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Abstract

The reconstruction of the ventricular cardiac conduction system (CCS) from patient-
specific data is a challenging problem. High-resolution imaging techniques have
allowed only the segmentation of proximal sections of the CCS from images acquired
ex-vivo. In this paper we present an algorithm to estimate the location of a set of
Purkinje-myocardial junctions from electro-anatomical maps, as those acquired dur-
ing radio-frequency ablation procedures. The method requires a mesh representing
the myocardium with local activation time measurements on a subset of nodes. We
calculate the backwards propagation of the electrical signal from the measurement
points to all the points in the mesh to define a set of candidate PMJs, that is iteratively
refined. The algorithm has been tested on several Purkinje network configurations,
with simulated activation maps, subject to different error amplitudes. The results
show that the method is able to build a set of Purkinje-myocardial junctions that
explain the observed activation map for different synthetic CCS configurations. In
the tests, the average error in the predicted activation time is below the amplitude of
the error applied to the data.

KEYWORDS:
Cardiac Conduction System; Purkinje Tree; Electro-Anatomical Map; Patient-Specific Modelling; Car-
diac Electrophysiology

1 INTRODUCTION

Computational modelling of the heart has made important contributions to the understanding of cardiac electrophysiology,
such as unveiling underlying mechanisms of arrhythmia (1, 2, 3) or proposing novel tools for patient risk stratification (4).
The multiscale biophysical models of the heart allow to model cardiac electrophysiology from cell to body scale. When those
models are combined with three-dimensional representations of the heart, it is possible to simulate heart function with a great
level of detail, and to perform experiments that could be impossible in a real clinical setting (2, 5). However, the utility of the
models relies on its accuracy and fidelity to reproduce experimental or clinical results, and therefore they have to be tailored to
fit available data.
There are two fundamental sources of data to adjust the models, the so-called patient-specific data, and population-based data.

Patient-specific data are acquired from each individual, and are limited to the clinical invivo techniques available in each medical
centre. On the other hand population-based data comprise all the data collected from invivo and exvivo experiments in several
species for years. These data are very useful since most of the information required for the models cannot be retrieved easily,
however, its use is opposed to the patient-specific philosophy. For instance, the arrangement of cardiomyocytes in the atria and
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ventricles follows a specific configuration that has been studied both in animal and human hearts (6, 7), and has permitted the
definition of mathematical models that describe it (8). In order to obtain the patient-specific fibre orientation of the ventricular
tissue, non-trivial techniques such as diffusion tensor MRI have to be employed (9). However, due to the long acquisition times
required and the fact that the heart is beating only a few heart planes can be imaged invivo, and the rest have to be interpolated,
which hampers the original goal.
Another important component of heart models for cardiac electrophysiology is the cardiac conduction system (CCS) that has

been traditionally neglected or modeled from population-based data published in the literature (10, 11). The CCS comprises
the sino-atrial node, the heart’s pacemaker, located in the atria; the atrio-ventricular node, that communicates the electrical
impulse from the atria to the ventricles; the His bundle and the right and left bundle branches that diverge the impulse to both
ventricles through the septal wall; and finally the Purkinje network (PKN), that functions as a highway that spreads at fast speed
the electrical impulse across the ventricular muscle, and connects to the working myocardial tissue at discrete locations called
Purkinje-myocardial junctions (PMJs) (12). Therefore, the activation of the ventricular tissue is dictated by the Purkinje system
morphology and the relative time of PMJ activation. The PKN has been described macroscopically from photographs, microCT
imaging (13), and microscopically from histological samples, in different species such as rabbit (14) and pig (15). Even though
there have been comprehensive studies of the PKN (11), there are only few studies that aim at quantifying the location and density
of PMJs, and they are usually performed in animals (15). The PKN is necessary in a computer model of the heart, to simulate not
only the normal activation, but also a number of pathologies such as left bundle branch block, or sustained ventricular tachycardia
macro-reentries (16, 17, 18, 19) in which the PKN is retrogradely activated and used to transport the electrical impulse (20).
Despite the interaction of the PKNwith disease (16, 21), therapies (20, 22) and drugs (5), most modellers have opted for paying

little attention to it, and instead have indirectly considered its function by altering the model’s endocardial properties. Others
have considered the PKN as an independent endocardial structure connected to the ventricular model, but have overlooked the
complex morphology of the network (20), or have based it on macroscopic animal studies (10). More recent studies have started
to use patient-specific data obtained from electro-anatomical maps (EAMs) of the ventricles (23, 24). The local activation time
maps obtained from EAMs can be used to estimate the location of PMJs, and therefore, to somewhat personalize the PKN in a
ventricular model (25, 26, 27). In addition, in some studies such as (24), the PKNwas further personalized not only to match the
normal activation from PKN to the myocardium, but also for cases in which the PKN is activated retrogradely from an abnormal
ectopic focus out of the atrio-ventricular node.
In this work, we present a novel method to estimate the location of PMJs from EAMs directly on a 3-dimensional represen-

tation of the ventricles. The algorithm can track back the activation sources on the endocardium and approximate their location
and corresponding activation times. The estimation method explicitly considers the uncertainty associated to the samples used
to estimate the PMJs. These errors may arise from the positioning error (tip of the recording catheter) of the acquisition system
or the error in annotating the local activation times (LATs) from the bipolar and unipolar signals.

2 MATERIAL AND METHODS

We will consider synthetic Purkinje scenarios on 2-dimensional and 3-dimensional domains, that represent the ventricular-
endocardium surface as a Riemannian manifold. Note that since the PKN is comprised with the endocardial layer, we do not
need to consider the myocardial volume in our analysis. In our method, the inputs are the local tissue activation times at a set
of scattered measurement points. The activation time and location of measurement will be subject to some error with known
standard deviation �. From this information, our goal will be to estimate a set of electrical source points on the mesh (i.e. PMJs)
that explains the observed activation times.

2.1 PMJ characterization
The ventricular endocardium is represented by a surface Ω embedded in ℝ3. We will consider the geodesic distance in Ω with
the metric inherited from ℝ3. We assume that the activation of the ventricular CCS triggers at certain (unknown) source points,
i.e. PMJs, the tissue depolarization that spreads through the endocardial surface at a speed v (we neglect the transmural electrical
propagation). At a given location p ∈ Ω, we define its activation time as

t(p) = min
s∈

(

�(s) + d(p, s)
v

)

, (1)
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where  is the set of source points, �(s) the activation time of source s ∈  and d ∶ Ω × Ω→ ℝ is the geodesic distance on Ω.
Note that the activation time for each source is specific. We will say that s has activated a location p ∈ Ω if the minimum in (1)
is achieved for s.
We consider a finite set  ⊂ Ω representingN measurement points pi, i = 1,… , N . For every measurement point, pi ∈  ,

its measured Local Activation Time (LAT) is given by ti = t(pi) + Z, where Z is a Gaussian random variable Z ∼ N(0, �2).
For a source point, s we define the set A(s) = {pi ∶ pi has been activated by s}, and the set of indexes IA(s) = {k ∶ pk ∈ A(s)}.
Indeed, these sets can be defined for any point x ∈ Ω, even if x ∉  , but A(x) = IA(x) = ∅ if x has not activated any
measurement point.
Let us now consider an arbitrary point x ∈ Ω. If x is actually a source point, and pi ∈ A(x) has activation time ti, then,

by propagating the signal backwards from pi to x, the activation time for x can be estimated as ai(x) = ti − d(pi, x)∕v. This
estimation will have a Gaussian error due to Z. If we propagate the signal from every point in  onto x, we will have the set
 (x) = {ai(x) ∶ i ∈ 1,… , N}. This set can be partitioned into the two disjoint subsets  (x) = A(x) ∪ NA(x), where

A(x) = {ai(x) ∶ i ∈ IA(x)}; NA(x) = {ai(x) ∶ i ∉ IA(x)}. (2)

For all the time estimations ai ∈ A(x), coming from points activated by x, we have that

ai(x) = ti −
d(pi, x)
v

= �(x) +
d(pi, x)
v

+Z −
d(pi, x)
v

= �(x) +Z, (3)

where �(x) is the actual (unknown) activation time of x. Thus, all these values are samples of the same Gaussian random variable
ai ∼ N(�(x), �2).
On the contrary, for any value ai ∈ NA, the associated value of ti depends on the source s that activated pi and on the distance

from pi to s
ai(x) = ti −

d(pi, x)
v

= �(s) +
d(pi, s)
v

+Z −
d(pi, x)
v

(4)

and, as a consequence, the values of these ai are random variables with mean values �i that will not be, in general, equal. The
values ai ∈ NA will have an additional property; since point pi ∉ A(x), it has not been activated by x, and we have by definition
of ti,

ti ≤ �(x) +
d(pi, x)
v

, (5)

and, then, for the value of ai we have that

ai(x) = ti −
d(pi, x)
v

≤ �(x) +
d(pi, x)
v

+Z −
d(pi, x)
v

= �(x) +Z (6)

and all ai ∈ NA(x) are Gaussian random variables with mean �i ≤ �(x).
As stated earlier, this development is valid whether x is a source point or not. But in the former case, the set A(x) is empty and

all the values in  (x) are variables with mean values given by Equation (4). To define our method, we propose a characterization
of source points based on this property; our goal is to find those points s ∈ Ω for which the set A(s) is not empty.
In Figure 1 we show the distribution of values of  (x) in different simulated scenarios. The leftmost histogram shows the

distribution of  (s) at the source point s, for a scenario with a single source point, showing a frequency distribution consistent
with a normal distribution. In the middle figure, we show the frequency distribution of  (s) at a source point s, in a scenario
with two source points, showing a tail on the left side of the histogram. This tail corresponds to the values in NA(s), which in
this case are measurement points activated by the second source. The rightmost histogram shows again the distribution of the
whole set  for a non-source point, x, in the scenario with two source points. Since x has not activated any measurement point
A(x) = ∅ and the distribution shown actually corresponds to the values of NA(x).
This characterization identifies those source points that have activated a minimum number of measurement points so that

it is possible to observe them as a peak in the histogram, see Figure 1 central panel. Indeed, we consider as non-source any
point where the set A is not higher than a given threshold. This property makes it possible to identify sources that explain the
observation  . But the total number of sources that can be identified depends on the size and distribution of this observation.
This issue will be discussed in the results section.

2.2 Algorithm description
In our numerical approach, we have a discretization of the domain Ω formed by a triangular mesh,M . The set of measurement
points  is formed by some of the vertices of this triangular mesh. Note that in a real clinical setting, the mesh is built from
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FIGURE 1 Distribution of the values of ai for a simulated scenario. Left histogram shows all the values of ai ∈  (s) at a
source point s in a scenario with a single source point. Central histogram shows all the values ai ∈  (s) at a source point s in a
scenario with two source points. Right histogram shows the values ai ∈  (x′) at a point x′ that is not a source point. Noise in
all scenarios was included using a Gaussian with a standard deviation of 1.5.

FIGURE 2 Simplified grid scenario. Measurement points are defined by the position pi and their LAT ti. Distance between
measurements points and any point of the grid, di, is obtained by the Fast Marching algorithm.

the measurement points  and therefore they are always nodes of the final mesh. Every measurement point pi ∈  has a local
activation time, ti (see Figure 2 ). Our method will result in a set  of estimated source points that will also be vertices of the
mesh.
We propose a method with two main steps, described in Algorithm 1 and Algorithm 2. In the first step (Algorithm 1), we

look for a set of PMJ checking if a mesh point x can be a source point according to the characterization described in Section 2.1
and the measured data. In a second step, once a set of estimated sources has been built, we will reduce the number of estimated
PMJs by removing points that are in the neighbourhood of other estimated PMJ and that have a small influence on the activation
map prediction. This step is described in Algorithm 2.
At the beginning of the first step, given the set of all measurement points pi ∈  , we compute the geodesic distance between

every point in the triangle meshM and every point in  . To do so, we simulate the propagation of a signal from every point
in pi ∈  by solving the isotropic Eikonal equation (28) as in (26) by a fast marching algorithm (29). This geodesic distance
computation is performed only once, before we start the estimation of the set . Note that since we are using the isotropic Eikonal
equation, distances and activation times on the mesh nodes are proportional. Figure 2 shows a simplified scenario, where the
discretization is represented by a regular grid on a flat domain, and the distances di are obtained for every pair of measurement
point and grid point.
Using the ti of all the measurement points pi ∈  and the computed distances, we estimate the backwards activation time for

each point x in the mesh, ai(x) (lines 2 and 3 in Algorithm 1). As a result, we have the set  (x) for every point in the discretized
domain. Next, the method will examine this set for every point x ∈ M , to decide whether it can be considered a source point,
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Algorithm 1 Estimation of candidate electrical sources from measurement points
1: for all x ∈M do
2:  ← [ai(x) ∶ ai(x) = ti − d(pi, x)∕v ∀(pi, ti) ∈MeasurementP oints]
3:  ← sort( , decreasing)
4: ok ←  [1 ∶ n] ∶ T est( [1 ∶ n])
5: if (n ≥ 3) then ⊳ Focus candidate if there are at least 3 compatible measurement points
6: Add (x, ok) to listCSP
7: end if
8: end for
9: Output ← listCSP

i.e. if we have a nonempty set A(x) for each point x ∈ M (line 4 of the pseudocode). We know, from equation (6), that the
variables in A(x) have a common mean that is higher than any mean values of the variables in NA(x). Thus, we will take the
n largest values of  (x). Let n be the subset of  (x) with the n largest values. If the values in n have been generated by a
common Gaussian distribution, with standard deviation � and unknown mean value �(x), we can assume that n ⊆ A.
This test will be performed for increasing values of n, until we reach the one for which the times in n set are not consistent

with a Gaussian distribution. If the test indicates that n ⊂ A(x) for at least, n = 1, 2, 3, then we will consider that A(x) ≠ ∅
and as a consequence, x ∈ (S) (lines 5-7 of Algorithm1). The reason why three positive tests are requested is that at least three
measurement points are required to exactly compute a source in absence of noise in the data (27). This value could be increased,
to require a higher value of n before a point is considered to be a source, reducing the number of estimated points.
The main decision in Algorithm 1 relies on the test to decide whether a set of values n is a sample of a Gaussian distribution

(line 4). The natural approach to perform this test would be a hypothesis contrast, or a normality test. However, in our problem,
the size of the sample will be, in general, small (n < 10) since the total number of measurement points will be of hundreds or,
in the best cases, of a few thousands. Depending on the number of PMJs in the scenario, the value of |A| will be rather small
for most of the source points. Taking into account these considerations, we find that most tests will not meet the requirements to
perform a significant hypothesis contrast. In turn, we will focus on the fact that we know the standard deviation, �, of the values
in |A| and we set the following criterion to test if n ⊂ A. Given a point x ⊂ M and an n ≥ 3, we compute the mean of the
ai(x), denoted as t̄n, and we consider that the point x is a candidate source point, x ∈  , if

max
ai∈n

(|ai − t̄n|) ≤ ��,

with � a parameter to determine the sensitivity of the decision and � the standard deviation of the measurements, defined in
Section 2.1. If the point x meets this criterion, it is stored in the list listCSP and it is assigned the activation time t(x) = t̄n.
Along with each possible source point, we store the largest value of n for which we obtain a positive result and the set of points
pi associated to the values in n.
As a result of Algorithm 1, we have a list of Candidate Source Points (CSP) which represents a first estimation of  . This first

estimate will be denoted as 0. Figure 3 shows two outputs of Algorithm 1. In both examples two PMJs, represented by stars,
are shown. The set of red circles corresponds to the estimated CSPs, generated from the measurement points (small crosses).
The figures show that Algorithm 1 gives a resulting list with many false positives. From Eq. (4), it can be seen that for a point
x that is near a source point s, the terms involving distance are similar in magnitude and will almost cancel each other. As a
consequence, points that are near to source points are also likely to be detected as such.
To reduce the number of false positives, we apply a second step, described in Algorithm 2. Starting from listCSP , we process

the points again to remove spurious points and obtain a more accurate set of PMJs. In this second step, every CSP in 0 is given
a score that is intended to assign high values to actual PMJs and low values to spurious ones. The function we use to score the
candidates is −t(x). The motivation for this function is that PMJs are activated through the Purkinje network, where propagation
speed is faster than in working myocardium and, as a consequence, CSPs with a later activation time are more likely to be false
estimates. Therefore, the set of CSPs is ordered according to this score so that we first assess the elimination of those points with
lower score value (higher activation time). For each point, we evaluate if the resulting set  still explains the observed activation
properly, that is with similar or lower error.
We start the second step of the method by computing the estimated ti of every measurement point p ∈  using equation (1).

This ti is computed using the estimated sources, and allows us to assign to every CSP the list of the measurement points it has
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FIGURE 3 Candidate Source Points (red circles) after the application of Algorithm 1 for two real sources (stars) with a deviation
in the error of 0.5ms (Left) and 1.5ms (Right). Measurement points are represented with small crosses. The signal propagates
from the lower left corner of the image to the upper right corner. It can be observed that spurious candidate sources appear,
specially near the actual source points.

activated. The value of the score is also computed for every CSP (line 1 of Algorithm 2, in CalculateScore). Then, we take
the CSP, x ∈ 0, with the lowest score value, we remove x from the set 0 and try to reassign the set of points it activated,
A(x), as follows. Given a point pi ∈ A(x), we consider s ∈ 0, with s ≠ x, and we take the backwards electrical propagation
ai(s) that was computed in the first step of the method. We compute the distance from ai(s) to the estimated activation time
�i,s = |t(s) − ai(s)|. For every point pi ∈ A(x), we will say that it can be reassigned to source s if �i,s ≤ ��, where � > 0 is a
parameter that determines how restrictive we are to allow a point to be reassigned. Once this information has been computed for
all the measurement points, we will establish that the candidate x can be removed if all the points in A(x) can be reassigned to
another source in 0 − {x}. This evaluation is performed by procedure CanBeReassigned in line 5 of Algorithm 2, returning
true only if all the points in A(x) can be reassigned within the tolerance defined by parameter �. The method Reassign in line 6
takes the measurement points inA(x) and reassigns them to the best remaining candidate sources in the list. If the point x cannot
be removed, then it is inserted again in 0. This process is repeated for all the CSPs, in increasing order of the score. Once this
process is completed for all the points x ∈  , we will have a new set of estimated source points, 1 ⊆ 0. The complete process
is repeated to build a sequence of estimations 0 ⊇ 1 ⊇⋯ ⊇ k until we reach an iteration in which k = k+1, which means
that no point in k can be removed. The set of source points resulting from this process, k, is taken as the final estimation of
 . This process can also be stopped after a fixed number of iterations. Indeed, according to our experiments, most of the CSP
removal is done in the first iteration.

2.3 Experiments
We have set up a series of experiments to test the proposedmethodology.We start our evaluation with a simplified scenario where
we consider an Euclidean 2-dimensional domain. To test the methodology in a realistic scenario, we use a 3-dimensional model
of the left ventricular endocardium that includes different complex computer generated Purkinje networks. The ventricular mesh
has been obtained from a virtual population of segmented hearts built from medical imaging of real patients (30). The human
ventricular model has the following dimensions: 8.65 cm (long axis) x 5.22 cm (short axis). The endocardial mesh, where the
Purkinje networks are deployed, is made of 42144 triangular elements and 21189 nodes.

2.3.1 Experiments on Euclidean, 2-dimensional scenarios
The set of 2-dimensional planar scenarios reproduce those used in (27) to test the algorithm presented therein to estimate a set
of PMJ from measured data. In that work, LATs were free of error. The main goal of this test is to evaluate the performance of
the new method proposed here, compared to the algorithm in (27) applied to noise free data.
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Algorithm 2 CSP reduction
1: listCSP2← CalculateScore(listCSP )
2: repeat
3: cℎanged ← False
4: for all (x, A(x)) ∈ listCSP2 do
5: if (CanBeReassigned(A(x), listCSP2 − {x}) then
6: Reassign(A(x), listCSP2)
7: listCSP2← CalculateScore(listCSP2)
8: cℎanged ← T rue
9: end if
10: end for
11: until not(cℎanged)
12: Output ← listCSP2
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FIGURE 4 2-dimensional scenarios with random set of measurement points (small crosses), real sources (stars) and location
of estimated source points (red circles). Standard deviation in the measurement error of 0.5ms. Left: Example of B3D2 scenario
with 34 PMJs. Right: Example of B3D4 scenario with 130 PMJs. Units are in mm.

In these tests, the scenarios are rectangular regions with an area similar to that of a human left ventricle, and we use simplified
versions of a PKN in the ventricle, based on a binary tree. The trees are built randomly by creating a number of main branches,
and building ramifications of this branch up to a given depth d. A higher value of d leads to more PMJs distributed around
the main branch. The trees have been built using four different configurations, with ten random trees of each type. Two of
the configurations have a single main branch, and use depth d = 2 and d = 4 in the sub-branch generation. The other two
configurations consider three main branches, spanning parallel to each other, and with the same values for d. In Figure 4 two
of the scenarios are shown: B3D2 with 34 PMJs and B3D4 with 130 PMJs. For further details on the procedure to build the
different tree models see (27).

2.3.2 Experiments on 3-dimensional human ventricles
The second set of tests is performed on a left ventricular mesh generated from a virtual population constructed from a set of
segmented medical images. On these 3-dimensional models we built synthetic PKNs using the stochastic method described
by (10). A total of 20 different scenarios with diverse PKN morphology, number of PMJ (varying from 213 to 1228), and
heterogeneity in PMJ density were built. These scenarios will be referred to as PK1,. . . , PK20. The activation maps generated by
Purkinje trees built with this method were already validated in (10), by analyzing the activation sequence and the total activation
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FIGURE 5 Purkinje tree models developed with an increasing number of PMJs and PMJ density. As can be observed the
distance between PMJs is lower in PK3 and PK6.

times. Figure 5 shows the structure and location of PMJs for three different PKNs with low, medium and large amount of
PMJs. The real LAT for the PMJs was calculated considering the activation of atrio-ventricular node at t = 0ms and a constant
conduction velocity in the PKN of 3m∕s.
For each scenario we studied the effect of the number of measurement points by placing different sets with an increasing

density (100, 250, 500, 1000, 1500 and 2000) uniformly distributed as in a real EAMacquisition. Tomake the results independent
of the measurement point locations, for each set size we randomly sampled (Mersenne twister random engine) the endocardium
10 different times. Results are provided for the average of the 10 different sampling sets. The correct LATs for these measurement
points are calculated propagating a signal from the PMJs to all the computational nodes in the domain, by solving the isotropic
Eikonal equation using a fast marching algorithm (29). Once the actual LAT for each measurement point is known, we add
Gaussian noise to the LAT as described in section 2.1, with a mean of 0 and a standard deviation ranging from 0 ms to 5.0 ms
(in particular: 0ms, 0.5ms, 1.5ms, 2.5ms and 5.0ms).
In order to measure the quality of estimated PMJ sets we use two main indicators. First, we compare the activation map gener-

ated by propagating the electrical signal from the estimated PMJs to the real activation map, at all the nodes of the computational
mesh (21189 nodes). We take the absolute value of the difference in the activation time at every mesh node as the error at that
point, and measure the error of the activation map as the mean absolute error over all the points in the mesh. As a second quality
indicator, we consider the distance from each estimated PMJ to the closest real PMJ. This distance indicates if the method has
located a false estimated PMJ far from the actual Purkinje tree. This situation is indicated by the appearance of large values of
this error measure.

3 RESULTS AND DISCUSSION

The method proposed has been applied to the synthetic 2-dimensional scenarios described in Section 2.3.1. A set of 1000
measurement points have been generated with a uniform random distribution on the simulation region, and Gaussian noise has
been added to the computed LATs. The tests have been repeated for different values of standard deviation �2.
Table 1 shows the results obtained for the different types of trees, considering the number of main branches and bifurcation

depth. The table shows the average results for the 10 synthetic Purkinje trees built using the same parameters. The first column
indicates the tree configuration. In the labels, the number alongside label B indicates the number of main branches and the
number following label D the depth of the ramification. The second column indicates the average number of PMJs in that
configuration. The following columns show the results for two magnitudes of the measurement error; � = 0.5 and � = 2.5. For
each value of �, the first column indicates the average number of estimated PMJs that are found by the algorithm, the second
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Scenario Gaussian Error 0.5 Gaussian Error 2.5
Num. PMJ Est. PMJ Abs. Error(ms) D. Fe-F(mm) Est. PMJ Abs. Error(ms) D. Fe-F(mm)
B1D2 11.7 ± 0.5 18 ± 3 0.22 ± 0.07 0.34 ± 0.05 16 ± 3 1.02 ± 0.48 1.72 ± 0.32
B1D4 43.9 ± 2.5 42 ± 4 0.33 ± 0.05 1.11 ± 0.16 17 ± 3 1.12 ± 0.33 3.31 ± 0.31
B3D2 35.4 ± 0.9 40 ± 3 0.28 ± 0.03 1.52 ± 0.24 25 ± 3 1.21 ± 0.18 4.49 ± 0.39
B3D4 132.2 ± 3.6 68 ± 5 0.46 ± 0.04 2.71 ± 0.16 25 ± 3 1.29 ± 0.14 5.25 ± 0.32

TABLE 1 Results for 2-dimensional scenarios with 1000 measurement points and Gaussian noise with a standard deviation
of � = 0.5ms and � = 2.5ms. Column Num identifies the scenario, PMJs represents the number of PMJs in the scenario, Est.
PMJs is the number of estimated PMJs by the algorithm, Abs. Error is the mean of the absolute error in all the points of the
mesh and D. Fe-F is the distance from an estimated PMJs to the nearest real PMJ.
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FIGURE 6 Absolute error for scenarios B3D2 and B3D4with different number of measurement points and a standard deviation
error in the measurement of 0.5, 1.5, 2.5 and 5.0 milliseconds.

column indicates the average absolute error of the resulting activation map and the third column shows the maximum distance
from the estimated PMJs to the real ones.
Figure 6 shows the evolution of the mean absolute error for the scenarios B3D2 and B3D4 when changing the number of

measurement points (size of input data). From the results we can see that errors are kept low independently of the number of
measurement points. Moreover, although the error grows as � increases, observed errors are always lower than the standard error
introduced in the samples, even for just 100measurement points in some cases. It is noteworthy that the number of measurements
is often over 500 in real acquisitions during catheter ablation interventions. These results improve the errors obtained in our
previous work (27) which, despite the absence of error, were larger for all the number of measurement points analyzed. The
results for � > 0 cannot be compared, since the method in the previous work was not able to handle error in the measurement
data, and the errors grew as � was increased. However, results in (27) show absolute errors larger than 10ms for sets with less
than 200 measurement points, while the new method can obtain absolute errors below 4ms even in presence of errors of 0.5ms
in the samples. In addition, it converges to values below 0.5ms in absolute error when the number of samples increases.
The study in 3-dimensional ventricles focused on the estimation of PMJs from 20 distinct synthetic PKN. A summary of the

different PKN properties, including number of PMJs, and mean density and standard deviation of PMJs per segment (17 AHA
segment division), can be seen in table 2 , and table S1 in Supplementary Material. For each PKN configuration, the corre-
sponding LAT map was generated by firstly simulating the signal propagation on the tissue, and secondly randomly sampling
(as in a real EAM) the endocardium using an increasing amount of measurement points to study the effect of the sampling den-
sity on the results accuracy. Since the endocardial sampling was random, each sampling size was repeated 10 times for each
configuration, and results were averaged. Finally, we introduced Gaussian noise in all the samples with different standard devi-
ations. As a result of all the combinations we obtained 6000 different scenarios for which PMJs were estimated. Table 3 (the
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full set of results is summarized in S1 Table in Supplementary Material) summarizes the average results for six selected PKN
using 1000 measurement points, which is a feasible amount for an EAM, and two different levels of Gaussian noise (� = 0.5ms
and � = 2.5ms). Note that clinical studies that use contact-mapping catheter systems such as (31) (CARTO3, Webster BioSense
Inc.), or non-contact-mapping catheters (32) (Rhythmia mapping, Boston Scientific) have reported that they could collect 1000
measurement points (3-5 minutes), and 4227 measurement points (6.1 minutes), respectively.
When we introduced Gaussian noise with a standard deviation of 0.5ms in the measurements, the absolute LAT error obtained

in the estimated PMJs for the whole mesh ranged between 0.5ms and 0.9ms. The average distance from the estimated PMJs to
the real PMJs (D. Fe-F) ranged from 1.1mm to 1.5mm. This means that the algorithm finds the more influential PMJs and only
a small number of estimations do not correspond to real ones. Figure 7 shows the estimation results for PK15, which includes
206 PMJs. Real PMJs are represented by circles, while estimated PMJs are displayed as squares. When PMJs are not clustered,
the algorithmmatches their location with high accuracy. In regions with clustered PMJs, some representative PMJs are detected,
that summarize the whole activity in the area. In Figure 7 detail, it can be observed that incorrectly estimated non-existent
PMJs produce an early activation in the region (label ’1’, bluish colours), while missing the detection of a PMJs produces a
late activation in the region (label ’2’, redish colours). However, most of the PMJs are correctly estimated, and therefore when
activation is triggered from estimated PMJs the error in the mesh is close to 0. For Gaussian noise with a standard deviation
of 2.5ms the absolute errors obtained in the mesh were still low, around 1.7ms in average, specially when compared with the
deviation in the measurement introduced. However, the distance error clearly increased with values ranging from 1.9mm to
4.0mm. As we increased errors in the measurements, there was an increasing possibility of estimating erroneous PMJs.
In Figure 8 we have a representative selection of the scenarios visualized in 3D where the surface meshes are colour-coded

with the absolute LAT error on the mesh, that is the difference between the real LAT and the new LAT calculated from the
estimated PMJs. As can be observed in the first row (measurement error of 0.5ms) almost all meshes show a local error in the
range of -2ms to 2ms. In the second row (measurement error of 2.5ms) local errors increased in several areas, where both false
and underestimated PMJs occurred. In blue colour we have regions that were activated too early by the estimated PMJs, and in
red colour areas that were activated later than ground truth. Among the reasons that produced the underestimation there is the
lack of measurement points in certain areas due to the random mapping, or the summarization in groups of PMJs detected by
the algorithm. On the other hand, false PMJs were added because several CSPs belonging to the same source were not correctly
merged in the second step of the method due to an excessive error in the measurement points. The creation of an excessive
number of false PMJs can be controlled increasing the parameter � commented in section 2.2, but then more PMJs will be
clustered together.
The plots in Figure 9 show the variation of the absolute LAT error as we increase the number of measurement points with

different levels of Gaussian noise. We can observe that in general, the absolute error decreases with more measurement points
except when the Gaussian noise introduced in the measurements is too high. With Gaussian noise with a standard deviation
of 5.0ms, the absolute error increases with the number of measurement points, due to the inclusion of spurious PMJs in the
estimated set. This clearly represents a limit in the error admitted by the actual algorithm. We can also see in the plots that in
the scenarios with a low density of PMJs and with small deviations in the error, the absolute LAT error tends to zero. The plots
in Figure 10 show the variation in the distance from estimated PMJs to real PMJs for the same scenarios. In these plots we
observe that for small standard deviations (0.0ms and 0.5ms) in the measurement error, the mean distance between real and
estimated PMJs decreases as we increase the number of measurement points. However, when higher errors in the measurement
points (> 1.5mm) are introduced, the number of measurement points do not always improve the results. That means that with
more error, we estimate PMJs in erroneous positions. We can also notice that the density of PMJs does not have a clear effect in
these plots. The distance from estimated PMJs to real PMJs seems to depend more on the geometry of the Purkinje tree than on
the number of PMJs.
Other authors have presented in the past algorithms to set the activation sequence of the ventricles using different techniques,

but only a few of them are based on clinical data or other types of ground truth data to compare with. The two most common
non-personalized approaches are the manual inclusion of endocardial activation triggers in accordance with descriptions in
the literature (33), or the generation of synthetic Purkinje trees without a specific patient reference. The latter approach has
been performed with different mathematical techniques that range from simple fractal trees (34) to complex and dense network
structures based on L-systems (10). Another method is based on segmentation of the proximal section of the PKN from ex-vivo
biological (35, 12, 36, 13), but PMJs cannot be obtained, except at a few specific locations (15). However, all those strategies
are valid for mechanistic studies, and do not allow to generate patient-specific activation sequences or ECGs, such as those
presented in our work. EAM data have been used in different ways to estimate the PKN to subsequently perform simulations
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Scenario
Num. PMJ Density TAT pkj (ms) TAT (ms)
PK1 1128 94.1 ± 0.7 10.0 51.5
PK3 831 51.9 ± 1.1 15.6 47.4
PK4 362 22.6 ± 0.7 12.7 35.1
PK6 1224 76.5 ± 0.7 11.3 33.0
PK11 442 27.6 ± 0.6 12.8 34.5
PK15 206 14.7 ± 0.6 13.5 35.5

TABLE 2 Information about six representative 3-dimensional scenarios. Column Num identifies the scenario, PMJ represents
the number of PMJs in the scenario, Density is the density and standard deviation of PMJs per segment (17 AHA segment
division), TAT pkj is the Total Activation Time of the Purkinje Network, TAT is the Total Activation Time for the whole
surface/ventricle.

Scenario Gaussian Error 0.5 Gaussian Error 2.5
Num. PMJ Est. PMJ (%) Abs. Error(ms) D. Fe-F(mm) Est. PMJ (%) Abs. Error(ms) D. Fe-F(mm)
PK1 1128 91 ± 4 ( 8.0) 0.69 ± 0.03 1.19 ± 0.19 53 ± 3 ( 4.7) 1.64 ± 0.16 3.37 ± 0.76
PK3 831 95 ± 3 ( 11.4) 0.67 ± 0.03 1.16 ± 0.11 56 ± 5 ( 6.8) 1.63 ± 0.14 2.71 ± 0.41
PK4 362 103 ± 4 ( 28.3) 0.68 ± 0.04 1.34 ± 0.15 62 ± 3 ( 17.0) 1.74 ± 0.13 2.84 ± 0.18
PK6 1224 116 ± 2 ( 9.5) 0.82 ± 0.03 1.08 ± 0.03 62 ± 5 ( 5.0) 1.74 ± 0.10 1.92 ± 0.27
PK11 442 108 ± 3 ( 24.5) 0.75 ± 0.04 1.41 ± 0.13 63 ± 3 ( 14.2) 1.74 ± 0.11 2.58 ± 0.33
PK15 206 86 ± 4 ( 41.6) 0.60 ± 0.04 1.34 ± 0.15 53 ± 4 ( 25.8) 1.67 ± 0.10 3.21 ± 0.33

TABLE 3 Results for six representative 3-dimensional scenarios with 1000 measurement points and Gaussian noise with stan-
dard deviation of 0.5 and 2.5. Column Num identifies the scenario, PMJs represents the number of PMJs in the scenario, Est.
PMJs is the number of estimated PMJs by the algorithm, Abs. Error is the mean of the absolute error in all the points of the
mesh and D. Fe-F is the distance from an estimated PMJs to the nearest real PMJ.

of cardiac electrophysiology. In (25) PMJs were obtained from EAMs, previously fit to a reference endocardial model, by
calculating sources and sinks from the patient LATmaps. Themethod used not only the data at themeasurement points but all the
interpolated information on the mesh, which probably introduced errors in the estimation since the interpolation does not reflect
the real activation sequence. LAT errors reported ranged from 5.12 ms to 8 ms. In (23, 26), during the validation analysis, the
estimation of PMJs was performed considering previously a synthetic PKN structure, and following moving, adding or deleting
PMJs to decrease the error with respect to measurements. The main similarity of our method with the one presented in (26) is
that both use the solution of the backward Eikonal equation (from the measurement points to the points in the mesh) to search
for (or move/add/delete) candidate PMJs. However, the criterion we define to decide the final PMJs is different to that in (26).
In addition, in our methodology we consider that the samples include Gaussian noise due to the annotation of the measurement
points. Finally, in (26) the optimization of the PMJ locations is done per region of interest while the method presented here
uses a global ranking of the candidate PMJs. In (23), the authors reported mean absolute errors ranged from 4.9 ± 4.1 ms to
9.9±7.5ms, depending on the subject and the initial PKN, whereas in (26), results were improved significantly. It is important to
remark that in both studies patient-specific electro-anatomical data were used. For synthetic PKN without noise in the samples,
the mean absolute error for 300 measurement points ranged from 1.92 ± 2.00ms to 2.94 ± 2.82 ms depending on the number
of test points used for the cross-validation. For an equivalent number of measurement points without noise, we obtained mean
absolute errors of around 1ms using a cross-validation with 21189 points (i.e. all the endocardial points). With regard to the
results including noise, the comparison is difficult since the noise was included in a different way, and we cannot determine
which is the equivalent noise between both studies. Finally, in (26) EAMs were used to test the methodology, and results show
mean absolute errors of 5.84±4.45ms for the patient-specific network. Although we do not have results yet for acquired EAMs,
these results serve as a reference to indicate that our errors with synthetic EAMs are below these values.
One of the drawbacks of using a previously defined PKN structure, as in (23, 26), is that this imposes a constraint for the

location and amount of the PMJs. Thus starting with an inaccurate PKN can affect the quality of the final estimation of the set of
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FIGURE 7 Estimation in low PMJ density model. Left panel shows two views of the endocardium where colour correspond
to the error in ms between the real LAT and the estimated LAT. LATs obtained with real PMJs and estimated PMJs is depicted
in the upper row. A detail of an endocardial region is provided, including real (circles) and estimated (squares) PMJs. Red areas
(label 2) correspond to errors where PMJs have not been detected and activation is delayed, while blue areas (label 1) correspond
to wrongly estimated PMJs, which activate tissue too early.

PMJs. On the contrary, our approach works directly with the estimation of PMJs locations, which are completely free from any
predefined PKN structure. It is also important to remark than only a few studies such as (26) have explicitly considered errors
in the clinical measurements. That is relevant, since mapping systems have been reported to introduce errors in the catheter tip
position of about 0.7 ± 1.5 mm (37), which have to be added to the errors due to the LAT annotation from the monopolar and
bipolar catheter recordings.
So far, there has not been a thorough analysis of the density of Purkinje myocardial junctions in the human heart. There have

been a few attempts to describe PMJs in selected regions of the heart such the base of the papillary muscles, or random locations,
in a few hearts. Most of the studies that analyze the PK system and PMJs have been carried out in animals, which present a
different configuration than in humans. Therefore, applying techniques to estimate the density of PMJs to a large number of
human cases can shed some light in the distribution and density of them, allowing to build atlases.

4 CONCLUSIONS

We have presented a methodology to estimate the sources of electrical activation in the ventricles, that in normal conditions
will correspond to PMJs hotspots. From the electrical information recorded with an electro-anatomical mapping system at
discrete locations, the method could provide the location and activation times of the electrical triggers with an error bounded
by the measurement system error. The errors in location and activation times obtained are small enough to permit the accurate
simulation of sequences of activation in biophysical models of cardiac electrophysiology. In areas where a large number of
PMJs exist, the system would recover a representative set of source points that can predict the combined effect of all the real
PMJs with a low absolute error. Non-clustered PMJs can be located with high precision, even when LAT errors are incorporated
in the samples. Finally, the number of endocardial electrical samples required by the method is well within standard clinical
EAM procedures, which makes it more applicable. We consider that widely used electro-anatomical mapping systems such as
CARTO3 (BiosenseWebster, Inc), Ensite NavX (St. JudeMedical), or the new Rhythmia system (Boston Scientific), can acquire
more than 1000 samples in times that are compatible with an intervention in the EP lab. The location of the PMJs could be useful
to reproduce the activation sequence of a given patient in the model, or to plan radiofrequency ablation therapies that target
the PMJs to stop a macro-reentrant tachycardia. One of the drawbacks of the model is that it requires a few parameters such
as the system measurement error, which is the sum of the error location and the automatic LAT annotation. This information,
however, can often be retrieved from the manufacturer of the EAM device used. In addition, the method has to be applied to a
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FIGURE 8 Spatial distribution of LAT errors. Local differences in activation times between simulations triggered from real
and estimated PMJs. Five different Purkinje tree configuration with differences in PMJ density (see Table 3 ) for which Gaussian
noise with standard deviation � = {0.5, 2.5} were included in the samples. Errors are colour coded using a scale bar between
-6.0ms and 6.0ms. Red colours mean that estimated map activated later than real, and blue colours that estimated map activated
earlier.

large cohort of patient specific EAMs in order to analyze the distribution of PMJs in real cases, and not only in simulated data, to
draw meaningful clinical conclusions. Finally, the current model only retrieves the PMJs, and not the CCS branching structure.
A complete CCS would be required to model pathologies such as bundle branch block, macro-reentries that involve the Purkinje
system, or treatments such as cardiac resynchronization therapy.
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