Hgr induces

pure dephasing on the qubit. The energy difference of the TLS levels is

Er = VAZ + €2,

The environment is a bosonic reservoir that couples directly to the
TLS, but not to the qubit. The environment and interaction Hamiltonians
are

HB:ZwkbLbk s H]ZO’.,.ngbk—f-O'_ZgaL . (2.53)
k k k

In Fig. 2.3 we sketch a schematic picture of this composite environment.
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Simplified evolution

Since the interaction Hamiltonian is the same as in the simple model of
Section 2.3, one might be tempted to construct the same master equation as
Eq. (2.6) with the system Hamiltonian Hg = Hg+Hrrs+Hgr. That would
not be correct, since the TLS does not only interact with the environment: it
also interacts with the qubit, which modifies the evolution of the interaction
operators o. If we consider this simplified evolution model, the ME that
describes the evolution of the qubit-TLS system is

d .
Sppar(t) = —ilHq + Hris + Hor, por(t)]

+n(Ey, B) (04ps(t)o- — %{U*JJr’pQT(t)})

+T(n(Ey, B) + 1) (0-par(thos — 3{or0-, par())
(2.54)

where pgr(t) is the density matrix of the qubit-TLS state. This is a model
that resembles the semiclassical model presented in Section 2.5, where the
fluctuator is only affected by the environment and not by the qubit state.
To obtain the reduced density matrix of the qubit, we need to take the
partial trace with respect to the TLS, i.e., pg(t) = Trrrs {por(t)}. The
correspondence is incredibly similar with the RTN fluctuator model, with the
parameter correspondence v = I'n(Ey, Bg), 7- = F(n(Ef, BE) + 1), and
being v the interaction strength between qubit and TLS in Hgr. Note that
the relation v_ /v, = e 7 /kBT holds for this parameter correspondence. In
Fig. 2.4, we present a comparison of the RTN decoherence function and the
decoherence function given by this master equation for different temperatures.
It can be observed that, for high temperatures, both models give the same
evolution of the decoherence function, but when the temperatures get lower
the solutions start to deviate from each other. We restricted ourselves to
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Figure 2.4: Comparison between the evolution of the decoherence function
in the unbalanced fluctuator model and the simplified quantum model. In
the panel on the left the temperature is much higher than the fluctuator
energy and the two models produce the same decoherence function. In the
right panel, the thermal energy is of the same order as the fluctuator energy,
and a discrepancy between models starts to become apparent.

the case with a null tunneling rate of the TLS (A = 0) to closely relate to
the semiclassical model, which does not include any mechanism to describe
the tunneling between TLS levels.

Correct evolution

To consider the correct dynamics of the quantum model, we first rewrite

the interaction Hamiltonian in terms of Hermitian operators
1 i
HI:ax®§ng(ak+a2)+0y®§ng(ak—a2) , (2.55)
k k

so that we can directly employ the Redfield equation (1.66). The evolution
of the TLS operators is given by

O‘w(t) _ ei(HQ+HTLS+HQT)to-xe_i(HQ"FHTLS"FHQT)t , (2.56)
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which depends non-trivially on all the constituents of the qubit-TLS Hamil-
tonian. Similarly, we can obtain the evolution of o,. If the evolution of these
operators was given solely by Hprg the resulting ME would be the same as
Eq. (2.54), which is equivalent to a weak coupling limit of the qubit-TLS
interaction?. We can write the evolution of these operators through the
spectral decomposition of Hg as in Eq. (1.69)

ox(t) = e~ P Lo, I + e P+ 0,115 + e P-4 0,115 4 ¢ P-T130,114
4
+ Z Hio,1l;
i=1

oy(t) = e*"D”HgayHl + eiDthHlayHg + eiiD‘tILLayHg + eiD‘tﬂgayILL ,
(2.57)

where Dy = /A2 + (v £ €)? are the energy transitions between eigenstates
of the qubit-TLS Hamiltonian Hg, and II; = |E;) (E;| the projection opera-
tors onto these eigenstates |F;), which are

IEy) = ! (v 0+ D A0,07 =17, (258
\/2D} 42D (e + )

|By) = L (v 40— Dy, 20,07 =1\, (259
\/2D3 — 2D (e + )

By) = ! (0,0,(c—v) +D_, A = L7 . (2.60)
\/21)% +2D_(e —v)

|Ey) = ! (0,0,(c—v)—D_,A) =|1\) ,  (261)

\/2D3 —2D_(e —v)
(2.62)

Mf o = 0, Hg commutes with Hrrs and with o, so that it does not contribute to the
evolution of the interaction operators with the environment.
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expressed in the spin z component of qubit and TLS, with respective

eigenvalues
1 1
E1=§(W0+D+) ) E2:§(W0—D+) )
1 1
Es = 5(—w0 +D_), Ey = 5(—w0 -D-). (2.63)

The correlation functions are given by
1 . )
Cﬂ?ﬂﬂ(t) = Z / dw‘](w)n(wa ﬁE)eiu‘Jt + J(W) (n(wa ﬁE) + 1)eZWt ’ (264)

Cory(t) = i/de(w)n(w,ﬂE)e_m — J(w)(n(w, Br) + l)ei‘”t . (2.65)

The remaining two are related the these ones as Cyy(t) = Cuy(t) and
Cyz(t) = —Cyy(t). We have considered a continuum limit of the modes of
the reservoir so that

J) = lgn*8(w — wp) = gwe™/ (2.66)
k
which is an ohmnic spectral function [73, 2|, where g is proportional to the
coupling strength with the environment, and w, is a frequency cutoff for the
modes. Since no easy expression can be obtained for the evolution operators,
we implement numerically the operators into the Redfield equation to obtain
the evolution of the qubit-TLS system.

We can obtain a more amenable master equation in Lindblad form
considering the secular approximation, that is, removing the fast oscillating
terms of the qubit-TLS system in the Bloch-Redfield ME (1.72). This
approximation is only valid if the timescale of the removed terms is much
faster than the relaxation time. In this system, the slowest system term
defines the timescale

1 1

C D D] VAZ+ (v + €2 — A2+ (v—€? '

TS (2.67)
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which becomes large if v goes to 0, but in this situation® we could resort to
the master equation of the previous subsection. This approximation also
fails if A? > (e £v)2. The relaxation timescale is given by the coupling

1

strength with the environment 7 = g7, and the approximation is valid in

the regime 79 < 7R.

The ME after the secular approximation becomes

d ,
@pQT(t) = —i[Hg+ Hrps + Hor + Hrs, por(t)]

(2.68)
+ 271 ZPQT - 7{L LZ>pQT( )}) ;
where the operators and corresponding rates are

=J(D4+)(n(D4+,Br)+ 1), Ly =10 114 , (2.69)
J(D+)n(D+7ﬁE) ) Ly = H10+H2 ) (270)
= J(D-)(n(D-,BE) +1) , Ly =140 13 , (2.71)
J( )n( _,,BE) 5 L4 = H30+H4 . (2.72)

(2.73)

and we do not explicitly write the Lamb shift Hamiltonian for the sake
of space. If we take a close look at the rates and operators 1 and 3, they
resemble the v_ and o_ operator in Eq. (2.54), but in this case, since the
interaction of the TLS with the qubit is taken into account, the rates and
operators take into account the correct level transitions of the qubit-TLS

system. The same occurs for the rates 2 and 4.

This interpretation is more easily understood in the case of vanishing
detuning A = 0 of the TLS, in which case the transition energies simplify

3The case v — 0 represent a mathematical singularity because the transition frequen-
cies of Hs become degenerate and a different approach has to be followed. Fortunately,
in this case, it is much simpler and is described in the previous subsection.
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Figure 2.5: Sketch of the energy levels of the qubit-TLS system. The black
horizontal lines represent the energy levels of the system. The blue and
red lines represent the only allowed transitions with oy (D4 ) = IIy0411s,
o_(Dy) =Tso_ 11, 04 (D-) = H30_II4 and o_(D_) = [Iyo_II3 the opera-
tors that drive them. The double arrowed thick lines indicate the energy
difference of the levels with allowed transitions.

to Dy = |e £ v|. In Fig. 2.5 we represent the energy levels of the qubit-TLS
system, the transition energies, and corresponding operators. Depending on
the state of the qubit the transitions of the TLS states happen with different
energies. If the qubit is in the up state, the transitions between the TLS
states occur with energy D, and the rates depend on it, while if the qubit is
in the down state, they occur with energy D_ and the corresponding rates.
In the simplified model of the last subsection, where the qubit interaction is
not taken into account, the transitions between the TLS states occur with
the same rate, only dependent on K.
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If the fluctuator has detuning A # 0 the model becomes richer. The
energy structure is similar to the one sketched in Fig. 2.5; the transition
rates depend on the original values of Dy but the transition operators are

tilted, i.e., the eigenbasis of the qubit and the TLS are no longer parallel.

Conclusions and outlook

The quantum model presented in this section constitutes a good candidate
to represent the noise processes that induce noise on solid-state qubit
implementations of quantum computing, where the source of noise comes
from two-level systems present in amorphous solids [68]. We showed that
this model has rich dynamics, and that the RTN noise model only represents
a very simplified case of the proposed noise model, and that it fails at low
temperatures. The aim of the construction of this quantum model is to also
assess the efficiency of mitigation techniques on the more realistic quantum
model.

To consider a periodic dynamical decoupling sequence acting on this
system, the qubit-TLS Hamiltonian would be modified as

Hs — Hg + Hpp(t) = Hg + g N 6t — nAt)T, (2.74)

where we considered ideal pulses, equally spaced by At, so that at times nAt
the qubit state is flipped. This modification of the qubit-TLS Hamiltonian
will cause a modification of the evolved interaction operators with the

environment, whose free evolution is given by the unitary operator
. . t
U(t, 0) — 6—ZHQT (t—L&JAt) (O_xe—zHQTAt) \-AtJ , (275)

where [-] is the floor function. This stepwise evolution operator makes
considering the Markovian approximation done in Eq. (1.61) not doable,
since the system operator S(t — 7) for 7 > ¢ is not well-defined with this
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evolution operator. In this case, we have to resort to the ME (1.60), which
has a time dependent generator, and, given the complexity, we have to

employ numerical methods, which is a work in progress.
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Chapter 3

Discrete Time Quantum
Walks

3.1 Introduction

A random walk is a random process that describes the displacement of
a walker following a succession of random steps on a graph. The most
common random walk model is that of a walker on a regular lattice, where
the jump probability of the walker to the adjacent locations is given by some
probability distribution, but there are other possible scenarios. Random
walks can be used, for instance, to model the random motion of molecules in
liquids or gases (Brownian motion) and has applications in many scientific
fields, such as biology, chemistry or computer science, to name a few. The
expected position of the walker is described by a probability distribution,
that is determined by the random jump probability and the specific graph.
The basic example of a random walk is a walker on the integer number line
Z, which, after each step, jumps one position in the positive or negative
direction conditioned to the outcome of a balanced coin toss.

71
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An analogous quantum random walk (QW) was proposed in 1993
by Aharonov et al. [74], in which the walker is a quantum particle that
cannot be localized due to quantum uncertainties. The state of the walker
is described instead by a spinor wave function, and the jump probabilities
are conditioned to an internal degree of freedom, which plays the role of a
quantum coin. Due to the quantum character of the walker, its probability
distribution is different from that of the classical one. Quantum walks
can also be defined in continuous time. Childs et al. gave in [75] the
general definition, which is based on a Hamiltonian formulation in which the
internal degree of freedom of the walker is not needed. While continuous-
time quantum walks have many important applications and properties, the
works in this chapter are focused on discrete time quantum walks.

It was already pointed out in [74] that the dispersion of the quantum
walker is quadratically faster than that of the classical walker. This fact
allowed the discovery of more efficient search algorithms than their classical
counterparts. For instance, Grover’s algorithm [22] can be viewed as a
quantum walk search algorithm [76]. Similar search algorithms based on
quantum walks, such as the element distinctness problem [77], have also
been shown to be more efficient than the classical counterparts. Finally,
QWs also proved to be more efficient in probability distribution sampling
problems [78, 79]. It has also been shown that QWs can be used as a
universal computational model [80, 81].

There have been numerous experimental proposals to implement quan-
tum walks. The first proposed platform for implementing the discrete time
QW was using ion traps [82], where the discrete lattice was encoded in the
vibrational modes of the ions, and the coin state was encoded in the internal
electronic state of the ions. Many more platforms have been proposed such
as QED cavities [83], or optical lattices [84], to name a few. See [85] for a

comprehensive review of physical implementations.
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In this chapter we introduce the basic definition of a classical random
walk and a quantum walk, and describe their differences and their corre-
spondence in Section 3.2. In Section 3.3 we review the properties of the QW
in momentum space and its spectrum. Finally, in Section 3.4 we present
the continuous limit of the discrete time quantum walk, and review the
application of QW to the simulation of physical theories. The rest of the
sections are devoted to summarizing the remaining publications.

3.2 The Random Walk on the line: Classical and
Quantum

The classical random walk (CRW) on the integer number line describes a
walker with definite position at each step of the evolution. The walker is
displaced along the discrete positions of the line, and is only allowed to
jump to adjacent locations, i.e., at each time step it only has two possible
positions to move. The jump direction is determined by a balanced coin
toss, but it can be generalized to different probabilities for each direction.
In Fig. 3.1 we represent the location of 50 random walkers after 10 steps,
where all walkers started in the location j = 0. Notice that no walker is
present in odd position numbers; if we performed an odd number of steps,
the walkers would be only located on odd positions. The probability of
finding the walker at position j at the time step n is given by a binomial

1 n
P,;= o <J+n> , (3.1)

distribution

2

where j € Z is the position in the integer line and n the time step of the
evolution. This probability is null for j + n odd, such that at even (odd)
steps the walkers are only located in even (odd) positions. In Fig. 3.1 we
plot the probability distribution multiplied by the number of walkers with
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Figure 3.1: Number of walkers in each position of the integer number line
after 10 steps. All walkers started in the position j = 0. The orange line
represents the expected number of walkers at each position.

the zeros of the function removed for illustrative purposes. After many
steps, the binomial distribution approaches a Gaussian distribution. The
standard deviation of this binomial distribution is given by ocrw(n) =

3232 Pnj — (323 Pnj)? = /n, which is the typical standard deviation

of diffusive processes.

The walker in the quantum random walk [86, 87, 88] on the line is
represented by a two component spinor that contains two amplitudes, which,
while in the initial condition might be localized in the central position,
represents in general a superposition of the walker at different locations.
The state of the walker, in addition to the spatial degree of freedom, is given
by a two-dimensional internal degree of freedom, which is called the quantum
coin. The Hilbert space of the spatial degree of freedom, H,, is of infinite
dimension and is generated by the basis {|j); j € Z}. The Hilbert space
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of the quantum coin, H¢, is a 2-dimensional space generated by the basis
{I1),14)}- The total Hilbert space is their tensor product H = H¢o @ Hy.

The state of the walker in the defined basis at time n € Z can be written as

n) =D () e 1) @) (3.2)

J

where ¢y, o with s = {1, ]}, are the spinor components at step n and position
j. We can project the state of the walker onto the spatial basis and represent

the state of the walker as a spinor,

T .
ij) = <]‘wn> = <Zg:;> ) (3'3)

where we defined the canonical representation of the coin components as
[1) = (1,07 and |4) = (0,1)"".

The one-step evolution of the quantum walker is composed of two
operations: a quantum coin toss that mixes the walker coin components,
followed by a conditional displacement operator that displaces the position
of the walker depending on the internal degree of freedom. We can write
this one-step operation as

‘wn+1> = W \%) = S(é ® Ha:) |¢n> ) (34)

where C is a general unitary operation acting on the internal state of the
walker and S is the conditional shift operator defined as

S=1m <¢|®Z|j+1> G+ 1) <¢|®Z|j—1><j| . (3.5)

The conditional shift operator transforms states of the form [1)|j) to states
1) |7 + 1) and states [{) |j) to states |})|j — 1), i.e., displaces states with
the up (down) state to the right (left). The evolution from a given initial
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condition [tg) up to step n = 1,2, ... is simply |¢,) = wn |tbo). The walker
does not have a definite position, only upon measurement of the position,
the state of the walker collapses and its position becomes definite. The
associated probability distribution of the walker at time n is given in terms

of its state components as

P = Y (s, dlin) P = 6] 57 + 1,1 (3.6)
s=T

If the probability of the quantum walker to move to the left and right are
equal from an initially localized state, i.e., P j11 = P; 1, we say that
the quantum coin is balanced. When the quantum walker position for a
balanced coin is measured after each step, it reduces to the CRW. This
procedure gives the quantum walker the same probability distribution as in
the classical case. To illustrate this, let us consider the following balanced

quantum coin operator

A 0L T 1 I

and a walker with initial coin state

[tho) = 1)10) - (3.8)
After the first step the state of the walker becomes
a0 A +ild) 1

1) = S5(C @ L) [Yo) = S 0) = = (N +ill)|=1))  (3.9)

V2 V2

which, upon measurement, has a 50% chance of having moved one step to
the left or to the right, and the walker state will either collapse to the state
[T) |1) or the state |])|—1), which after successive iterations of this process
(unitary evolution and measurement) represents the same classical random

walk.
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Figure 3.2: Probability distribution of the QW for different initial conditions
(3.8) after n = 10 steps.

The power of the quantum walk lies in leaving it freely evolve (without
intermediate measurements) through the unitary evolution (3.4). In Fig. 3.2
we represent the probability distribution (3.6) for different initially localized
coin states of the form [¢)g) = |s) |0), including the initial state (3.8), after
10 steps. We can see that, even though the QW is initially localized in the
center, the final probability distribution depends on the initial state of the
coin. In the left panel of Fig. 3.3 we show a contour plot of the probability
density (3.6) of the initial coin state that produced the symmetric probability
distribution of Fig. 3.2.

If we compare these probability distributions with the one for the CRW
shown in Fig. 3.1 we can see that the highest probability of the QW is
further away from the center than in the classical case. We can see in the left
panel of Fig. 3.3 that the maximums of the probability density propagate
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Figure 3.3: (Left) Probability distribution of the QW with initial coin state
[Yo) = (I1) + [1))/v/2 as a function of time. (Right) Standard deviation of
the CRW and the QW as a function of time.

with constant velocity away from the center. The dispersion of the quantum
walker is faster than that of the CRW and can be demonstrated [88] to be
quadratically faster with time, i.e., ocqw(n) = \/Zj 32 P — (32; 3P )? o

n, which is the typical standard deviation of ballistic processes. The classical
walker had a diffusive dispersion ocrw(t) o y/n. In Fig. 3.3 we compare the
standard deviation for the CRW and the QW with initial condition (3.8).

Quantum walks can also be extended to higher dimensions. A Hilbert
space for an additional spatial coordinate can be similarly defined H, with
basis {|l) }icz so that the total Hilbert space H = Ho @ H, ® H, is spanned
by {[s)[j,0)}. The walker has components in both dimension t, ;,. The
one-step evolution can be can be defined in different ways, for instance, the
split-step QW [89] is given by

[thni1) = Sy (Cy @1, @ 1,)8,(Co @I, @) [th) (3.10)

where S, = 30, 17,0+ 1) (.1l @ 1) (1 + X5, 13:0 = 1) (5,1 © [1) (U] s the
conditional shift operator along the new dimension. There are two different
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coin operators that act before applying the shift in each direction. B

3.3 QW in momentum space

To obtain the evolution of the QW one could simply compute the n-th
power of the evolution operator W, task that requires diagonalizing the 1474
operator if one wants to obtain a closed analytical form. The coin operator
C’, which only acts on the coin space, is straightforward to diagonalize.
The shift operator (3.5) is already diagonal in the coin basis, but it is not
diagonal in the spatial basis, since we have terms of the form |j £ 1) (j].
To aid in this task, we consider the Fourier transform of the spatial basis.
Since the spatial degree of freedom is discrete, the possible momenta are
degenerate, so that its transformation is restricted to the first Brillouin zone
and defined as

k) =" j) e, (3.11)
JEZ
where k € [—7, ) is called the quasi-momentum. The inverse transformation
is defined as

: 1 (" ki
i) = 5n [ kR e (3.12)

and the mathematical relations

S oK) g [ ke <y )
- m
J

—Tr

guarantee the orthonormality condition of basis elements. The state of the
walker can be expressed in both basis as

IS IS NHCIUED S NIV I IRty

s=tl J s=T,1
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so that the spinor components in both bases are related as
- Y
b (k) =D e My, (3.15)
JEZ
or with the inverse relation as

es = 1 / i dkaps (k)e™ (3.16)

2 J_,

We can define the quasi-momentum operator

N 1 Q
K=— dkk k) (k| , (3.17)
21

—T

whose action on the quasi-momentum basis is K |k) = k |k). We define the
translation operator

R . 1 [7 .
T=e®=— [ dke k) (k|

27 J_,
L o (3.18)
=5 | ke YU M) =i+ 1) 1))
- 5.4’ j

where in the last step we made use of the relation (3.13). The operator T’
translates spatial basis elements one position to the right 7'|j) = |j 4 1),
and its adjoint T = 'K | displaces them to the left 7't l7) =17 —1). The
operator K is the generator of translations in the discrete lattice. The
condition shift operator can be rewritten as

S =ik (3.19)

which is diagonal in the quasi-momentum basis.

The evolution of the walker up to step n can be easily computed in the
momentum basis (in which S is already diagonal) through the diagonalization
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of W. To obtain the solution in the position basis, the inverse Fourier
transform of the spinor components has to be performed. See [88, 86] for
examples where the analytical solution of the walker components at an

arbitrary step are obtained.

3.4 The continuum limit of the discrete time
Quantum Walk

One can associate a physical space to the space spanned by the discrete
lattice of the QW. A lattice spacing €, can be introduced to connect both
spaces as |x) = |e;j) where |z) is the basis of a position Hilbert space that
is discretized, by a spacing €;. A similar procedure can be done for the
temporal coordinate t = ¢;n with a spacing ¢;. The shift operator produces
a conditional shift in the discretized physical space by an amount €,, such
that, e~iK |z) = |z + €;). We can relate the quasi-momentum with the

physical momentum, in the limit of small €,, as K = €,p.

Let us consider a coin operator of the form C(6) = 7=, We can now

write the time step in physical units as

[Ypre,) = €72 Pe 7w [py) (3.20)

If we let the angle of rotation to have a small variation with respect to
a fixed angle 6 = 6y + €,,0, we can write a series expansion in the small

parameters of this time step as

[We) + €00y [the) = (1 — ie0:p) (1 + iembog) e [y) (3.21)
where we employed the infinitesimal definition of the time derivative

o) o Wit Z W) (322)

€t
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and the series expansion of the exponential up to first order in the small
parameters €, and €,. To obtain a consistent continuum limit of this
equation, it is required that €, = ¢, = ¢, = €. We assume that the walker
components coincide with continuous functions of position x = €¢j and time
t = en, that is, ¢, ; — U#(t,x), which are the components of a state in

continuous space-time

W(0) = [ et ) o) 1) + [ e )l ) (323)
Taking Eq. (3.21) up to zeroth order in € yields
U (t)) = €% [W(1)) | (3.24)

which, in order to be satisfied, requires p = 0. Up to first order in €, O(e),
equation (3.21) satisfies

0, [W(t)) = —ioup |U(E)) + i, [U(E) . (3.25)

We can project this equation to the position basis and, recalling that
(x|p|¥(t)) = —i0y (z|¥(t)) = —i0;V (¢, x), it can be rewritten as

(iv*0y —m)¥(t,z) =0, (3.26)

with g = t,z, where v* = 0, ¥* = —io, and m = —6. Equation (3.26)
is the Dirac equation of continuous space-time. This means that, if the
quantum walk parameters are taken such that € is small, one can recover the

probability distribution of a relativistic fermionic particle in one dimension.

In Fig. 3.4 we plot a comparison obtained from the continuous Dirac
equation (3.26) and the quantum walk defined in Eq. (3.20) with the pa-
rameter correspondence § = —em, and the scaled coordinates t = en and
x = ¢j. The initial condition used in the Dirac equation was

/
Ul(z,0) = (2>1 46—302 . UHz,0)=0, (3.27)

™
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—— Dirac Equation

——Discrete QW ¢ = 0.5
~—~ “[|——Discrete QW ¢ = 0.1

Figure 3.4: Comparison of the solution obtained from the Dirac equation
and a discrete QW for different values of the parameter e. The initial
conditions are defined in Eqgs. (3.28,3.29), and we have chosen a mass m = 1.

which corresponds to an initial condition of the walker
’l/)g,] — Ne—(Ej)2 9 1/){])/7‘7 - O 9 (328)

where N is a normalization factor that has to be chosen such that the
normalization in the £ = ¢j coordinate is the same for both initial conditions,

i.e.,

> (Wg,jlz + Iwé,jIQ) =1. (3.29)

J
It can be seen that, as the parameter e decreases, the quantum walk
probability distribution approaches that of the spinor obtained from the
continuous Dirac equation.
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While we considered a coin operator of the form C(#) = €??=, other
choices can lead to the same continuum limit with a different representation

of the gamma matrices y*.

Quantum Walk Hamiltonian

One can formally define a Hermitian operator H that generates the unitary
time step of the QW as

A

W =eH | (3.30)

Let us consider that in a small time step this operator is also small, i.e.,

H = €H, so that the infinitesimal time step is

Wrre) = e ) (3.31)

which can be expanded up to first order, following the same procedure as
before, as
|U(t)) + €0 |V (1)) = (I —ieH) |V(t)) . (3.32)

At first order in e the state obeys a Hamiltonian equation

0 [W(t)) = H|¥(1)) , (3.33)
where, for the previous continuum limit, H coincides with the Dirac Hamil-
tonian

H=—~%p+m, (3.34)
where we recall that m = —6. This definition will be useful when considering

the continuum limit in [P.3].

3.5 Inhomogeneous coin operator

Up until now, we assumed that the coin operator is independent of the step
and position of the walker. More general coin operators with both spatial
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and temporal dependence can be considered, and whose continuum limits
lead to a diverse phenomenology. Let us consider, as a simple example, a

modification of the coin considered in the previous section
(0, ) = et (3.35)

where we allow the parameter a; to have a dependence on the position of
the walker. We can perform a similar parametrization of a; = ec; as before,
where € is the same small parameter as before. The new QW one step is
approximated as

[Ue) + €0k Y1) = (1 — iep0.P) (1 + iemboy) (1 + ieq;) [1br) (3.36)
which, when projected into the spatial basis, leads to the continuum limit
(iv*Dy —m)¥(t,x) =0, (3.37)

where D, = 0, — 1A, is the covariant derivative. The function A, is the
electromagnetic potential with components A; = @(z) of the associated
continuous function of @;, and A, = 0. This electromagnetic potential is
associated with an electric field E = d,a(x). If one considers a global phase
with a linear dependence in the position, o; = e¢j, the quantum walk with
coin operator (3.35) can be used to simulate a Dirac equation with constant
electric field E = ¢. An equivalent quantum walk has been studied in [90]
where long time properties were explored. In [91] the same walker was
observed to undergo Bloch oscillations under weak electric fields. Similarly,
the coin can be modified to obtain a continuum limit of the Dirac equation
with magnetic fields, for instance, it was shown in [92] the existence of
Landau level of the discrete QW in the presence of a constant magnetic
field. See [93, 94] for the obtention of the continuum limit of general gauge
theories of 2D QWs and numerical demonstrations of the electromagnetic
phenomena of Bloch oscillations and E x B drift. A modification of the
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coin operator was also studied in [95, 96] to obtain, in the continuum limit,
a Dirac equation in curved space-times, where a Schwarzschild space-time
was simulated by a quantum walk. In [97] the method was extended to
two-dimensional quantum walks, which allowed the study of a fermion under
the metric induced by gravitational waves. A continuum limit that matched
the Dirac equation in curved space-time was also obtained in [98] where the
QW was instead constructed in a triangular and in a hexagonal lattice.

3.6 QW simulation of warped geometry in high
energy theories (Publication [P.2])

The existence of a continuum limit of different quantum walks that match
Dirac like equations allowed the simulation of a plethora of physical systems.
Apart from the simulation of fermions in curved space-times and electro-
magnetic fields, described in the previous section, quantum walks can be
constructed to simulate neutrino oscillations [99], charged fluid dynamics
[100], topological phenomena [101] or relativistic diffusion [P.3], to name
a few examples. In [P.2] we investigate the properties of a quantum walk
that, in the continuum limit, simulates the Randall-Sundrum (RS) model
of extra dimensions [102]. The RS model was introduced to explain the
hierarchy problem of high energy physics (HEP) theories, by the addition
of an extra warped dimension, which had a 4-dimensional brane in each
end. Gravity is present along the whole space-time, but the matter fields
of the Standard Model of particles become confined in one of the branes,
the matter brane. We define a 2-dimensional QW with one warped spatial
dimension and an ordinary spatial dimension. We derive the Dirac equation
that arises in this reduced curved space-time and establish the boundary
conditions that the fermionic fields have to obey. The symmetry conditions
on this lower dimension space-time restricted the study to massless fermions,
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Figure 3.5: Spatial lattice of the 2D QW of the RS model. The lattice is
infinite along the x direction, but is finite in the y direction, of length L.

which may acquire an effective mass when restricted to the matter brane.
We also study the spectrum of the solutions of the continuum model, where
one can already see that the eigenfunctions of the Dirac equation present
confinement towards the matter brane.

We constructed a quantum walk that, in the continuum limit, recovers
the derived Dirac equation following the method introduced in [97]. The
grid created for the quantum walk is represented in Fig. 3.5. The ordinary
spatial dimension is infinite, and a sufficiently large lattice is taken in that
direction so that the walker does not reach the lattice ends. The warped
dimension is finite, and appropriate boundary conditions are set at the
extremes, where the walker is reflected with a phase flip. This is the same
boundary condition that the Dirac fermions have to obey in the continuum
model. The construction of the QW was consistent with this condition at
all times.

Firstly, we observed that the QW model reproduces the phenomenology
expected from the RS model, that is, a walker initially localized in the center
of the warped dimension will become localized in the extreme of the warped
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dimension where matter fields are confined. The confining property of the
model is controlled by the warp coefficient, and we confirmed that, when
this parameter is increased, the localization of the walker towards the matter
brane is stronger. Since we were restricted to massless fermions, most part
of the probability density of the walker propagates at the speed of light,
and the direction of propagation is chirality dependent, that is, the upper
(lower) components propagates to the right (left) in the ordinary dimension.
These fronts are located at position x = t and we defined the probability
distribution along the y direction as the freely propagating distribution
(FPD). We performed a decomposition of the walker components in terms of
the eigenfunctions obtained from the continuum Dirac equation and studied
the mode composition of the FPDs. We observed that, while initially the
FPD can be composed of high energy modes, in the long time limit the FPD
is mostly composed by the lowest energy mode. This effect is indicative of
some type of dissipation during the propagation to the regions inside the
light cone. Finally, we investigated the entanglement entropy between the
coin and the spatial degree of freedom. The QW step generates entanglement
between these degrees of freedom and becomes smaller for higher values of
the wrap coefficient. We attributed this effect to the lower dispersion of the
walker probability distribution with increasing warp coeflicient.

While QWs have proven successful at reproducing some effects of HEP
theories, they lack the power to simulate multiple particle interactions.
However, the formalism can to be modified to include particle interactions.
There have been some efforts [103, 104] to describe two and three particle
states, but more work has to be done to have a simulation framework for
HEP. We also mention that quantum walks are not free of defects present
in lattice theories, such as the fermion doubling problem. Quantum cellular
automata [18, 105, 106] is a lattice theory similar to QWs, where in each
location the quantum system can be of any finite dimension. The evolution
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is also discrete in time and have been shown to simulate simple quantum
field theory models, for instance, the Schwinger model [107].

3.7 Relativistic diffusion as the continuum limit
of a stochastic QW (Publication [P.3])

In the previous section, we studied a QW that had a spatial inhomogeneous
coin. In [P.3] we study a coin that is inhomogeneous in time, and where
the temporal dependence is stochastic, this type of evolution can be viewed
as a type of temporal noise on the coin operator. We studied two ways to
generate a temporal stochastic coin, but here we briefly explain the one
that closely connects with the first part of the thesis. We can define a noise

process on a walker in the operator sum representation as

Pn+1 = (1 — D1 — pQ)WPnWT +D102Ppn0; + P202pn0g , (3'38)

where p,, is the density matrix at time step n, p; is the probability that
the walker suffers a phase flip error, ps is the probability to suffer a bit
flip error, and with probability 1 — p; — po it undergoes the usual unitary
evolution of the QW. We can define p; = €7;, where € is the same as the
infinitesimal time step, and follow in a similar fashion as in Section 1.3 to
obtain a continuous ME

Owp = —ilH, p] + 11(02p0= — p) +72(00p0z — p) , (3.39)

where H is the infinitesimal generator of the unitary dynamics of the QW
W= e*“ﬁ, and coincides with the Hamiltonian obtained in the continuum
limit from the unitary evolution of the QW, which is in general the Dirac
Hamiltonian. The other way to construct a stochastic QW that leads to the
same continuum limit, consists on applying a unitary composed of a general

SU(2) coin operator and the conditional shift operator (3.5). The coin
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operator can be parametrized with 4 constant parameters that are randomly
sampled from independent probability distributions. The correspondence
between this implementation and the previous one is obtained if the standard

deviations of these parameters coincide with the rates ;.

This continuous equation represents a model of quantum relativistic
diffusion. We represent the density matrix of the spinor in the Pauli basis,
and the dynamical equation becomes a system of four partial differential
equations that are numerically solved using an operator splitting method.
This method allowed us to study the phenomenology of the continuous
model, which can be summarized into two regimes: A ballistic propagation
regime, in which the initial wave-packet propagates at a constant velocity,
and after some time, which depends on the strength of the noise, transitions
into a diffusive regime. This latter regime is characterized by a constant
expected value of the position and by an increase of the standard deviation
proportional to v/¢, characteristic of diffusive processes. Finally, a model
that also adds spatial noise on top of the temporal noise is studied, and

similar Lindbladian dynamics are obtained in the continuum limit.

3.8 Non-linear coin operator and solitons
(Publication [P.4])

Another variant of the coin operator that introduces non-linearities on
the phases of the coin components was introduced in [108]. The phases
were dependent on the probability density of the walker at each position.
The model was inspired by the non-linear optical Galton board, where
the non-linearities were caused by a non-linear Kerr medium. The main
result of the work was the formation of soliton-like structures, that is, the
walker probability distribution was extended and stable. In the language of
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optical systems, the non-linear effects of the medium counteract the natural
dispersion of the light.

In [P.4] we consider a similar model, together with an experimental
proposal, where the non-linearities are introduced in the angle of the coin
operator, that is, the angle of rotation at each position of the walker depends
on the probability density at that position. The continuum limit of this
quantum walk gives a non-linear Dirac equation where there is a non-linear
term similar to the one appearing in the Nambu-Jona-Lasinio model [109].
We do an in-depth study of the continuum limit equation. First, we explore
the stability of homogeneous stationary solutions and identify the regimes in
which soliton-like solutions can appear. Secondly we find, under reasonable
assumptions, a stationary solution of the continuous model that has the

usual characteristics of a soliton.

The insight obtained from the continuum equation is checked in the
discrete model numerically. We find the existence of soliton-like structures
with the same solution as the continuum equation. We also investigate
initial conditions that propagate at a constant speed and observe a typical
characteristic of solitons, which is that during a collision the solitary wave-
packets are not disturbed. The stability analysis of the continuum equation
indicated that other type of stationary solutions should exist, the dark
solitons, which were observed in the discrete model. A dark soliton is
generated in the domain wall between two stable solutions, where the
probability of finding the walker vanishes in the transition. This valley of
probability density is found to be stationary.

We have also studied the stability of solitons when they are subject
to an additional phase that simulates an external electric field. For electric
field intensities that are irrational the solitons remained localized but their
smooth characterized structure is lost. For rational fractions of 27 electric
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field intensities we characterized two regimes: For strong electric fields, an
initial soliton becomes slowly disrupted and the walker disperses and an
increase of the non-linearity parameter slows down the dispersion produced
by the strong electric field. For weak electric fields, oscillations of the soliton
central position are present. Finally, we also explored a 2D version of these

model, where no evidence of soliton formation was found.



Appendices

A.1 Derivation ME dissipative noise model

To obtain a master equation for the evolution of the qubit described in
Eq. (2.4) we can employ the Redfield ME [73] for interaction Hamiltonians
of the foorm Hy = L® Bf + LT ® B as

WS _ itz ps(t)] + ( [ arat @izt =res(o. 1+

0
(A1)

/0 dra™ (7)[L(=7)ps(t), L] + h.c.> ,

where L(t) = e'fstLe="Hst which in our case Hg = wpo,/2 and L(t) =
e“o'g . The correlation functions are a*(r) = Trg {B'(1)Bpg} and
o~ (1) = Trg { B(1)B'pg }, which for a general bosonic or fermionic reservoir
[2, 73] become

at(r) = /de(w)n(w,ﬁ)eim , (A.2)
a (1) = /de(w) (n(w,ﬁ) + 1) e T (A.3)
(A4)
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where J(w) is the spectral density of the reservoir, and n(w, ) = [e® F1]7!
is the average number of quanta of the bosonic (fermionic) reservoir modes
at an inverse temperature 5. We can define v = J(wp) and the rates

7= [ drat(r)e T = an(un,6) + AT (A.5)
0
v = / dra(1)e™0T = ’y(n(wo,ﬂ) + 1) +iAT (A.6)
0
where we made use of the property

/OOO e“tdt = m6(w) +iP (:}) . (A7)

We can rewrite the ME as

dps(t) _
dt

(t)o —o_oyps(t))
()o- —ps(t)o-o1) (A g)
+7-(0-ps(t)ot — oro-ps(t))
(t)

oyps(t)or — ps(t)oro-)

this equation can be brought into the canonical Lindblad form in Eq. (2.6)
without the need of a secular approximation. This is true since the inter-
action operators o4 and o_ connect the eigenstates of Hg, i.e., in their
spectral decomposition they only have one component of frequency wg. This
fact implies that the Bloch-Redfield equation of this system does not have
oscillatory terms (which are the ones discarded in the secular approximation).

The system Hamiltonian gets modified as
Hi=Hs+AYo_ o, +A 040, (A.9)

where the operators o_oy and o,0_ are equivalent to o, and only produce

a change in the frequency of the system and the ground state energy.
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A.2 Derivation ME pure dephasing noise model

The Hamiltonian model described in Eq. (2.12) can be solved employing
the Redfield Eq. (1.64). This case is very simple since the interaction
operators commuted with the Hamiltonian of the systems so that o,(t) =

etflsty e~tHst — 5 The Redfield equation can simply be operated to obtain

dpjt(t) = —i[Hg, ps(t)]+T(0.ps(t)os — ps(t)) , (A.10)
where we defined
/thC(T) :/TTrE {B(t)Bpp} =T/2+iA . (A.11)
0 0

The real part of this quantity give the decay rate and the imaginary part
gets cancelled by the hermitian conjugate part of the Redfield equation.






Resum en valencia

Prefaci

Em vaig sorprendre per primera vegada amb la mecanica quantica quan
vaig entendre! el teorema de Bell i el paper que té I'entrellacament en la
teoria. Des d’aquell moment, vaig quedar fascinat per la teoria i per totes
les preguntes fonamentals que queden obertes, no sols des del punt de vista
cientific, siné també filosofic.

Aquesta fascinacié per la mecanica quantica em va incitar a buscar un
projecte de tesi de master relacionat amb aquest camp. Aixi vaig trobar
els meus tutors de tesi i vaig dur a terme el meu primer treball cientific
en el camp dels sistemes quantics oberts. Durant el periode predoctoral,
gracies a la col-laboracié amb un investigador postdoctoral, vaig adintrar-me
en el camp dels caminants quantics. Aquests dos camps han composat
els principals continguts de la meva tesi, que s’ha dividit en dues parts

dedicades a cadascun d’aquests temes.

Per altra banda, durant 1’etapa predoctoral, he tingut 'oportunitat de
donar classes en el grau de fisica. He estat professor de les assignatures de

Tf quantum mechanics hasn’t profoundly shocked you, you haven’t understood it
yet.” Niels Bohr.
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fisica quantica, fet que m’ha permes revisitar els conceptes més basics de la
mecanica quantica i plantejar-me noves qiiestions que durant el grau no havia
considerat. Finalment, també he tingut 'oportunitat d’estudiar per compte
propi qiiestions més filosofiques, com ara les interpretacions de la mecanica
quantica, la historia del debat Einstein-Bohr sobre la completitud de la
teoria i els models ontologics sobre la realitat de ’estat quantic. Aquestes
exploracions han donat lloc a discussions molt interessants.

Part I: Sistemes quantics oberts

Introduccio

La Mecanica Quantica (MQ) és la teoria més fonamental de la naturalesa
que coneixem actualment. Des de la seua concepcié en la decada de 1920,
ha demostrat ser una teoria d’exit a diferents nivells de complexitat, des
de descriure correctament els nivells d’energia de ’atom d’hidrogen fins a
predir 'existencia de les particules elementals que constitueixen els blocs
constructors de la materia. Tot i que la teoria ha demostrat ser exitosa,
quan hi ha un nivell de complexitat cada vegada més alt, cal emprar metodes

aproximats o perturbatius.

Els sistemes quantics gairebé mai estan completament aillats, ens
referim a ells com a sistemes oberts, i s’han de considerar en interaccié amb
un entorn circumdant, que probablement afectara la dinamica del sistema
obert. El nombre de graus de llibertat de ’entorn és generalment molt
més alt que els del sistema obert. Podriem recérrer a metodes exactes per
resoldre I'evolucié de tot el sistema aillat, format pel sistema obert i el seu
entorn. En la practica, aquesta tasca rapidament esdevé inviable.

La teoria dels sistemes quantics oberts (SQO) ha desenvolupat les eines

per descriure el sistema obert sense la necessitat de donar una descripcié
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exacta dels graus de llibertat ambientals. L’as de la teoria dels sistemes
quantics oberts ha tingut exit en el camp de ’0Optica quantica, on, per
exemple, una cavitat amb perdues pot modificar les taxes de les transicions i
modificar I'estat estacionari del sistema. La teoria dels SQO ha experimentat
un augment de popularitat gracies a la seua aplicabilitat en escenaris
tecnologics quantics, on els fenomens de decohereéncia i dissipacié estan ben
capturats pel formalisme, i constitueix un banc de proves per a 'estudi de
tecniques de mitigacié i control.

Evolucié i equacions mestres

Considerem la situacié general en que el sistema obert S esta acoblat a un
entorn E. L’espai de Hilbert total és el producte tensorial de I’espai de
Hilbert de cada subsistema H = Hs®Hg. El sistema complet es descriu pels
hamiltonians lliures de cada subsistema, Hg per al sistema obert i Hg per a
I’entorn, més el hamiltonia d’interaccié Hy entre ambdéds. L’evolucié tant del
sistema com de I’entorn ve donada pel hamiltonia total H = Hg+ Hg + Hy,
de manera que ’estat de tot el sistema en el temps ¢ és

[$(t)) = e P 4 (t)) (R.1)
on [1(to)) és estat inicial del sistema compost i definim U (¢, tg) = exp[—iH (t—
to)], Voperador d’evolucié unitaria. Aquesta evolucié unitaria ve donada per
I'equaci6 de Schrodinger?

.d
i3 w0 = HIb() (R2)

Finalment, el sistema obert es descriu completament traient la tracia parcial
respecte a ’entorn de l’estat final

ps(t) = Tr {psu(t)} = Trg {U(t to)psp(to)UT (L t0) ) (R.3)

2En unitats naturals on i = 1.
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unitary evolution

pse(to) p(t) = U(t, to)pse(to)UT (¢ to)
Trg Trg
dynamical map
ps(to) ps(t) = G,i0)lps(to)]

Figure R.1: Diagrama que mostra ’acci6é del mapa dinamic ¢(t). Es possible
evolucionar tot el sistema i tragar I’entorn per obtenir la dinamica del SQO,
o alternativament, I’evolucié del SQO pot ser descrita pel mapa dinamic.

on pse(to) = [¢(to)) (¥ (to)|-

En la practica, aquest procediment, descrit pel cami superior dret de
la Fig. R.1, no és factible i cal recérrer a una representacié de I’evolucio
reduida a S. L’objecte matematic ¢ ;,) que descriu I'evoluci6 de estat
inicial del sistema obert S fins al temps ¢ s’anomena mapa dinamic i codifica
I’efecte de 'entorn sobre el sistema obert, un procediment que es descriu
pel cami inferior esquerra del diagrama de la Fig. R.1.

En general, quan ’evolucié del sistema obert esta donada per un
mapa dinamic, la seua dinamica esdevé irreversible, amb ’excepcié del
mapa dinamic que representa una dinamica unitaria. Aquest fenomen esta
estretament relacionat amb la generacié d’entrellacament entre el sistema i
Ientorn al llarg de I'evolucié. Quan dos sistemes s’entrellacen, la informacié
ja no esta continguda en els sistemes individuals, sin6 codificada en ’estat
global del sistema compost. L’obtencié de la traca parcial de ’entorn
equival a realitzar una mitjana sobre els graus de llibertat de ’entorn.
Aleshores, la matriu de densitat reduida dona una mescla probabilistica
classica d’estats quantics compatibles del sistema, ja que l'estat quantic

real només es descriu correctament globalment. Si Ientrellagament entre el
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sistema i ’entorn és maxim, la matriu de densitat reduida del sistema esdevé
I’estat maximament mesclat, i no es pot extreure informacié sobre el sistema
o ’entorn simplement mesurant el sistema. Aquesta situacié es compren
més facilment seguint el cami superior dret de la Fig. R.1: la dinamica
unitaria entrellaca el sistema amb I'entorn, i quan s’aplica la traca parcial
sobre un d’ells, 'estat resultant només conserva part de la informacié. Es
possible que existeixi un mapa invers d’aquesta evolucié ¢~ (¢, o), tal que
o, to)[@(t.t0) [Pl = ¢(t7t0)[¢(_t71t0)[p]] = p, perd en general no sera un mapa
dinamics que preserve les propietats del estats quantics.

El mapa dinamic pot ser matematicament representat de diferents

formes. Una d’elles és mitjancant operadors de Kraus

ps(t) = 3 K, (t,0)ps(0)K}(1,0) (R4)
o

on cada operador K, representa un canal de decaiment del sistema obert.
Aquesta representacid, junt amb la seua condicié de normalitzacid, preserva
la traga (probabilitats) del estat quantic, és lineal i preserva la positivitat
dels operadors. Aquestes son propietat necessaries per a que els mapes
dinamics evolucionen estats quantics a altres estats quantics, i no resulten
en matrius densitats que no representen estats quantics. Una altra forma
de representar el mapa dinamic és mitjancant una equacié diferencial per a
la matriu reduida del sistema. Si la dinamica del sistema es Markoviana, es
a dir, es pot representar com una cadena de Markov de mapes dinamics,
I’equacié diferencial que descriu I’evolucié es pot escriure com

d .\ _ . A

olt) = —ilH, pO)] + 3 (Lkpu)Lk - Q{LkLk,pu)}) . (RS

k

on 7 son constants positives, H es un operador hermitic i L; sén els

anomenats operadors de Lindblad.



102 RESUM EN VALENCIA

Si la interacci6 entre sistema i ambient es feble es pot derivar un equacié
diferencial pertorbativa en la intensitat de I’acoblament. Per a obtindre una
equacio diferencial tancada per a la matriu reduida del sistema cal considerar
I’aproximacié de Born, que consisteix en assumir que, com la interacci6
entre sistema i ambient es tant feble, el sistema i ambient estan en un estat
separable durant ’evolucié. Una segona aproximacié usualment considerada
és 'aproximacié Markoviana, que assumeix que la relaxacié del ambient
és molt més rapida que la dinamica de relaxacié del sistema. L’equacié
diferencial que descriu la dinamica del sistema baix aquestes suposicions és

dps(t)
dt

= —i[Hs, ps(t)] = D _[Sus Mups(t) = ps(DA] . (R.6)
I3

on S, sén els operadors d’interaccié del sistema i
Ap=>" / drCyu(7)Sy(—T) , (R.7)
— Jo

on C,,(7) sén les funcions de correlacié del ambient. Aquesta equacié
diferencial és clau per a ’estudi de 1’evolucié dels sistemes quantics oberts
considerats en la publicacié [P.1] i en el Capitol 2 de la tesi.

Ambients fora de ’equilibri i pretermalizacié (Publicacié
[P.1])

En la publicacié [P.1] estudiem un ambient que es troba fora de 1’equilibri.
L’ambient esta compost per dos sistemes bosonics que es troben a diferents
temperatures, pero sols un d’ells esta en contacte directe amb el sistema
obert, que el considerem com un sistema de dos nivells. El Hamiltonia total
ve donat per

H = Hg + Hg + Hiyt (R.8)
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on Hg i Hg sén els Hamiltonians lliures del sistema i de I’entorn, respecti-
vament, i Hiye és el Hamiltonia d’interaccié entre el sistema i 'entorn. Com
haviem dit, modelitzem el sistema com un sistema de dos nivells amb el
Hamiltonia lliure:

Hg = %woaz , (R.9)
on wy és 'energia del salt d’energia entre els dos nivells. Modelitzem ’entorn
al qual esta acoblat el sistema com un conjunt d’oscil-ladors harmonics
oberts, on cada mode en el primer reservori (RI) esta acoblat a un reservori
independent d’oscil-ladors que nomenem RII. El Hamiltonia que descriu

aquest entorn és:

Hy = Hgi + Hrin + Hing 2 (R.10)
on
Hgr = ZW,\GKG,\ and Hgir = Zw,\kbi’kbm : (R.11)
y Ak

sén els Hamiltonians lliures de RI i RII, respectivament. Els operadors
d’aquests Hamiltonians compleixen les relacions de commutacié canoniques.

La interaccié entre RI 1 RII es descriu amb el Hamiltonia:

ESY (a; ® Y Gakbak +ar® Zﬁf\,kb;,k> ; (R.12)
k K

A

on gy i representa la forca d’acoblement entre I'oscil-lador A en RI i I'oscil-lador
k en RII. El sistema es troba en una configuracié d’estrella, és a dir, el

SQO esta acoblat a tots els operadors bosonics A de RI, i a la seua vegada,

cadascun d’aquests esta acoblat a un reservori d’oscil-ladors harmonics

que forma part de RII, com es mostra a la Fig. R.2. Només RI s’acobla

directament al SQO, amb el Hamiltonia d’interaccié:

Hint =0 ®ng\a§+0+ ®ZgAaA , (R.13)
A A
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Figure R.2: Imatge esquematica del model. El SQO esta acoblat en una
configuracié d’estrela a un conjunt d’oscil-ladors harmonics ay, que estan
acoblats als seus propis banys individuals d’oscil-ladors harmonics by k.

que només considera interaccions que conserven el nombre de particules.

Considerem com a estat inicial un producte tensorial:

p(0) = ps(0) ® pi(0) = ps(0) @ pi"(B1) @ piT (Bu) - (R.14)

L’estat inicial del sistema pot ser arbitrari, mentre que els estats inicials dels
reservoris s’assumeix que sén térmics, possiblement a diferents temperatures:
e—BiHri
Y
Zi(Bs)

on Z(B;) = Tr{e PR} és la funcié de particié i 3; = 1/T; és la temperatura

PP (Bi) = (R.15)
inversa de cada reservori, i = {I,1I}.

Amb I'ts d’aproximacions d’acoblament debil i Markovianes, hem

derivat una equacié mestra per descriure ’evolucié de la matriu de densitat
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reduida del sistema, tracant ’evolucié de I’entorn. Malgrat aquestes aprox-
imacions, hem pogut observar una dinamica rica del sistema obert, amb
I'existencia d’un estat transitori, anomenat estat pretéermic, abans de la
termalitzacié final, la qual es troba determinada unicament pel reservori més
gran. Hem investigat sota quines condicions es presenta la pretermalitzacid
i hem conclos que aquest estat té una vida més llarga quan RI, acobladat
directament al SQO, té major temperatura i RII esta més fred, aixi com
quan ’acoblement entre els reservoris és el més petit possible. Hem presentat
una manera de caracteritzar la pretermalitzacié que és independent de la
condicié inicial del SQO, mitjancant I'evolucié del volum d’estats accessibles.

També hem demostrat que hi ha dinamiques no trivials i competicié
de diferents escales de temps quan considerem dos entorns fora de ’equilibri
acoblats a través sistema. Es ben conegut que, en la situacié estandard on
els entorns estan en equilibri, s’estableix i preval un flux de calor amb una
direccié determinada (des del reservori més calid cap al més fred) en temps
llargs. Curiosament, quan considerem entorns fora de 1’equilibri, observem
que els temps induits pels diferents entorns poden fer que el flux de calor

canvii de direccié, fins i tot més d’una vegada.

La dinamica del SQO i els seus corrents no evolucionen segons una tinica
escala de temps, siné que presenten una dinamica més rica que pot ser evident
en experiments i processos d’informacié quantica, particularment en temps
llargs. La presencia d’un estat pretérmic transitori pot ser aprofitada en
aplicacions tecnologiques quantiques, per exemple, considerant els protocols
d’inicialitzacié d’un qubit acoblat a un ambient. El reservori RII pot ser
potencialment controlat segons el nostre esquema, per optimitzar encara
més el protocol. En altres paraules, el nostre treball descriu la possibilitat
de manipular i controlar un sistema obert mitjancant la modificacié i el

control extern del ambient al qual esta acoblat directament.
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Aquest esquema pot adaptar-se per incloure més reserves externes a
diferents temperatures. Es poden trobar entorns de diverses capes, per
exemple, en ordinadors quantics superconductors, on els qubits es veuen
afectats no només per capes circumdants refredades criogenicament, siné
també per capes exteriors amb temperatures cada vegada més altes. Consid-
erar aquesta estructura de reservoris ens permetria trobar estats transitoris
i estacionaris addicionals del qubit, que potencialment es podrien aprofitar i
controlar. Un tema interessant per a investigacions futures seria considerar
la dinamica més enlla de 'aproximacié de debil acoblament i la inclusié
d’efectes no Markovians.

Computacié quantica

La afirmacié que la informacié quantica d’un sistema es perd quan aquest
s’entrellaca amb el seu entorn és un tret distintiu entre la informacié classica
i quantica. Dit d’una altra manera, la informacié d’un sistema quantic
compost no és la suma de les seves parts. Aquesta caracteristica profunda
de la mecanica quantica va ser posada de manifest per primer cop per John
Bell en 1964, el treball de qui va portar a la comprensié que la informacio
quantica esta codificada en correlacions no locals entre les diferents parts

d’un sistema fisic.

Una altra diferencia clau entre la informacié quantica i classica és que
I'adquisicié d’informacié en un sistema quantic pateix de dos problemes: i)
el procés de mesura en la mecanica quantica és un procediment probabilistic;
ii) també provoca la pertorbacié del sistema que s’estd mesurant, deguda al
col-lapse de la funcié d’ona durant el procés de mesura.

Algt temps després d’aquests descobriments, es va assenyalar en 1982
de manera independent per Feynman i Benioff, i per I'obra inadvertida

de Yuri Manin, que els sistemes quantics podrien realitzar calculs. La
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motivacié més remarcable va ser la complexitat de simular sistemes quantics
classicament. No hi ha restriccié fonamental perque les maquines classiques
simulen sistemes quantics; al cap i a la fi, consisteix a calcular una matriu
de rotacié i aplicar-la a un vector en un espai de Hilbert, pero el problema
es torna exponencialment més complicat per a sistemes més grans. Aquesta
limitacié va motivar I'is de sistemes quantics per simular sistemes quantics
analogics. Un simulador quantic no seria res més que un sistema quantic que

pot ser manipulat molt precisament per simular altres sistemes quantics.

Les caracteristiques peculiars de la informacié quantica, que la dis-
tingeixen de la seva contrapartida classica, van indicar que els sistemes
quantics podrien tenir un impacte profund no només en la simulacié de
sistemes quantics sind en els fonaments de la computacié. Aixo es va fer
evident amb ’aparicié de ’algorisme de factoritzacié de Shor el 1994, que
va mostrar que un ordinador quantic podia factoritzar un nombre gran més
eficientment que els algorismes coneguts fins aleshores, i ’algorisme de cerca
de Grover, que és un algorisme de cerca quantica amb un augment quadratic
d’eficiencia en comparacié amb els millors algorismes classics possibles.

El paradigma més emprat per al processament de la informacié quantica
es realitza amb col-leccions de sistemes de dos nivells anomenats qubits,
en analogia amb el bit classic. El qubit és el portador més basic de la
informacié quantica. Una computacié segueix generalment tres passos:
(i) inicialitzacié del qubit a un estat conegut, (ii) manipulacié del qubit,
que consisteix en aplicar operacions a qubits individuals o operacions que
involucren (entrellacen) diversos qubits, i (iii) mesura. Com que els resultats
de la mesura sén probabilistics, pot ser necessari repetir els passos anteriors
diverses vegades.

El marc més comt per descriure les manipulacions dels qubits és el

model de circuits quantics. En aquest model, els qubits es representen com
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fils, i les manipulacions sobre ells es representen amb portes que actuen sobre
aquests fils. Aquestes portes tenen una implementacié fisica corresponent que
es realitza sobre el qubit fisic, pero aquesta abstraccié permet eliminar tots
els detalls fisics i centrar-se tinicament en el processament de la informacié
quantica o en els algorismes quantics. Si les combinacions d’aquestes portes
permeten realitzar qualsevol operacié quantica possible, es diu que és un
conjunt universal de portes. Es pot demostrar que un conjunt de portes de
qubit individuals i una porta de dos qubits que entrellaga sén universals.
Per exemple, un d’aquests conjunts esta compost per les tres rotacions del
qubit | voltant de tres eixos ortogonals i la porta CNOT, que, condicionada
a l'estat d’un qubit de control, inverteix 1’estat del qubit objectiu.

La primera proposta per implementar fisicament els qubits, que va
poder realitzar un conjunt universal de portes, es va fer el 1994 quan Peter
Zoller i Ignacio Cirac van proposar en el seu treball seminal un sistema d’ions
refredats. Després d’aquesta proposta inicial, s’han proposat molts sistemes
quantics que poden ser més controlables o tenir millor escalabilitat. Una
de les implementacions més populars i prometedores és la dels anomenats
qubits superconductors, que es realitzen amb un circuit tancat que, quan es
refreda a temperatures criogeniques, mostra propietats superconductores.
La corrent en els circuits es fa de parelles de Cooper que poden mostrar les
propietats quantiques de superposici6 i entrellacament. Les operacions en

aquests sistemes es poden realitzar amb 1'is d’impulsos de microones.

Tot i que els sistemes quantics dissenyats per portar i processar infor-
macidé quantica es poden construir, no estan lliures de la interaccié amb
altres sistemes externs. L’entrellacament entre els diferents components
d’un ordinador quantic ha de ser mantingut i protegit, pero 'entrellacament
amb sistemes externs indesitjats, que no participen en la computacio, s’ha
d’evitar. A continuacid, ens preocupem per aquest ultim aspecte i fem s

de la teoria dels sistemes quantics oberts, introduida al capitol anterior, per



RESUM EN VALENCIA 109

estudiar els efectes de la termalitzacié i decoherencia dels qubits.

Soroll sobre qubits

Els dos principals processos que pateix un qubit en interaccié amb ’ambient
son la dissipacié i la decoherencia. La dissipacié produeix intercanvis en-
ergetics entre qubit i ambient, procés que canvia les probabilitats de mesurar
el qubit en la base computacional. La dissipacié sempre va acompanyada
d’una perdua de coherencia, és a dir, es perd la superposicié quantica entre
els estats del qubit. El principal efecte que produeix la dissipacié és el procés
de termalitzacid, ’ambient es troba en un estat termic a una temperatura
finita i desplaca el qubit cap a un estat téermic a la mateixa temperatura
per tal d’assolir I’equilibri. Per altra banda, un qubit pot estar subjecte
unicament a decoherencia, sense patir perdues energetiques, en aquest cas
el procés s’anomena de desfasament pur. Un qubit pot sofrir decoherencia
degut tant a dissipacié com a desfasament pur alhora.

No hi ha evidencies de que la dissipacié siga un procés no-Markovia,
la dinamica d’un qubit amb dissipacié pot ser descrita amb una equacid
mestra com la Eq. (R.5). En canvi, el desfasament pur s’ha observat amb
caracteristiques no-Markovianes. Es ampliament reconegut que la font
de soroll en les implementacions d’estat solids de la computacié quantica
[54, 55, 56] es deu a la presencia de defectes de dos nivells en materials
amorfs a temperatures baixes [57, 58]. Sorprenentment, aquest efecte sembla
ser universal en diferents materials i composicions, i es fa particularment

evident en materials amorfs a temperatures per sota de 'escala Kelvin.

Model semiclassic. Quan aquests defectes de dos nivells, o sistemes de
dos nivells (SDN), estan fortament acoblats al seu entorn, la seva dinamica

es descriu per mitja de fluctuacions incoherents entre els seus dos estats,
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donant lloc al que es coneix com fluctuadors. Un model semiclassic pot
ser introduit per descriure el soroll de desfasament pur induit per aquests
fluctuadors. L’estat dels fluctuadors pot ser descrit per una variable aleatoria
classica bl (t) € {+1,—1}, on k indica fluctuadors individuals i el superindex
7 indica una realitzacié particular del procés aleatori. Aquests fluctuadors
fluctuen independentment entre els seus dos possibles estats a una taxa .
La probabilitat que un fluctuador canvii n vegades després d’un temps ¢
segueix una distribucié de Poisson

t n
pa(t) = Lk,) CaL (R.16)
n!
de manera que el nombre mitja de canvis del fluctuador k£ durant un interval
de longitud 7 és v7. La funcié d’autocorrelacié d’un inic fluctuador segueix

una decaiment exponencial,
Clt — 1) = (BB} = eI (R.17)

la qual cosa indica que lespectre (transformada de Fourier de la funci6
d’autocorrelacid) és lorentzia

> iTw 4’)//6
SrTN (VEy W) = /Oo drC(r)e'™ = yr el (R.18)

Cada un dels fluctuadors esta acoblat al qubit amb una intensitat d’acoblament
vi. La variable estocastica

NrTN

X(t) =Y okbi(t) (R.19)
i=1
captura l'efecte dels fluctuadors sobre el qubit, on Nrrn és el nombre de
fluctuadors. La influencia dels fluctuadors s’incorpora al hamiltonia del
qubit a través d’una interaccié del tipus
wo + X (t)

Hl(t) = 5 o, ,

(R.20)
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on wq és la separacié d’energia entre els dos nivells del qubit. Cal destacar
que aquest model de soroll pot presentar dinamica no-Markoviana. El el text
principal he estudiat diferents hem deduit la formula de la decoheréncia dels
qubit sota aquest model de soroll sotmes a diferents técniques de mitigacid
que intenten reduir ’efecte negatiu del soroll.

Model quantic. S’han proposat diferents models quantics microscopics
per descriure el soroll induit per SDN coherents [69, 70, 71, 72], consulteu
[68] per una revisié de la seva motivacié fisica. En general, els SDN es
modelen mitjancant un potencial de doble pou asimetric, amb € com la
diferencia d’energia dels minims i A descriu U'intensitat del efecte tinel
entre els dos minims. Construim un model quantic on el qubit esta acoblat
a un SDN coherent, que al seu torn esta acoblat a un reservori extern a
una temperatura finita. El hamiltonia total és H = Hg + Hg + Hjp, on el
hamiltonia del sistema qubit-SDN té tres termes Hg = Hg + Hrrs + Hor,

1 € A v
Hg = iquz , Hpps = §UZ + 5035 , Hor = iTZO'Z , (R.21)

on 7; so6n les matrius de Pauli que actuen a ’espai de Hilbert del qubit i
o; a l'espai del TLS. El hamiltonia del TLS és una descripcio efectiva del
doble pou descrit anteriorment. La interaccié qubit-TLS Hgr indueix un
enfosquiment pur al qubit. La diferencia d’energia dels nivells del TLS és

Ep = VAT &,

L’entorn és un reservori bosonic que s’acopla directament al TLS, pero
no al qubit. Els hamiltonians de ’entorn i de la interaccié sén

Hp = Zwkblbk , Hr=o04 ngbk +o_ ZgaL . (R.22)
k k k

A la Fig. R.3 es presenta un esb6s d’aquest entorn compost. La dinamica
d’aquest model pot ser descrita mitjangant I’equacié de Redfield (R.6) on
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Figure R.3: Schematic picture of the model. The qubit (Q) is coupled to
the fluctuator (F), which in turn is coupled to its own bath of harmonic
oscillators ay.

el Hamiltonia del sistema obert ve donat per Hg i sols es traca el ambient
d’oscil-ladors bosonics. Per tal d’obtindre la funcié de decoherencia del qubit
cal tracar el SDN. En el text principal duem a terme una aproximacié secular
per tal de tindre una visié fisica general dels nivells energetics del sistema i
les energies d’interaccié. També hem comprovat que el model semiclassic
reprodueix la dinamica d’aquest model en el limit d’altes temperatures, on
les suposicions fetes per al model semiclassic sén correctes. L’objectiu final
de l'estudi d’aquest model és comprovar 'efectivitat de les técniques de

mitigacié sobre un model purament quantic.

Part II: Caminants quantics

Introduccio6

Un passeig aleatori és un procés aleatori que descriu el desplagament d’un
caminant seguint una successié de passos aleatoris en un graf. El model
de passeig aleatori més comu és el d’'un caminant en una xarxa regular, on

la probabilitat de salt del caminant a les ubicacions adjacents es déna per
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alguna distribucié de probabilitat, pero hi ha altres escenaris possibles. Els
passejos aleatoris es poden utilitzar, per exemple, per modelar el moviment
aleatori de molecules en liquids o gasos (moviment brownia) i té aplicacions
en molts camps cientifics, com la biologia, la quimica o la informatica, per
nomenar-ne alguns. El valor esperat de la posicié del caminant es descriu
mitjancant una distribucié de probabilitat, que esta determinada per la
probabilitat del salt aleatori i el graf especific. L’exemple basic d’un passeig
aleatori és un caminant a la recta numerica Z, que, després de cada pas,
salta una posicié en la direccié positiva o negativa condicionada al resultat
d’un llancament de moneda equilibrat.

Es va proposar un passeig aleatori quantic analeg (QW) el 1993 per
Aharonov et al. [74], en el qual el caminant és una particula quantica que no
es pot localitzar a causa de les incerteses quantiques. En canvi, 'estat del
caminant es descriu mitjangant una funcié d’ona d’espinor, i les probabilitats
de salt estan condicionades a un grau de llibertat intern, que juga el paper
d’una moneda quantica. A causa del caracter quantic del caminant, la seva
distribucié de probabilitat és diferent de la del cas classic. Els passejos
quantics també es poden definir en temps continu. Childs et al. van donar
en [75] la definicié general, que es basa en una formulacié hamiltoniana en la
qual no és necessaria la moneda interna del caminant. Tot i que els passejos
quantics en temps continu tenen moltes aplicacions i propietats importants,

els treballs d’aquesta tesi es centren en els passejos quantics a temps discret.

Ja es va assenyalar en [74] que la dispersi6 del caminant quantic és
quadraticament més rapida que la del caminant classic. Aquest fet va
permetre descobrir algoritmes de cerca més eficients que els seus equivalents
classics. Per exemple, 'algoritme de Grover [22] es pot veure com un
algoritme de cerca de passeig quantic [76]. També s’ha demostrat que
algoritmes de cerca similars basats en passejos quantics, com el problema

de la distinci6é d’elements [77], sén més eficients que els equivalents classics.
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Finalment, els passejos quantics també es van demostrar més eficients en
problemes d’obtencié de mostres de distribucié de probabilitat [78, 79].
També s’ha demostrat que els passejos quantics es poden utilitzar com a
model de computacié universal [80, 81].

Existeixen nombroses propostes experimentals per implementar passe-
jos quantics. La primera plataforma proposada per implementar el passeig
quantic en temps discret utilitzava trampes d’ions [82], on la malla discreta
es codificava en els modes vibracionals dels ions, i ’estat de la moneda es
codificava en ’estat electronic intern dels ions. S’han proposat moltes altres
plataformes, com ara les cavitats de QED [83] o les reticules optiques [84],
per citar-ne algunes. Consulteu [85] per obtenir una revisié exhaustiva de
les implementacions fisiques.

El caminant en el passeig quantic aleatori [86, 87, 88] a la recta es
representa mitjancant un espinor, que, tot i que en la condicié inicial pot
estar localitzat en la posicié central, representa en general una superposicié
del caminant en diferents localitzacions. L’estat del caminant, a més del
grau de llibertat espacial, es déna per un grau de llibertat intern de dues
dimensions, que s’anomena moneda quantica. L’espai de Hilbert del grau
de llibertat espacial, H,, és d’infinita dimensio i esta generat per la base
{l17); j € Z}. L’espai de Hilbert de la moneda quantica, H¢, és un espai de
2 dimensions generat per la base {[1),|{)}. L’espai de Hilbert total és el
seu producte tensorial H = Ho ® H,. L’estat del caminant en aquesta base
a temps n € Z es pot escriure com

n) =3 (@) 11 + w5 1)) ®15) (R.23)

J

on ¥y, o amb s = {1, ]}, son les components del spinor al pas n i la posicié

j. Podem projectar 'estat del caminant sobre la base espacial i representar
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I’estat del caminant com un espinor,

W
[¥n,g) = (Jlvn) = (ﬁ”) ; (R.24)
n7j

on hem definit la representacié canonica de les components de la moneda
com [1) = (1,0)" i [{) = (0,1).

L’evolucié d’un pas del caminant quantic es compon de dues operacions:
un llancament de moneda quantica que barreja les components de la moneda
del caminant, seguit d’un operador de desplacament condicional que desplaca
la posicié del caminant segons el grau de llibertat intern. Podem escriure
aquesta operacié d’un pas com

[Wnt1) = W lthn) = S(C ® L) [obn) (R.25)

on C és una operacio unitaria general que actua sobre ’estat intern del

caminant i S és loperador de desplagament condicional definit com

S=med li+D i+ e li-n 3l (R.26)

L’operador de desplagament condicional transforma els estats de la forma
[T)|7) en estats |1)|j + 1) i els estats [{)]|j) en estats [|)|j — 1), és a dir,
desplaca els estats amb I’estat cap amunt (cap avall) cap a la dreta (esquerra).
L’evolucié des d'una condicié inicial donada [ig) fins al pas n = 1,2, ... és
simplement [¢/,,) = W™ |1g). El caminant no té una posicié definitiva, només
en mesurar la posicid, ’estat del caminant es col-lapsa i la seva posicié es
torna definitiva. La distribucié de probabilitat associada del caminant al

temps n es déna en termes de les seves components d’estat com

Poj= > (s, dln) [P = 105517 + lom 17 - (R.27)
b=}
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Es pot associar un espai fisic a ’espai generat per la xarxa discreta
del QW. Es pot introduir un espaiat de la xarxa discreta, €., per connectar
ambdds espais com |z) = |e;7) on |z) és la base d'un espai de Hilbert de
posicié que esta discretitzat per un espaiat ;. Un procediment similar es pot
fer per a la coordenada temporal t = ¢;n amb un espaiat ;. L’operador de
desplagament produeix un desplagament condicional a I’espai fisic discretitzat
per una quantitat €, de manera que eIk |z) = |z + €;), on K és loperador
quasi-moment, el generador de translacions de la xarxa discreta. Podem
relacionar el quasi-moment amb el moment fisic, en el limit de €, xicotet,
com K = €;p. Finalment, si considerem 1’operador moneda com una rotacié
d’angle 6 = emé, es pot demostrat que ’equacié d’evolucié del QW es
pot escriure com una equacié diferencial per a un espinor, i que aquesta
correspon a l’equacié de Dirac

(iv' 0y —m)¥(t,z) =0, (R.28)

on v* so6n les matrius de Dirac. Si 'angle del operador moneda es deixa
dependre de la posicié de QW en la xarxa i del pas de temps de I’evolucio es
poden obtindre limits al continu més interessant. Per exemple, si al pas de
temps del QW s’afegeix una fase global que depen linealment de la posicid,
el limit al continu d’aquest QW correspon a 1’equacié de Dirac amb un
camp electric constant. Diferents eleccions de moneda poden donar lloc a
qualsevol configuracié de camp electromagnetic [93, 94], o a equacions de
Dirac en espaitemps corbats. L’estudi del limit al continu també pot ser
emprat per entendre la dinamica del model discret, pot donar informacio

sobre les solucions estacionaries [P.4].
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Simulacié de geometria plegada en teories d’altes energies
mitjancant QW (Publicacié [P.2])

L’existencia d’un limit continu de diferents QWSs que coincideixen amb
equacions similars a les de Dirac ha permes la simulacié d’una gran varietat
de sistemes fisics mitjancant QWs. A més de la simulacié de fermions en
espais-temps corbats i camps electromagnetics els QWs poden ser construits
per simular oscil-lacions de neutrins [99], dinamica de fluids carregats [100],
fenomens topologics [101] o difusié relativista [P.3], per nomenar-ne alguns
exemples. En [P.2] investiguem les propietats d'un QW que, en el limit
continu, simula el model de dimensions extra de Randall-Sundrum (RS)
[102]. El model RS es va introduir per explicar el problema de jerarquia de
les teories d’altes energies (HEP), mitjancant ’addicié d’una dimensié extra
corbada, que tenia una brana de 4 dimensions en cada extrem. La gravetat
esta present en tot ’espai-temps, pero els camps de materia del Model
Estandard de particules es troben confinats en una de les branes, la brana
de materia. Definim un QW de 2 dimensions amb una dimensié espacial
corbada i una dimensié espacial ordinaria. Derivem l'equacié de Dirac
que sorgeix en aquest espai-temps corbat reduit i establim les condicions
de contorn que els camps fermionics han de satisfer. Les condicions de
simetria en aquest espai-temps de dimensions més baixes restringeixen
I’estudi a fermions sense massa, que poden adquirir una massa efectiva quan
es restringeixen a la brana de materia. També estudiem 1’espectre de les
solucions del model continu, on ja es pot observar que les autofuncions de
I’equacié de Dirac presenten confinament cap a la brana de materia.

Hem construit una QW que, en el limit continu, recupera ’equacié de
Dirac derivada seguint el metode introduit a [97]. La xarxa creada per al
QW es representa a la Fig. R.4. La dimensi6 espacial ordinaria és infinita,

i es pren una xarxa prou gran en aquesta direccié perque el caminant no
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L ()

X(L) UZX(L - 6)

yL 0

T

Figure R.4: Xarxa espacial del QW del model RS. La xarxa és infinita en la
direccié x, pero és finita en la direccié y, amb una longitud de L.

arribe als extrems de la xarxa. La dimensié corbada és finita, i es defineixen
condicions de contorn adequades als extrems, on el caminant és reflectit
amb una inversié de fase. Aquesta és la mateixa condicié de contorn que els
fermions de Dirac han de satisfer en el model continu. La construcci6 del
QW és coherent amb aquesta condicié en tot moment.

En primer lloc vam observar que el QW reprodueix la fenomenologia
esperada pel model RS, és a dir, un caminant inicialment localitzat en el
centre de la dimensié corbada es localitzara a I’extrem de la dimensié corbada
on els camps de materia estan confinats. La propietat de confinament del
model esta controlada pel coeficient de curvatura, i vam confirmar que, quan
aquest parametre augmenta, la localitzacié del caminant cap a la brana
de materia és més intensa. Com aquest model esta restringit a fermions
sense massa, la major part de la densitat de probabilitat del caminant es
propaga a la velocitat de la llum, i la direccié de propagacié depen de la
quiralitat, és a dir, les components superiors (inferiors) es propaguen cap a
la dreta (esquerra) en la dimensi6 ordinaria. Aquests fronts de probabilitat,

que es desplacen a la velocitat de la llum, estan situats a la posicié x =t, i
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definim aquesta distribucié de probabilitat al llarg de la direccié y com la
distribucié de propagacié lliure (DPL). Vam realitzar una descomposici6
de les components del caminant en termes de les autofuncions obtingudes
de 'equaci6 de Dirac continua i vam estudiar la composicié de modes de
les DPL. Vam observar que, tot i que inicialment les DPL poden estar
compostes per modes d’alta energia, a la llarga, les DPL estan principalment
compostes pel mode d’energia més baixa. Aquest efecte indica alguna mena
de dissipacié, durant la propagacié, cap a les regions interiors del con del

um.

Finalment, vam investigar ’entropia d’entrellat entre la moneda i el
grau de llibertat espacial. El pas del QW genera entrellacament entre
aquests graus de llibertat i es redueix per a valors més alts del coeficient de
curvatura. Vam atribuir aquest efecte a la menor dispersié de la distribucié
de probabilitat del caminant amb ’augment del coeficient de curvatura.

Tot i que els QW han demostrat ser exitosos en reproduir alguns efectes
de les teories de fisica d’altes energies, manquen la capacitat de simular
interaccions entre multiples particules. No obstant aixo, el formalisme es pot
modificar per incloure interaccions entre particules. S’han realitzat alguns
esforgos [103, 104] per descriure estats de dues i tres particules, pero cal fer
més treball per tenir un marc de simulacié per a HEP. També cal esmentar
que les caminades quantiques no estan lliures de defectes presents en les
teories de discretes, com pot ser el problema del doblament de fermions. Els
automats cel-lulars quantics [18, 105, 106] sén una teoria de xarxa discreta
similar als QW, on en cada ubicacié el sistema quantic pot tenir qualsevol
dimensié finita. L’evolucié també és discreta en el temps i s’ha demostrat
que poden simular models senzills de teoria quantica de camps, per exemple,
el model de Schwinger [107].
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Simulacié de difusié relativista mitjangant un QW estocastic
(Publicacié [P.3])

A la publicaci6é anterior, hem estudiar un (QW) que tenia una moneda
espacial inhomogenia. En [P.3] estudiem una moneda que és inhomogenia en
el temps, i on la dependencia temporal és estocastica; aquest tipus d’evolucio
es pot veure com un tipus de soroll temporal a ’operador de la moneda.
Hem estudiat dues maneres de generar una moneda temporal estocastica,
pero aci expliquem breument la que es connecta més estretament amb la
primera part de la tesi. Podem definir un procés de soroll en un caminant

en la representacié de suma d’operadors com

Pn+1 = (1 — D1 _pZ)WPnWT +D102Ppn0; + P20 Pn0z , (R-QQ)

on p, és la matriu de densitat en el pas de temps n, p; és la probabilitat que
el caminant pateixi un error de gir de fase, po és la probabilitat de patir un
error de intercanvi de bit, i amb probabilitat 1 —p; —po es sotmet a ’evolucio
usual unitaria del QW. Podem definir p; = €7;, on € és el mateix que el pas
de temps infinitesimal, i seguir de manera similar a la derivacié infinitesimal
de ’equacié de Lindblad a partir de la representacié dels operadors de Kraus,

per obtenir una equacié mestra continua

Oip = —i[H, p] + (02p0> — p) +2(00pos — p) (R.30)
on H és el generador infinitesimal de la dinamica unitaria del QW W = e*iﬁﬁ,
i coincideix amb el hamiltonia obtingut en el limit continu de ’evolucié
unitaria del QW, que és en general el hamiltonia de Dirac. L’altra manera de
construir un QW estocastic, que condueix al mateix limit continu, consisteix
en aplicar una unitaria composta per un operador de moneda SU(2) general
i 'operador de desplagament condicional (3.5). L’operador de moneda es pot
parametritzar amb 4 parametres constants que es mostregen aleatoriament

de distribucions de probabilitat independents. La correspondencia entre
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aquesta implementacié i la anterior s’obté si les desviacions estandard

d’aquests parametres coincideixen amb les taxes -;.

Aquesta equaci6é continua representa un model de difusié quantica
relativista. Representem la matriu de densitat del espinor en la base de
Pauli, i 'equacié dinamica esdevé un sistema de quatre equacions amb
derivades parcials que es resolen numericament mitjancant un metode de
descomposicié d’operadors. Aquest metode ens va permetre estudiar la
fenomenologia del model continu, que es pot resumir en dos regims: un
regim de propagacio balistica, en que el paquet d’ona inicial es propaga a
una velocitat constant, i després d’un temps, que depén de la intensitat
del soroll, fa la transicié a un régim difusiu. Aquest darrer regim es
caracteritza per un valor esperat constant de la posicié i per un augment
de la desviacié estandard proporcional a /¢, caracteristica dels processos
difusius. Finalment, es va estudiar un model que afegeix soroll espacial a
sobre del soroll temporal, i es van obtenir dinamiques Lindbladianes similars

en el limit continu.

Formacié de solitons en un QW no-lineal (Publicacié [P.4])

Una altra variant de 'operador de moneda que introdueix no linealitats en
les fases de les components del caminant va ser introduida a [108]. Les fases
depenien de la densitat de probabilitat del caminant en cada posicié. El
model esta pel tauler de Galton optic no lineal, on les no linealitats sén
causades per un medi no lineal de Kerr. El resultat principal del treball va
ser la formacié d’estructures similars a solitons, és a dir, la distribucié de
probabilitat del caminant es extensa i estable. En el llenguatge dels sistemes
optics, els efectes no lineals del medi contraresten la dispersié natural de la

um.

En [P.4] considerem un model similar, juntament amb una proposta
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experimental, on les no linealitats s’introdueixen en ’angle de I'operador de
moneda, és a dir, 'angle de rotacié en cada posicié del caminant depen de

les components del caminant en aquesta posicié:

C0h0) = e~ roy = (300w~ 0} (R.31)
sinf; , cosb,
on 'angle de rotacié ve donat per
Otz = 0o + a|urz||dt | sindy 4 (R.32)

on em expressat explicitament les components del caminant en funcié del
; od
N . . ZQOU' _ i . _ u d 7
seu modul i fase uy, = |ugz|€ir, dip = [dy2|€"70 1 610 = 0, — i, és la
diferencia de fases. Les components del caminant evolucionen explicitament
a cada pas com

Upi1,e = €OS(0p 1)Ut g1 — SiN(0ro1)di o1, (R.33)

dt—l—l,z = Sin(et,x+1)ut,m+1 + Cos(et,m+1)dt,m+1 .

El limit continu d’aquest QW proporciona una equaci6é de Dirac no
lineal on hi ha un terme no lineal similar al que apareix en el model de
Nambu-Jona-Lasinio [109]. Fem un estudi detallat de ’equacié diferencial
continua. En primer lloc, explorem la estabilitat de solucions estacionaries
homogenies i identifiquem els regims en que poden apareixer solucions
similars a solitons. En segon lloc, trobem, sota suposicions raonables, una
soluciod estacionaria del model continu que té les caracteristiques usuals d’un
solité.

Els resultats obtinguts de ’equacié continua es verifica en el model
discret numericament. Trobem l’existéncia d’estructures similars a solitons
amb la mateixa solucié que ’equacié continua. També investiguem condi-

cions inicials que es propaguen a una velocitat constant i observem una



caracteristica tipica dels solitons, que és que durant una col-lisié els paquets
d’ones no es pertorben. L’analisi d’estabilitat de I’equacié continua indica
que haurien de existir altres tipus de solucions estacionaries, els solitons
foscos, els quals observem en el model discret. Un solité fosc es genera a la
paret de domini entre dues solucions estables, on la probabilitat de trobar el
caminant desapareix en la transicié. Aquesta vall de densitat de probabilitat

és estacionaria.

També hem estudiat ’estabilitat dels solitons quan estan sotmesos a
una fase addicional que simula un camp electric extern. Per a intensitats
de camp electric irracionals, els solitons continuen localitzats pero la seua
estructura caracteristica suau es perd. Per a fraccions racionals de 27
d’intensitats de camp electric, hem caracteritzat dos regims: per a camps
electrics forts, un solité inicial es desfa lentament i el caminant es dispersa,
i un augment del parametre de no linealitat redueix la dispersié produida
pel camp electric fort. Per a camps electrics febles, hi ha oscil-lacions de
la posicié central del solité. Finalment, també hem explorat una versié
bidimensional d’aquest model, on no hem trobat cap evidencia de formacié

de solitons.
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Abstract

The usual paradigm of open quantum systems falls short when the environment is actually
coupled to additional fields or components that drive it out of equilibrium. Here we explore the
simplest such scenario, by considering a two level system coupled to a first thermal reservoir that
in turn couples to a second thermal bath at a different temperature. We derive a master equation
description for the system and show that, in this situation, the dynamics can be especially rich. In
particular, we observe prethermalization, a transitory phenomenon in which the system initially
approaches thermal equilibrium with respect to the first reservoir, but after a longer time
converges to the thermal state dictated by the temperature of the second environment. Using
analytical arguments and numerical simulations, we analyze the occurrence of this phenomenon,
and how it depends on temperatures and coupling strengths. The phenomenology gets even richer
if the system is placed between two such non-equilibrium environments. In this case, the energy
current through the system may exhibit transient features and even switch direction, before the
system eventually reaches a non-equilibrium steady state.

1. Introduction

The standard theory of open quantum systems (OQS) typically considers that the system is coupled to a
single reservoir in equilibrium to analyse properties such as decoherence, dissipation and non-Markovianity
[1-4]. A richer situation emerges in the frame of quantum thermodynamics and thermal machines, in
which the system is coupled to two or more reservoirs, each of them equilibrated at a different temperature
and/or chemical potential [5-8]. Once the coupling is activated, the open system evolves towards a
non-equilibrium steady state that may contain persistent heat, particle or spin currents. An even more
involved scenario occurs when the system is coupled to one or more reservoirs that are each of them out of
equilibrium and therefore evolve in time. As a consequence, the action of the environment into the system
dynamics is no longer encoded in a correlation function that is time-translational invariant, such that
a(t,7) = a(t — 7), but rather on a correlation function that depends on both the current time of evolution
t and the past times 7.

The motivation to analyze complex environments beyond the standard OQS paradigm of single and
multiple equilibrium reservoirs is strong. From an application perspective, out of equilibrium environments
that present a temperature gradient can be encountered in electron transfer processes in quantum chemistry
and biology [9], in cellular media [10] and even in the thermosynthesis processes that use the solar energy
to create chemical compounds [11], to name just a few examples. These types of environments may indeed
be driven by an external source, corresponding to other molecular or biological structures or even to the
electromagnetic field. Non-equilibrium environments are also present in quantum technological devices,

© 2020 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft
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where the quantum system of interest may be directly coupled to an environment that is itself coupled to a
second reservoir, thermalized at a different temperature. Such temperature gradient of the different
components and subsystems surrounding the quantum system of interest is particularly present in quantum
computers [12, 13]. Superconducting qubits, for instance, are cooled down to cryostatic temperatures, while
their surrounding components, including amplifiers and processing units, as well as the cables and
waveguides that connect them to each other and to the qubit, are at higher temperatures the further they
are from the circuit.

Describing these situations is of fundamental and timely interest, but it also represents a significant
challenge, as the effects of indirect reservoirs on the OQS dynamics cannot be captured with a simple
Markovian approximation. To this aim, one possibility is to compute the full dynamics, including the
system and the environments, and then trace out the environmental degrees of freedom to obtain the OQS
reduced dynamics. However, the dimension of the full Hilbert space grows exponentially fast with the
number of degrees of freedom, and further, the relevant states may be largely entangled as well, which
makes inefficient a direct use of state of the art numerical methods like Monte Carlo [14—16] and matrix
product states [17-21].

While several approaches can be found in the literature to describe the full dynamics of the system
coupled to a single bath [22-25], much fewer works can be found that treat the presence of a second
environment driving the first one out of equilibrium. In this context, reference [26] considers an effective
(surrogate) Hamiltonian to describe the system and its direct coupling to a primary environment
(represented by a finite number of modes), while a second and larger environment is introduced and
coupled to the first. This second environment is treated stochastically. Here we propose an alternative
approach, which extends the standard tools of the OQS theory, namely the weak coupling approximation
and the master equation approach, to consistently tackle the problem in at least a limit of interest.

To be specific, we consider a two-level quantum system coupled to a first reservoir (RI) that is in turn
coupled to a second reservoir (RII). Initially, each reservoir is in a thermal state at a different temperature,
respectively T; and Ty;. We additionally consider that RIT induces a Markovian evolution on the modes of RI
so that they thermalize efficiently. Therefore, even if RI is initially in thermal equilibrium, the coupling to a
second reservoir at a different temperature will drive it away from it, and enforce its evolution towards a
new equilibrium state with respect to RII. Thus, the dissipation of the open system will display very rich
features reflecting the interplay between two different timescales: thermalization of the system at a
temperature Ty, and the thermalization to its final equilibrium state with Ty;. If the conditions of the
environment are suitable, and these two timescales are temporally separated, prethermalization [27] of the
OQS is observed, which is a stage in which the system remains thermalized at T}.

The plan of the paper is the following: We present the details of our model in section 2, while in
section 3 we discuss the master equation that is used to describe the reduced dynamics of the open system.
This master equation depends on a set of correlation functions that encode the effects of both reservoirs in
the open system, and which are discussed in section 4. Sections 5 and 6 describe the effects of
prethermalization when considering a single and two out of equilibrium reservoirs, respectively. Finally, we
draw some conclusions in section 7.

2. Model with two interacting environments

As is standard in the theory of OQS [3, 28, 29] we consider that the total evolution of system plus the
environment is unitary and described by the Hamiltonian,

H = Hs + Hg + Hin, (1)

where Hs and Hg are the free Hamiltonians of the system and environment, respectively, and Hiy, is the
interaction Hamiltonian between system and environment. We model the system as a two level system with

the free Hamiltonian .
Hs = ~woo3, (2)
2
where wy is the energy® gap between levels. We model the environment to which the system is coupled as an
set of open harmonic oscillators that is a first reservoir (RI) of harmonic oscillators where each mode in RI
is coupled to a independent reservoir, included in the second reservoir (RII). The Hamiltonian describing
this environment is

Hy = Hgi + Hru + Hine2» (3)

© Throughout this article we consider natural units in which the reduced Plank constant and the Boltzmann constant i = ky = 1.
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Figure 1. Schematic picture of the model. The OQS is coupled in a star configuration to a set of harmonic oscillators ay, which
are coupled to their own individual baths of harmonic oscillators by .

where
Hyi = wa;ﬂx and Hgy = ZUJ)\,kbLkb)\,kx (4)
) Ak

are the free Hamiltonians of RI and RII, respectively, with operators that obey the commutation relations
[a)o ai\l] = 6A,A’ 5 and [b)\lo b;/kr] = 5A,)\’5k,k’> (5)

and whose interaction

Hipy =Y (a; ® Y Dukbar+ o ® ng\,kb;k) , (6)
A k k

conserves the boson number. The coupling strength between the A-th oscillator in RI and the kth oscillator

in RII is g)x. The system is in a star configuration, i.e. the OQS is coupled to all the A bosonic operators of

RI, and in turn each of these is coupled to a reservoir of harmonic oscillators that is a part of RII, as

depicted in figure 1. Only the first reservoir couples directly to the OQS, with the interaction Hamiltonian
Hip=0_-® Zgiai +o4® ngnu ) (7)
A A

which only considers interactions that conserve the particle number. We take as initial state a tensor
product,
p(0) = ps(0) @ px(0) = ps(0) @ pi"(B1) ® pif (Bu)- (8)

The initial state of the system can be arbitrary, while the initial states of the reservoirs are assumed to be
thermal, possibly at different temperatures,

e Jillri

Z B ®

B =
where Z(8;) = Tr{e %#xi} is the partition function and §8; = 1/T; is the inverse temperature of each
reservoir, i = {I,11}.

Each reservoir may have a different spectral function depending on their microscopic properties and the
problem considered. In our analysis, we consider the Caldeira—Leggett phenomenological model of spectral
functions [30], which reads

Jiw) = giw!tiwiew v, (10)




I0P Publishing

New J. Phys. 22 (2020) 083067 A Anglés-Castillo et al

where g; is the strength of the coupling, s; is a factor that takes different values depending on the particular
environment that needs to be modelled, and w,; determines a smooth frequency cut off for the modes of the
reservoir.

3. Study of the system evolution

To obtain a closed equation for the dynamics of the open quantum system, we consider that it is weakly
coupled to its environment, which makes it evolve slowly. Thus we can derive a second order weak coupling
master equation (ME) for the reduced density matrix of the open quantum system. The derivation of the
ME is standard and can be found in numerous works [28, 31],

d t t
—ps(t) = —i[Hs, ps(£)] + (/ dra™ (t,7) [Vi—iopps(t), 0] +/ dra” (t,7) [Ve—io—ps(t), 0] +h.c.> ,
0 0

de
(11)
where V,0 = elfls'Oe 5! is the free evolution of the operator O = {o,c_}, and the correlation
functions are defined by
a(t,7) = Tr{B(0)'B(r)pe(0)} , o (1,7) = Te{B(t)B!(1)p&(0)}, (12)

with B(t) = 5 Be ! the free evolution of the environment operator B = 3=, &\ Notice that this
equation is second order in the interaction operator B, and that no first order term is present, since it is
proportional to Trg{Hiy(#)pg(0)}, which is null for the initial state defined in equations (8) and (9). This
equation is a time-local ME, since its evolution can be recast in the form

ps(t) = Aelps(1)], (13)

where A, is a linear map, such that A;[p(#)] is Hermitian and traceless for any p. To fully describe the OQS
through the differential equation (11), the correlation functions (12) have to be computed for the initial
states pg(0) defined in equations (8) and (9). The following section is devoted to this derivation, but first we
rewrite the ME in equation (11) under its canonical form.

3.1. Canonical form of the ME
Any time-local ME equation of the form (13) can be recast into a canonical ME [32], of the form

P-1

%ps(f) = —i[H(®), ps()] + Y %(0) (Lk<r>ps<t>L£<r> - %{L,ﬁ(rm(n,ps(ﬂ}) ; (14)

k=1

where 7,() are the canonical decay rates corresponding to the canonical decoherence channels Li(t), with
k=1,...,d* — 1, and d the dimension of the Hilbert space of the OQS. H(?) is, in general, not identical to
the free Hamiltonian of the system, since the interaction with the environment modifies it. The most
common effect is a shift of the natural frequency of the OQS, the so-called Lamb shift. The equation is
often written in a more compact form as

d
3,75 = —ilH 1), ps()] + D1, ps(1)). (15)

where the first term represents the unitary evolution of the OQS. The second term in (15) encompasses the
dissipative part of the evolution.

Recasting the time-local ME in this form allows us to easily evaluate whether, despite being an
approximated equation, it still preserves complete positivity of the evolution. In detail, if the decay rates
~,(t) are non-negative we can ensure that this is the case and that the dynamical map of the OQS is
Markovian [32]. The canonical decay rates, and the Lamb shift for our model, are discussed in the next
section and in appendix A.

4. Out-of-equilibrium correlation functions and decay rates

Obtaining the correlation functions (12) requires to compute the time evolution of a,(t) in the operator
B(t) = 3, gyax(t). We can simplify this calculation by assuming a large separation of timescales between
the second and the first reservoir. Specifically, we consider that the modes of the first reservoir, a, () slowly
evolve towards an equilibrium state with respect to the second reservoir, and that this evolution is well
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described with the Markov approximation. This is discussed in appendix B, while the computation of the
correlation functions is treated in appendix C. Thus, the correlation functions are given by

at(tt) = %/dw]l(w)nl(w)ew/efu(z' D4 — / dwdw'Ji (W) ny (WK (w, W) Clw, W', t, 1),

/11

o (tt) = / A (@) (m(w) + e e 20 L / / dude (@) (@) + DK (w,o) (16

x C*(w,w', 1, 1),

where J;(w), with i = {I,1I}, are the spectral functions of each reservoir, which have the general form (10),
and n;(w) = [exp(Biw) — 1]~ is the average thermal number of quanta in mode w at inverse temperature
B;. We have defined the function

K(w,w') = Ju(w') (17)

(42" + (@ —wp

which is proportional to a Lorentzian kernel of width J;;(w)/2, and the function
. o Ipw) . @) Y,
Clw, w1, ) = |e ™" — e(ilwi%)t} {elw/(‘*") _ el e=n ) (18)

Notice that, even though we can consider that the open system is weakly coupled to RI, and thus its master
equation is obtained within a second order perturbation theory, a Markov approximation cannot be taken
in a straightforward way. The reason is that the correlation functions (16) are no longer dependent on the
time difference t — 7, but on both times # and 7 such that one can not simply extend the integration limits
in equation (11) by assuming that the integral kernel decays much faster than the system evolution
time-scale, as it is done in the Markov approximation.

We observe that the second term of the correlation functions contains the resonant term K(w, w') (see
equation (17)) with a width proportional to the coupling strength between environments, and centered at
w = w'. Approximating this term by a delta function is consistent with the weak coupling approximation
already considered between RI and RII. Using this approach, we obtain an analytical approximation for the
canonical decay rates 7y, (), which correspond to the decoherence channels Ly = oF (see appendix A), and
which can be split into two contributions, v+ (¢) = 73'(t) + v1I(¢), where the terms are labelled in reference
to their short time (ST) or long time (LT) dominance. The ST terms are

() = Ji(wo)mi(wy)e Tn0

(19)
7S (1) = Ji(wo) (mi(wo) + De /o,

and the LT terms read
(1) = Jiwo)nn(wo) (1 — e~ /ne0)r),

(1) = Ji(wo) (o) + 1)(1 — e o)),

The validity of approximating equation (17) by a delta function is discussed in D. These decay rates present
a very suggestive form: at short times, the LT terms of each decay rate is negligible, while at later times it
dominates (see appendix D for a visual reference). The strength of the decay rates is governed by the
spectral function of the first environment, while the second environment spectral function is responsible for

(20)

the timescales at which each term dominates.

With this approximate expression for the decay rates it is possible to prove analytically that indeed the
OQS evolves, at long times, to a thermal state at the inverse temperature of the second reservoir /3y, (see
appendix E). Furthermore, since they are non-negative at all times, we can ensure that the ME preserves
complete positivity.

5. Prethermalization

The decay rates obtained in the previous section already suggest that the evolution of the OQS may exhibit
two different timescales. However, as it will soon become apparent, how well defined these two scales are
will be strongly determined not only by the value of g, but also by other factors, such as the temperature of
each reservoir. Depending on these factors, there may be a transitory state in which the OQS remains close
to a thermal state corresponding to the initial temperature of RI, but after some longer time it finally relaxes
to a thermal state with the temperature of RII.
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This transient effect is an instance of prethermalization, a phenomenon in which the system, after a short
time, seems to relax to a state different from the true thermal equilibrium, which is eventually reached after
a much longer timescale [27, 33—35]. The most studied scenario of prethermalization concerns weakly
non-integrable systems, in which an eigenstate of an integrable model is evolved under a quenched
Hamiltonian that weakly breaks integrability. The short time dynamics is still determined by almost
conserved quantities, and the system arrives to a prethermalized state, but at long times the breaking of the
integrability dominates and the system finally thermalizes [36]. The phenomenon has also been studied in
the context of OQS in [37, 38] and observed experimentally in ultra-cold bosonic atoms [39-41].

In our setup, a small coupling to the second reservoir (g; 7# 0) can play a similar role to the integrability
breaking, as it perturbs the thermal equilibrium of the enviroment RI (which would otherwise remain
stable). In this way, the initial temperature of RI may determine the short time evolution and the arrival to a
prethermal state, while the final equilibrium is determined by RII. We will thus consider that
prethermalization has occurred when the system reaches a state, independent of its initial conditions, close
to the thermal equilibrium at /3;, and this state is mantained for a finite time, before the evolution definitely
drives the system to the equilibrium with RIIL

In order to verify the occurrence of the effect, we analyse the evolution of all possible initial states. We
conveniently express the density matrix in terms of the polarization vector, p(t) = (I + p(t) - &)/2 and
integrate the time evolution equations (see appendix A). The formal solution for the polarization vector is

p(1) = r(OR(DP(0) + d(1), (1)
where N -
cos(2(t)) —sin(2(t)) 0
R(t) = | sin(Q(8)  cos(Q®) 0], (22)
0 0 1

is a rotation matrix, that performs a rotation about the z axis with angular frequency () = fot drQ(r),
where €(¢) is the shifted frequency of the OQS due to the action of the environment (see appendix A),

r(t) = e T isa scaling factor that affects equally all components, with I(t) = fot dr' (v () + - (1)),
where v, (¢) and 7y_(#) are the canonical decay rates, and g(t) = (0,0, c(t)) is a displacement vector in the z
direction, with

c(t) = e"“’)/t dr'e™ (4 (1) — (). (23)

0

From this result, it is apparent that the effect of the dynamical map on any state is to rotate the
polarization vector around the z axis, rescale it by () and add a displacement c(¢) along the vertical
direction. These transformations are independent of the initial state, hence the space of accessible states,
initially described by the volume limited by the Bloch sphere, is isotropically contracted and shifted, and
can be characterized by its time dependent radius and center.

We would like to emphasize that the Lamb shift does not play any role in the evolution of the diagonal
elements of the reduced density matrix, which ultimately means that it does not affect either the long time
thermalization or the prethermalization dynamics. It is encoded in the angular frequency of equation (22)
and thus it has the effect of rotating the ball of accessible states with an angular velocity different from wy,
but does not affect the rescaling and displacement of the whole space.

This representation allows us to understand how fast the memory of the initial state is lost, and in which
state the OQS is. For the approximate decay rates equations (19) and (20) we obtain the following
expression for the radius of the ball of accessible states

r(p) = e~ Gmlol IO exp (Z(nn(wo) — () 20 (g e*hl‘““”)) : (24)
Ju(wo)

which in the limit Jij(wg)t — 0 becomes

() = ef(an(wo)H)h(wwt’ (25)

that is the expression that we would obtain if only RI was considered. This means that the rate at which the
volume of the accessible states reduces is mainly governed by RI. A smaller coupling between OQS and RI
would cause a slower reduction of the accessible states space. The center of the ball of accessible states is
given by the evolved polarization vector of the maximally mixed state, namely the origin of the Bloch
sphere, and is thus at c(#) = (0,0, c(t)) with

t ’ , e Tulwo)t _ o—Ju(wo)t’
c(t) = —]I(wo)/ dtlef(znn(wo)+1)h(“)°)(t7f) exp 2(?11(&.)0) — HII(OJ()))]I(W())— . (26)
0 Jin(wo)

6
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This expression has no analytic solution, but can be solved in the short time limit (ST), Jij(wo)t < 1. If
the exponentials inside the second factor are Taylor expanded in terms of Jy(wo)f and Ji(wo)t’ < Ji(wo)t up
to first order, the resulting integral is solvable and yields

e N2mwo)+t _
csr(t) = —/——"7. 27
st(t) T £ 1 (27)
Within this regime, we distinguish two limiting cases

e When Jj(wy)(2n1(wy) + 1)t < 1, equation (27) approximately reduces to

_ —Ni2m(w) +1)
csr(t) = Wt’ (28)

which at time ¢t = 0 corresponds to the center of the Bloch sphere.
e When Ji(wo)(2n(wg) + 1)t > 1, the exponential in equation (27) vanishes, and this expression

becomes
= (29)
Ssr=——,
ST 2n1(wp) + 1
such that (0,0, cst) corresponds to the thermal state p‘sh( 51). This expression holds when
Ji(wo) (2ny(wo) + 1) > Ju(wo), (30)

in which case the ball of accessible states is centred around the point corresponding to the thermal
state of the OQS at (3 as long as Jjj(wg)t < 1. Moreover, in this limit the radius of the ball of
accessible states equations (24) and (25) is close to 0, meaning that the state of the OQS is
independent of the initial condition and close to the state p'(3;), which shows that the system
thermalizes to f3;.

Equation (30), shows that the condition for the OQS to prethermalize to [3;, depends on the relationship
of this temperature and the coupling strengths, but is independent of 3y;. In the next section we analyse
how f}; affects the prethermalization.

The long time (LT) limit (Jy;(wo)t — o) of equation (26), studied analytically in appendix F, yields

-1

- 2ny1(wy) + 17 1

Crr
where the point (0, 0, ¢r) corresponds to the thermal state pi (1) as the asymptotic state. This asymptotic
state was also checked analytically using the approximate decay rates in appendix E.

To illustrate the above discussion, we display in figures 2 and 3 the evolution of the system in two
different scenarios. In both cases, the time dependence of the p, , (1) = (+|ps(#)|+) component’ of the
state of the system is shown for several initial pure states, which allows us to visualize the evolution of the
ball of accessible states. In the first case, for 8; = 1, 8;; = 0.1 and g;; = 107> we observe prethermalization
(figure 2), but when the coupling is increased to g; = 1072 (figure 3), the phenomenon does not appear.

Following our previous considerations, we identify two relevant timescales that govern the OQS
evolution in the prethermalization regime of figure 2. First, the time # after which the OQS has evolved to
the thermal state at ;. At this time, the space of accessible states has already contracted to a point, so that
the state reached is independent of the initial condition. The second timescale #; determines the time
required for thermalization to the asymptotic state pgh( Bu). If 4 is sufficiently smaller than fy, as in figure 2,
the system first evolves to p‘sh(ﬁl) (red dot), and stays close to it for a certain time t,,, which we call
prethermalization time. After this time, it smoothly evolves to p‘sh( Bn) (green dot). As shown in figure 3,
when the conditions of the problem do not allow for prethermalization, we observe the thermalization of
any initial condition directly to the state pi (), without any transitory approach to pi (/).

5.1. Prethermalization time

To give a more quantitative estimation of the time during which the OQS remains approximately
thermalized at the temperature (3, i.e. the prethermalization time t,;, we make use of the trace distance

Tl o) = 5 T { Vo = 7} (32)

between the evolved state of the OQS, with initial condition ps(0) = pgh( (1), and the thermal state p‘sh( Br).
We define t,, as the time elapsed between the time at which the radius of the ball of accessible states has

7 Where |+) is the eigenbasis defined by Hs in equation (2) with eigenvalues 4wy /2.
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Figure 2. Evolution of the population of the |+) state for different initial pure states, and snapshots of the evolution of the ball
of accessible states. Initially, all initial conditions tend to the upper population of the thermal state with /3, at time #, from which
point the evolution is identical. This effect translates into the reduction of the ball of accessible states to a point around the
thermal state at 3}, as shown in equation (29), represented by a red dot. The OQS stays close to this thermal state for some time:
the prethermalization time t,,. Afterwards, the OQS starts the evolution towards the thermal state at 3;;. This corresponds to the
displacement of a point (marked as a cross) from the red dot to the green one (representing the thermal state at ;). The arrows
connect the points of the upper population with the snapshots of the evolution of the ball of accessible states. The environments
parameters are g = 1072, g, = 107%, 5 = sy = 1,wg = war = 10, B; = 1 and B;; = 0.1 and the system frequency is wy = 1.
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Figure 3. Evolution of the population of the |+) state for different initial conditions of pure states, and snapshots (A, B, C) of
the evolution of the ball of accessible states. In this case, in opposition to figure 2, all initial condition directly tend to the thermal
state at 3, which is the asymptotic state of the system. The ball of accessible states contracts around the point representing the
thermal state at 3y;, and after becoming punctual it stays there. There is no prethermalization phenomenon in this case, where
the spectral functions parameters are as in figure 2 with the exception that g; = 1072

reduced below 10%, and the time at which the above trace becomes bigger than a fixed trace distance d,;.
This represents a threshold distance below which two states could not be distinguished. If the order in
which these events happen is the opposite, it means that no prethermalization is present.

We can visualize this by looking at the dynamics of the polarization vector corresponding to the density
matrix of the system, starting from py, (5;). If that point has been significantly displaced before the ball of
accessible states has contracted, then no prethermalization is present: see figures 2 and 3 for a visual
reference of this criterion. If the trace distance between the thermal state of the system at 5 and 3} is
smaller than d,, the prethermalization time is not defined, as these two states would not be distinguishable.

With this definition we studied how t,, varies as a function of the initial temperatures of both reservoirs,
as well as for different values of the coupling strength between them, i.e. g;;. In figure 4 we show the
prethermalization time as a function of the trace distance for fixed 3 varying ;. We observe the
prethermalization time to be longer, the closer the two states are. The same can be appreciated in figure 5,
which shows the calculation of ¢, for different separations of the thermal states at 3; and y;: When they are
closer (orange line) t,, is higher and when they are further apart (blue and green lines) #,, decreases.

We realized that the prethermalization scale for fixed temperatures of both reservoirs depends inversely
with g, i.e., pr ~ ', for small values of g;;. This can be clearly seen, for small coupling strenghts, in
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Figure4. Prethermalization time, as a function of the trace distance between the thermal state of the system at fixed 3, = 1.1
and varying f3;;. When the trace distance is smaller than d,, = 10~ prethermalization is not defined. The coupling strength
between reservoirs is g; = 10* and the remaining parameters are the same as in figure 2.
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Figure 5. Trace distance between the OQS and its thermal state at a fixed 3; = 1.1 for different values of 8j; = {1.6,1.4,1.2}.
Dashed lines represent the trace distance between thermal states at 3; and 3}, i.e., T(p‘sh(ﬁl), pgh(ﬂfl)), so that when the OQS
approaches the asymptotic state, solid lines tend to the dashed lines. Initially the OQS is in a thermal state at 5; and departs from
it as it evolves. We observe that this departure happens faster for a larger separation between the thermal states of the
environments. The red line represents the distance d,,, = 10* and the rest of the parameters are as in figure 4.
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Figure 6. Prethermalization time, as a function of the coupling strength g, for a fixed 8, = 1.1 varying ;; (the left panel) and
for fixed 3;; = 1.1 varying j3; (right panel). The rest of the parameters are the same as in figure 2.

figure 6. In this figure we checked that condition (30) is fulfilled for all points. It was pointed out in [33]
that the thermalization time #; scales as g ! similarly as tor» and we checked that this is true for our case® as
well.

From figures 4 and 6 we also observe that the time the OQS stays in the prethermal state is shorter for a
higher temperature of RII (lower (;), while the duration of the prethermalized state increases with ;. A
similar qualitative behaviour is observed for varying 3, (see right panel of figure 6), but the overall
prethermalization scale is smaller in case of a larger /3;.

% In [33] the thermalization timescales with g2, where the weakly perturbed Hamiltonian is proportional to g. In our case the
perturbation is proportional to g, , and g o |g, |-
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Figure 7. Panel (c) represents the heat flux corresponding to the system coupled to two equilibrium environments, as depicted
in panel (a). Panel (d) represents the heat flux where each of the environments are out of equilibrium, as depicted in panel (b).
Both panels (c) and (d) show how different initial conditions evolve, after some time, to a flux 7 (ﬂ,L, ﬁlk) However, while in
the simple case (c) this flux remains constant, in (d) the system continues to evolve to a final flux given by 3f; and 3f. The
parameters are wy = 1, g = 1072, g, = 107, 5y = sy = 1, wg = war = 10 for both environments, while the temperatures differ
as BF =1, B} = 0.1, B = 0.1 and 3f} = 1. We plotted a special initial condition in blue that starts in the steady state defined by
the temperatures of the first reservoirs. Panel (e) shows a more complex evolution of the fluxes in which there are two sign flips of
the heat flux. The parameters of this simulation are 3} = 0.1, 8} = 0.5, B} = 1, B} = 10, gif = 107% and gf; = 10>, while the
rest of parameters are the same as the other plots.

6. Composite non-equilibrium environments

In the scenario discussed in the previous sections, the OQS is expected to reach a steady state at thermal
equilibrium, consistent with the temperature of the largest reservoir RII. However, using the same ME
formalism it is also possible to construct more complex scenarios in which the steady state of the open
system is out of equilibrium, for instance when the system is coupled to two independent environments, as
depicted in the left column of figure 7. The additional environment gives rise to a new dissipative term in
the master equation (15) and a new term in the environment corrected Hamiltonian H(t). The
corresponding rates and Lamb shift corrections are computed identically as before. The heat flow between
environments produces a change in the energy of the system Es = Tr{Hspg(#) }, where Hs is the system
Hamiltonian. The evolution of this quantity can be expressed by the canonical ME (15) as

dry

5 = T {HsH®, ps(0]} + D T {HDY (1, ps(1)} (33)

v=L,R

where the superindex () = {L, R} refers to the left and right environments and H(t) = Hs +
> %Aw(”)(t)az. Since H(t) and Hs are both proportional to o, the first term vanishes, and the second one
defines the heat fluxes

JW () = Tr {HsDV (1, ps(1)) } , (34)

from environment (v) to the OQS. By convention, we consider the heat flux from the right reservoir to be
positive, and the one from the left to be negative. Thus, a positive total heat flux indicates a flow of energy
from right to left, and vice versa. In the following subsections we first analyze the heat fluxes when the left
and right reservoirs are each in a thermal equilibrium state, and then when each of them are out of
equilibrium.

6.1. Heat flux between environments in equilibrium

In the case of equilibrium environments of figure 7(a), which we depict as single reservoirs on each side of
the OQS, any initial state reaches a non equilibrium steady state that depends on the initial state of both
environments under our model assumptions. In figure 7(c) we plot the total heat flux J(¢) + JR(¢)
calculated using equation (34) with fyﬁ? = ]{”’(wo)n§”)(w0) and v = ]I(”)(wo)(nfy)(w()) + 1) the decay rates
of the spin boson model with one reservoir. We observe that initially, the heat flux depends on the initial
condition, but after some time it always converges to the value in the steady state,

T — [ﬁ”) =¥ (BB (v(ﬁ + 7@)] , (35)
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where p%_ (8F, B) is given in appendix G. When the OQS reaches the asymptotic state there is a constant
heat flux from the environment with the higher temperature. In figure 7(c), which corresponds to A} < Ak,
this is observed by a positive steady state flux.

6.2. Heat flux between environments that are out of equilibrium
We now consider the case where the OQS is coupled to two out of equilibrium reservoirs, as schematically
depicted in figure 7(b). Figure 7(d) shows that the heat flux, independently of the initial condition, is
dominated by the temperature gradient between 3% and gL, while the gradient for BEIR’L) becomes relevant
at longer times. The timescale in which each gradient is dominant is determined by g!"”. Interestingly, we
observe that the interplay between these gradients may even produce a change of sign in the current. This is
because we have chosen SR < BF, but 8% > 8%, such that the quasi-stationary flux is positive (the right RI
is hotter than the left RI), while at long times is negative (since the right RII is colder than the left RII).

Moreover, one can tune these gradients and the couplings g’ to be such that there are two changes of
sign in the heat current. This is observed in figure 7(e), where S} < 8F < B8 < % and gl > gf;, which
leads to an initial and final positive flux (3} < 3!). Butas g > gl; there is some time that the
quasi-stationary flux is determined by 8F < &, such that the flux during that time is negative.

The stationary and quasi-stationary states for the setup figure 7(b) can be explicitly derived, and are
shown in appendix G.

7. Conclusions

We have presented a model to describe an OQS which is coupled to a hierarchy of environments at different
temperatures, a situation that can be found in complex environments and interfaces that are present in both
natural and quantum technological scenarios. Although these situations are in principle very complex to
analyse, we have shown here that, under certain constraints, one can extract a well-behaved master equation
that allows such a description in relevant limits.

In detail, we have considered an open system directly coupled to a reservoir R, at an inverse
temperature (3}, that is driven out of equilibrium because of its coupling to a second reservoir RII at 3.
With the use of weak coupling and Markovian approximations, we have derived a master equation to
describe the evolution of the reduced density matrix of the system, by tracing out the evolution of the
environment. Even with these approximations, we were able to observe a rich dynamics of the open system,
with the existence of a transitory state, called prethermal state, before the final thermalization, which was
found to be determined by the larger reservoir solely. We investigated under which conditions
prethermalization is present, and concluded that this state is longer lived when the reservoir RI, directly
coupled to the OQS, is hotter and RII colder, as well as when the coupling between reservoirs is the smallest
possible. We presented a way to characterize prethermalization that is independent of the initial condition
of the OQS, through the evolution of the volume of accessible states.

We have also shown that non-trivial dynamics and competing timescales are also present when we
consider two out of equilibrium environments coupled to the system. It is well-known that, in the standard
situation where the environments are in equilibrium, a heat flux with a given direction (from the hot to the
cold reservoir) is established and prevails at long times. Interestingly, when considering out of equilibrium
environments we observe that the timescales induced by different environments may induce that the heat
flux switches direction, even more than once.

As shown, the OQS dynamics and its currents do not evolve according to a single timescale, but present
a richer dynamics that may be evident in experiments and quantum information processes, particularly at
long times. The presence of a prethermalization transitory may be harnessed in quantum technological
applications, for instance by considering the initialization protocols of a qubit based on coupling it to a
reservoir [42, 43]. The added reservoir can potentially be controlled by a second one, according to our
scheme, in order to optimize further the protocol. In other words, our work describes the possibility of
manipulating and controlling an open system by externally modifying and controlling the reservoir to
which it is directly coupled.

Our scheme can be adapted to include more external reservoirs at different temperatures. Multiple layer
environments can be found, for instance, in superconducting quantum computers, where qubits are
affected not only by surrounding layers cryogenically cooled, but also by outer layers at increasingly higher
temperatures. Considering this reservoir structure would allow us to find additional transitory and steady
states of the OQS, which can potentially be harnessed and controlled. An interesting subject for further
investigation would also be the consideration of the dynamics beyond the weak-coupling approximation,
and the inclusion of non-Markovian effects.

11
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Appendix A. Canonical master equation, decay rates and frequency shift

For the interaction Hamiltonian considered in equation (7), the canonical decay rates and decoherence
channels of the master equation (11) are

M(t) = P(t) + P*(t) = v+ (1), Li(t)=0" =Ly,
() = M(t) + M*(t) = v-(1), L(t)=0c =L,
1
t) =0, Ls(t) = —=o03,, Al
() 3(1) ok (A1)
where we defined .
P(t) = / df ot (t,)e 0" (A2)
0
and .
M(t) = / di'a (1, 1) (A3)
0
The operator H(¢) is a modification of the free Hamiltonian of the OQS
1
H(t) = Hs + EAw(t)UD (A4)
which, in this case, represents a shift of the natural frequency of the system, given by
i % i *
Aw(t) = E(P(t) —P(1) — E(M(t) — M*(1)). (A5)
Therefore, this Hamiltonian can be rewritten as
1
H(t) = EQ(t)UZ) (A6)

where Q(t) = wo + Aw(?), is the shifted frequency of the OQS due to the action of the environment. The
ME for the different matrix elements of the reduced density matrix reads

P+ (1) =74() — pr+ O [y () + -],

(A7)
P () = {=iQ1) — [y () +v-(O]} p1—(1),

where p, , (t) = (+|ps(t)|+) is the upper population and p, _(£) = (+|ps(t)|—) is the coherence, in the |+)
eigenbasis of Hs. We made use of the trace preservation of the dynamical map.

Appendix B. Evolution of RI operators

The time evolution of the operator a, () is given by the Heisenberg equation
d . . -
aax(t) = i[Hp, an(t)] = —iwpax(t) — 1;gAkb)\k(t): (B1)

where b) (1) is, in turn, given by its corresponding equation

d . . .
qp Pw®) = i [H, b(1)] = —iwnibxi(t) — ignax(t). (B2)
Formal integration of the latter and substitution on the former yields
d._ . P —i(wy k—w 5 ' —i(wyg—wy)(t—t") =
am(t) = —l;g)\kb)\k(o) e i@rk—wnr _ ;gik/o dt’ e e t=g (¢, (B3)
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where we also performed the change of variable a,(t) = ¢, (t) in order to separate the free evolution
part of this operator for a better implementation of the following approximation. The first term on the rhs
is the quantum noise originated by RIIL. The second term can be simplified under the Weisskopf—Wigner
approximation [44, 45], where the operator a,(t) is assumed to vary with a rate slower than w). This allows
us to move the operator a, () outside the integral and, since the exponential inside the integral evolves
faster than a,(¢), to extend the integration limit to infinity, i.e.

t oe}
/ d' A==, (1) ~ ay(1) / drel@rewr, (B4)
0 0

where the change of variable 7 = t — ' has been performed. The above approximation is, in fact, a
Markovian approximation for the interaction with RII, since the operator a, () only depends on ¢, so that
we have neglected its past evolution. This integral can be solved via the Sokhotski—Plemelj theorem by
rewriting the second term in the rhs of equation (B3) as y,a,(t), where we defined the damping constant

_ S RN Ty S
= Wzk:\gxk\ O(wrk —wy) lzk:|g)\k| P (w%k — WA> . (B5)

This approximation allows for an exact solution of equation (B3), which after undoing the change of
variable introduced above leads to

t
ax(t) :aA(O)e’(iw*“’*)‘Jr/ dt/e’(iw”"'*)(’*f’)fA(t/), (B6)
0

where we introduced

A ==Y _guba(0)e ', (B7)
k

Appendix C. Correlation function of the ME

Once the time dependence of the operator B(t) = 3, g\ax(¢) is explicitly known, we can compute the
correlation functions (12). First notice that the first (second) term of equation (B6) is lineal in operators
acting on RI (RII), so that the traces, which are linear in these operators, will be null, and only the quadratic
ones will yield non vanishing terms. In this way a*(, 7) becomes

t T
at(nr) = Y gigve Tl T Y g / dt’/ 4" T (¢, 1)
AN AN 0 0 (C1)

X e(iw)\*’u)(f*f/)e(*iwy*’WA/)(T*f”),

where the first trace is

1
T = Tre{afan pr(0)} T fprr (O] = o i (wn) | (©2)

and similarly the second one gives

T;I,Ar(t', E TrI,H{f;(f')fN(f”)(pl(o) ® pn(0))}

e~ iy ot —iwy ot
= E Sk €M e NHE g (W) O v S s
Kk

(C3)

where the commutation relations (5) have been used, and #;(w) = [exp(Sjw) — 1]~ is the average thermal
number of quanta in the mode w at an inverse temperature 3;, for the i = {I,1I} environment. After these
results, it remains to perform the sums in \ and k', and the integrals of the second term to yield

at(t,7) =Y | rulw)e e T 1N ey 1212y 2 i (wi) Calt, 7), (C4)
A Ak

where we defined ) " y ) i )
elw)\ykt —e lwy =7\t e*lbv‘)\’kT —e —lwy—\)T
Cuk(t, T) = — : . (C5)
—i(wy —wrk) + 9 1wy —wak) + 7
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Figure 8. Comparison between the exact and the approximation of each term of the canonical decay rates. The environments
parametersare wy = 1, ¢, = g; = 1072, 5y = sy = 1, wq = war = 10, B; = 0.1 and j3;; = 0.2. The long term exact solution
presents some numerical noise.

By following similar steps one arrives, for a (£, 7), to

a”(67) =Y [ (mlwn) + e e LN Vg Plgy P (mi(wu) + DC (BT, (C6)
A Ak

The spectral function is related to the couplings in equations (C4) and (C6) in the following way

Jiw) =21y _|o 8w - w), (€7)
A
for RI and
Jiw) =2mY _[@ailo(wrk — w), (C8)
k

for RII, where the ) index in ]ﬁ(w) corresponds to the reservoir to which mode a is coupled to. We will
assume that all the reservoirs that surround any a, are identical, so that we drop the A dependence on the
spectral function of RII These definitions allow us to reformulate the problem in integral form.

Since in the master equation (11) the system operators evolve with 7 — , it is suitable to introduce the
change of variable ¢ = t — 7. With these considerations one obtains the correlation functions in
equation (16) in integral form. We also comment that we have neglected the imaginary part of (B5) such
that v, = Jy(wx)/2. It is well-known that the contribution of the imaginary part of equation (B5) can be
re-casted as a Lamb shift Hamiltonian of the form HE = >~ W'Amagaia »» where v\"*® = {7, }. This
Hamiltonian is diagonal with Hgj, and therefore only contributes as a shift to the energies w) that is not
relevant for our analysis.

Appendix D. Validity of approximate decay rates

The validity of the approximation of the Lorentzian kernel K(w,w’) in equation (17) by a delta function in
order to obtain an analytical expression for the canonical decay rates, depends on the parameters of the
spectral functions (10) for both environments. We have numerically checked the accuracy of the
approximation for a broad range of parameters that is relevant for our study. This is illustrated in figure 8,
where we compare both terms of «y, () with the exact result (numerical integration of equation (A2)). The
ST term does not reproduce the oscillations of the exact solution, while the LT term perfectly matches the
exact result.

We also considered a more accurate approximation, which consists in taking Ji;(w) independent of w,
instead of approximating K(w, wo) by a delta function. This allowed to resolve the oscillatory nature of 75T,
which is of frequency wy, but the result is not as intuitive as the decay rates (19) and (20).
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Appendix E. Equilibrium asymptotic state

With the help of the approximation (19) and (20) we are able to compute the asymptotic state, and prove
that the OQS thermalizes to a thermal state with the temperature of RII. Consider the differential equation
for the upper population in equation (A7), and the asymptotic limit

p* = limps(1), (ED)
1—00
where the density matrix becomes independent of time, then

o O ¢~ Puo/2
P = I T = e f e (E2)

The coherence matrix element obeys an oscillatory decay equation, encoding the decoherence of the OQS.
Trace preservation and hermiticity of the density matrix can be used to obtain the remaining matrix

elements, so as to check that, indeed
« e—HsBu (E3)
. —— E3
P 26

i.e., the OQS asymptotic state is a thermal state at temperature [y;.

Appendix F. Asymtotic limit of the center of the ball of accessible states

To consider the limit J;(wo)f — oo of equation (26), we first introduce the following change of variables

x = Ae*ln(wo)f” (F1)
with Ji(on)
W
A = 2m(wo) = nawo)) 1, (F2)
Jn(wo)
B = Q) + DA, (53)
Jn(wo)
and
€ = e Julwot (F4)
Then equation (26) becomes
~ Ji(wo) P
c(e) = ——=(Ae)"¢ x e dx (F5)
Ju(wo) A
which can be rewritten as a difference of two incomplete gamma functions
o Ji(wo) B Ae
c(e) = (Ae)”e™ [I'(—=B,A) — I'(—=B, Ae)], (F6)
Ju(wo)
where we made use of the definition -
I'(a,z) = / " le~! dr. (F7)
The first term of equation (F6) is null in the limit € — 0 (Jij(wo)t — 00), while the second one becomes
equation (31) after taking the limit
i T'(—B,Ae) 1 (F8)
& (AP B
Appendix G. Non-equilibrium asymptotic state
The addition of a new environment is encoded, in the ME for the upper population, as
pre® = Y (W0 = prr LYW+ 0]), (G1)
v={LR}
which in the steady state limit allows us to obtain
‘ L) +~% (¢
oS, = Y3 () +75() (G2)

I .
PR () 4 AR (E) + AR () + AR (0)
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By taking the limit, one obtains the following matrix element of the non-equilibrium steady state

. _ Tt (wo)nii (wo) + Jf* (wo) i (wo)
P+ = T wo) 2k (wo) + 1) + TR (wo) 2R (wo) + 1)

(G3)

while the coherence matrix element in the steady state is null. The rest of the matrix elements can be
obtained from the trace preserving property of the evolution. Even though this steady state does not directly
represent a thermal state, one can obtain an effective temperature for the OQS, since it is a diagonal state in
the basis of Hs. The effective temperature of the OQS in the steady state is defined as

1 (1-p%
Ber= —In (&> , (G4)
Wo Pyt
which is a function of both temperatures 3}, of the environments. A very similar expression is obtained for
the quasi-stationary states p% (5}, 51
Tt (wo)nk (wo) + I (wo)nf (wo)

T (2 ) 1)+ T o) 2R (wo) 1) (©

where the indices i, j refer to whether the corresponding environment is in the prethermal state (i = I) or in
the asymptotic state (i = II). This allows us to obtain the quasi-stationary state of the OQS when both
environments are prethermalizing (i = j = I), or the state when one has thermalized while the other
remains in the prethemalization stage (i = I, j = II, or interchanged). When i = j = II it corresponds to the
asymptotic state of equation (G3).
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A quantum walk simulation
of extra dimensions with warped
geometry

Andreu Anglés-Castillo™ & Armando Pérez

We investigate the properties of a quantum walk which can simulate the behavior of a spin 1/2 particle
in a model with an ordinary spatial dimension, and one extra dimension with warped geometry
between two branes. Such a setup constitutes al + 1 dimensional version of the Randall-Sundrum
model, which plays an important role in high energy physics. In the continuum spacetime limit, the
quantum walk reproduces the Dirac equation corresponding to the model, which allows to anticipate
some of the properties that can be reproduced by the quantum walk. In particular, we observe that
the probability distribution becomes, at large time steps, concentrated near the “low energy” brane,
and can be approximated as the lowest eigenstate of the continuum Hamiltonian that is compatible
with the symmetries of the model. In this way, we obtain a localization effect whose strength is
controlled by a warp coefficient. In other words, here localization arises from the geometry of the
model, at variance with the usual effect that is originated from random irregularities, as in Anderson
localization. In summary, we establish an interesting correspondence between a high energy physics
model and localization in quantum walks.

Quantum walks (QWSs) constitute an interesting possibility for simulating physical phenomena from many
fields. The discrete time version describes the motion of a spin 1/2 particle on a lattice. For instance, by simply
incorporating suitable position-dependent phases on the unitary operator that implements the time evolution,
one can mimic the effects of an external electromagnetic field'-®. In the continuum limit (when both the time step
and the lattice spacing tend to zero), the Dirac equation in presence of such fields is recovered. In an analogous
way, the motion of a Dirac particle in presence of a gravitational field can be simulated by an appropriate choice
of the operator that drives the evolution, either on a rectangular or other types of lattices*>'. Other scenarios
include vacuum or matter neutrino oscillations'' "%, and one can even establish some connections to lattice field
theorijes'.

There is also a different connection of QWs with quantum field theories, namely the possibility to explore
some models which include extra dimensions, which are only manifested at very high energies. The possibility of
extra dimensions of space was first suggested by Theodor Kaluza and Oscar Klein'> seeking an unified theory
of electromagnetic and gravitational fields into a higher dimensional field, with one of the dimensions compac-
tified. Experimental data from particle colliders restrict the compactification radius to such small scales that it
becomes virtually impossible to explore these extra dimensions. Different ideas have been proposed to overcome
this difficulty, for example the domain wall model introduced by Rubakov and Shaposhnikov'’, in which the
particle couples to an external scalar field. The motion of a spin 1/2 particle moving inside such a geometry was
analyzed in Ref.'®. In addition to recovering the corresponding Dirac equation in the continuum limit, the QW
shows, at finite spacetime spacing, localization of the particle within the brane due to the coupling to the field.

Spatial localization is an important phenomenon in physics, which appears within the context of diffusion
processes in lattices. It can arise from random noise on the lattice sites, giving rise to Anderson localization'?
and causing a metal-insulator transition, but it can also be the consequence of the action of an external periodic
potential (see e.g. Refs.?*?2). Similarly, one obtains localization for the 1-dimensional QW when spatial disorder
is included®-%, non-linear effects?, or by the use of a spatially periodic coin?’. The results in Ref.'® show, however,
that localization can also appear as a consequence of the interaction with a smooth external potential, instead of
arandom, or even periodic, perturbation.

In this paper, we investigate localization effects that arise within a different context, which is also inspired
on high energy physics, and was originally proposed to address the hierarchy problem (the observed difference
between the Higgs mass, and the Planck scale, in many orders of magnitude), and is commonly referred to as
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Figure 1. Schematic representation of the extra dimension in the Randall-Sundrum model.

the Randall-Sundrum model?. This model assumes an extra dimension which extends between two branes
(with a topology that will be discussed later). Here we consider a simplified version with one ordinary spatial
dimension and one extra dimension, and define a QW that reproduces the dynamics of a spin 1/2 particle in the
continuum spacetime limit.

Unlike the Rubakov and Shaposhnikov model, there is no coupling to an external scalar field. Instead, this
model presents a warped geometry along the extra dimension. As we will show, this curvature is at the root of
a localization effect of the QW towards the second (low energy) brane. The stationary states of the model in
the continuum limit become concentrated close to the low energy brane for high values of the warp coefficient,
which quantifies the strength of the localization. The localization of the QW can be analyzed by quantifying its
overlap with these stationary states. This allows us to tailor the dynamics of the QW, showing a different behavior
as the value of the warp coeflicient is changed. In this way, we arrive at a QW model with a rich phenomenology,
where some properties are inherited from the continuum field theoretic model. There is, in this sense, a mutual
multidisciplinary benefit: one can design a QW which simulates an important high energy physics model. In
exchange, the knowledge of the continuum properties is useful to understand, and to control, the dynamics of
the QW in different regimes.

This paper is organized as follows. We first define the Randall-Sundrum model in1 + 1 spatial dimensions,
along with its main properties. We pay special attention to the stationary states of the Hamiltonian, which play a
crucial role in understanding the dynamics of the proposed QW. Next, we define a QW which allows to recover
the dynamics of the Randall-Sundrum model for a spin 1/2 particle, and we study its phenomenology. Namely,
we show that the distribution probability, as well as the expected value of the position along the extra dimen-
sion, approaches the lower brane at large time, and that this approaching proceeds more slowly for larger values
of the warp coefficient, which turns out to be the main parameter in controlling the dynamics. We also analyze
the entanglement entropy between spatial and internal degrees of freedom, exhibiting a complex behavior as a
function of that parameter, which can be attributed to the different sharpness of the probability distribution. We
finally conclude by collecting and discussing our main results.

The model

Orbifold S1/7Z, and background geometry. As described in the “Introduction”, we consider the Ran-
dall-Sundrum model (RSM)* with a single extra dimension y, together with a 2-dimensional ordinary space-
time, whose coordinates are denoted by x* = {t, x}. The total spacetime possesses D = 3 dimensions. The extra
dimension y is compactified on a circle of radius R, and subject to a Z, symmetry. These features are captured
by the equivalences

S': y~y+27R, (1)

Zy:y~ =y (2)

which define the orbifold S' /Z; describing this extra dimension. Along the y dimension, the orbifold is a finite
segment with two fixed points at y = 0 and y = wR = L. The RSM assumes that there is a (D — 1)-brane of ordi-
nary dimensions at each fixed point, see Fig. 1 for a sketch of the space configuration and the orbifold symmetries.

The matter fields are supposed to reside on the brane at y = L, which is referred to as the “visible brane”, while
the brane at y = 01is the “hidden brane”. Both branes contribute to the bulk background geometry through their
tensions, or vacuum energies, Tvis and Thiq respectively?®?. The total background action is

L
S= / d}’/dxp' Vgl (20“% - A) + Svis + Shid> (3)
-L

where the first term is the usual Einstein-Hilbert action of the total space, with A the bulk cosmological constant,
o a constant and |g| the absolute value of the metric determinant, while
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Svis = _/dxll A% ‘gvis‘TviS) (4)

Shid = — /dx" V/|ghid | Thid> (5)

are the action contributions of the branes tensions, with the induced metrics gyis(x*) = g(x#,y = L) and
ghid (x*) = g(x*,y = 0). To address the hierarchy problem, the following metric was proposed

ds? = e 2400y dxtdx” — dy?, (6)

where e7240) is a warp factor, a rapidly changing function along the additional dimension, and 7,,, is the

Minkowski metric with signature (+, —). The metric in Eq. (6) obeys Einstein’s equations that are obtained from
the action (3): We refer the reader to the Supplementary Information for the standard computation particular-
ized to this lower-dimensional spacetime. We also show that, as a consequence of these equations, the function
in the exponent is given by

A(y) = klyl, (7)

where k is the so called warp coefficient.

Fermions in the Randall-Sundrum model. We now focus on the study of spin 1/2 fermions, whose
evolution equation is the Dirac equation in curved spacetime

(iy®el!Dy — m)W = 0. (8)

The y* are the Dirac gamma matrices in a local rest frame, and the covariant derivative is

i . i
Dy =0, — szbﬂuh, with  ogp = E[meb]a )

where % is the spin connection. The vierbeins el allow to express the Dirac matrices in a rest frame, that is,
they perform a change of basis to a non-coordinate system in which the metric becomes the Minkowski metric

Suvesey = tab- (10)
Equation (8) defines the vector current
7= VigledWya, (1

whose conservation d,,j* = 0 imposes the normalization condition
/dx“ lgledwiw = 1. (12)
In the case of 2 spatial dimensions, the Dirac equation (8) can be reduced, after some algebra, to

1
ey oW + z—aﬂ(eﬁ\/\g\)w

Vgl

where the y, matrices become Pauli matrices. A simple choice of the vierbein obeying relation (10) is

iy? —m¥ =0, (13)

e = (e%9,0,0), e =(0,e*",0), e =(0,0,1), (14)
which yields the following expression for the Dirac equation
8w = —iy pla, W — iy%y29,(e AV W) + ype AV mw, (15)
This expression can be rewritten in Hamiltonian form as
Oy = Hx, (16)
with

i i
H = =5 B0 = S By} 4 o, a7
where the change of variable x = e~40)/2W was performed, and we defined
B =0y, B = e A0,0,2 a8)

The symbol {-, -} represents the anticommutator of two operators. There is some freedom in the choice of the
gamma matrices. For convenience, we choose
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Y=o, yl= ioy, y? =io,. (19)

Boundary conditions for fermionic fields. The periodic condition (1) simply implies that the fermionic
fields need also to be periodic
x (& y +2L) = x (5", y), (20)

but the Z; needs a deeper consideration, since it has to leave the fermionic action invariant. We can write the
fermionic action as

L
Sp = /dx“/ AyT (™, y) (MaM +iy2a,eA0) - e_A(y)m)x(x“,y). ©1)
-
which is extremized by the Dirac equation (15). Under Z,, the fermionic action becomes
L
Sp = /dx“/L dyx (", —y) (iy"i)u - iy28yefA(7}’) - eiA(f}')rn)X(x“, —y). (22)

The general boundary condition for a fermionic field under Z; is given by x (x", —y) = Ty [Z2]x (x*,y)
3031 where Ty [Z,] is the matrix representation for the action of Z,. We rename it to Ty [Z,] = M to alleviate
the notation. We then need to find an operator M that keeps the action invariant. The action (22) is therefore
transformed as

Sp = /dx“/LL d},y(xu,y)yoM’ryo(iyﬂa“ ~iy2a,eA) e—A(y),ﬂ)MX(xu,y), 23)
and establishes the following restrictions for M to keep the action (21) invariant,
yMy Oyt M =yt (24)
POMYO M = — )2, 25)
y'MTyM =1, (26)

where the first 2 conditions come from the kinetic terms of the action, and the last one arises from the mass term.
There does not exist a solution for M that solves all conditions simultaneously, although M = no; is a solution
for the first 2, with n = %1 (since M? = I). This means that a constant mass term is forbidden. In the following
we restrict ourselves to the case where the “bulk mass” m vanishes. The action of the fermionic field is therefore

L
Sp = /dx“/ dyx (<", y) (iy“i?,t + iyzaye’A(y))x (x", ), (27)
-L
and the fermionic field has to obey the boundary condition
x (&t =y) = nozx (", y), (28)
withn = £1.
Stationary solutions. In this model, the Dirac field satisfies a complicated equation, Eq. (15), which is dif-
ficult to address even numerically. In order to obtain some insight, we first look for stationary solutions, which

are defined as the eigenstates of the Hamiltonian. For m = 0, and with our choice of the gamma matrices, the
Hamiltonian takes the form

~ 0, _ ~ P
H = —0uhs+ 2 (AP, + e, (29)
where p, = —idj is the momentum operator along the k direction (k = x, ). The stationary states ¢, (x, y) cor-
responding to energy E, satisfy
H n(x,y) = Engn(x, ). (30)

It is convenient to introduce a Fourier transform on the ordinary dimension x:

Pnlgy) = / dxe™ gy (x, y), G

since the field is free to move along this direction. We found the energies

E, = 1/ q% + (kay)?, (32)

where
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Figure 2. Plots of the probability distribution for the first four stationary states, with positive energy and a value

of g = 10, for kL = 3 on the left and for kL = 7 on the right.

add 0,1
oy = ——7—"7",hn=0,1,...
"= T (33)

The eigenfunctions associated with this spectrum that satisfy the boundary condition (28), for the particular
case withn = 1, are

- 2k E.+q Kyl
Mg, y) = " 3 " Kyl 1), 34
(3 9) F 1B Tt (k(xn)ze cos {a (e )] (34)

- 2k ko kil
1 —./ n T si klyl i
¢y (@) = &1/, N7 n)ze sin [ot,, (e i’ 1)]51gn(y), (35)

where the components of the spinor field are ¢~>,, = (qﬁ,é#)? The particular case n = 0 only has an upper

component, which is given by
1 k LIVi
¢0 (q))’) = ﬁe 2 Slgn(Ey, =+ q), (36)

and is undefined for energy and momentum with different sign. The procedure to obtain the eigenfunctions
is detailed in the Supplementary Information, as well as the solution for n = —1. The probability distribution
associated to these wavefunctions is concentrated around y = L for high values of the warp coefficient k. We
illustrate this behavior in Fig. 2, where we have plotted the probability density for the first modes with positive
energy, and momentum g = 10, for a value of the warp coefficient kL = 3 and kL = 7, respectively.

A quantum walk for the Randall-Sundrum model
Once we have discussed the main properties of the RSM in the continuum spacetime, we focus on the main goal
of our work, which consists in constructing a QW that is able to simulate the dynamics of a spin 1/2 particle
subject to the geometric effects and symmetries of the model. To incorporate the metric, we adapt the scheme
introduced in Ref.’, which allows to reproduce (in the continuum limit) a Dirac equation of the form Eq. (16).
The QW is defined on a 2-dimensional discrete grid with x and y axis, with discrete positions labeled by
rand s, respectively. The grid points are equally spaced by ¢, so that the spatial coordinates can be related to
the grid points by x = er and y = es. The Hilbert space that corresponds to these spatial degrees of freedom,
H spatial 18 spanned by the basis {|x = er,y = es)}/r,s € Z. Time steps are labeled by j € N, and are also equally
spaced by e. The coin (or internal) space is a 2 dimensional Hilbert space 7 coin, so that the total Hilbert space
is A 1ot = H spatial ® H coin- At a given time step, the state of the walker will be represented by a two component
spinor|x;j) € # tor- The one step evolution of the QW is given by

[Xj+1) = Ulxj)s (37)

where we made use of the general operator introduced in Ref.’. The structure of U consists on alternating dis-
placement operators along each direction, together with unitary operators which are functions of some angle
that is allowed to be spacetime dependent. Since the displacement operator and the position-dependent unitaries
do not commute in general, a term containing the spatial derivative of those unitaries appears in the continuum
limit, which is needed for a construction that takes the form of Eq. (17). The angles appearing in this general
expression have to be chosen to reproduce the appropriate operators B* and B” given by Eq. (18) that correspond
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to the metric (or vierbein) of the model. Some of these angles are trivial in our case, so that one arrives to a
simplified expression, given by (details are given in the Supplementary Information):

U=R") [G)(}’)Sy(_a/z)}ZR(}’)Sx(_E)x (38)
where Sk (¢) = exp(—io,pie) are spin-dependent shift operators in the direction £k (with k = x, y),
_ (<) is(y)
@) = <_is(y) ) (39)

with c(y) = e=40), s(y) = /1 — e=240), and

_L(rm if(y))
k=1 (—f*(y) i) (40)

where f(y) = # + i/ # At each position (r, s) we introduce

X!
Xirs = (x = er,y = &s]y;) = ]lr,s ’ "

ol'ss

which represents the amplitude (given a component of the spin) for the particle to be localized at the position
labeled by (r, s) and time step j. In this way, the time step defined by (37) can be recast as a recursive formula for
Xj,r.s» Which is provided in the Supplementary Information. In order to implement this QW to simulate fermions
in the RSM, appropriate conditions have to be set to comply with the boundary conditions (20) and (28). It can
be explicitly shown, from the recursive formula for ;s that this QW dynamics respects (28), in the sense that,
if the walker obeys the condition

Xjr,—s = N0z Xjr,s> (42)

at time j, it is also obeyed at time j 4 1. For the simulations, we discretize the y coordinate along the segment
[—L, L] with a spacing &, and impose an initial condition which satisfies Eq. (42). We use the same lattice spacing
in the x direction, together with an strategy that adapts its effective extension to the time step. We also impose
periodic boundary conditions on the grid to respect condition (20), taking into account that functions evaluated
at y = L + ¢ should be identified with functions at y = —L + ¢ to respect the periodicity in the range [—L, L].
As discussed above, the parameter that governs the amount of warp in the extra dimension is given by the
product kL. One can wonder how the ordinary spacetime limit (corresponding, in our case, to just one spatial
dimension x) can be recovered. To this end, we consider two different lattice spacing e, and ¢, along the x and
y directions, respectively. We first impose the limit kL — 0, so that the vierbein becomes trivial (or, in other
words, the metric g,,, becomes the Minkowski metric). Still, U will contain the displacement operator S, (—&/2)
along a hidden closed dimension y. To get rid of it, we just need to further take the limit e, — 0, which yields

U — Sx(—éx). (43)

The above unitary operator can be interpreted as a QW which describes, in the continuum limit, the one-
dimensional Dirac equation of a massless particle, as a special case of the model.

Results

The QW defined in the previous section is guaranteed to reproduce (in the continuum limit) a Dirac equation
of the form (16), such as the one corresponding to the RSM. The question that arises concerns the dynamics
appearing at a finite lattice and time step spacing. Of course, one does not expect the QW to behave exactly as
the continuum field but, to what extent do they differ? Are there any new features that appear in the discrete
case? In particular, we are interested in looking for some kind of probability concentration towards the visible
brane, for a given initial condition. In this Section we explore all these features.

Stationarity of the eigenstates solutions on the quantum walk.  As an initial comparison, we start
by considering the discretized version of the eigenstates corresponding to the continuum limit Hamiltonian,
obtained before. Such states remain stationary within this limit (i.e. they just evolve by adopting a trivial phase).
How do they evolve under the action of the QW? We consider an initial state which corresponds to an eigenstate
of the continuum, with fixed momentum g, and check whether the QW evolution of this state is stationary. The
initial condition of the walker is therefore

Xo,rs = Pn(q, £5)e™T, (44)

which represents a constant probability density along the ordinary dimension x. As expected, the QW evolution
does not remain stationary, although it keeps a close resemblance to the initial state. This can be observed from
Fig. 3, where we represented the normalized marginal probability along the y direction of the walker (after sum-
ming over x) at different time steps, for an initial stationary state solution with # = 2, and warp coefficient kL = 3.

Localization in the QW. We now investigate the localization capability of the above defined QW, i.e.,
whether it shows a tendency to concentrate the walker towards the visible brane at y = L. We consider an initial
walker which is fully localized
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Figure 3. Snapshots of the probability density starting from an initial eigenstate with n = 2 and positive
energy, for a value of kL = 3, and g = 10. The simulation grid has 100 points along the y direction, and enough
points have been taken in the x direction to ensure that the total probability density does not leak outside the
boundaries.

Figure 4. Probability density distribution, at t = 5L, of an initial localized walker centred at (xo, yo) = (0,L/2)
for different values of kL with initial coin components Cy = —=(1,7)7. The height of the curve represents the
probability of finding the walker in that position, and the colors indicate the coin state. The red (blue) color
indicates a predominance of the upper (lower) component, while yellow stands for a superposition of both
components. The simulation grid has 100 points along the y direction, and enough points have been taken in the
x direction to ensure that the total probability density does not leak outside the boundaries.

X(),r,s = Sx,OSy,yo CO) (45)

where Cy is the initial coin state, and we recall that x = er and y = &s. We explore the evolution of a walker which
is initially localized at the center of the extra dimension, thatis at yp = %, and we study the probability distribu-
tion for different values of the warp coefficient, at a given time step. In Fig. 4 we show the surface plot of the
probability density with the above initial conditions, and Cy = %(1, i)T, which induces a symmetric evolution
in the ordinary dimension. The blue (red) color of the surface represents dominance of the upper (lower) coin
component, while yellow stands for a superposition of both components.

We notice that most of the probability distribution in the x direction is concentrated along a freely propagating
front which moves at the maximum speed (x = +t), consistently with the fact that the QW simulates massless
fermions. We also notice that most of the right propagating distribution (positive values of x) is dominated by the
upper coin component, while the part propagating to the left (negative values of x) mainly contains the lower coin
component, a fact that can also be inferred from the explicit evolution of the QW (see Supplementary Informa-
tion for details). The propagation of the walker along the extra dimension y strongly depends on the value of the
warp coefficient. Att = 5L, the distribution with the lowest value of kL possesses non-zero values on the visible
brane y = L, while the other two do not. In fact, the displacement of the probability distribution towards y = L
is slower for the highest kL. In other words, a larger value of the warp coefficient dramatically increases the time
scale of the dynamics along the extra dimension, and makes it prohibitively expensive (in terms of computational
cost) to explore larger values of kL than those considered here.

In order to investigate whether the QW exhibits the same behavior as the stationary states, in the sense that
a higher value of the warp coefficient induces a stronger localization near the visible brane, we study the distri-
bution of the freely propagated parts of the walker (the regions around x = +t), where most of the probability
density is concentrated, as can be readily seen in Fig. 4. The probability distribution associated to these two zones
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Figure 5. Expected value of the probability distribution along the extra dimension y, as calculated from the
FPD, for different values of the warp coefficient kL. The initial condition is the same as in Fig. 4.

will be referred to as the “freely propagating distribution” (FPD). In terms of the spinor components, those are
the probability density distributions obtained from X]-Ii = xjjsand X]%s = Xj,—j.» Where r = &j restricts the wave-
function to the two freely propagating peaks. In Fig. 5 we represent the expected value for these distributions
along the y dimension, which can be defined as

Rt R(L)
ray (D) = Z & Xis  Xis > (46)
s

wheret = ¢j, for different values of kL. First of all we notice that this quantity reaches an asymptotic value, which
is closer to L for higher warp coefficients. Secondly, as discussed above, the warp coefficient induces a change in
the time scale of the dynamics, so that lower values of the warp coefficient show a faster convergence towards
the asymptotic state, consistently with the features already observed in Fig. 4.

Mode decomposition of the freely propagating distribution.  Our simulations indicate that the FPD
reaches a steady state along the extra dimension, in a similar fashion as the expected value (46). This evolution
can be appreciated from the plots of Fig. 6. Al late times (lower row), the probability distribution resembles the
probability density of a stationary state with positive energy and momentum in one of the lowest modes: n = 0
for the right FPD, and n = 1 for the left FPD. It is important to recall that, as discussed above, the right (left)
FPD is predominantly composed by the upper (lower) component of the spinor, and that # = 0 has no lower
component: see Eq. (36). This causes a fundamental difference when comparing the left and right contributions.
In order to investigate these features on the time evolution, we introduce a decomposition on the wavefunction
of the walker as a combination of the stationary states basis. This allows us to write

m/e dq 7z —iqer
Xjrs = 1 i E;ﬂn(q, 1)n(g, s)e™ 47, (47)

where the temporal dependence is included on the 8, (g, t) coefficients. In the Supplementary Information we
detail how these factors can be computed, and define their normalization conditions. In particular, we are inter-
ested on the contribution of each value 7, therefore we integrate out the dependence in the quasi-momentum g.
In other words, we are interested on the following (time-dependent) coefficients:

/e dq 2
By(t) = [ n/8§|ﬂn(q,t)| : (48)

The different mode components By, () of Fig. 6 have been included as an inset in those plots. On the one
hand, it can be observed that, at long times, when a steady state has been reached, the FPDs are mostly composed
by the lowest possible mode (n = 0 or n = 1, as discussed above). On the other hand, at short times, the FPDs
contain additional higher modes.

Entanglement entropy. Finally, we study the entanglement properties that the QW exhibits between the
coin and position degrees of freedom for the already considered, initially localized state. The entanglement can
be quantified using the von Neumann entropy of the reduced density matrix in the coin space

S(t) = —Tr{pe(1) log, pe(t) }, (49)

where pc(t = &) = D7, ( Xjrs x;m is the reduced density matrix in the coin space, i.e. after tracing out the spa-
tial degrees of freedom. In the simple case of a QW on a line with a constant coin operator, the entanglement
primarily arises as a consequence of the presence of the spin-dependent displacement operator S in the unitary
U, although it can be modulated by both the angle of the coin operator and by the initial state’***. For the same
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Figure 6. Probability distributions of the FPDs along the extra dimension y, for the value kL = 3. The inset is
a histogram showing the value of the B, (¢) coeflicients, as defined by Eq. (48): see the text for an explanation.
The left (right) panels show the left (right) FPD. The top panels are calculated at a shorter time t = 50L and the
bottom ones at a longer time ¢ = 1000L. The initial condition is the same as in Fig. 5, and the simulation grid
has 200 points along the y direction.
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0.6 : : : :
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Figure 7. Evolution of the entanglement entropy with the initial condition Eq. (45) centred at yo = L/2 for
different values of the warp coefficient and initial coin components Cy = —= (1, 2i). The dotted line represent the
minimum value the entropy can reach for very high values of kL, which is computed in the Supplementary
Information. This simulation grid has 50 points along the y direction.

reason, we also expect entanglement to be produced in our model, although an analytical calculation, similar to
previous references, is probably unfeasible for a 2D spatial case which, moreover, includes position-dependent
unitaries, as in Eq. (38).

In Fig. 7 we plot the evolution of the entanglement entropy of a fully localized initial state for different values
of the warp coefficient, with a coin state Cy = is(l, 2i)T. Notice that this choice is different from that one used
in the previous section, for reasons that are explained below. It can be seen that the entanglement entropy reaches
lower values as kL increases, an effect that can probably be due to the fact that the probability density in between
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kL =3

0
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Figure 8. Probability density distribution, att = 5L, for an initially localized walker centered at

(%0, ¥0) = (0, L/2), and different values of kL, with initial coin components Cy = % (1,2i)T. The vertical axis
has been zoomed in to show that the probability density between the two regions of the FPD is more scrambled
for lower values of the warp coefficient. The colors and grid parameters are the same as in Fig. 4.

the FPDs becomes more spread (and therefore “less ordered”) at lower values of kL. This can be observed in
Fig. 8, where we plotted a zoomed version of Fig. 4, but obtained with the above initial coin components
Cy = %(1, 2i)T. One can see that, for lower values of the warp coefficient, a significant part of the probability
distribution is scrambled in the intermediate region between both parts of the FPD. This diffusion effect can be
totally mitigated for extreme values of the warp coefficient, leading to a minimum value of the entropy which is
completely dominated by the FPD, and can be obtained from the initial coin components. In the Supplementary
Material we show this limiting situation, and how the corresponding entropy can be computed. The initial coin
state Co = iz(l, i)T previously used produces values of the entropy which are very close to unity in all cases,
making it difficult to appreciate the effects that are discussed above.

Conclusions

We have investigated a quantum walk which allows to simulate the Randall-Sundrum model of extra dimensions,
while satisfying the constrains imposed by the symmetries of that model. This model has played an important
role in high energy physics, aiming to solve the hierarchy problem, by introducing one finite extra dimension that
possesses two branes at its extremes. The matter fields are confined in the visible brane, while gravity is allowed
to span along this whole dimension. We worked it out for the case of spin 1/2 fermions in a two dimensional
space, composed by an ordinary dimension and an orbifolded one, apart from time, and obtained the Dirac
equation in this spacetime configuration. The boundary conditions of the orbifold on the fermionic field forced
it to be massless on the bulk. In this lower dimensional space we were able to obtain the eigenenergies of the
fermionic field, as well as the corresponding eigenstates, showing a probability density which is concentrated
near the visible brane, a phenomenon that bears an analogy with the localization effect that can be found in
many scenarios!®-2123242627,

This analogy motivated us to seek localization effects on the QW that we introduced to simulate the RSM.
The QW is defined in such a way that, in the continuum limit, the Dirac equation of the fermionic field for
the RSM metric is recovered. We investigated the confining capabilities of the QW, by considering an initially
localized walker away from the visible brane. We concluded that the freely propagating parts of the probability
distribution, where the probability is mostly concentrated, reach an asymptotic value of the expected position
along the extra dimension. Moreover, the asymptotic value gets closer to the visible brane for higher values of
the warp coefficient, which therefore drives the strength of localization, and also noticed that it had an effect on
the timescale of the dynamics, by delaying them for higher values of the coefficient.

At long time steps, the probability densities show an asymptotic shape, with a resemblance with the eigenstates
that were obtained in the continuous model, which suggested a study based on the decomposition of the wave-
function in terms of these stationary states. We found that the freely propagating parts of the QW are dominated,
in the asymptotic regime, by the lowest possible (i.e., compatible with the symmetries of the model) modes. At
intermediate time steps, the same decomposition manifests a combination of multiple modes with higher energy.

Finally, we found that the entanglement between coin and spatial degrees of freedom is reduced for stronger
warp coefficients. We associated this result to the higher spreading of the density distribution for the lower values
of the warp coefficient.

We conclude that quantum walks are suitable candidates for simulating models of field theories with extra
dimensions that rely on the curvature of the spacetime. Not only the model is interesting from the point of view
of the field theory: It allows to design a quantum process that can be tailored to exhibit very rich dynamics, show-
ing free propagation in one dimension, and an asymptotic confining behavior on the other one, with rates that
can be tuned by an appropriate choice of the parameters. In this way, the interplay between high energy physics
and quantum simulations can be of mutual benefit.
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Abstract

Two models are first presented, of a one-dimensional discrete-time quantum
walk (DTQW) with temporal noise on the internal degree of freedom (i.e., the
coin): (i) a model with both a coin-flip and a phase-flip channel, and (ii) a model
with random coin unitaries. It is then shown that both these models admit a
common limit in the spacetime continuum, namely, a Lindblad equation with
Dirac-fermion Hamiltonian part and, as Lindblad jumps, a chirality flip and a
chirality-dependent phase flip, which are two of the three standard error chan-
nels for a two-level quantum system. This, as one may call it, Dirac Lindblad
equation, provides a model of quantum relativistic spatial diffusion, which is
evidenced both analytically and numerically. This model of spatial diffusion
has the intriguing specificity of making sense only with original unitary models
which are relativistic in the sense that they have chirality, on which the noise
is introduced: the diffusion arises via the by-construction (quantum) coupling
of chirality to the position. For a particle with vanishing mass, the model of
quantum relativistic diffusion introduced in the present work, reduces to the
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well-known telegraph equation, which yields propagation at short times, diffu-
sion at long times, and exhibits no quantumness. Finally, the results are extended
to temporal noises which depend smoothly on position.

Keywords: noisy quantum walks, noisy quantum systems, decoherence, Lind-
blad equation, quantum simulation, relativistic diffusions, telegraph equation

(Some figures may appear in colour only in the online journal)
1. Introduction

In classical continuous media theory, diffusion in the absence of force field designates irre-
versible evolutions which are induced by and compensate for inhomogeneous repartitions of
certain extensive quantities (charge, particle number, momentum and energy density). Under
diffusions, the medium relaxes toward an equilibrium state where these quantities have time-
and space-independent concentrations. On the microscopic scale, diffusion is always associ-
ated with random motions. The simplest example is Brownian motion, which was first observed
by Brown in 1827, revisited theoretically by Einstein in 1905 [1] and is now the cornerstone
of modern stochastic process theory. Diffusion also occurs in quantum and/or relativistic sys-
tems. The first attempts to describe quantum non-relativistic diffusion processes were made
in the 1970s (see reference [2]). Quantum diffusion [3—5] occurs in open quantum systems
interacting with their environment and is usually described through a deterministic differential
transport equation of the Lindblad form [6] obeyed by the so-called reduced density operator
of the system. The problem of finding macroscopic models of relativistic non-quantum dif-
fusion was first considered in the 1940s by Landau and Eckhart [7, 8]. It was first revisited
by Cattaneo [9], who suggested to model relativistic diffusion through the telegraph equation,
and whose work, coupled with the Grad expansion technique [10] (see also reference [52]
in reference [11]), laid the basis of the so-called extended thermodynamics theories [12]. All
models produced by these efforts present serious difficulties, which range from non-causality
and instability (see references [6, 7, 49] in reference [11]) to experimental refutation’ (see ref-
erences [58, 59] in reference [11]). Also, all implementations of the extended thermodynamics
philosophy are based on truncating the Grad expansion, which usually diverges. It therefore
comes as no surprise that some experimental predictions of extended thermodynamics seem to
diverge with the supposed precision of the implementation, thus making extended thermody-
namics void of any real predictive power, at least for some phenomena like second sound (see
the last chapter of [12]). The problem of finding microscopic models of relativistic non quan-
tum diffusion was in theory entirely solved by writing down a relativistic version of Boltzmann
equation [13, 14], but practical computations and conceptual issues necessitated also extend-
ing stochastic process theory to the relativistic realm. The first relativistic stochastic process
was considered by Dudley [15]. Though well-defined mathematically, this process is not of
obvious physical usefulness and fails to predict important phenomena like thermalization. The
first relativistic process of physical relevance is the relativistic Ornstein Uhlenbeck process
(ROUP) and was presented in 1997 by Debbasch, Mallick and Rivet [16—18]. Franchi and Le
Jan then revisited the Dudley process taking into account the physics of the ROUP, both in flat

9 This experimental refutation has been obtained, in the references cited, in the non-relativistic regime, the relativistic
regime being more difficult to access. That being said, because this non-relativistic regime can be derived as a limit of
relativistic extended-thermodynamics models, the abovementioned experiments refute at least the kind of limit which
has been taken and at most these relativistic extended-thermodynamics models themselves.
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and curved spacetimes [19, 20]. A process mixing aspects of the Dudley process and of the
ROUP was later introduced by Dunkel and Hénngi [21, 22]. Finally, the ROUP served as a
basis for the construction of the first macroscopic model of bounded velocity diffusion free of
any physical and mathematical pathology [2, 23—25]. Models of this type can be used for rel-
ativistic and non-relativistic bounded velocity diffusions [26]. Let us eventually mention two
historical references on this topic of relativistic stochastic processes, references [27, 28].

In this paper, we develop a novel quantum-simulation scheme which models relativistic
diffusive transport in the quantum regime, by mimicking an appropriate Lindblad equation via
the continuum limit of a noisy discrete-time quantum walk (DTQW). Quantum simulation
is a flourishing field, thanks to its advantages with respect to classical simulation: classi-
cal computers are especially inefficient at simulating quantum dynamics of highly entangled
systems.

The advantage of some quantum algorithms with respect to their classical counterparts
is already known, as with Grover’s algorithm [29], which can solve the task of search-
ing an element in a database quadratically faster than known classical algorithms. Grover’s
algorithm can be written in terms of a DTQW, whose spatial probability distribution spreads
quadratically faster than that of a random walk. One more example is the proposal of using
quantum walks for ranking nodes on a network [30]. Another application of DTQWs is the
direct simulation of physical dynamics: if the set-up for them is chosen appropriately, they
can be used to model several physical phenomena, e.g., the dynamics of fermions in the
free case [31] or in an external Abelian (i.e., electromagnetic) [31-33] or non-Abelian [34]
Yang—Mills gauge field, neutrino flavor oscillations [35], and fermion confinement [36]. These
DTQW schemes are not limited to square-lattices backgrounds, but can also be designed
on triangle and honeycomb lattices [37, 38]. Moreover, the (classical) field dynamics that
DTQWs can mimick is not limited to flat-spacetime backgrounds, can be extended to curved
spacetimes [39-43]. Action principles for DTQWs have been suggested, and the space-
time covariance of the latter has been investigated, both in flat [44, 45] and in curved [46]
spacetime.

The connections between DTQWSs and lattice gauge theories have also been explored
[47-50], and Wigner functions for DTQWs have been proposed in references [51-53]. A cru-
cial feature of DTQWs is that they are intrinsically causal, i.e., information propagates, at most,
at a finite velocity ¢ = 1, which is why DTQWs are a priori especially suited to model quantum
relativistic diffusions.

This article is organized as follows. Basics about DTQWs are reviewed in section 2, while
section 3 introduces two models with temporal noise and a common continuous limit of
the Lindblad form. Section 4 explores the phenomenology of this limit. Section 5 extends
the previous results to temporal noises which depend smoothly on space. All results are
summarized and discussed in the final section, while technicalities are dealt with in the
appendices.

2. The unitary model: discrete-time quantum walk on the line

2.1 Presentation

Consider a series of quantum states, |¥,), indexed by the discrete time ¢ € Ne, where € > 0
is the time step, and belonging to a Hilbert space H. ® Hp, where (i) H. is the so-called coin
(Hilbert) space, which is two dimensional and accounts for an internal, two-state degree of
freedom (hereafter d.o.f.) we call coin (hence the index ‘c’), and (ii) H, is the position (Hilbert)
space (hence the index ‘p’). The probability amplitudes of this state on the position basis,

3
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{|x) ,x € Za}, where a > 0is the lattice spacing, are thus described by a two-component wave
function, ¥, , = (x|¥;) = (Y7, Y1) ", where T denotes the transposition.

Consider that |¥,) evolves according to the following standard model of discrete-time
quantum walk on the line,

Vi) = U g1, 5,

), ey

where the one-step evolution operator, called walk operator, is

A~

Vg e 4,5 = Co.61,0,2,5P)- )

This evolution operator is the succession of two unitary operators.
The first one is a coin-dependent shift operator,

. e’ 0 iapo
S(p) = { 0 e—ia;;] =, (3)
where ¢ is the ith Pauli matrix, and p is the quasimomentum operator, which is Hermitian (this
ensures that S(p) is unitary) and satisfies €” = > |x) (x + al, so that the upper (resp. lower)
component, = (R), is shifted left (resp. right), hence the superscript L (resp. R). Notice that
we have implicitly introduced the LR basis of the coin space, namely, (|L), |R)), which we
have identified with ((1,0)", (0, 1)").
The second operator is a so-called coin operator,

.5 i€} é salXr o é
o _ | €% cosf,  ie™ sinb,
Cf?»f}ﬁr&%r = e s i i A —iél A~ (4)
ieT™ sinf, e cos0,
which is nothing but an arbitrary 2 x 2 unitary matrix with 4 operator-valued entries,
Fo= (1), = (&.80.%). 5)

.....

acting on the position space. To endow the ﬁs (varying / and £), with the highest degree of
arbitrariness, one must consider them (i) Hermitian, to ensure the unitarity of the coin operator,
and (i1) diagonal in the position basis, that is,

filx) = fllx), (6)

(which defines the sequences f Lty x) — ftfx, which are real-valued because of hermiticity),
so as to ensure the locality of the walk operator in position space.

The fﬁs being diagonal in the position basis, they commute between each other, so that we
can write the coin operator as

Cro 21 » _ 159 i%a3 1%03 i6,0! i%a3 7i%03 7
Oilgg —C'e e e’ e e . (7)

This readily shows that, if y is space independent, it simply codes for a global change of coin
basis at time ¢, which, in addition, commutes with the coin-dependent shift operator, so that,
if x is moreover time independent, it does not affect the dynamics. In appendix A, we explain
the reasons for choosing this parametrization, equation (4) (or (7)), for the unitary group.

When the entries of the coin operator are time and space independent, the behavior of
this dynamical system, equation (1), is well know. It yields, whatever the values of the
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entries, two propagation fronts, one to the left, and the other to the right, and thus exhibits,
in particular, ballistic spread, i.e., O(¢) spread. In the long-time limit, the spread is exactly
0o0(t) = (a/e)t/1 — sind [54, 55]. Notice in particular that this spread!? is independent of 50,
¢ and y.

Notice that we use hats for operators acting on the position space, the reason for this being
that we do not identify them with their matrix representation. In contrast, we do not use hats
for operators acting on the coin space, the reason for this being that we do identify them with
their matrix representation.

2.2. Continuum limit

It is well known [39] (i) that the above lattice model, equation (1), possesses a continuum limit,
€ — 0 and a — 0, for the ballistic scaling“,

a=e, ()

(which we assume from now on when taking continuum limits), provided, essentially, that 50,
& "and 6, also go to zero with ¢, and (ii) that the richest situation [39] is obtained when they
scale as e, i.e.,

¢ =e (92)
¢ = e (9b)
0 = €0, (9¢)

which we assume from now on when taking continuum limits (it will be recalled), where €0, &1
and 6, are arbitrary functions of time and space. Indeed, when these conditions are satisfied!?,
the evolution operator reads

~

Uego,fgl by

1 —ieHpg g 5 (D) + O(e), (10)
so that it has a valid continuum limit—i.e., the walk operator tends to the identity when e tends
to zero—which is generated by the following Hamiltonian,

Hz,

5

(pr=a (p+E") +M; 0 - &0, an

Irvpy

which is a generalization of the 1D Dirac Hamiltonian for a particle with mass matrix

M; = —0D(R), (12)
where

D(Y) = diag (e, e V), (13)
and charge ¢ = —1, coupled to an electromagnetic potential with covariant components

101n reference [55], the spread is computed for £ = ¢! = 0 and x = 7/2, but one can adapt the demonstration to
arbitrary values for these angles. In short: (i) a constant x does not even intervene in the dispersion relation of the
DTQW, (ii) a constant £° does not intervene in the group velocity of the DTQW, and (iii) a constant &' is just a
constant shift in the Brillouin zone, which is irrelevant when performing integrals of functions which are periodic with
period the size of the Brillouin zone. For a rigorous mathematical proof of the long-time probability distribution of
the DTQW (from which one can of course compute, in particular, the variance), see [56].

1 Ballistic scaling means € o @, and we can choose € = a without loss of generality, i.e., setting a/e as the speed unit.
12 Together with regularity conditions for the quantities that we Taylor expand in e [39].

5
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Ag=¢° (14a)

A =&, (14b)
and with the following representation of the alpha matrices,

a’ =o' (15a)

ol = -0’ (15b)

We have also introduced 1,, the 2 x 2 identity matrix.

Assume x # 0: even if y is spacetime independent, D(X) cannot be absorbed in ! because
D(X)?* # 1,, so that the Clifford algebra is not be satisfied, and so the resulting Dirac equation
does not square to the Klein—Gordon equation. When y = 0, we recover, of course, a standard
Dirac Hamiltonian with real (though possibly spacetime-dependent) mass,

m= -0, (16)

namely,
Hi, iy ingo(P) = HJ5E(p — Av) (17a)
=a'(p—A) +ma’ — Agls. (17b)

For this reason, we assume from now on that y = 0, and introduce, for the purpose of
compactness of notations in the continuum-limits sections to come, Y = x/¢, so that,

Y = ex = 0. (18)

Notice that we choose y = 0 solely for the sake of simplicity, — i.e., to match with the standard
Dirac Hamiltonian with real (though possibly spacetime-dependent) mass, equation (17b)—,
that is, one could perfectly consider an arbitrary spacetime dependence for x in the computa-

tions to come, without any change in the results but that one'>.

3. Two models of temporal coin noise with a common continuum limit

3.1. Discrete-time quantum walk with coin-flip and phase-flip channels

3.1.1. Lattice model. A simple and well-known model of temporal coin noise for the DTQW
introduced in equation (1), is to consider that, for each evolution t — ¢ + €, the walker fol-
lows the unitary evolution with some probability 1 — 7, with 7 independent on time,
and that, with probability 7 = 7 + m,, it undergoes either a phase-flip channel, that is, a
coin-dependent phase flip'4, i.e., evolves through the unitary ¢, with probability 7, or a

13 Regarding the role played by a spacetime-independent  for the above Dirac Hamiltonian, equation (17), the reader
may be interested in reference [57]. Regarding the role played by a spacetime-dependent x in another class of contin-
uum limits, the reader may be interested in reference [69]. Regarding the role played by the four spacetime-dependent
angles in the original, spacetime-lattice model, equation (1), the reader may consult, for £° and &', references [33, 39,
47-49, 58],—which show, among other results and in various, related settings, that these two angles correspond to
lattice versions of the electromagnetic potential, having lattice U(1) gauge invariance —, and, for € and Y, reference
[58], which shows that these two angles encode the curvature of a discrete spacetime.

14 This phase flip is coin dependent, but the specification ‘coin dependent’ (i.e., in general, ‘internal-state dependent’)
can be omitted, since a coin-independent phase flip leads to a trivial, identity channel, which is rarely of interest.

6
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bit-flip channel, that is, a bit flip, i.e., evolves through the unitary o', with probability 7,
[59, 60].

To describe the behavior of a quantum noisy system statistically, i.e., its average behavior
over a large number of realizations of the noisy dynamics, one needs the density-operator
formalism. In the present case, the evolution equation for the density operator, py, is simply,

prie=(1—m —m)U; pU, +mo’po’ +mo' o', (19)

3.1.2. Continuum limit. A simple condition for equation (19) taken for j‘, = ef, to have a for-
mal continuum limit as e — 0 is to assume that m; — 0 0, / = 1, 2. For simplicity, we assume
that they scale as ¢,

m=emn, [=1,2, (20)

where 7, is an arbitrary real number corresponding to a probability per unit time. After Taylor
expanding equation (19) at first order in €, canceling out the zeroth-order terms, and letting
e — 0, we are lead to the following equation,

aip = —ilH, pl + Lz (), 1)
where the Hamiltonian part is the Dirac one, see section 2.2,

HY = HY%S (p—iAul), (22)
and the non-Hamiltonian, but still trace-preserving one, reads,

Liy(p) =71 [0°pi0” = po] + 72 [0 o = pi] | (23)
and can be recast in a Lindblad form, whose most general writing is

Lx(p) = ;x,- [LiﬁrLf - %{LEL,-, P} (24)

where X = (X;);c; is an arbitrary family of non-negative real numbers indexed by the label i
belonging to some indexing space /, and the L;s are the so-called Lindblad or jump operators,
which act on the Hilbert space of the system and can be non-Hermitian. In the present case,
i.e., in equation (23), we have X = = (my,m2), i = 1= 1,2, and two Lindblad operators,

Li=o’ (252)
L, =o', (25b)
which are Hermitian, act solely on the coin space, and whose square is proportional to 1,.

3.2. Discrete-time quantum walk with random coin unitaries

3.2.1. Lattice model. Another simple and well-known model of temporal coin noise for the
DTQW introduced in equation (1), is to consider that, for each evolution t — ¢ + €, the values
of the coin-operator parameters are not fixed numbers but sampled from respective probability
distributions [61], so that we denote them with a prime, £%, &1, 0}, and x/. For simplicity,

we assume that these random values can depend on space only through their mean value, i.e.,

7
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they have space-independent fluctuations and thus respective centered probability distributions
(that is why we speak of temporal noise), that we denote p.. This means that

l=efl 4ol fori=0,...,3, (26)

where (i) for/ =0, ..., 2 (resp.[ = 3), ej_‘ﬁ’x (resp. 0) is the mean value, which we have assumed
scaling as € (resp, vanishing), in order to recover, in the noiseless case, the previous Hamil-
tonian evolution, equation (17), and (ii) w! € R is the space-independent fluctuation, newly
sampled from the probability distribution p/ at each time, and associated to a random variable
Q!. Giving oneself a function p of w, € R for each # means assuming that the noise has tem-
poral independence, i.e., the random variables (2, and €, are independent' for 7 # 1. Now,
in addition to temporal independence, we assume stationarity, i.e., that the pls do not depend
explicitly on time: pl = p/. The four time-indexed random variables Qﬁ associated to the possi-
ble values w!, are considered statistically independent, so that the probability density of getting
w? and w! and w? and w; is given by the product H?:o PwhH.
The above model translates into the following evolution for the density operator, p;,

= [ dny 60 @)

where the integration measure is

3
dp = ] dw} P, (28)
=0

with the normalization condition,

/d,u, =1, (29)

and where each random unitary is given by

Us (=0 (30)

6?’+w’ Pr U:?r-f—wt '
We have omitted, for the sake of simplicity, the multiplication of w, by the identity operator
acting on the position space, and will do so from now on unless otherwise mentioned. As
expected (since we impose the linearity of the theory and the Hermiticity of p, [62]), this
evolution, equation (27), has the form of a Kraus decomposition, the densities of the Kraus
operators being simply the random unitaries Ue?t o (for simplicity, we have left the probability
density in the integration measure dy, i.e., we have not included it in the definition of the Kraus
operators).

3.2.2. Continuum limit. ~ As in previous sections, we assume that the random variables intro-
duced above, Qﬁ, actually result from the product Qi = ¢/ ()Y, where #'(€) is a function going
to zero with €, and ! is new random variable that we introduce. This assumption ensures that

UF? o 1 as € — 0, which, in turn, ensures that equation (27) remains consistent in that
St t

limit. For a large class of functions gbl, we have that gbl(e) is dominated, for € — 0, by a term

15 This implies, in particular, that the noise is classically Markovian, since one can give, for any 7 and any w, € R, the
probability that €, = w,, without the need to know the past history, i.e., the values (wy )y, and hence (sufficient
condition for Markovianity), without the need to know (wy) (/< -

8
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which scales as € to some power v; > 0. One can show that only v, = 1/2 for all Is, delivers a
non-trivial, non-unitary, trace-preserving limit for equation (27). We thus assume, in the end,

Ql=eQ, 1=0,..3, (31)

with € independent from e, i.e., with p/ independent from €'®. This assumption is crucial for
the upcoming derivation to be valid, because for the Taylor expansion of equation (33) to hold.
In other words, this means that we have modified our model: indeed, for, e.g., one realization
of this random-unitaries model, one samples, at each time, the 4 values &' from their respective
probability distributions 7/, and multiplies them by +/€ before taking the resulting products as
arguments of the evolution operator!’. This implies that the probability measure is not anymore
that of equation (28), but that associated to the new random variable Qﬁ, namely,

3
dji = [ ] desf @ (32)

1=0
The Taylor expansion of UE;.[ L e, A order € is not completely trivial, but can be derived

from equation (7), and be cast as

2 2
o 5 1 3
E}t+\/gt:1t =1- 16Ht + 1\/EIE E OJﬁL[ — 5(\/%)2 ;0 (WI)Z(LZ)Z
— (VP [@@)0® + @) + @lwdio?)] + 0. (33)

In this Taylor expansion, we recover a known, Hamiltonian part, H?, given by equation (22),
and the L;s, [ = 0, 1,2, are defined by equation (25) with Ly = 1,. Notice that the variable
@} = ¥, only appears in the crossed terms, which are those just before the 0(e/?).

Inserting the above Taylor expansion, equation (33), in the evolution equation,
equation (27), and taking into account that the Qﬁs, varying [, are independent random vari-
ables (which is visible in the integration measure, equation (32)), and all have vanishing mean,
yields

p+edip = p+ e [—ilH, pl+ Lx2(p)] + OE), (34)
the non-Hamiltonian term being given by equation (23), notice the absence of L, with
A* = (0)i=0...3 (35)

instead of IT = (7, 7»), where 8, is by definition the standard deviation of Qﬁ for any ¢. Because
7' is time independent, all its moments are, and in particular 67. Canceling out, in the previous
equation, the zeroth-oder terms in €, dividing then by €, and letting € — 0, yields equation (21)

16 Notice that 7' cannot depend on time since p' does not.

17 That being said, maybe one can show that, though this condition (i.e., equation (31) with Qﬁ independent of ¢), is
sufficient to derive the results to come, namely, equation (34), it is not necessary. Indeed, maybe one can show that
the following, milder condition is sufficient to obtain equation (34), namely, that the random variables ! scale as
/€ only on average, i.e., that their standard deviation does. While the assumption made for the road we are going to
follow, i.e., equation (31) with Qf independent of e, implies the previous condition, the converse does not hold: indeed,
although we can for sure always define W/ = Qﬁ /+/¢, there is no reason, in the general case, that W' does not depend
on e. In the case of uniform or Gaussian distributions, the two conditions are equivalent, but their are a priori not in
the general case.
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with AZ instead of II. Notice that neither the noise on €° nor that on x, have any effect in this
continuum limit.

Notice that the present random-unitaries-model formal continuum limit is for a DTQW that
accepts a 1-step continuum limit [63]. The random-unitaries-model formal continuum limit
has started to be explored for DTQWSs accepting, not a 1-step continuum limit, but a 2-step
one, in reference [61].

4. Dirac Lindblad equation with chirality-flip channel: a model of quantum
relativistic diffusion

4.1. Description of the problem

4.1.1. Presentation. In the previous section, we have presented two spacetime-lattice models
of quantum transport with temporal noise, equations (19) and (27), that deliver, in the contin-
uum limit, the same (1 + 1)D Lindblad equation with Dirac Hamiltonian part and two standard
error channels on the chirality: (i) a phase-flip channel with rate (probability per unit time)
m/2=m = 52 7, and (ii) a bit-flip channel with rate 7, /2 = 7, = 52 This Lindblad equation
reads

0p = —ilH", p] + Lr (), (36)
where H’ is given by equation (22), Lx(5) by equation (24), and

I'= (7)) (37)
For the sake of simplicity, we choose a vanishing electric potential,

(Ao, A1) =0, (38)
and a mass term

m independent of both space and time. 39)

How does the noise, Lt /»(), on the chirality d.o.f. of the Dirac fermion, affect the dynam-
ics of the spatial d.o.f.? A coupling between these two d.o.f.s is indeed expected, at a quantum
level, because the mass entangles them'®. We will see in section 4.2 that, although a vanish-
ing mass indeed destroys the purely quantum coupling (i.e., the entanglement) between the
internal and external d.o.f.s, the relativistic nature of the equation still introduces a certain
coupling between the internal and external d.o.f.s, but which can be seen as purely classical,
i.e., the intrinsic quantum nature of the chirality d.o.f. has no purely quantum phenomenal
consequence, and this chirality could, in this massless case, be described in a non-quantum
manner.

4.1.2. Equations on the Pauli basis. We decompose, for convenience, p, on the Pauli basis,

1 3

pr = EZ Mok, (40)

18 This does not hold in a non-relativistic setting, i.e., the massive, free dynamics, does not entangle the internal and
external d.o.f.s. The presence of a non-uniform magnetic field does always produce, be the model relativistic or not,
such an entanglement, which is exemplified by the historical Stern—Gerlach experiment [64], which can be accounted
for by a non-relativistic model.
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where 0¥ = 1,. The #'s are observables acting solely on the position space, which can be
obtained from p, by the following partial trace, denoted Tr., on the internal d.o.f.,

7 = Tre(pio™). (4D

In appendix B, we briefly comment on 7 and 7.
Equation (36) can be rewritten as the following equation (p is the momentum operator),

— — — —
0,7 =Ppr +Plip+ QF, (42)

on the 4-component vector (of operators)

1

’ﬁ

@, )T, (43)
where we have introduced two 4 x 4 matrices,
i

N .
P=| Q.= T : (44)

—(M+mn) —2m
i .. 2m v

where we have denoted, in the matrices, the zeros by dots to make the writing less cumbersome.
The matrices P and Qr—o,, are anti-Hermitian, because they correspond to the Hamiltonian
part of the original equation on p, equation (36), while Qr ,,— is Hermitian (more precisely,
diagonal and real), and corresponds to the non-Hamiltonian part of the original equation.

4.1.3. Explicit solution via Fourier transform. Since we have chosen a vanishing electromag-
netic potential, equation (38), a spacetime-independent mass term, equation (39), and a space-
independent noise, equation (42) is diagonal in momentum space. We introduce the momentum
basis, {|p), p € R}. Applying (p| on the left of equation (42), and |g) on its right, we obtain

8t;pq = qu’:;pq’ (45)
where

e = (P17 1q) (46)

and where we have introduced the following generator of the transport,

i(p—q)
_ : =M p+tq :
G, = ) 47
H : —(p+9 —n+mn) —2m @7
i(p—q) . 2m —

The solution of equation (45) is well-known, and reads (we reintroduce the time label),
Fopg = Mgt = 10) Fiy g (48)
where

M, (1 — tg) = e 06, (49)

1
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In position space, the solution of our problem can thus be written explicitly as a two-
dimensional Fourier transform, namely,

0 1 ~V i(px—
My = > / / dpdg (ML),(t — 10)F ,, €, (50)
s R2

where we sum over v = 0, ..., 3. Since the matrix G,, is diagonalizable and can therefore be
exponentiated, equation (50) provides a formal solution to the dynamics of r7,,. However, the
diagonal form (and thus the exponential) is very cumbersome in the massive case, so that the
explicit solution does not give insight on the phenomena it describes. Of course, one can always
compute these integrals numerically and plot all desired observables. In what follows, we have
used this expression only in the massless case, to check that it gives the same result as our
numerical integration. The matrix exponential can in this case be performed directly using a
symbolic mathematics software, without prior diagonalization. In the following sections, we
shall get insight on the different regimes of the dynamics, first by viewing the equations directly
in position space, just below.

4.14. System of equations in position space, and remarks. Let us rewrite our system of
equations, equation (42), not in momentum space as above in equation (45), but in position
space, by applying (x| on the left of equation (42), and |x’) on its right, which yields

o, = (0 + 00, (51a)

Oiryy = Dc+ 00y — Yaray +2mrk (51b)

Orrhy = —1(0x — D)y — Yirh (52a)

Oty =1(0x — Oty — (N1 + y2)rey — 2mry, (52b)
with

ro = () (53)

One immediately sees that the mass couples equations (51) and (52). The case of a non-
vanishing mass, m # 0, and no noise, I' = 0, simply corresponds to standard, Dirac propa-
gation [65, 66], and is recalled in appendix C.

Using the definition provided in equation (53), one can prove that

(ax + 8)6’)";;/ ’x:x’ = 8fo\!a (54)
where
Rl =1, (55)

so that the above system of four equations (51) and (52), considered for x = X/, yields

OR’ = O.R’ (56a)
OR} = O.R® — R} + 2mR? (56b)
IR, = —i(0x — O)roy|iey — MR, (57a)
OR2 = i(0x — O)rlylemy — (1 + 1R — 2mR3. (57b)

Notice that the R"s are real since the 7s are Hermitian.

12
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Decomposing ', in its real and imaginary parts,
Mot = g + 10, (58)

and recalling that the 7s are Hermitian, equation (57) can be written as equation (60) below,
which show that the reality of R' and R? is consistent with their evolution equations, since the
latter only involve real coefficients and unknowns.

Now, notice that in the two first equations above, (56), only the densities, i.e., the quan-
tities taken for x = x/, are involved. It also turns out that one can decouple R® from R? in
equation (56), by increasing the order of the equations from 1 to 2 in time: after a few
manipulations, one indeed realizes that RV and R? follow the same, following equation,
equation (59),

7R + v0R? = O2R? + 2mOR:, d=0or3, (59)
OR! =20,b% /| —v — MR. (60a)
OR> = —20,b! /| —v — (71 + 72)R> — 2mR’. (60b)

4.2. m = 0,I" # 0: a chirality-flip noise on massless Dirac fermions yields the telegraph
equation

If m = 0, equations (59) and (60) become

IR + 1OR = 9?RY, d=0or3, (61)
8tR)lg = Zaxb)zcx/ |x:x’ - leR)I( (623)
alR)Zc = _28xb)lgx’|x=x’ - (’71 + 72)R)25, (62b)

which, as mentioned early in section 4.1.4, decouples equation (61) from equation (62).

4.2.1. Dynamics of the spatial degree of freedom: no quantumness. R’ and R* are, respec-
tively, the probability density and the left-current density. They code, together, for the diagonal
coefficients of the density matrix in the full Hilbert space. They follow the same telegraph
equation, equation (61), with characteristic speed and diffusion coefficients ¢ = 1 and

D= —, (63)

respectively: the chirality-flip noise causes the massless Dirac fermion to diffuse, in addition
to its unitary propagating behavior. Notice that the phase-flip noise, characterized by 1, has
no effect on the dynamics of R°, nor on that of R?, in this massless case; this is commented in
appendix D.

Consider equation (61) alone: because of the vanishing mass, it contains no quantum
feature. If one can write down a dynamical equation for the density and current density,
and needs no quantum amplitude of probability'?, this means that the essence of the quan-
tumness of the system, that is, coherence and entanglement, is, if any, limited to the inter-
nal off-diagonal space, described by #' and 72, coupled to each other through the system
of equation (52), which is autonomous (i.e., independent of (51)) because m vanishes. That

19 S0 that no purely quantum phenomena can arise from the coherences rfx,, d=0,3.

13
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equation (61) contains no quantum feature is to be understood as the fact that the chirality-flip
noise affects the spatial dynamics in a purely classical manner, i.e., not via entanglement.

In other words, the telegraph equation can be derived from a purely non-quantum model-
ing of the system. In particular, if viewed as a continuum limit of some discrete-spacetime
dynamics, our system corresponds to a persistent classical random walk [67]. This is in con-
trast with the simpler, well-known classical random walk, which (i) is the one that is usually
considered when the transport has no relativistic feature, and which (ii) leads to diffusion in
the continuum?® [17]. The telegraph equation can model the propagation of classical waves of
light/electricity with dissipation (in wires, for example, hence its name) [67]. At short (long)
times, propagation (diffusion) dominates over diffusion (propagation) [67]. Notice that the tele-
graph equation was proposed by Cattaneo to model relativistic diffusions and can be viewed
as a precursor of extended thermodynamics models.

In the light of the comments of the previous paragraph, the massive noisy quantum model
of the present work, equation (36), can be seen as a quantum model of relativistic diffusion.
Other models which could be qualified as such for the same reasons, have been considered
in the literature, but apparently mostly with a noise introduced directly on the spatial d.o.f.
[71-74]. A particularity of the present work is thus to introduce the noise on the internal d.o.f.
only. The solution of the telegraph equation, equation (61), is given by equation (70) fory; = 0,
so that b = 0 and k = -y, in equation (69).

4.2.2. Dynamics of the internal d.o.f.: standard bit-flip decohering dynamics, classically cou-
pled to the spatial degree of freedom. Without the external d.o.f. (i.e., replace S(p) by 1 in
equation (2)), we are left with the two standard error channels [60, 75] that we have introduced
on the coin (see equations (51) and (52)): the populations’ difference * decays exponentially
with a rate 75, and the real (resp. imaginary) part of the coherences, ! (resp. 7%), also decays
exponentially, with a rate ; (resp. 71 + 72). These two coin error channels?! are purely and
fully decohering, i.e. (this is our terminology), they make the coherences decrease, as time
increases, monotonically and down to zero, respectively, and in any basis of the internal space;
that the populations’ difference go to zero is also independent of the basis?2.

Let us now reconsider the external d.o.f.. Similarly to equation (54), one can prove the
following identity,

(ax - ax/)r;;/ |x:7x/ - 8xT)lcla (64)
where
T =ri s (65)

measures the coherence between the states |x) and |—x), and inserting equation (64) for u =
1,2 into equation (52) yields, for m = 0,

oT" = -0, 7> — 1! (66a)
OT* =i0,T" — (m + )T (66b)

20 The mathematical connection, via analytical continuation, between the standard, unitary, i.e., non-noisy DTQW,
and the telegraph equation, is well-known [68—70]. In the present work, the connection is not merely mathematical,
but physical, via the introduction of noise in the unitary dynamics. More generally, whether the existence of such a
type of connection via analytic continuation implies a physical connection when introducing a noise is an interesting
question to be investigated.

21 By definition, a qubit error channel maps a pure state to a mixed state.

22 These results can be checked by a simple, direct computation.
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Analogously to the manipulation performed to go from equations (56)—(59), one can actually
decouple 7! and T?: they follow the same telegraph equation as R® and R* but with a modified
diffusion coefficient,

1
= 67)
291+ (
and an additional self source of decoherence induced by 7,
OMT' 4 kO, T = O*T' + bT', i=lor2, (68)
with
R = 2"}/1 + 7 = 0 (693)
= -—n(n+7) <0. (69b)
The solution of this equation, provided on page 217 of reference [76], reads
1 _& Y2l _& o I, Lz
Ft’xzie 2’[fx+t+fxit] +7§e 2T/X_t dy%fy
1 . X+t 72 K
b ged / avio e [+ 5 5] (70)
where
5= —x—yH', (1)
+o00
(X/z)erZn
I,(X) = _— 72
&) ;n!F(Vanle) (72)

is the modified Bessel function of the first kind, and where we need two initial conditions
because the equation is of order 2 in time,

S =Fox (73a)
8x = OF |0 (73b)

The first thing to mention is that, if both the initial function, T;i:o, and the initial time deriva-
tive, 9,T"|,—o, both vanish, then T! = 0 for any 1, i.e., the dynamics generates no coherence
between x and x'. This is a consequence of choosing both a vanishing mass and a purely deco-
hering noise. If ~; vanishes, no decoherence comes from self sources anymore (phase-flip
channel); the remaining decoherence only comes from the chirality-flip channel, and, as already
mentioned, the dynamics followed by both 7' and 7? is exactly the same as that followed by
RY and R?, and can be viewed as the consequence of a purely classical coupling between the
internal and the external d.o.f.s. In summary: the initial amount of coherence between the two
internal states which is initially introduced in the system, is, as coherence between x and —x,
spatially transported classically exactly as the probability density.
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4.3. m #£ 0,T" # 0: chirality-flip noise on massive Dirac fermions (in the low-dispersion, that
is, semi-classical regime)

In appendix C, we recall the case, (m # 0,1 = 0), of standard, Dirac propagation [65, 76].
Now, we want to investigate how the (sole) chirality-flip noise influences a massive Dirac
fermion.

Already in the noiseless case, one can distinguish two regimes: (i) a low-dispersion regime,
in which the global propagation, i.e., the average speed of the distribution, dominates over dis-
persion, i.e., over the average speed at which the distribution spreads with respect to the mean
position, and (ii) its counterpart, the dispersive regime. Let us, for simplicity, focus on the first
regime, that is, the non-quantum, or, rather, as we have called it, low-dispersion one, that can
be approximately described as the propagation of a classical wave (in vacuum, a classical wave
does not disperse)?*. That is, let us study the classical features of our dynamics, equation (56).
As induced from the former, massless case, in section 4.2, it should be meaningful to qualify
this classical dynamics as a massive relativistic diffusion.

4.3.1. Validity of the low-dispersion regime (noiseless study). Let us consider the noise-
less case, detailed in appendix C. If o, the momentum spread of the initial (Gaussian)
positive-energy wavepacket, equation (C10) for ¢ = 0, is much smaller than the initial average
momentum py, that is, if

7«1, (74)
Po

then, intuitively, dispersion should be negligible with respect to propagation during some
time. Let us evaluate this more precisely. One can prove (not shown) that, if condition (74)
is satisfied, then one can approximate the dispersion relation E, = /p* + m? by a quadratic
function of p — po by Taylor expanding it around py, that is, one can make what we call the
quadratic-dispersion-relation (QDR) approximation, which, conveniently, enables to do ana-
lytical computations (Gaussian integrals). In the QDR approximation, the mean position and
spread are respectively given by

8E,, Po
ve= =t =B (75)
OP | p=py \/ D% + m?

and by equation (C15b). One can then prove (not shown) by an explicit computation that
condition (74) actually ensures

e, (76)
Vg

that is, that we are in the low-dispersion regime.

23 We say ‘low-dipersion’ rather than ‘non-quantum’ because we consider here no potential energy, so that the coun-
terpart, dispersive regime is not ‘that quantum’ either, in the following sense. Consider first the non-relativistic regime:
it is well-known that, without a potential energy, the Schrodigner equation can be seen as a classical wave equation
in a dispersive medium, with dispersion relation p*>/2m. Now, if we are not in the non-relativistic regime, the only
quantum feature is Zitterbewegung; apart from it, free Dirac propagation could be described by a scalar amplitude
propagating classically in a dispersive medium, with dispersion relation \/p? + m?.
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4.3.2. Physical quantities to be studied. Let us introduce the first moment of the probability
distribution, i.e., the mean position,

(x)¢ E/dxxP,,x, (77)
R

where P, = Rgx is the presence density, or probability distribution, defined in equation (55).
Let us also introduce the second, non-centered moment of the probability distribution, that
18,
(x*), = / dxx*P, . (78)
R

Finally, let us introduce the exponent,

_d In((x*); — (x*)o)

= 79
' dlnt (79)
of the numerical fit of (x?),, defined in equation (78), by a power law, that is,
<x2>,ﬁ: at + (x*)o, (80)
t

where « is some constant.

4.3.3. Numerical study. Consider an initial (Gaussian) positive-energy wavepacket,
equation (C10) for ¢ =0, satisfying condition (74)%*, and let it evolve according to
equation (36) with

choice: v; = 0, (81a)
notation: y, = 7. (81b)

We have implemented this evolution numerically, via an implicit scheme, described in appendix
E. The dynamics displayed can be split into two or three regimes, as detailed further down. The
simplest, two-regimes description is the following one: first, a propagative regime, in which
propagation dominates over diffusion, and second, a diffusive regime, in which diffusion dom-
inates over propagation. There are several possible criteria to precisely define the ‘domination’
one refers to. In the three-regimes description, illustrated in figure 1, there is transient regime,
as we shall see in more detail. Let us characterize all the aforementioned regimes by analyzing
all figures 1-3.

Let us focus on figure 2, displaying (x),. One can easily check (not shown) that the initial
time derivative of (x), is always v, to a very good approximation. It is thus natural to introduce
atime 7 such that, up to this time, (x), is approximable v,t. Of course, #; depends on the desired
precision of this approximation. From O to #;, the dynamics is thus not only propagative, but
also low-dispersion. One can then define a transient regime from #; to some #, such that for
t > 1, the mean position (x), ~ constant, a constant indeed manifestly reached as it can be
seen on figure 2. Of course, 7, depends on the desired precision of the constant fit of (x), for
t > t,. The regime from 2, to infinity is a diffusive one, as we shall see below.

24 So that, by extrapolating from the noiseless study of the previous section 4.3.1, we expect—when the Hamiltonian
part of the Lindblad equation, equation (36), dominates over the noise part—to be in the low-dispersion regime (rather
than the dispersive one).
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Figure 1. Probability density P, = Rgx (see equation (55)) of the massive, relativistic
particle experiencing the (quantum) relativistic diffusion governed by the Dirac Lindblad
equation (36) with v; = 0, as a function of the position x on the line, for different times ¢.
The first thing to mention is that the parameters and initial wavefunction—a (Gaussian)
postive-energy wavepacket, equation (C10)), of the standard Dirac equation—have been
chosen such that the dynamics is essentially classical, i.e., non-quantum, see the expla-
nations in the main text. The dynamics clearly displays, as time evolves, three regimes.
The first, propagative, low-dispersion regime, from r = 0 to a #; defined in section 4.3.3,
is illustrated in the left panel, for which we have chosen v = v, = 0.05, po = 1 and
m = 3, so that the group velocity v, ~ 0.31, and ¢ = 0.1, so that o /py = 1/10, which
is why the global propagation dominates over dispersion: indeed, one can see that the
mean position (x), of the distribution (see equation (77)), represented by dashed vertical
lines, differs very little from the ballistic group motion v,t, represented by solid vertical
lines; Of course, the discrepancy between both increases with time. In the middle and
right panels, we have chosen v = 0.5, po = 5 and m = 0.5, so that the group velocity
vg > 0.995, and o = 0.5 (so that o /py = 1/10 and we should still be, at least initially,
in a low-dispersion case). Notice that the parameters used in the plots have been chosen
in order to qualitatively better display each of the three regimes. The second, transient
regime, from #; to a #, defined in 4.3.3, is illustrated in the middle figure: one can very
clearly see how diffusion progressively takes over the ballistic motion of the initial den-
sity peak. The third, diffusive regime, from #, to infinity, is illustrated in the right figure:
one can easily check numerically that this regime tends toward a standard diffusion, with
variance 4Dt, where D = 1/~.

This was the three-regimes description. The interest of the two-regimes description is that
we naturally introduce a time f,,;3 which, unlike #; and #,, is not arbitrary, i.e., depending on
some desired precision, but characteristic of the dynamics. This t;,q could be, e.g., when the
second derivative of (x), reaches its maximum (see figure 2), or when it is the second derivative
of 1, which reaches its maximum (see figure 3).

Now, that the dynamics always tends toward an exact diffusion for t — +o0, i.e., with a
variance scaling as ¢, seems to be expected from figure 3. One can easily check (not shown)
that the diffusion coefficient is, in all shown cases, that of the massless case, D = 1/, i.e., that
the variance equals 4D¢, as expected from the fact that the Lindblad equation is linear and that
there is no other diffusion term than that with diffusion coefficient D.

Letus comment on the limit position x;,,x seen on figure 2. In all the cases studied in figure 2,
this limit position turns out to be very well approximated by

1 D
Xmax : xlim(vg9 ’Y) =— =, (82)

fit Vg Vg
whose numerical values have been represented by black, dashed horizontal lines. Both the
dependencies in v, and D can be understood qualitatively by extrapolating from the massless
case, where the probability density P, , = Rgx follows a telegraph equation, equation (61), that
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Figure 2. Time evolution of the mean position, (x), (see equation (77)), of an initial
(Gaussian) positive-energy wavepacket of the standard Dirac equation, see appendix C,
evolved through the Dirac Lindblad equation (36) with v; = 0 and notation v, = v,
i.e., a sole chirality-flip noise. The first (resp. second) row of plots corresponds to fix-
ing a width 0 = 0.05 and a mean momentum py = 0.5 (resp. 0 = 0.5 and py = 5), and
the ratio o /po = 1/10 is fixed on all plots. The first column of plots corresponds to
m = 5, the second to m = (.5, and the third to m = 0.05. We are in the low-dispersion
regime, where the width of the initial wavepacket is much smaller than the initial
average momentum, o < py, so that the competition is expected to be between the
global propagation of the wavepacket and its diffusion due to the noise, the second
one increasingly dominating over the first one as time evolves. The wavepacket initially
evolves ballistically at speed v, but later approaches asymptotically a limit position
Xiim(Vg, 7) = 1/(vgy) = D /vy, see equation (82), represented by dashed horizontal lines.
After reaching the limit position, the probability distribution seems to experience an
exact diffusion, see figure 3. One can see that the top—center (top—right) and bottom—Ieft
(bottom—center) figures seem to be almost the same, which suggests that the parameters
that characterize the dynamics are (apart from ), the ‘dispersion/(global propagation)’
ratio, i.e., o/po, which characterizes the degree of dispersiveness, and (ii) the group
velocity vg, which characterizes the initial global propagation. The role played by vg,
not only up to xjim, but also after, is discussed further in the right-most series of plots of
figure 3. Notice that, as v, converges to 1, xj;, converges to D.

we rewrite here,
D, 2
c_28’ P, + 0,P, = DO;P,. (83)

We recall that here the characteristic speed is ¢ = 1. We have omitted the time index of P, as
in equation (61).

What accounts for x,, diminishing when D does is the following. As D diminishes,
the second time derivative in equation (83), (D/ cz)(?tsz, diminishes, while the first time
derivative, 0,P,, remains unaffected, so that propagation faints with respect to diffusion.
This is a remarkable specificity of the telegraph equation. Indeed, D is involved not only
in the usual diffusion term, D&%Px, but also in the propagation term, (D/ cz)atsz, and
both terms have the same variations as D (they are, more precisely, linear with D), so
that a smaller D not only implies, via the usual diffusion term, a slower diffusion, but
also, via the propagation term, that the diffusion regime is reached earlier. The telegraph
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Figure 3. Time evolution of the exponent 7, (see equation (79)). The choices made are
exactly the same as in the top row of figure 2, characterized by ¢ = 0.05 and py = 0.5.
‘We know that our numerical code fails for too small times. In the case v = 0, the Fourier-
transform solution is computationally easy to plot, and we have checked that in this case
1 is 2 whatever . We believe that 7,—y should be 2 (exact ballistic motion) whatever
~. It seems from the plot that 7, always tends to 1 when ¢ tends to infinity, i.e., that the
dynamics tends toward an exact diffusion. The left and middle plots manifestly coindice
if ploted as a function of v;1.

equation thus appears as the particular case d = D of the following, more general equation,
(d/cHO*f + O, f = DO f, in which the diffusion coefficient D of the final diffusive regime
is, this time, independent from the time taken to reach this diffusive regime, controlled by
d (and ¢).

That xy,a« diminishes when v, increases could possibly seem counter-intuitive. The follow-
ing explanation can actually account for it. In the telegraph equation, that the characteristic
speed c increases makes propagation faint with respect to diffusion, i.e., makes the diffusive
regime be reached earlier. Now, one can argue that in the massive case, the same mechanism
happens, but with a characteristic speed which is not ¢ anymore, but v,.

It is interesting to put this limit-position effect in perspective with an effect predicted in
the Stern—Gerlach experiment [77]. In this case, the system also experiences entanglement
between the internal and the spatial degrees of freedom. However, the noise is assumed to be
described by the Caldeira—Leggett model, so that it acts on the spatial part, not the internal
one. One finds a limit momentum, rather than a limit position.

5. Continuum limit for discrete-time quantum walks with temporal coin noise
depending smoothly on the position

5.1. Adding spatial randomness on top of the temporal randomness of the coin unitary

5.1.1. Introduction, and M-point function. We want to allow the temporally random coin uni-
taries of section 3.2 to be random also spatially. We thus introduce a random variable Qﬁ,x for
each lattice position x € I, where, for more definiteness, we have considered, instead of Ze, a
finite lattice

L= {X],...,XM}, (84)

with M some positive integer. From now on, we will omit the specification ‘€ " when writing

‘x € I’. We keep the temporal independence of the random variables, i.e., Qﬁ |« 1s Independent

on Qﬁ;x, for 1, # t1, whatever ([, x, ', x') (this, in particular, implies the classical Markovianity

20



J. Phys. A: Math. Theor. 53 (2020) 205303 P Arnault et al

of the noise). We assume /-independence in space, i.e., Qﬁ‘x is independent on szx, forl, # 1,
whatever (x, x’). Now, we do not assume spatial independence at fixed 7 and /, i.e., a family of
real numbers

(wl[,x)x

(Whs- o Whyy,) €RY, (85)

txy?

where
M = number of sites of the lattice, (86)

is issued from a sampling of the family of random variables (Qix)x according to some arbitrary

M-point function (i.e., probability distribution), that we denote by pigﬁ 25 where

(O = (X150, Xu)- 87
The family (sz)x has thus a probabilistic weight p, (x))((w, ,X)x)% in other words, p, (x))((w, x)
is the probability (density) of the event Ql’xl = wm and Qfxz = w! 0 +e»and QﬁXM =wl,

As in section 3.2 for the spatially homogeneous noise, we assume the statlonarlty of the noise:
LM L)
L)y — Py - . . . .
Instead of the evolution of equation (27), we thus have to consider an evolution of the form

[)[+E - /dl/ V(?}Xt]x‘i’wtx)x(pl), (88)

where the integration measure dv, which satisfies the normalization condition f dv =1, 1s
given by

dv = (dw)™ P (W), (89)

having introduced the notation

(dw)™ H []aw:.. (90)

=0 x

and where, because of the /-independence in space,

3
P (wi)e) = [T Pl (it o). 1)

=0

Since the w,,s, varying x, are here mute (they are integration variables), and there is no ambi-
guity about the time 7 at which we are if we decide not to change, we will use the simplified
notation

Ax = Wiy (92)

E

1.(M)

25 The temporal independence assumed above simply means being able to give oneself such a Pl

knowing the past history, i.e., the values («/ v i <L)

26 That this M-point function is arbitrary 1mphes in particular, that it is not necessarily given, as it would be for
independent random variables, by a product p; (X))((w, D) = IL p””(w ,). Notice that we have not allowed the 1-
point function p,( ) to depend on x, i.e., we have impose translational invariance for the noise. Below in the main text,
we extend the definition of translational invariance for non-vanishing correlations between the random variables.

at any ¢, without
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Now, for each family (\), € R™, the random-unitaries superoperator is, naturally, given by

f
QW _
Vierutno P = VOO, b (Vom) ' (93)

where the random unitaries are, in the present DTQW case,

QW _ <
V(/\x) ef izt S, 04)

with the position-dependent coin operator
Eftx+/\” Z Cfftx+Ax |x < | (95)

and where, to lighten notations, we have used
S = S(p), (96)

given in equation (3). As in the spatially homogeneous case in section 3.2, the (densities of)
Kraus operators are simply the random unitaries V( \,),> there is one such operator for each
4M-uple (\y)y.

5.1.2. We only need the 2-point function because the noise is local. 'We qualify a spatiotem-
poral noise (\,), as local if the random unitary V), with a priori arbitrary dependence in
(Ay)y, has matrix elements of the form

(x| Vo, W) =D W, 97)

zell

that is, sums of terms depending, each, on a single A,. It is straightforward to check that the
random unitary V( Ay equation (94), is local (with, moreover, the single term z = x in the sum
of equation (97)). For a few precisons on local noises, see appendix F.

Now, for a local noise as defined in equation (97), the matrix elements P?Cig = (x| prye |2)
are given by?’

plo= Y0 [@reioon v v 98a)
wod

=3 [ A PO A VY v”. (98b)
7

In going from the first to the second line, we have integrated over the variables that do not
appear in the integrand, and assumed that, at any ordern = 1, ..., M, there is a single marginal,
i.e., not several ones that would be produced by having integrated the higher-order functions
over different variables, which is ensured if we assume the M-point function to be fully sym-
metric (i.e., symmetric with respect to all pairs of variables), which, by a natural definition, is a

27 To obtain this, just apply (x| (resp. |x)) on the left (resp. right) of equation (88) considered, more generally, for a
local-noise superoperator V, i.e., made of unitaries satisfying equation (97), not necessarily of the form VW,
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necessary feature of the M-point function if we require the noise to be translationally invariant;
hence, a sole 2-point function appears,

R—1
ﬂ%MME/1H11M§ﬁ%wm, (99)

r=0 ¥#z7

where \; = (\));=0r-1, R € N being the number of space (time)-dependent parameters which
we consider random in space (in the case of the coin operator parametrized by 4 angles which
has been considered in the present work, the maximum R that we can chose is R = 4, that
is, all four angles random in space, and remember that we denoted r = /). The dynamics
is completely determined by equation (98b), and, hence, by the knowledge of the 2-point
function. Any M-point function, and hence Kraus-operators family (V(Ax)x)(/\x)xeRRM, com-
patible with the 2-point function characterizing the model, is a valid one to describe that
model.

5.1.3. Special form of the 2-point function for random variables associated to lattice sites, and
for a translationally-invariant noise. By construction of our model, we do not only have a 2-
point function szz),()\, \'), but we also have that, when z = 7/, then A = X, so that the 2-point
function must have the form [78]

Pi,zz)’()\z’ )\ZI) = 5ZZ/P§1)()‘Z)6()‘Z - )‘z/) + (1 - 521’)Pi,2z)”7$()‘zy )\Z/)’ (100)

where Pgl)()\z) is the 1-point function, and Pizz),’;"E is a 2-point function which need only make

sense for z # 7, i.e., sz),’#()\z, A\y) is, for z = 7/, an arbitrary and irrelevant R -number.
Requiring the noise to be spatial translationally invariant means requiring

Y(z,A) € L x R, PPN = PP (101a)
V(z.Z A X) € L2 x R%, PO N) = w._y(A ) (101b)
= w‘z,zx‘()\’, )\), (1010)

i.e., (i) that PP()\) does not depend on the lattice position z, and (ii) that PO\, N)
actually depends only on the distance |z — 7|, and is an even function of (A, \) (i.e., is
symmetric in (A, \')). For random, spatially independent variables, the first condition is
of course sufficient, but if we allow non-vanishing 2-site correlations, the second is also
needed.

5.2. Continuum limit for discrete-time quantum walks with temporal coin noise depending
smoothly on the position

5.2.1. Condition for the temporal continuity of the density operator. Consider equation (98b)
for the DTQW random unitary, equation (94):

P = / dAdAPT, A A) C (1] S5 STIY) €, (102)
where
C\ = Cpiie (103)
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As in section 3.2.2, we assume
Al =\eAl, 1=03xel, (104)

and change the integration measure in accordance. The above condition, equation (104),
ensures, as in the case of a sole temporal noise, that p,.. — p; scales as e, i.e., that p is a
continuous function of time, and hence that p is approximable by a differentiable function of
time; it is in this sense that we can write 8,ﬁ28.

5.2.2. About the difficulties to obtain, once we introduce spatial noise, a PDE description in a
sensible continuum limit. The question we ask ourselves is whether one can get a sensible
limit to the spacetime continuum out of the noisy dynamics described by equation (88), i.e.,
more precisely, whether one can get a PDE for p in such a limit. Recall that this is indeed
what we have obtained in the case of a purely temporal noise, see equation (36). Now, because
the spacetime-dependent coin-operator parameters are sampled from random variables, ]\is,
which, for each point x of the 1D spatial lattice, are different from one another, then if we take
the lattice spacing € going to zero, the functions of the position resulting from this sampling,
i.e., the realizations ()\i)x of the spatial noise, will be discontinuous everywhere on the line.
Hence, for each realization (S\i)x of the spatial noise associated to the evolutiont — 7 + € (i.e.,
each term in the integral of equation (88)), p,.v = (x|p;|x’) can a priori be considered a con-
tinuous function neither of x nor of x'. Now, at each time step, an average is made over all
possible realizations (S\i)x of the spatial noise, see equation (88), and it is possible that in cer-
tain cases, i.e., with certain constraints, this average does only produce continuous, and even
differentiable functions p, v of x and x’. That being said, this is a delicate topic which would
require more work, and we will not treat it in the present article. Let us simplify the problem
and ask ourselves: what are the constraints that one has to impose on the spatial part of the
noise for each realization (A1), of this spatial noise to induce a function p, . differentiable in x
and x'? A sufficient condition answering this question is the following: such a differentiability
of p,w as a function of x and X' is trivially guaranteed if we impose all realizations (AL), of
the spatial noise to be differentiable functions of the position x themselves. But, imposing this
implies that we loose the notion of spatial noise in the continuum limit, that is, in the contin-
uum limit, the superimposed spatial noise introduced at the level of the DTQW, reduces to mere
spatial dependence of the temporal noise. This is the case we are going to treat in the present
work.

5.2.3. Non-explicit Lindbladian form of the continuum limit. In appendix G, we show that, if
all sequences (\.), involved in the integral of equation (88), correspond, not to outcomes of
spatially-dependent random variables, but to values taken by differentiable functions of x (and
with which they coincide in the continuum limit), then equation (102) admits the following
dynamics in the continuum limit, € — 0,

0™ = =i (| TH, AT + Nojase, (0, (105)

281n the case where there is no spatial dependence of the parameters of the coin operator, we have also shown the
existence of a formal continuum limit by Taylor expanding in that small parameter, /¢, before making the Kraus
integral, so that one may think that it is also only in the above-mentioned sense that we can write J,p. However, one
can actually, in this case where there is no spatial dependence, perform the Kraus integral before Taylor expanding
in /€, and the result actually yields functions which are differentiable in time, so that p also is, exactly, i.e., does not
need to be approximated by a function exhibiting such a feature.
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where the noise term is

N, o (%) = i”’Mi’x_x/ (P, (106)
with

' = (0,71, 72), (107)
and

ML, ) = Kl L= AL L o), (108)

x|

where the L;s are given by equation (25) with Ly = 1,, and where we have introduced the
‘variances’

1= / dA, PPOAD) (ALY (109)

and the ‘correlation coefficients’

/

1 _ Gy
= c[-1,1], 110
Klx—y| 71/2 [ ] ( )

where the ci s are the 2-point “correlation functions’,

¢ / ahddy OO A AL, (111)

xx =

which actually depend on |x — x’| only, because of condition (101b) for the translational invari-
ance of the noise. Notice that, while the contribution of the noise / = 0 to the continuum limit
was vanishing in section 3.2.2, here it does not, because of the spatial inhomogeneity. Indeed,
it is because in general /if; Y| # 1, that the contribution / = 0 does not vanish:

M, (™) = (e = D™ (112)
=]

One can check that equation (105) is trace preserving, by taking it at x = x’, and summing
over all xs and over L, R. The left-hand side then becomes

[ ax>- a1 = o, (113)
R Lr

while the right-hand side is (since the Hamiltonian part is trace preserving)

2
/ dx [0 + ™D (nfx,x/lzo — 1) . (114)
R =0

By construction of our 2-point function, see equation (100),
Ry vjmo =1, 1=0,...,2. (115)
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The right-hand side, (114), thus vanishes, and hence so does the left-hand side, which yields
trace preservation.

Notice that the fact that this continuum limit only makes sense for a sole temporal coin noise
with smooth spatial variations, and is not valid for a superimposed spatial coin noise, implies
that the ‘correlation coefficient’ /@lex,‘ is a differentiable function of |x — x|, which in turn is
consistent with the fact that our resulting PDE involves, in the Hamiltonian part, derivatives of
p, with respect to x and x'.

5.2.4. Explicit Lindbladian form. We are going to show that one can derive, from a certain,
quite general family of random unitaries, a continuum Lindbladian limit. Consider the dynam-
ical map ensuing from arbitrary temporal-noise random unitaries Q¢(\/E), (i) depending on an
arbitrary sequence ¢ = (\,), of values taken by a differentiable function of x, with which the
sequence coincides in the continuum limit € — 0, and (ii) being a function of the square root
\/€ of the spatiotemporal-lattice spacing e,

proe = [ @0 005 0L/ (116)

where the integration measure satisfies [ dv = 1. Assume that the random unitaries have the
following Taylor expansion,

05O = 1+ e0!” + 0 + 0(e¥?). (117)

Equation (116) then reads

= = “ “ t
potcdp = p+ Ve (0Vp) + e {%(Q%) - / dv 075 (0)) ] + 0,

(118)

having introduced the mean value of an operator O,

0= /dy0¢, (119)
and the Hermitian-symmetric part of an operator A,

FAA)=A + AT (120)
For this expansion, equation (117), to make sense whatever € 2> 0, one needs

2#(0"p,) =0, (121)
for which it is sufficient that

01/ = /dz/ o1 =, (122)
and one then obtains the following PDE,

= =, \T A A T
o =0Vpi+p (V) + / av 0)Pp,(00) . (123)
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Now, O is in general not Hermitian, and can be decomposed into a Hermitian and an anti-
Hermitian part,

0 = G + (—if), (124)
where
R :i = B =) i
=3 [Q (Q ) ] (1252)
~ 1| = = f
= _ (1) (1)
G_2[Q +(Q )] (125b)

are both Hermitian. Equation (123) can then be rewritten as
N ~ o T
Oup = —ilH. p) + {G. p} + / av 075,01, (126)

where [-, -] is the commutator, and {-, -} the anticommutator. Notice from this equation that A
is a Hamiltonian. Now, requiring that evolution (116) be trace preserving implies the following
normalization condition,

/ dv QL (VO0s(v/e) = 1, (127)

which, using the Taylor expansion of equation (117), imposes
-~ 1
G _5/ <Q<1/2)> 0\, (128)

Plugging this expression of G into equation (126) finally yields
Op = ilH. p] + /dl/ {LOP,L}) 5 {L;L p}] (129)
which is a Lindblad equation, with Lindblad operators

L,=0y". (130)

One can apply this general result to recover (i) that of section 3.2.2, with a pure temporal coin
noise, and (ii) that of section 5.2, with a temporal coin noise which depends smoothly on the
position.

6. Conclusion

As we discussed in the introduction, the search for a correct description of diffusive dynamics in
relativistic quantum systems has faced historically many difficulties, in the attempt to preserve
essential features such as relativistic covariance or causality. In the non-quantum case, these
difficulties have been overcome. In the quantum case, they are still under study. In the present
paper, we do not address covariance. We present a model that can be used to simulate some
features observed in more involved systems.

Our starting point, see section 2, is a DTQW on a one-dimensional lattice, whose walker
is subject, see section 3, to noise acting on its internal, coin (or chirality) degree of freedom,
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that makes it decohere. We consider two such models of decoherent DTQW. First, a model
with both a coin-flip and a phase-flip channel. Second, a model of random coin unitary oper-
ators (so-called random coin unitaries). Noise acting on a two-level quantum system (such as
the chirality part of a chiral system), appears in many physical scenarios, and is commonly
described, microscopically, by spin-boson models?. Such scenarios include the description of
matter in a quantized radiation field, the motion of light particles in metals, or superconducting
qubits which are coupled to propagating photons.

Given the update rules that govern the dynamics of DTQWs, their causality is guaranteed by
construction. In fact, an important property of noiseless DTQWs is the ability to reproduce the
dynamics of relativistic particles in the continuum limit, i.e., when both the lattice spacing and
the time step go to zero. This also requires that the parameters of the coin operator that controls
the dynamics follow this scaling in an appropriate manner. One can naturally ask the question
of what is the continuum limit (if any) of the above decoherent-DTQW models. As expected,
the existence of such a limit also imposes conditions on the behavior of the parameters that
characterize the noise, as we approach the continuum. Within this assumption, we obtain that
the two decoherent-DTQW models introduced above admit a common formal continuum limit,
namely, a Lindblad equation with a Dirac-fermion Hamiltonian part and, as Lindblad jumps,
a chirality flip and a chirality-dependent phase flip, which are two of the three standard error
channels for a two-level quantum system. This, as we may call it, Dirac Lindblad equation,
provides a model of quantum relativistic spatial diffusion, which is evidenced both analytically
and numerically in section 4. The presence of the chirality, along with its entanglement with
the spatial motion, is of course, in our noise model, a crucial ingredient in obtaining such a
quantum relativistic system with spatial diffusion, given that the noise acts on the chirality.

We have investigated the resulting dynamics. For a particle with vanishing mass, the model
reduces to the well-known telegraph equation, which yields propagation at short times, dif-
fusion at long times, and exhibits no quantumness, in the sense that it can be described by a
wave equation on the density of presence of the particle. On the other hand, the massive case
has been analyzed numerically, and exhibits a rich phenomenology. We analyzed in detail the
dynamics that appears when the initial state is Gaussian, and identified the relevant parameters
of the problem. In the low-dispersion regime, corresponding to an initial momentum width
which is much smaller than the initial average momentum, the average position first propa-
gates ballistically, with a velocity that equals the group velocity and, after a transient regime,
asymptotically approaches a limit position.

We also extended, in section 5, our formal-continuum-limit procedure to temporal noises
which depend smoothly on position. We stress that this does not correspond to adding a spatial
noise in any way.

Noiseless quantum walks have numerous applications. In quantum algorithmics, they are
known to be universal computational primitives. In quantum simulation, they can emulate high-
energy phenomena like particles propagating in external gauge fields (including a gravitational
potential). And it has been suggested that quantum walks can also serve as building blocks for
discrete models of gauge theories. Thus, stochastic quantum walks such as those considered
in this article are useful tools to investigate the effects of decoherence, both in quantum algo-
rithmics and in quantum simulation. To be fair, the results presented above are only partial and
should be extended, not only to quantum walks on graphs, but also to many-particle quantum

29 Reference [75] provides such a microscopic model in a framework which is very close to that of the present work; the
only difference regarding the noise aspect is that they consider the depolarizing channel, which is an equally weighted
sum of the three standard error channels for two-level systems, while we consider only two of these three channels,
and with arbitrary weights.
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walks, i.e. quantum cellular automata. But they reveal, through quantum walks, a profound and
unexpected link between quantum algorithms running in a non ideal, ‘open’ quantum computer
and relativistic diffusions. The link between decohering gauge theories and relativistic diffu-
sions is perhaps less surprising, but it seems never to have been mentioned in the literature so
far. Speaking quite generally, the results presented in this article show that the vast body of
knowledge accumulated on classical relativistic diffusions can contribute to our understanding
of open quantum systems, at least in situations where quantum walks play a natural role. And,
vice-versa, studying decoherence of systems which can be modeled with quantum walks can
teach us about relativistic diffusions.
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Appendix A. Euler-angles parametrization of SU(2)

Consider the coin operator of equation (7) with, for simplicity, spacetime-independent entries.
Up to the global phase &£°, this arbitrary 2 x 2 unitary matrix,

i 0
Civglon =€ Rgip, € UQ), (A1)
is nothing but an arbitrary coin rotation, which can be written as

1
li§*X

TGl it gu(2). (A2)

i
R({l,(g)x) =c

We have put the dependence on the angles between round brackets to indicate that these angles
are constant in spacetime, i.e., only correspond, each, to one real variable.

We have chosen to parametrize this coin rotation with the angles ¢', #, and y, which are the
following linear combinations of the Euler angles of SO(3) for a passive rotation:

v=¢-x (A3a)
o=¢"+x (A3b)
O =20, (A3c)

see reference [70], appendix F. Notice that # is just half of the Euler angle giving the lati-
tude. Notice also on equation (A2) that x simply corresponds to a change of coin basis in the
equatorial plane of the Bloch sphere. This parametrization is a compromise between (i) good
visualization of the action of the coin rotation on the Bloch sphere, equation (A2), which is why
we use almost the Euler angles—the only subtlety being, as the reader may have noticed, the
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visualization of £ ! [70]—, and (ii) compactness of writing in a single-matrix form, equation (4),
which is why we do the above linear combinations?’, equation (A3).

Appendix B. Quantum continuity equation

Equation (41) shows, in particular, (i) that?!
7= Tre(p) = pr-+ 1%, (B1)

is the operator corresponding to the probability of presence regardless of the internal state
(partial trace of p, over the internal d.o.f.), and (ii) that,

o= prt = R, (B2)

is the left-current operator. Points (i) and (ii) can be illustrated by the fact that one of the
four coupled PDEs implied by equation (36) on the #'s, is (we omit the time label to lighten
notations),

o0 = i[p, 1, (B3)

which is the quantum-operator version of the 1D continuity equation; indeed, in position space,
i.e., applying (x| on its left, and |y) on its right, equation (B3) delivers

8:’”% = (ax + 8)7)7")3@: (B4)
where 7, = (x| 7 |y), and considering this equation, (B4), for x = y, yields (see equation (54)),
OR’ — O.R} =0, (B5)

where R = r! . Equation (B5) is a standard continuity equation, not specific to a quantum
setting. R? is the probability density, and R? the left-current density.

Notice the following. ‘How much’ quantum information contained in equation (B3) mani-
fest itself (so that the equation cannot be reduced to its non-quantum version, equation (B5)),
is conditioned to ‘how much’ the evolution equation for 7> contains quantum information as
well. In the present case, we will see in section 4.2.1 see that this demands that the mass m
does not vanish. Now, we know a priori that this condition is, although necessary, not suffi-
cient, because in the non-relativistic limit, the internal and external d.o.f.s do not get entangled
by the free dynamics, as mentioned early in section 4.1.1. So, another necessary condition for
equation (B3) to contain purely quantum information is, for the present model, that the latter
is relativistic.

30 ndeed, if we had stuck strictly to using the Euler angles, we would have linear combinations of ) and ¢ in the
argument of the exponentials that appear in the matrix.

31 The four prs, u,v € {L, R}, are the components of p, on this basis of the mixed coin states that we call canonical,
which is induced by the LR basis of the coin pure states: p = >, . _; g A" [u){v].
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Appendix C. m #£ 0,T = 0: standard, massive Dirac fermions, a very brief
reminder

C.1. General solution for a pure initial state

When I' = 0, the dynamics is unitary. Hence, if we do not wish to evolve mixed initial states,
the density-operator formalism is not necessary; we can work with the state-vector formalism.
The evolution of an arbitrary pure state from time #, = 0 to time 7 is given by

1 .
\Ill‘,x = \/—2—7-(\/deqjt’pelpx, (Cl)
where
U,y =afi Ve B +a, v, e, (C2)

is the decomposition, at any time ¢, of the momentum amplitude distribution on the chirality
eigenbasis of the considered Hamiltonian,

— gyDirac _ |7 m
h(p) = H,,"(p) = [ m p] ) (C3)

see equation (22). The eigenvalues are +E,, with

E, = \/p*+m?, (C4)

and two possible eigenvectors are’?

1
V= (:l:Ep + p> ) (C5)

m

The coefficients a® of the decomposition, equation (C2), are, apart from the normalization
condition,

[ap o PIVIE +1a, PV, ) = 1. (6)
arbitrary complex-valued functions of p.

C.2. Choice of the initial condition

Unless otherwise mentioned, we choose a positive-energy initial state with Gaussian momen-
tum distribution of center py and spread o, that is,

af =By = VN85 (C7a)

a, =0, (C7b)

where

g = e 27, (C8)

2o

32 These are non-normalized in the internal space; there is no need of doing so.
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and N is a normalization factor, such that (see equation (C6))
E,+p 2
o p
/dengpo 1+ <m >

C.3. Group and dispersion velocities

= 1. (C9)

With the initial condition of equation (C7), the state evolution is

1 .
W = ——ZW /]R dpAp,pOel(Px’EP’), (C10)
where
Appy = ﬂ,,,,,ov;. (CI1D)

One can show that a sufficient condition for the dispersion relation, E,, to be considered
quadratical, i.e., for what we call the quadratical-dispersion-relation (QDR) approximation to
be made, is

o < po, (C12)

which corresponds to A,_,, sharply peaked around p = py. Within the QDR approximation,
the mean position and the centered spread are well approximated by the following, ballistic
formulae [79]

X = (x); = vyt (C13a)
Uz
Y=/ (2) — ()2 ~ S /1 + E—gﬂ, (C13b)
0
with
1
EO = r‘z +a, (C14)

and where the group and dispersion velocities are respectively given by

E
v = % S (C15a)
Plp=py /D3 +m?
Vg = T|pepy0” + b, (C15b)
where
O’E
T)pep = an (C16)
P=po

The parameters a and b, intervening respectively in equations (C14) and (C15b), are a real
numbers that can be computed analytically (within the QDR approximation).
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Appendix D. Phase-change noise channel on a massless discrete-time
quantum walk

In section 4.2.1, we have mentioned that the phase-flip noise, characterized by i, has no
effect on the dynamics of R® and R* in the massless case. This would actually be the case
of any phase-change jump operator, i.e., with the following properties, (i) it acts solely on
the chirality, internal Hilbert space, (ii) it is diagonal, and (iii), it is unitary, that is, it has
the form J = diag(exp(ipr), exp(iyr)), which adds, to each of the two wavefunction compo-
nents (left- and right-moving), an arbitrary phase (¢r. and ¢g). Indeed, the phases of these
two wavefunction components do simply not influence the spatial dynamics in the massless
case.

Now, if we reintroduce a non-vanishing spacetime-lattice spacing e, i.e., if the walker does
experience the discreteness of spacetime, then any such J, e.g., even the identity diag(1, 1),
does modity the spatial dynamics, but this is simply because applying the noise term 7Jp,J in
equation (19) makes in particular the walker stay, with probability 7}, at his position during a
finite, i.e., non-vanishing amount of time At = ¢, that is, the values of ¢ and ¢y are irrelevant
to this phenomenon.

Appendix E. Numerical implementation of the Dirac Lindblad equation (36)

The Dirac Lindblad equation (36), which can be written as equation (42), is given, in position
space, by the system of equations (51) and (52), which can be recast as

07 + AD. T+ A'OuF = FF, (E1)
where (i) 7 = (%, r', 2, r*) T (see equation (53)), (ii) the so-called Jacobian matrices are
-
A=iP=| _'i 1 e (E2a)
—1
Sl
A=-pi=| T oAl (E2b)
—1

where the dots stand for zeros and P is given in equation (44), and the so-called source-term
matrix is, for v; = 0,

F= Qg —0qm = ’ (E3)

-y —2m
2m  —x
where Q is given in equation (44). Given that the matrices A and A’ are Hermitian and
commute, there exists a unitary matrix,

UE%{: o ‘ (E4)
-1 - .1
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that simultaneously diagonalizes them,

A =UAU ! = diag(—1,—-1,1,1) (E5a)
A =UA'U! = diag(—1,1,—1,1). (E5b)

This allows to rewrite the system of equations as

07+ AOT + N0y = ST, (E6)

where
7= @°, 0,030 = UF (E7a)
S=UFU"". (E7b)

System (E6) is a hyperbolic system of PDEs, and its solution is thus in particular solely
determined by the initial condition ¥/,—g.

We integrated this system numerically via the Strang operator-splitting method, which con-
sists in splitting the single-time-step evolution into two parts: one corresponding to the homo-
geneous evolution of the system (i.e. S = 0), and the other one corresponding to the evolution
with null fluxes (i.e. A = A’ = 0). This method is particularly adapted to the present case,
since the homogeneous solution is exactly solvable,

Uﬁx,x/ - v(#)t,xfz\l‘l, X = (E8)
where the A\*s (resp. M), w=0,...,3,are the 4 eigenvalues of the matrix A (resp. A’). For
the second part of the evolution, one has to solve, as mentioned,

0 = S7. (E9)

This equation has a well-known explicit solution, which requires the exponentiation of the
matrix S. A direct numerical implementation of this exponential introduces well-known stiff-
ness problems. To address this issue, we implement instead the following first-order (i.e., Euler)
explicit-implicit scheme,

ST = ST, + (1 - ST, (E10)
where the parameter o has been adjusted by hand to o = 0.5%.

The accuracy of the splitting method can be improved from O(Af) to O(A#?) by using the
so-called Strang splitting, where we take half a step with the one-time-step source term evolu-
tion operator, L} /2> @ full step with the one-time-step homogeneous evolution operator LL‘, and
finally half another step with the source term operator. During a time interval e, the algorithm
thus reads

Uipe = LY, LILS 0. (E11)

33 Qur criterion to choose o has been to minimize, by hand, the discrepancy of the numerically obtained ¥, from the
discretized equation of motion, equation (E6), at the final time of the simulation.
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Appendix F. About local noises

A typical example of local noise, as defined by equation (97), would be
‘A/(/\y)y = AO(/\\))B’ (Fl)

where the only operator, O( Ay» that depends on the noise, (i) is purely local, i.e.,
Oy, =D 0, 12) (dl. (F2)
Zz

with Of)\y)v acting solely on the internal d.o.f. (which is why it has no hat), and (ii), depends
locally on the noise, i.e., O° actually only depends on ).,

O, = 95,- (F3)

Indeed, if the random unitary has the form of equation (F1) with the precisions (i) and (ii) given
just above, the matrix elements would be of the form of equation (97), with

A~

(x| Alz) 05_(z| B|Y). (F4)

-~
A

Let us show that the fact that the operator O( )\, 18 purely local is necessary for the noise
to eventually be local without breaking the translational invariance of the system. We do a
reduction to absurd. Assume that O( ), 18 not purely local, i.e., that, whatever>* x, there exist
x' # x such that O?f )y # 0. Imagine now that Off ) only depends on some \_, i.e. O"f Dy = = o¥ N
Translational invariance imposes that, whatever x, (i) x — z = cte (we also have X' — z = cte,,
but we will not need it). But, x and x’ should not play a different role in a translationally invariant
system, i.e., we must have oﬁ’f/ = oﬁ/j‘, so that (ii) x' — z = cte, which, together with (i), implies
that X' = x, which contradicts the fact that X’ # x, and completes the proof. That O( )\, 18 purely
local is thus necessary for the noise to be local. However, this condition is a priori not sufficient,
one could imagine a unitary Oy, that acts purely locally, i.e., only on the internal degree of
freedom, but whose action depeflds on the random variables at all points, i.e., depends indeed
on the whole family (A))y-

Notice that V( Ay equation (94), has a decomposition of the form of equation (F1) in which,
more particularly, A is the identity, so that the sum over z in equation (97) reduces to the single
term z = x, namely,

(x| VE\QXW ) =, (x[SY), (F5)
where

CS\X = Cefr,x‘i’/\x : (F6)
Appendix G. Continuum limit of discrete-time quantum walks with temporal
coin noise depending smoothly on the position

If, for each evolution ¢ — ¢ + ¢, all sequences (\.), involved in the integral of equation (88),
correspond, not to outcomes of spatially-dependent random variables, but to values taken

34 “Whatever’ is necessary, not only ‘there is’, because of the requirement of translational invariance.
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by differentiable functions of x (and with which they coincide in the continuum limit), then
the continuum limit of each of them exists, and is obtained via Taylor expansion in € of the
spacetime-lattice dynamics.

We know, from equation (33), that the following Taylor expansion holds,

C s (x| S =1 —ie (x| H® +

2 1 2
iVey ML~ 5(VOrY (L)

=0 =0
N [)\0 (Ao + X! + /\2/\3(102)} + 0(8/2)] (. G1)

Similarly, we have

2 2
SW)Cly, = 1+ieh] |¥) + ) —ivey XL — E(\/E)ZZ(AQ,)Z(LZ)Z
’ 1=0 1=0
— (Ve [XS,(X;,& + 20 + X2 S\i/(iaz)] 4 0(63/2)} , (G2)

Plugging equations (G1) and (G2) into equation (102) yields
o o . (70 A1 14/ o 3/2
D™ =g e [l U ALY + Fu(p™)| + 0@, (©63)

where we recognize a standard Hamiltonian part, and where the noise term is given by
aw>—2_m) (G4)

where—using that i)i’fj)(;\i, S\fc ,) is symmetric (for the functions v’ : x — vfc and v/ 1 X — fui,,
defined below, to indeed be the same), which is the feature (101c¢) of the translationally invariant
noise defined in equation (101)—we obtain

/ 1 /
Flop™) = el Lip™ L] — > (UiL}LIPMJ +olpL Ll) ; (G5)

where the L;s are given by equation (25) with Ly = 1,, and with the 2-point ‘correlation
functions’ and the ‘variances’ respectively given by

o= / dAdAy PES L A XL (G6a)
= / dAy PO (AL (G6b)

Now using (i) that pi{" does not depend on y—which is the feature (101a) of the transla-
tionally invariant noise defined in equation (101)—, so that v, = v, and (ii) assuming that
cl . actually only depends on |x — x| and not (x,x’), which is guaranteed if p p /) behaves
the same (feature (101b) of the translationally invariant noise defined in equatlon (101)) we

obtain

atpxx’ = i <x| [I:IO’ [)] |x’> —+ NF/Z'“\X,N,C/‘(le)’ (G7)
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where the noise term is now
2

Neja, o P =DMl (0, (G8)

=0 b=

where we have renamed the ‘variances’ in accordance with section 3.2,
—
=2, (G9)

and introduced the ‘correlation coefficients’,

[
C v
Ky w| = —rel=L1, (G10)

so that

Ml ;
K,
e

/ 1 = /
(0™) = Ky Lip™ L — SALILL P (G11)
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We analyze a nonlinear QW model which can be experimentally implemented using the compo-
nents of the electric field on an optical nonlinear Kerr medium, which translates into a rotation in
the coin operator, with an angle which depends (in a nonlinear fashion) on the state of the walker.
This simple dependence makes it easy to consider the space-time continuum limit of the evolution
equation, which takes the form of a nonlinear Dirac equation. The analysis of this continuum limit
allows us, under some approximations, to gain some insight into the nature of soliton structures,
which is illustrated by our numerical calculations. These solitons are stable structures whose tra-
jectories can be modulated by choosing the appropriate initial conditions. We have also studied the
stability of solitons when they are subject to an additional phase that simulates an external electric
field, and also explored if they are formed in higher dimensional spaces.

I. INTRODUCTION

The quantum walk (QW) is a powerful toolbox with
many applications. It can be shown to constitute a uni-
versal model of computation [1-3] with algorithmic ap-
plications, such as search problems [4-9] or element dis-
tinctness [10]. QWSs manifest into two main categories.
Continuous-time QWs (CQWs) are described by a lo-
cal Hamiltonian originated from the adjacency matrix on
some graph with a time evolution which is dictated by the
Schrodinger equation, while discrete-time QWs (DQWs)
are defined by a unitary evolution operator which relates
two consecutive time instants in a stroboscopic way. An-
other important difference is that, in the case of DQWs,
the Hilbert space associated to the graph needs to be
enlarged with an additional degree of freedom (the so
called “coin” space). In spite of this different formu-
lation, it is possible to establish a connection between
CQWs and DQWs [11-15]. In this work, we will concen-
trate on DQWs.

From a physical point of view, DQWs have also been
used for the simulation of various physical theories and
phenomena. Many of these applications are motivated
from the fact that, under the appropriate conditions, the
continuum limit of DQWs is the Dirac equation. In this
way, DQWs can be used to simulate spin-1/2 particles in
both external Abelian [16-18] and non-Abelian [19] gauge
fields. Such simulations can also be applied to relativistic
gravitational fields [20-24]. DQWs also show additional
interesting phenomena [25-27).

QWs have been implemented using different setups
[28], such as photons in various optical devices [29-35],
atoms trapped in arrays of light [36], ion traps [37], or
superconducting qubits [38].

* andreu.angles-castilloQuv.es

In this work, we analyze a variant of the DQW which
introduces nonlinearities on the angle of the coin op-
erator, and shows some similar phenomena as in the
Non-Linear Optical Galton Board (NLOGB) model in-
troduced in [39], where such nonlinearities appeared as
phases on the different components of the dynamical
map. The main result in that reference was the appear-
ance of soliton-like structures with a rich phenomenology
that can be controlled by varying the coupling strength
to the nonlinear Kerr medium. In the model that is pro-
posed here, we also observe the formation of solitons with
a characteristic profile. The continuum space-time limit
can be easily obtained, and it turns out that it provides
much information about the soliton nature, which is con-
firmed by our numerical simulations. It also allows to
limit the conditions for stability for solitons. We observe
that these solitons remain stable when they cross each
other. Under the presence of an external electric field,
we obtain different situations, depending on the strength
of the field and the magnitude of the nonlinearity.

This paper is organized as follows. In Sect. II we
first recall the setup for the linear DQW, and review the
different proposals to account for a nonlinear DQW. In
Sect. III we introduce our own proposal, and we dis-
cuss its experimental implementation based on nonlinear
Kerr optical media. Sect. IV is devoted to the analysis
of the continuum space-time limit, which is afterwards
illustrated by our numerical calculations in Sect. V. We
conclude in Sect. VI by summarizing our main findings.

II. OVERVIEW ON LINEAR AND NONLINEAR
DQWS

We start by briefly revisiting the standard (linear) and
nonlinear models to describe the DQW for a walker on a
one-dimensional lattice.



A. Linear DQW

Let us consider a particle (the walker) that can move
along a discrete lattice with positions x = je, j € Z,
with e the lattice spacing. A position Hilbert space H,
is associated to this system, which is spanned by the
basis {|x)}, with = the lattice positions. As mentioned
in the Introduction, we also need an additional degree
of freedom that defines the coin Hilbert space H., and
will be spanned by two orthogonal states {|1),|{)}. The
total Hilbert space is, therefore, the tensor product H =
H. ® H., and the basis that spans the whole space is
{lz) ® [1])}jez. For reasons that will be explained in
Sect. IV, we define a time step evolution of the walker
using the same amount €, i.e. the state |¢;) at a given
time ¢ evolves as

‘thre) =U W}t> ) (1)

with U the evolution operator. The operator U is the
composition of two unitary operators,

U=5C, (2)
where C = I ® R is the coin operator acting on H.. In
the latter equation, S represents the conditional displace-
ment operator, which can be formally written as

S =e 0P (3)
with p the lattice quasi-momentum operator, and o;, i =
x,y,z the Pauli matrices acting on the {|1),|])} states.

As for the operator R, it will be represented by a 2 x 2
unitary matrix. An example is given by

R =07y — (cos@ fsin9> . )

sinf cos@

In what follows, we will set ¢ = 1, so that x = j.
However, we will need to restore this parameter in Sect.
IV, in order to derive the continuum limit of Eq. (1).

In terms of the tensor basis in H, one can expand [¢;)
as follows:

Vo) = D Tt |2,1) + do |2, )] - (5)
In other words, the corresponding spinor is
¥(t.0) = ol =ues 1)+l = (7). (0)

Finally, the operator S takes the form

S=>"(le+1) @) H+lz—1) @) {l) . (7)

B. Nonlinear DQW

The discrete non-linear QW was not first introduced
as such, but as a nonlinear Optical Galton Board [39],
mainly because "nonlinear quantum walk" is close to be
an oxymoron, being quantum mechanics a linear theory;
however, the term Non-linear Quantum Walk (NLQW)
has made its way through the literature and we adhere
to it, but we must keep in mind that the waves used in
a NLQW cannot be true quantum wave—functions but
some other type of waves.

The NLOGB is a coined DQW on the line in which
the wavefunction acquires an additional coin-state-
dependent nonlinear phase ¢. nr depending on the prob-
ability as ¢ N = 2T c,g,z|2 with ¢ = u,d and « the
nonlinearity strength. This is equivalent to either (i) re-
placing the standard QW coin operator R by the inho-
mogencous non-linear coin operator

Ry =

’

(8)

) 2 . 2

ei2malurzl” o9 —ei2maldial” gip @)

B 2, . 2
ei2melurs|® gin g ei2maldeal® oogp

or to (ii) generalizing the conditional displacement oper-
ator as

S = erelie=l g+ 1) el @ 1) (1 (9)

x

M=

—L
+ei27ru|dt,x\2 |£If — 1> <$| [ |‘L> <H . (10)

In [39], the NLOGB was numerically studied and the ex-
istence of solitons and of rich spatio-temporal dynamics,
including chaotic behaviour, was shown. The NLOGB
was later experimentally implemented by Wimmer et al.
[40] in a system involving the propagation of light pulses
in optical fibres, an implementation in which the dis-
placement operation consists in delaying or advancing
the pulses, so that the QW occurs along the physical
time dimension. More recently, the same group made
a proposal of NLQW in optical mesh lattices [41], see
also the related paper [42], a system that has been re-
cently revisited by Yue et al. [43]. The NLOGB model
has also been the subject of several theoretical studies,
including the study of its continuous limit as a nonlin-
ear Dirac equation [44-46]. Further numerical studies
by Buarque and coworkers centred on self-trapping [47],
breathing dynamics [48], and rogue waves [49]. There
has also been made a rigorous mathematical study of the
discrete model [50, 51] including the demonstration of
long term soliton stability [52]. Recently, the NLOGB
has been extended to three-state coins [53], and general-
ized to include the effect of perturbing potential barriers
[54].

Moreover, NLQWs different from the NLOGB have
been proposed. Shikano et al. [55] proposed a NLQW
in which the nonlinearity is due to a feed-forward



quantum-coin mechanism such that the coin elements be-
come cosby, = |ug—1,z41| + ¢ |di—1,2—1| and sinf,, =

y/1— |cos Ht,w\Z. Lee et al. show how the dynamics of
a nonlinear Dirac particle can be simulated by NLQWs
with a measurement-based feed-forward scheme, slightly
different from that of Shikano et al., considering both
Gross-Neveu and Thirring types of nonlinear couplings.
Gerasimenko et al. [56] introduced the nonlinearity
through the operator exp [—im <|umr|2 - |df,,m|2) Uy], S0
that the nonlinear phase—shift depends on the ”popula-
tion difference” |umv|2 — \dt,z|2, and concentrated in the
study of the influence of zero modes on the formation of
solitonic structures in the continuum limit. In [57] the
work in [56] was generalized by using mathematical tech-
niques appropriate for Floquet systems, which allowed
for the finding of new bifurcations.

Another alternative is that of Mendonga et al. [58],
who propose a non-linear displacement operator of the
form

L

1
S = -
sz\/l—i-aPt,m

L

HI + 1>T> <I7T| + aPt,z ‘I,T> <I7TH

D e LRI ICHIE SN TENT

2=—1 alt oz

(11)
with

Pt ldeal® (12)

Pt,x = ‘ut,ac

defined as the probability density of the walker at time
t and at position x. They numerically find and describe
a variety of nonlinear phenomena, which were further
studied in [59].

As for Mallick et al. [60], they use the nonlinear map

Upt1,2 = €08 OUs z—1 + ei?e=1(®) in Ods 1, (13)

dt+1,w = —€7i¢z+l(t> sin 9ut11+1 -+ cos 0dt71+1 s (14)

with ¢, = vP, + 1y, where 7, is a noise term, and study
the breakdown of Anderson localization induced by the
nonlinearity. Finally, in [61] single atoms are suggested
as nonlinear beam-splitters in their proposal of a NLQW.

Closely related studies are those by Solntsev et al. [62],
who incorporate biphoton generation —an intrinsic non-
linear process— in a photonic wave-guide array and study
the potential of the system to generate entangled light,
but the quantum walk is linear; Verga [63] studies edge-
states in a QW with both linear and nonlinear disorder;
Bisio et al. [64] analytically diagonalize a discrete-time
on-site interacting fermionic cellular automaton in the
two-particle sector; Adami et al. [65] study a NLQW
naturally induced by a quantum graph with nonlinear

delta potentials; Templeman et al. [66] study topolog-
ical protection in a strongly nonlinear interface lattice;
and Held et al. [67] introduce Gaussian QWs, which
are NLQWs in which the coins are substituted by two-
mode squeezers. As stressed by the authors, this kind of
NLQWs directly lead to accessible quantum phenomena,
rendering possible the quantum simulation of nonlinear
processes.

We must also mention works on continuous time
NLQWs. In [68] the destruction of Anderson localiza-
tion by nonlinearity is studied through discrete Ander-
son nonlinear Schrodinger equations that correctly de-
scribe the one-dimensional disordered waveguide lattices
used in the experiments of Lahini et al. [69]. But most
studies are related to the problem of database searching.
Ebrahimi Kahou et al. study this problem with cou-
pled discrete nonlinear Schrodinger equations, and dis-
cuss the implementability of the model with BECs [70].
Meyer and Gong study quantum search with the Gross—
Pitaevskii equation [71, 72] concluding that it solves the
unstructured search problem more efficiently than does
the Schrodinger equation, because it includes a cubic
nonlinearity, and Chiew et al. [73] demonstrate that
the nonlinear quantum search can be more efficient than
quantum search for graph comparison. Di Molfetta et
al. [74] generalize the Meyer-Gross algorithm to two di-
mensions finding a clear advantage over the linear QW.
Finally, in [75] the thresholds between modulational sta-
bility, rogue waves and soliton regimes are studied with
coupled nonlinear Schrédinger equations with on site sat-
urating non-linearity.

In the present paper, we introduce an alternative for-
mulation of the NLQW which is appropriate for light
polarization qubits propagating in Kerr media. Specifi-
cally, we introduce a nonlinear coin in which the rotation
angle is given by 6 = 6y + 0,,; with 6, constant and 6,,
depending on the light polarization state, hence in the
coin state.

III. MODEL
A. NLQW coin and map

The non-linear Quantum Walk (QW) we propose intro-
duces the non-linearity in the coin operator. The unitary
operator R is now defined in a way that depends on the
state of the walker

R(frz) = e e = (COSHW _Smet“> - (15)

sinf, cosby,
The angle of rotation is given by

O, = 0o+ Oé‘ut}m”dt,m

sindy 5 , (16)

where we explicitly expressed the upper and lower com-
ponents given by their modules and complex angle as



- . d

Ute = [urale'r, dyy = |diole™e and 6.0 = o}t — ol
is the phase difference. If we write how the components
evolve explicitly after each time step, we get

Upi1,0 = COS(Op p—1)Ut g1 — SIN(Or g—1)dt -1 ,

. 17
diy1, = SIN(0p z41) Ut 41 + €0S(0,511)dtat1 - (17

B. Experimental proposal

In proposing the nonlinear rotation term in Eq. (16),
we are thinking in a QW photonic platform, using light—
polarization qubits [76, 77], and including optical media
with Kerr—type nonlinearity. It is well known that in an
isotropic Kerr medium the normal modes of propagation
are circularly polarized, their corresponding indexes of
refraction are given by [78§]

1
ne=no+ o~ [A|ELl +(4+ B) =], (18)
2n0

where the subscripts + and — make reference to right-
and left-circular polarization, respectively, ng is the lin-
ear refractive index, and A and B are the Maker-Terhune
coefficients for the non-linear medium, whose ratio de-
pends on the specific physical mechanism responsible for
the Kerr effect (e.g., A = B for nonlinear electronic re-
sponse). In such a medium, the phenomenon of nonlinear
polarization rotation occurs, by means of which a polar-
ized monochromatic-wave that propagates a distance z
along the nonlinear medium has the expression

E(2)=E 64 +E_6_

. v v (19)

= (Ap6, e + A_g_e ) hme
where k,, = (n4 +mn_)w/2c is the mean propagation
constant, &+ = (% £ if) /v/2 are the unit circular polar-
ization vectors, and

1 w B w

s = 5 (ny =) Tz = (1B-1* = 1B ) 22
(20)

This expression shows that the polarization state of the

light undergoes a rotation 6,,; after the propagation, the

circular components changing from 64 to 6/, = Faetfnt,

and the linear components of the polarization passing

from (z,y) at the entrance to

2

2 =xcosly —ysinby, , (21)
Y = xsinbp + ycosb (22)

at the exit. Notice that for linearly polarized light
\E,|2 = |E+\2, and hence 6,; = 0. Notice also that,
the rotation does not change the proportion |E_|/ |E4|.

Now, we take the linear polarization components as the
coin state basis, so that the displacement operator acts
on these linear components. It is then necessary the use
of the additional standard coin rotation 6y in Eq. (16),

because, after the action of the displacement operator,
the field is linearly polarized at the displaced positions,
and we have seen that there is no nonlinear rotation for
linear polarizations, which means that the nonlinear coin
would not act but in the first step. Finally, by writing
0 in terms of the linear polarization components of the
field, one arrives at the expression in Eq. (16).

IV. CONTINUUM LIMIT

The continuum limit of the QW is obtained by retain-
ing the lowest order, i.e. O(e), in the unitary evolution
defined by Eq. (1). To this purpose, we need to restore
the parameter € both in the lattice spacing and in the
time step. The continuum limit of this quantum walk
can be obtained following the standard method. Details
and definitions are given in Appendix A.

The non-linear Dirac equation obtained from this limit
reads

[iv" 0y — m(¥(t,2))] U(t,z) =0, (23)

where the Dirac matrices are 7% = o, and y! = io, and
the mass term is given by

m(U(t,z)) = — g\lﬁ(t,x)ay@(t,x) . (29)

where we defined the rescaled angle by = 6y and non-
linearity parameter e = a. We notice that this mass
term is different from that obtained from the NLOGB in
[44]. We can write this equation in terms of the spinor

components ¥ (t,z) = (u (t,z),d (t,z))T as

(O +8)u+0d=0, (25)
(0, —8)d+0u=0, (26)

with
ézéojLi%(u*dfud*) , (27)

where we alleviated the notation by not writing the ex-
plicit spatial and time dependence of each component.
This system of equations can be rewritten in terms of the
modulus and phases of the spinor components v = U
and d = De*?¢. After defining

5:Wu7§0dv U:Wu+90ri7 (28)
one easily gets
~U? - D?
00 + 016 = _QW sind ,
~U?+ D? |
0,6 + 0o = eiUD sind , (29)

(0 +0,) U = —0Dcos§ ,
(8 — 8)) D = —0U cosd |
with

0 =6y +alUDsing . (30)



A. Homogeneous stationary solutions

In order to gain some insight into the solutions of the
system, we first study the homogeneous stationary solu-
tions and their stability. Let us focus on the last two
equations of Eq. (29), which can be related as

(U*+ D*) = -9,(U* - D?) , (31)

which for stationary solutions!, and from the condition of
normalization of the wavefunction, implies that U = D,
and hence 8,U = 0. We can now define I = U? = D? to
rewrite Eq. (29) as

O0y0+ 010 =0,
020 + &0 = 20sin 4 (32)
0,1 = —2I0cos ¥ |

with 8 = 6y + &l sin d, and we used the fact that 8,1 = 0.
To further derive homogeneous stationary solutions, we
impose 0,1 = 9,0 = 0, which implies that d;c = 20sin
and 2/0cosd = 0. The latter equation admits several
solutions: (i), I = 0 (trivial solution); (ii) # = 0, which
implies Isind = —fy/a that only exists for I > ‘50/&‘
and for which d;0 = 0; and (iii), the two solutions
0 = +m/2 that exist for any value of I and for which
8o = +20 = 2 (d[iég). Notice that for positive
—7/2 (§ = w/2) merges

(negative) 6y /@, solution § =
do /&)‘

with solution 8 = 0 for I =

‘We have performed the linear stability analysis of these
solutions by analysing the linearized evolution of pertur-
bations of the form dve*e*® with §v small. The results
can be summarized as follows: (i), the trivial solution,
solution § = 0, and solution § = m/2 are all three neu-
trally stable with two pairs of complex conjugated purely
imaginary eigenvalues (different for each solution); and
(ii), solution 6 = —m/2 is unstable versus perturbations
with wavenumber 0 < k% < éo when I < 50/(1, and un-
stable versus all perturbations, more unstable the larger
k% is, when I > 6/a. All details are given in Appendix
B.

Hence, there is a clear distinction between solution
0 = /2, which is neutrally stable, and solution § =
—m/2, which is unstable versus perturbations with non—
null wave-number. This is reminiscent of the modula-
tional instability occurring in optical fibres [78].

1 A stationary solution refers to a static probability distribution
where the phases of the spinor components can still have time
dependence.

B. Solitons as stationary solution of the continuum
equation

We aim to look for stationary solutions of the system
of differential equations defined in Eq. (32). To obtain a
closed stationary solution, we need to resort to assump-
tions that are backed up by the observations made for
the discrete model in Section V A. First of, we observed
that the phases sum o is independent of the position in-
side the soliton-like structure in the discrete model of the
QW, so that extending this observation to the first equa-
tion we can conclude that § is time independent. We
also observed that ¢ has a linear time dependence, and
found that it was ;0 = —26), so that we end up with
the following system of two equations

0,0 = 20sind + 26 ,

- (33)

O, = —2I0cos? .
To further proceed we need to resort to an observation
made for the discrete model again, which is that non-
linear effects are enhanced when 4 is close to —%, and
assume that only small fluctuations about this value lead
to soliton-like structures, that is, § ~ —5 + A. Approx-
imating the_trigonometric functions up to first order in
A and 0 = 0y — &l these equations reduce to

9. A = 241 |

L - (34)
811 = 72(90 — aI)AI ~ 7290AI 3
where in the last equation we considered that the term
I?A is negligible?. The solution of this system of equa-
tions is now exact and gives the following solution,

Az) = %tanh (dTeom> ,
(35)

where we imposed the normalization condition to obtain
the constants of integration. This solution is then con-
firmed to describe well a stationary soliton in the discrete
model, which is numerically studied in Sect. V.

V. NUMERICAL

The appearance of soliton-like structures is ubiquitous
in the study of NLQWs [39, 51, 54]. The key feature to
keep the non-linearity of the walker present, that coun-
teracts the natural dispersion of the walker and keeps
the solitonic behaviour, is to have the relative phase of

2 The probability density squared I? for an extended soliton struc-
ture is small, and A is also assumed to be small.



Ia/0y=05, d=m/2

Io/0 =05,

0=—m/2

Figure 1. In this figure, we plot the evolution of the probability density (IIB) of an extended initial walker, where the spin
states in locations « = [—50, 50] all have the same initial coin state. The coin angle §p = 7/3 and the non-linearity parameter
is @ = 2 in all panels. In the first panel, the initial coin state is |10) = (1, —i) /v/2 so that § = —7/2, while in the last two
panels the initial coin state is |¢o) = (1,4)T /+/2 with a corresponding § = 7/2. The initial intensity of each initial condition is
given in the title of each panel. The intensity of the walker is given by a heatmap, black indicates low probability density and

brighter /hotter colours indicate higher probability density.

the walker components around é; , ~ £7, as can be seen
from Eq. (16). For that reason, the spatial distribution of
the relative phase between components will play an im-
portant role in the formation and stability of solitons. In
order to explore the ability of this new proposed NLQW
to form soliton-like structures, we consider in Fig. 1 an
extended initial condition where the spin is uniformly
distributed, where we plot the probability density, as de-
fined by Eq. (IIB), in different situations.

We first study an initial condition with 6 = 7/2. We
found in the stability analysis of Sect. IV A that solutions
with this phase difference were neutrally stable, meaning
that perturbations are not enhanced nor diminished. It
can be seen in the left panel of Fig. 1 that the prob-
ability density of the walker with this phase difference
is mostly uniform after some initial interactions. When
0 = —7/2 the stability becomes dependent on the value
of the intensity I. On the one hand, when Ia/0y < 1
only perturbations with small wave number (0 < k < 6p)
are enhanced. In the central panel of Fig. 1 we can see
the appearance of soliton-like structures that have an ex-
tended (low k) stable probability distribution. On the
other hand, when Ia/6y > 1 perturbations of any wave
number are enhanced. In the left panel of Fig. 1 it can be
seen that no extended structures are formed, and most
part of the probability is scattered.

A. Solitons

When the soliton-like structures of the central panel of
Fig. 1 are formed, we observe that the probability dis-
tribution of the walker components are well described by
the typical sech?(z) function. If we consider this distri-
bution as an initial condition with relative phase between
walker components corresponding to § = —7/2

soliton h
(| 4giten) = N (fj;é{;%) ENE

0.2 T T T T T
0.15t ——Discrete
8 - - =Continuum
D: 0.1F -
0.05F ]
-15 -10 -5 5 10 15

S O F
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Figure 2. (Top) Probability distribution of the walker. (Bot-
tom) Phase difference between walker components. The red
dashed line represents the analytical solution obtained in
Eq. (35) for both quantities. The initial condition is given
by Eq. (36) and is evaluated at ¢t = 500, 501, 502, 503, 504.
The parameters of the quantum coin are @ = 1 and 6o = 7/3
and the initial width of the walker is given by 8 = &%/2, for
a spacing € = 0.5. The spatial coordinate has also been scaled
as T = ex.

where N is a normalization constant that depends on £,
we observe that the associated probability distribution
remains stationary at different times. While this initial
condition produces a soliton-like structure, it might not
represent the stationary state of the evolved soliton.

In Fig. 2 we show the probability distribution of the
walker and the difference of the walker phases d;, after
t = 500 and 4 subsequent steps. We also plot for compar-
ison the stationary solution obtained in the continuum
limit Eq. (35). The probability distribution is stationary
and perfectly fits the analytical solution. The phase dif-
ferences have oscillating values around the boundary of
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Figure 3. Density plot of the evolved probability distribution
of three solitons initially localized at = 50, x = 0 and = =
—50 with different relative phase distributions, with v = 2/3,
v = 1/2 and v = 0, respectively. They all have the shame
initial width with 8 = 1/2. The angle is 6y = /4, and the
non-linearity parameter is o = 7.
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Figure 4. Density plot of the evolved probability distribution
of two solitons initially localized at x = 50 and x = —50 that
propagate in opposite directions with v = —2/3 and v = 2/3,
respectively. They all have the shame initial width 8 = 1/2.
The angle is 6y = m/4, and the non-linearity parameter is
a=m.

the soliton, but the behaviour around the centre of the
soliton is well described by the analytical solution of the
continuum model.

We also observed that the phase sum is constant in
the x direction (inside the soliton), while it has a linear
dependence in time. This dependence is observed to be
(37)

soliton __
Ot,z =00 — 290t )

where g is the initial value the sum of the phases, and
we notice that this expression is only valid in the regions
inside the soliton. This observation in consistent with
the assumptions made in Sect. IV B.

‘We also considered an initial condition of the form

sech(Bz) ) .

<</lj | U}U-,.T> = Nﬁ (,l'eiz/ tanh(Bz) Sech(ﬂz) (38)

In this case we did not observe a stationary soliton, but
a soliton that propagates at a constant velocity. We ob-
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Figure 5. Probability distribution of the walker (upper panel),
and phase difference between components (lower panel) with
initial condition (39) evaluated after ¢t = 500 steps. The pa-
rameters of the quantum coin are & = 1 and fo = 7/3. The
initial width of the walker is given by 8 = déo/2 and the in-
tensity I = 3, for a spacing € = 0.5. The spatial coordinate
has also been scaled as T = ex.

served that if v is positive, the initial soliton-like struc-
ture propagates to the right (positive ) and, if it is neg-
ative, it propagates to the left, i.e., v plays the role of
velocity on this initial condition. In Fig. 3 we present
the evolution of three initial solitons propagating with
different values of v: two that propagate with different
velocities, and another one with v = 0 that remains sta-
tionary. The probability distribution and relative phases
are the same as in the static soliton, but with the centre
displaced at a constant velocity. This initial condition
produces a kick, after which he soliton propagates at a
constant velocity.

Another feature that is characteristic of solitons is that
the interaction between them leave the shape of their
wave packets unaltered. This effect is also showcased by
the solitons generated in this QW. In Fig. 4 we show the
collision of two solitons propagating in opposite direc-
tions, and it can be observed that they cross each other
without any significant modification after the crossing.

B. Dark solitons

While an initial condition with 6 = 7/2 was not ob-
served to form soliton-like structures, it was pointed out
that, in the continuum limit, homogeneous solutions are
marginally stable, i.e., there are no modulational insta-
bilities (those that form patterns). This fact is indicative
that if a constant amplitude I is a solution in some region,
the amplitude —17 is also a solution. The front connect-
ing these two regions, i.e., a domain wall type of initial
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Figure 6. Evolution of the initial soliton considered in Fig. 2 which is subject to a constant electric field after ¢ = 100. The
intensity of the electric field is given in the title of each panel. The intensity of the walker is given by a heatmap, black indicates
low probability density and brighter/hotter colours indicate higher probability density.

condition with § = m/2, should therefore be stable. In
Fig. 5 we represent the stationary probability and phase
difference obtained from an initial condition

<mW¢“>:I<Jﬁ§ﬁ$Q>’ 39)

with a smooth transition between the two regions. It
can be observed that the left and right regions remain
constant and keep the initial phase difference § = /2.
The valley of the central part represents the dark soliton,
and right in the centre, where the probability distribution
is null, the phase difference is not well-defined.

C. Solitons in electric fields

‘We now explore whether these structures are robust
against the presence of electric fields. To include the
effect of an electric field we modify the step evolution
defined in Eq. (1) by

[pes1) = e PXSC ) (40)

where X is the position operator, and ® plays the role
of the electric field intensity. In the limit where the non-
linearity parameter « is null, this unitary evolution cor-
responds to a Dirac equation with constant electric field
in the continuum limit. It was pointed out in [26, 79]
that, for values of ® that are small rational fractions of
27, the walker displays oscillations around the initial po-
sition and if @ is an irrational multiple of 27 the walker
exhibits localization. If ® is a large rational fraction of
27 the walker quickly exhibits dispersion. In Fig. 6 we
explore the dynamics of a soliton under the effect of the
electric field in these three regimes. It can be observed
that for irrational values of ® the walker remains local-
ized, but the smooth structure of the initial soliton is
lost. If ® is a rational fraction of 27 the walker under-
goes some oscillations but quickly disperses. And if ® is
a smaller fraction of 27 the oscillations of the walker are
maintained for longer times.

In Fig. 7 we explore how the dispersion of the walker,
characterized by the evolution of its standard deviation

(#2) = (2)?, (41)
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Figure 7. Dispersion of the walker for different values of the
non-linearity parameter & and electric intensity ®. The initial
condition is given by Eq. (36), with a value of 8 = &y /2 and
the value 6p = 7/3 has been set for the coin.

evolves under these regimes for different values of the
non-linearity parameter. On the one hand, it can be ob-
served that for higher values of the non-linearity parame-
ter « the dispersion produced by the values of ® = 27/20
and ® = 27/40 is slowed down, and the amplitude of the
oscillations produced by ® = 27/60 is reduced. On the
other hand, when & is an irrational fraction of 27 the
non-linearity parameter « does not seem to have any ef-
fect on the localization of the walker.



D. No solitons in 2D

This NLQW can be extended to a two-dimensional spa-
tial Hilbert space as H, ® H, with basis {|z) ® |y)} to-
gether with the same 2 internal degrees of freedom as
before, and spinor components u; sy, d¢qy. The time
step is defined as

|¢t+1> = SyCSwC Wﬂ s (42)

where S; = e~i%= is the conditional shift operator in the
direction ¢ = {z, y}, and C is the same coin operators as
before, with the rotation angle similarly defined as

by = 00+l y|ldroylsin(pf,, — of,,) . (43)

where there is a dependence on the values of the walker
in both dimensions.

It was discussed in [80] that non-linear QWs, that in-
troduce the non-linearity in form of phases on the walker
components, can be exploited to perform efficient search
tasks on the two-dimensional grid. In line with those
findings, we observed that the NLQW that introduces
non-linearities in the coin rotation operator angle pro-
duces ballistic dispersion, indicating that no soliton-like
structures are formed in the two-dimensional case.

VI. CONCLUSIONS

In this work, we have analysed a nonlinear QW model
which can be experimentally implemented using the com-
ponents of the electric field on an optical nonlinear Kerr
medium. Differently to the Non Linear Optical Galton
Board model studied in [39], where nonlinearities appear
as two separate phases on the coin operator (or, equiva-
lently, of the displacement operator), here they give rise
to a rotation in the coin operator, with a single angle
which depends (in a nonlinear fashion) on the state of
the walker. This simple dependence makes it easy to
consider the space-time continuum limit of the evolution
equation, which takes the form of a nonlinear Dirac equa-
tion. The analysis of this continuum limit allows us, un-
der some approximations, to gain some insight into the
nature of the soliton structure, which is illustrated by our
numerical calculations.

These solitons are stable structures whose trajectories
can be modulated by choosing the appropriate initial
conditions. From the continuum limit stability analy-
sis, we were able to predict the existence of dark soli-
tons which were numerically characterized. We have also
studied the stability of solitons when they are subject to
an additional phase that simulates an external electric
field. For electric field intensities that are irrational the
solitons remained localized but their smooth character-
ized structure is lost. For rational fractions of 27 electric
field intensities, we characterized two regimes. For strong

electric fields, an initial soliton becomes slowly disrupted
and the walker disperses, so that an increase of the non-
linearity parameter slows down the dispersion produced
by the strong electric field. For weak electric fields, oscil-
lations of the soliton central position are present. Finally,
we also explored a 2D version of these model, where no
evidence of soliton formation was found.

To summarize, nonlinear quantum walks constitute an
interesting field with a rich phenomenology that can be
used for a better control of its algorithmic and simulation
properties.
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Appendix A: Derivation of the continuum Limit

We can rewrite the walker time step of Eq. (1), using
spinors, as
U(t+e,z) = efeazazefwysé(t’z)\ll(t, x) (A1)
where we have expressed it in terms of ¢ and x that are
both discretized by the same amount e. When the limit
e — 0 is taken, the continuum limit of the equation is
obtained. We have rescaled the original rotation angle
by the same spacing 6(¢,z)e = 0;,. These definitions
allow us to write the Lh.s. of the equation as

U(t+e,x)~ V(t,x)+ e ¥U(t,x) , (A2)
while we can approximate the r.h.s. as
(1 - eozt?gL.) (1 — ieé(t,x)ay) U(t,z) . (A3)



The zero order O(e®) exactly match in both sides, and
the first order terms O(e) define the following continuous
equation

OV (t,x) = —0,0,V(t,x) — ié(t,x)oylll(t,x) . (A4)

which can be rewritten as Eq. (23).

Appendix B: Stability analysis

We start with Egs. (29) and substitute in them
fi(x,t) = f+6fi (x,t), fi € {U, D, 0,0}, with § f; a small
perturbation and f; the homogeneous-stationary solution
values. After linearization of Egs. (29) around the steady
state (i.e, by neglecting nonlinear terms in the perturba-
tions), the equations of evolution for the perturbations
can be written as

ap=1L-p, , (B1)
P = col(6U, 0D, é0,d0) , (B2)
- apl}

L= ; B3
e . (B3)

where the matrix elements I:ij are given by

iu = 7l:22 = (90 — é) cosd — 0y ,
Lyz=Lu=Liu=Lou=0,
ng = ﬁgl = (90 — 29) cosd ,
ng = —Lo3 = ﬁ (ésing — al cos® 3) s
Ly = —Lap = —20sin6/\/1 ,
L3y =0, ,
f,41 = ﬁ42 = Qﬁasinzg s
Ly3 = —2 (90 - 2@) cosd — Oy ,
with § = 6y + alsind, and the overbar indicating the
homogeneous stationary solutions.
Equation (B1) admits solutions of the form

— = A\t _ikx
Dj =Dppgel e,

(B4)
where \; are the eigenvalues of the matrix L and ﬁ; are
the eigenvectors. Clearly, whenever Re (\;) > 0, for a
particular value of k, the corresponding steady state is
unstable versus perturbations in the form of plane waves
with wavenumber k.

10

Next, we detail the stability properties of the different
homogeneous steady states. For the trivial solution I=
0, as for solution # = 0, the characteristic polynomial
can be written as P (A) = (A2 + k2)2 = 0, hence \2 =
+ik and these solutions are consequently neutrally stable
whenever they exist.

Figure 8. Real part of the eigenvalue that solves the charac-
teristic equation P_(A) = 0 and is scaled by 6o, i.e., we plot
R(A/60o). The white regions represent the space where the
real part of A is null.

For solutions § = 47 /2, the characteristic polynomials
read,

Pi(N) =X +2 [k +2 (ol £ 6)°] A2

. (B5)
+ k' +ak’al (al £6) =0 ,

where & corresponds to +m/2. It is not difficult to show
that P4 (A) = 0 provides purely imaginary eigenvalues,
hence the solution § = 47 /2 is neutrally stable. Con-
trarily, P_ (\) provides two couples of eigenvalues, one
of which has a positive real part. In Fig. 8 we are rep-
resenting the real part of the eigenvalue, multiplied by
0o, in the plane (aI/«?o,kQ/Og). It is clearly seen that:
(i) for ol /6y = 1 the eigenvalue is zero for all k; (ii) for
al/fy < 1 the eigenvalue is positive for k2/62 < 1 and
null for k2/6% > 1; and (iii) for aI/fy > 1 the eigen-
value is positive for all k. Hence, we conclude that there
is a long-wavelength modulational instability whenever
al/fp < 1, and a short-wavelength modulational insta-
bility whenever al/6y > 1.
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